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Abstract: In this paper, the spatial dynamic panel data (SDPD) model is extended to the single-index
spatial dynamic panel data (Si-SDPD) model by introducing a nonlinear connection function to reflect
the interaction between explanatory variables. The Si-SDPD model not only retains the advantages
of the parametric SDPD model in dealing with spatial and temporal interaction effects and spatio-
temporal dependencies, but also solves the limitations of the parametric SDPD model that may lead to
missed bias. It reduces the data dimension of non-parametric models and enhances the practicability
and explanatory power of parametric models. Since the parts of the model to be estimated contain
unknown functions, we propose a new estimation method, a profile maximum likelihood (PML)
method, to solve the problem of incidental parameters in the estimation. Under the assumption
that the spatial coefficients are known, we preliminarily estimate the unknown function by carrying
out local polynomial estimation, so as to transform the model into the parametric form for solving
purposes. We then solve the dynamic panel parametric model via quasi-maximum likelihood (QML)
estimation. We derive the asymptotic properties of profile maximum likelihood estimators (PMLEs)
and find that, under certain regularity conditions, both parametric and non-parametric estimators are
consistent. Monte Carlo results show that PMLEs have good finite sample performance.

Keywords: profile maximum likelihood; nonparametric estimation; spatial dynamic panel data;
single-index panel model

MSC: 62F12; 62G20; 62H11

1. Introduction

Research into spatial panel data is always a hot topic in econometrics. Scholars have
gradually applied the spatial panel data model to analyze social and economic issues,
such as the effective allocation of resources, factors influencing economic growth, energy
consumption, environmental pollution, foreign direct investments, and so on. Compared
with time series or cross-section data, panel data can increase the degree of freedom and
reduce collinearity, thereby improving the accuracy of parameter estimation. Spatial panel
data models can be divided into parametric and non-parametric models according to
different assumptions about the explanatory variables. The parametric panel data model
can simply and clearly describe the relationship between dependent and independent
variables. Refs. [1-15] and others have made outstanding contributions to parametric panel
data modelling and its inference of economic phenomena. However, in many practical
problems, the relationship between variables is usually complex, and it is often difficult to
accurately describe this relationship using the preset form of the parametic model. In order
to solve this problem, some non-parametric panel data models have been widely studied.
Because the function form of a non-parametric model can be arbitrary, the model has great
adaptability. When there are many explanatory variables in non-parametric models, the
so-called “curse of dimensionality” problem often occurs, leading to the reduced reliability
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of estimates. Therefore, some new models have been proposed, and one of the effective
methods is to build a single-index model.

The basic mathematical form of the single-index model is Y = g(x’B) + ¢ (Ref. [16]),
where f is the unknown parameter and g(-) is the unknown connection function g(-). Its
advantages are that it achieves dimension reduction by connecting functions, effectively
avoids the problem of “curse of dimensionality”, and (at the same time) better reflects the
relationship between variables. In recent years, the research focus on various extended
single-index models has been to seek effective estimates of f and g(-). For the single-index
model of cross-section data, Ref. [17] proposed a semi-parametric maximum likelihood
estimation method, while Ref. [18] proposed non-iterative methods for estimating 8 and
g(+) based on the parameter constraint assumption, which improves the operation speed.
Ref. [19] proposed root-n-consistent estimators for the variance components and a local
linear smoother for the connection function. Ref. [20] constructed a semi-parametric
minimum average variance estimation method in a partially linear single-index panel data
model with fixed effects, and demonstrated the asymptotic properties of the estimation.
Compared with the cross-sectional data model, there are very few studies on the single-
index model for panel data, and even fewer on the single-index spatial panel data model
because of its greater estimation complexity.

According to these research trends of spatial econometric models, we design a Si-
SDPD model by introducing a nonlinear connection function to reflect the interaction
between explanatory variables. The Si-SDPD model not only retains the advantages of the
parametric SDPD model in dealing with spatial and temporal interaction effects and spatio-
temporal dependencies, but also solves the limitations of the parametric SDPD model that
may lead to missed bias. It reduces the data dimension of non-parametric models and
enhances the practicability and explanatory power of parametric models. It is worth noting
that due to the presence of a spatial lag term and the multi-directionality of the spatial
correlation, the traditional estimation of the single-index model may not be directly applied
to estimate the Si-SDPD model. In order to overcome the above difficulties, we propose a
new estimation method, namely PML, which can first estimate the unknown functions via
local polynomial estimation under the assumption that the spatial coefficients are known,
and then solves the dynamic panel parametric model by conducting QML estimation. Then,
we derive the asymptotic properties of the PMLEs of the Si-SDPD model and find that
under certain regularity conditions, both the parametric and non-parametric estimators are
consistent. Finally, we present a rigorous theoretical analysis of the asymptotic properties
of PMLEs and verify some of their finite-sample properties by carrying out Monte Carlo
experiments.

This paper is organized as follows. In Section 2, we introduce the Si-SDPD model
and explain our PML estimation method. With the law of large numbers and central limit
theorem for our settings developed in the Appendix A, Section 3 establishes the consistency
of the parametric and nonparametric parts of the PMLE. We then present a Monte Carlo
simulation to verify that the estimators have good finite sample performance. Section 5
concludes the paper. Some useful lemmas and results are provided in the Appendix.

2. The Model and Profile Maximum Likelihood Estimators
2.1. The Model

The model considered in this paper refers to the single-index spatial dynamic panel
data (Si-SDPD) model:

Ynt = pOWT’lYi’lf + r)/OYYl,t—l + TOWnYn,t—l + Gnt + Vi’lt ’ t= 1/ 2/ Tty T (1)

where Yur = (y1t, Yor, -+, ynt)/ and Vit = (vyg, vap, -+, vm)/ are n x 1 column vectors;
vyt is independent and identically distributed across i and t with a zero mean and variance
02; Wy is the n x n spatial weight matrix, which is predetermined and generates spatial

dependence between cross-sectional units y;;; Gur = ($(¥18), §(x38), -+, §(x4B))’, g(*)
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is an unary unknown function, || || = 1; and the first component of f3 is positive and is an
identifiable condition.

Define Zy = (Ypi1,WaYni1), Au(p) = I —pWy, 8 = (B, &, p, 0®) and
= (7, p)/, where § = ('y,T)’. At the true value, A, = Au(po) = I — poWh,
B0 = (/30, 86, Pos U%)/, Zo = (Bo, 6}, po)', where dy = (70, TO)'. Then, presuming A, is
invertible and (1) can be rewritten as Yyt = A, '(Znt0o + Gut + Vit). The likelihood func-
tion of (1) is

nT 1 &
InL, (8, Gur) = —5-1n(2700%) + T In| Au(p)] = 5 Y- Vi) Van (£) @
t=1
where Vi (0) = An(p)Yut — Zntd — Gpp and Viu(0) = (v, v2, -+ -, ?Jn)/. Thus,

Vit = Vnt(gO)- R

The QMLE 6,,1 is the extreme estimator derived from the maximization of (2). When
the Vi;s are normally distributed, 6,7 is the MLE; when the Vs are not normally dis-
tributed, 0,1 is the QMLE.

2.2. The Profile Maximum Likelihood Estimation

For the likelihood function shown in (2), the parameter estimation method is not
feasible because g(x/B), i =1, - -, nis unknown. In order to obtain a feasible estimate,
we propose adopting the PML method. First, we consider the parameter 6 = (B, &', p, 0’2)/
as known, and then (1) becomes a general spatial nonparametric model. The initial estimate
gin(x]B) of g(-) can be obtained using the kernel estimation. Obviously, §;n (x]B) is a
function of the parameter 6. By replacing g(-) in (2) with ¢y (x/8), we obtain the likelihood
function with parameter 6. Then, by maximizing the likelihood function, we obtain the

~ A o~ ~\/

estimator = (ﬁ, 5,0, 02) of 6. Finally, the final estimate of g(-), ¢(x/B), is obtained by
replacing 0 in ¢y (x}B) with 0.

The specific steps of the profile maximum likelihood method are as follows.
Step 1: Considering 8 = (B, &, p, 02)" as known, we obtain g1y (x]8) that is an initial
estimate of g(-) using local polynomial estimation.

We denote Yi = Au(0)Yut — Zuté = Gt + Vir(0) and Yy = (y1, y2, - - -, yn)’, and (1)
can be written as y; = g(x/B) +v; = g(u;) +v;, i =1, ---, n. At u, the p-order Taylor
expansion of g(u;) is:

gu;) ~ gu) + g (u) (i — ) +- -+ 38%) (i — u)?

3
é/\0+)\1(ui—u)+---+)\p(ui—u)p~~ ()

Therefore, we can use the samples near u to perform weighted regression to estimate
g(u;) and its higher-order derivatives, i.e., solving the following minimization problem:

1 ¢ 2
min — i — Ao — Ar(u; —u) Y oky(u; —u 4
{AO,Al}ni:Zl{y 0 = Ax (i — )}k (u — ) @

where ky, (u; — u) = h’pk(”"}?”), k(”f”), i=1, .-, nisthe multivariate kernel function
and h is the bandwidth. In order to simplify the theoretical derivation, all variables in
this chapter have the same window width, and the conclusion is also valid under the
assumption of different window widths.
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For the convenience of the following matrix operations, we denote p = n — 1. Then, we denote

M(u,B) = (uli_u uniu)/, A = (Ao, A1) and x(u, B) = dzag( (”l ”), e, k(”";”)),

so M(u, B) is a 2 x n matrix. We can rewrite the objective function (4) as:

min (Y — M(u, B)AY (1, B) (i — Mz, f)2)

After minimizing, the estimator of A is:
A -1
A= (M(u, B)'(u, BYM(u, B))  M(u, B)'x(u, B) Vi

The first component of A is an estimate of g (x/). We denote (M(u, B) x(u, BYM(u, ﬁ)) -
M(u, B) x(u,B) = S(u,B), s(u, B) = e1S(u, B), and s(u, B) = e;S(u, B), and the initial

estimate of g (x/g) is

Sin(u) = etA = e1S(u, B)Y =s(u, B)Y @)

wheree; = (1, 0, -+ -, 0). Then, the initial estimate of Gy; is
= (&in(u1), §in(u ) ey gm(un))/

= (s(u ) s(u2)Y, (un)Yt)

( s(w)), - s(u)) Ve

where S(B) = (s(x1)’, s(4p), -+, s(x4p)')

Step 2: By substituting Gy for G, in (1), we obtain the approximate value of the logarith-
mic likelihood function as:

In Ly, 7(0) = —LIn(2702) + T In|Au(p)| — 55 %1 V! (D) Vit (Q)
t=

2, (6)
5(/3)

— 110 (2702) + T In|Au(p)| — 54 z (Y — Gin) (Y — Gry) @
= % In(270?) + T In| Au(p)| = 52 Lie 1[(1n = S(B)YH' (I — S(B)Yi]
The 6,7 that can maximize the above formula is the estimate of 6, i.e.,
0,7 = arg maxL InL, 1(0)
o nT
Computationally and analytically, it is convenient to work with the concentrated

log-likelihood by concentrating out the 0. Based on the log-likelihood function, the initial
estimate of 02 is

i = [0 = S(B)YV (1~ S(8) ¥
= 3 (0= SO (An0)¥or — Zud) 10 = SENAn@)Yos = Zud)] ®)

= Y [T = S(B) (Gin + Vit ()] [(In — S(B)) (Gin + Vit (D))]

The concentrated log-likelihood function of ¢ is

T T, ~
InL, 7(¢) = —%ln(ZTchl)—%ln021N+Tln\An(p)| 9)
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The estimate of { can be defined as:

N 1
gnT =arg meaxﬁ In Ln, T(g) (10)

Equation (10) displays a nonlinear optimization problem, which can be solved using
an iterative method in the actual estimation. After {7 is obtained, the final estimate of ¢
can be obtained by replacing ¢ in Equation (8) with (7

=1 (11)

~ A~ ~\/
Step 3: By using 6 = (,B, &, P, 02) obtained in Step 2 to replace the parameters in the

model, we describe the final estimate of the non-parametric part g(x;) as:

$(u) = s(u, B) [Au(p)Yut — Zuib]) = s(u, B) Vi

3. Profile Likelihood Estimators and Their Asymptotic Properties

To analyze the asymptotic properties of the estimators, we need the following assumptions:

Assumption 1. W, is a constant spatial weight matrix and its diagonal elements satisfy w,, ; = 0
fori=1, 2, ---, n. Inaddition, Wy is uniformly bounded in the row and column sums in an
absolute value (for short, UB).

Assumption 2. The disturbances {v;}, i=1,2, --- , nandt =1, 2, ---, T, are i.i.d.across
i and t with a zero mean, a variance of o2, and E|v; |4J”7 < oo for some 17 > 0.

Assumption 3. Ay (p) is invertible for all p € Ap, where A, is compact and pg is in the interior
of Ap. Furthermore, A,/Y(p) is UB.

Assumption 4. {x;}!, is an independent and identically distributed random sequence and
E(vix}) < oo, i=1, -+, n. x!B has marginal density functions f(u;), where f(u;) is continu-
ously differentiable near x}p € Ay and Ay is the support set of k(-).

Assumption 5. g(-) has continuous derivatives g'P)(-), p =1, ---, nand |g(-)| < @g, where
g is a positive constant.

Assumption 6. When n — oo, h — 0 and nh? — o0, p=1, ---, n.

Assumption 7. The kernel function k(-) is a bounded continuous non-negative function whose
support set is bounded and closed: [—@y, @] C RP, where @ > 0 is a constant, i.e., k(m) > 0

only if |m| < @y. In addition, M(u, B), x(u, B), and (M(u, B) x(u, B)M(u, /3))71 are UB.

Assumption 8. k() is an even function and [ k(m)m‘dm = @;, [ k*(m)m'dm = ¢,. For any
positive odd number |, @; = ¢; = 0; also, @1 = 0, @y # 0.

Assumption 9. B is the inner point of D, where D € R is a convex compact set. ||y = 1|| and
the first component of vector quantity By is positive, where ||-|| is the Euclidean norm.

Assumption 1 is a standard normalization assumption in spatial econometrics. Here,
the matrix A = (Aij) is UB, meaning that there is a non-negative constant @4 such that
Y Ajj S @y and Z}Ll Ajj < w4. The constant @ 4 is defined differently in the following
sections depending on the matrices. Assumption 2 provides regularity assumptions for v;;.
The reversibility and compactness of A, (p) in Assumption 3 were derived from Kelejian
and Prucha (1998, 2001) and have also been used in many articles about spatial correlation.
When exogenous variables u; are included in the model, it is convenient to assume that
the exogenous regressors are uniformly bounded, as in Assumption 4. Assumption 5 is a
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necessary condition for (3). Assumptions 6-8 demonstrate the condition of kernel density
estimation. The bandwidth of the kernel function, &, is an important parameter that affects
the estimation result of the kernel function. Kernel functions that satisfy Assumptions
7-8 exist, such as the product kernel, k(m) = Hlek(mi), where k(m;) is a symmetric
kernel of one variable on the closed interval [—@y, @y]. Assumption 9 makes the model (1)
recognizable.

For the concentrated log-likelihood Function (4) divided by the sample size nT, the

corresponding expected value function is Q,, r(6) = mng [%ln Ly, T(G)} , which is
o

Qn, T(e) = %E[ln Ln, T(G)]

— - ln@r+ 1) + Ll Anp)] - L Vi@ V@) P

To show the consistency of 8,7, we need the following uniform convergence results.

Lemma 1. Under Assumptions 1-9, for an n x n nonstochastic UB matrix By,

)

|~

y

T
nT Zl Vy{[tBi’lVl’lt - < Z BnVnt> = Op(
t=

T
an Zl Z;,uBnZnt < Z ZntBnZnt> O (13)
=
T
Y Z0 By Vit — E( anm) o,,
where E (i X7y VBVt ) = Sdtr(B,) = 0(1), E(H Xl z;ltannt) = 0(1), and

(VTT Z:t:l ZntBnVnt) = O(%)

Lemma 2. Let © be any compact parameter space. Then, under Assumptions 1-9, %ln L, 7(6)—

Q. 1(6) B 0is uniform in 6 € ©.

Lemma 3. Let © be any compact parameter space. Then, under Assumptions 1-8, Q,, 1({) is
uniformly equicontinuous for 6 € ©.

Before obtaining the information matrix, we need to compute the first and second
derivatives of the logarithmic likelihood function. The asymptotic distribution of the

QMLE 6,1 can be derived from the Taylor expansion of W around 6y. We define

0F = 0(B) = (¢, p, ®) and 7P = {(B) = (¢, p)' at the true value Gg = 6(B) =
(8, po, 02)" and ég = 0o(B) = (), po)’. The first-order derivative of the concentrated

likelihood function involves both linear and quadratic functions of V,;, which are as follows:

| o L”(eg)
VnT 0P

_ 1 |amL, T(eé”) dln Ly, T(eg) dln L, T(eg)
VnT 95 9 902
- T
T
LY Zs Ve (14)
0 =1
1|1 & Lo 2
— TaT 0—3 tgl[Fnsznt(SQ]/Vnt — tgl [VanVnt -0 fT(Fn)]
T
1 / _ 2
I 207 <El ViVt nTUO)
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where Zs = [I, — S(B)] Zut and Yys = [I, — S(B)] Wy Yur. Then, the second-order deriva-
tives are:

1 azln Ln, 7(9/3) _ 1
nT Tagﬁagﬁ/ = —ar X ; .
% El ZusZns % El Zus Yrs % El Zas Vi (&)
a T T (15)
% % zl Yns'Yns — Ttr(F2) L 21 Y6 Vi (0F)
t= =
T !/
* * g L V) V@)
The information matrix is as follows:
Rin L (9/5)
_ 1 nT(®0) | _
D (nT 20Pa6P =
T T
1 1 11
AT 2 tgl Z)Zns AT 2 )El Z! Rys 0
T
* %%&E L Ry Rys + L [tr(F2) + tr(FjsFys)] n%rgtr[Fns]
* * ﬁ
0

Where FﬂS - [In - S(B)] Fn and Rns - FﬂS (Znt§0 + GIN).
Assumption 10. r}grolo% {tr (F2) + tr(F)Fus) — %(tans)Z} # 0.

Assumption 10 is an important condition for the non-singularity of the limiting infor-

mation matrix X s . in addition to the global identification in Lemma 4 and Theorem 1.
0 ’

is non-singular.

Lemma 4. The information matrix ¥ 4
90, nT

Theorem 1. Under Assumptions 1-10, 8 is globally identifiable and 9 is a consistent estimator of
0o (similar to Yu (2008)).

Theorem 2. Under Assumptions 1-10, 6 is globally identifiable and 8,7 TN 6o if
Lim (%ln|a§A;1A/;1‘ — Lin|o? (0) A M (0)Ar  (p) ]) # 0 for p # po (similar to Yu (2008)).

Lemma 5. Under Assumptions 1-10, %M(u, ,B)/K(u, BYM(u, B) L f(x) <(1) (DOI )
21in

Lemma 6. Under Assumptions 1-10, S(B) Vit = 0p(1).

Lemma 7. Under Assumptions 1-9, (I — S)Gnt = 0p(1).

Theorem 3. Under Assumptions 1-9, Gt £> Gut.

4. Monte Carlo Results

In this section, the Monte Carlo experiment is carried out on the estimation method
pertaining to the previously constructed Si-SDPD model, and the simulation results are
evaluated to test the performance of the PML method under limited samples. Then, the
practical application value of the PMLEs is evaluated. All experiments are compiled using
R language and plotted using the ‘ggplot2’ package.
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For the parametric part, we generate samples from (1) and use o = (0.3, 0.4, 1,-0.2)'
and 62/3 = (0.25,-0.6, 0.5, 0.1)', where 95 = (70, po, 02, To)/. The component of the two-

/! !
. . . X11, X1, -, X X
dimensional random variable X = ( 1 12 1”) = ( 1) and the random
X21, X2, v, Xop X>
error term Vi = (v1y, U2t -+, vnt)/ are generated from the uniform distribution U[—3, 3]

and the independent normal distribution N (0, 03 ), respectively. The spatial weight matrix
W, that we use is the Rook matrix, which is one of the main types of spatial weight matrix in
spatial econometrics. For the non-parametric part, we use the commonly used Gaussian ker-
nel function, g(X) = 26_(/31X1+/32X2)2, where (B1, B2) = (V1/3, V2/3) = (0.5774, 0.8165).
As it is difficult to select the optimal window width, we simply select the window width
using the rule-of-thumb method. Finally, we use n = 10, 49, 100 as the sample size and
T =4, 10 as the number of periods. For each set of 7 and T, the sampling observations are
generated with the Metropolis—Hastings sampling algorithm.

The evaluation of simulation results should also be divided into parametric and non-

parametric parts. In the parametric part, for each estimator, we calculate the standard devia-
tion (Std) and the root-mean-squared error (RMSE), where RMSE = [% Z:e:pls (éi — 90)2} 1/2,
reps is the number of simulations and ;, i = 1, - - -, reps are the parameter estimates
obtained from each simulation. In order to accurately estimate the parameter values, accord-
ing to Su (2012), we take the window width & = std(x)-n'/> here, where std(x) represents
the standard deviation of sequence x. In the non-parametric part, we refer to Chen (2012)
when choosing the mean absolute deviation error (MADE) as the evaluation standard,
which is MADE = 4; Zj]\illg}(xm) —gj(xm)|, j =1, ---, reps, where {xn}M | is the M
fixed grid points selected within the support set of x. We select 20 fixed lattice points in
(=2, 2), namely M = 20. When estimating the non-parametric part, we use the method
of leave-one-out cross-validation to select the window width, i.e., the window width min-
imizes ;L Y1 Y1 (9 — §_i)?, where §; is the ith element of the Y; = A, (p)Yyt — Znid
after the estimated value 6 and ¢_; is the g(x;) estimate obtained with the observation
value other than the ith observation.

For different cases of n and T, 100 simulations are carried out with R Language.
In each simulation, the Metropolis—Hastings sampling algorithm is used to conduct
1000 samples in the PML function. In order to obtain the distribution of samples close
to reality and in order to achieve stability in the state, the first 200 sampling results are
discarded. With two different values of 6y for each n and T, finite sample properties of
both estimators are summarized in Tables 1 and 2, in which we report the means, variances
(Vars), root mean square error (RMSE), and coverage probability (CP).

For each case, the estimated value of the parameter, i.e., the mean, is relatively close
to the real value, and we can see that for each given n, when T is larger, the variance
of estimators will be smaller; for each given T, when #n is larger, the biases between the
real value and the estimators will be nearly the same, but the variance will be smaller.
When both n and T are maximized, i.e., n = 100, T = 10, the variance and RMSEs of
the parameter estimators are the smallest in all cases, which indicates that the parameter
estimators will converge with the increase in the n value, which is consistent with the large
sample property, as demonstrated. For different values of 6y, the variances are almost all
less than 0.01, which indicates that the fitting error is small and the fitting results are good.
In addition, the variance and root mean square error have little changes and will not change
with an increase in the simulation time and the sample size, which further indicates that
the variance of parameters is stable. Due to the small estimation variance, the mean hardly
fluctuates around the true value, and the range of the confidence interval is also relatively
stable. In only a few cases, the confidence intervals do not cover the true value, and with an
increase in n and T, the coverage degree becomes higher and higher, i.e., the CP gradually
approaches 1.




Mathematics 2023, 11, 2947 9of 16

Table 1. The performance of spatial coefficients estimators with 9{3 .

T=4 T=10
RMSE Means Vars CP RMSE Means Vars crp

B1 0.0337  0.562 0.0074 0.82 0.0323 0.584 0.0066 0.84
B2 0.0341 0.832 0.0072 0.81 0.0319 0.794 0.0069 0.85
0% 0.0282  —0.319  0.0058 0.84 0.0254 —-0.313  0.0052 0.86

10 0 0.0317 0419 0.0064 0.82 0.0301 0.416 0.0054 0.84
o2 0.1088 1.021 0.0069 0.85 0.0867 1.019 0.0062 0.88

T 0.0246 —0.224 0.0057 0.84 0.0238 —0.218  0.0051 0.87

B1 0.0312 0.586 0.0068 0.85 0.0298 0.571 0.0052 0.88

B2 0.0325 0.828 0.0067 0.83 0.0296 0.809 0.0053 0.89

0% 0.0234 —-0.315 0.0054 0.86 0.0222 —-0.288  0.0049 0.89

49 0 0.0241 0.413 0.0057 0.84 0.0225 0.389 0.0048 0.88
o? 0.0834 0.988 0.0059 0.87 0.0676 1.008 0.0054 0.90

T 0.0235 —-0.179  0.0053 0.87 0.0226 —0.211  0.0047 091

B1 0.0298 0.569 0.0053 0.87 0.0282 0.572 0.0045 0.90

B2 0.0302 0.807 0.0055 0.87 0.0283 0.811 0.0049 0.91

100 0% 0.0217  —0.309  0.0049 0.88 0.0205 —0.297  0.0043 0.92

Y 0.0225 0.391 0.0047 0.89 0.0208 0.405  0.0039 091
o 0.0649 1.009 0.0048 0.90 0.0521 0994  0.0041 0.93
T 0.0221 —0.185  0.0047 0.89 0.0213 —0.192  0.0042 0.92

N

Table 2. The performance of spatial coefficients estimators with 92'6 .

T=4 T=10
RMSE Means Vars CcpP RMSE Means Vars cp

B1 0.0406  0.564 0.0088 0.79 0.0395 0569  0.0077 0.82
B2 0.0512  0.829 0.0091 0.81 0.0494 0.806  0.0086 0.83
0% 0.0332  0.226 0.0076 0.83 0.0318 0.234  0.0069 0.85

10 Y 0.0343 —0.620 0.0081 0.82 0.0335 —0.617 0.0077 0.83
o? 0.1039 0.531 0.0084 0.82 0.1021 0.526 0.0078 0.84
T 0.0342 0.122 0.0078 0.84 0.0329 0.115 0.0071 0.86
B1 0.0372 0.586 0.0071 0.82 0.0368 0.571 0.0056 0.85
B2 0.0433 0.802 0.0074 0.84 0.0419 0.812 0.0063 0.85
0% 0.0325 0.239 0.0068 0.87 0.0299 0.258 0.0057 0.90
49 I 0.0301 —0.612  0.0068 0.84 0.0298 —0.592  0.0055 0.88
o? 0.0914 0.518 0.0069 0.85 0.0867  0.489 0.0062 0.90
T 0.0329 0.114 0.0064 0.88 0.0314 0.089 0.0054 0.92
B1 0.0355 0.581 0.0061 0.84 0.0316 0.573 0.0056 0.89
B2 0.0367  0.813 0.0057 0.87 0.0345 0.810 0.0051 0.91
100 0% 0.0307  0.243 0.0052 0.90 0.0281 0.253 0.0049 0.92

N

Y 0.0281  —0.592  0.0053 0.87 0.0282 —0.604 0.0046 0.90
o 0.0823 0.512 0.0061 0.89 0.0606 0.494 0.0057 0.92
T 0.0298 0.092 0.0058 0.91 0.0289 0.105 0.0051 0.94

Table 3 shows the average absolute error and variance of unknown function estimators

g(X) = 2¢~(FXi+52X2)" ynder different samples. As shown in Table 3, with an increase
in the sample size and total number of periods under the same parameter setting, both
the value and estimation error of the unknown function at 20 fixed lattice points decrease,
indicating that the estimation of the non-parametric part is convergent. This is consistent
with the theoretical results of Theorem 3.
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Table 3. The performance of unknown function estimators Gt

02=(—0.3,0.4,1,—0.2) 6%=(0.25,—0.6, 0.5, 0.1)’
n T=4 T =10 T=4 T=10
MADE Std.dev MADE Std.dev MADE Std.dev MADE Std.dev
10 0.0406 0.0216 0.0344 0.0187 0.0397 0.0187 0.0321 0.0145
49 0.0314 0.0125 0.0229 0.0112 0.0252 0.0138 0.0176 0.0098
100 0.0198 0.0092 0.0106 0.0076 0.0142 0.0096 0.0094 0.0071

5. Conclusions

In this paper, we propose a Si-SDPD model that can overcome the “Curse of Dimen-
sionality” problem and deal with spatial and temporal correlation. With this model, we
construct a PML method when the traditional maximum likelihood estimation method
is not applicable. The theoretical results show that, under certain regularity conditions,
both parametric and nonparametric estimators are consistent. Numerical simulation re-
sults show that PMLEs have good small sample characteristics and estimation accuracy
increases with an increase in the sample size and time periods. Our research results will
enrich and improve the estimation methods of single-index panel data models in spatial
econometrics, and provide a new research tool and perspective for the applied research of
related disciplines.

It is a complicated problem to prove the asymptotic normality of PML estimation
because the number of parameters and unknown variables in the Si-SDPD model is too
large, and the representation of the covariance matrix will be very complicated. The
cross-sectional heteroskedasticity (space-varying error variances) in the Si-SDPD model is
another interesting extension to consider. Most estimators are generally inconsistent in the
presence of an unknown form of heteroskedasticity in the disturbance term in the SDPD
model, much less in the Si-SDPD model with more unknown parameters. These works
would be much more challenging than the already quite challenging works presented in
this paper, and will be the topics of our future research.
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Appendix A. Some Basic Lemmas

Proof of Lemma 2. Based on [I, — S(B)]Y: = Vit({) = An(p)Yut — Zntd — Gin, we have
Vnt(é) = Vnt - Znt((s — (50) - (p — pO)WnYnt. HeIlCe,

Vnt(C)/Vnt@) =V Vit —2(6 — 50)/Z£thnt —2(p - PO)(WnYnt)/Vnt + (o — PO)Z(WnYnt)/(WnYnt)

+(6 —80)' Z!,Zut (5 — &) (A1)
+2(0 — o) (W Yur)' Znt (8 — 60)
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where, using W, Yy = wnA,;l{zm(s + [ —S(B)] _1Vm} and F, = W, A1,

[WnYnt]/ [WnYnt] = ,
03 ZniFuEnZutdo + {Falln = S(B)] " Vaur } {Fa[ls =S(B)] "V} (a2)
+200Z 1 Fa{ Fu[1s = S(B)] Vit }

Using Lemma 1,

1L 1 & P
T El ViVt — E(nT El VntVnt> —0
Ay 20— E( 2 ¥ 70,720 ) B0
nT tgl nt&nt nT tgl ntfmnt
1 I / _ 1 I / P
nT 2 ZntV'flt E nT )3 Zntvnt -0
r T , (A3)
% Z [WnYnt]/Vnt - (an Zl[WnYnt]/Vnt> -0
t=1 t=
T T
% Z [WnYnt]/Znt - E(an Zl[WnYnt]/Znt) —0
t=1 t=
T T p
LT Z [WnYnt] [WnYnt] - (1T Zl[WnYnt] [WnYnt]) —0
t=1 t=

As§and parebounded in ©, wehave b Y71 Vi (0) Vit (§) — 1 E Ly Vit () Vi () 5
0 that is uniform in § and @. Using the fact that ¢ is bounded away from zero in ® and

Qu, 7(0) = 7 Elln Ly, 7(9)],
1 ln L ( ) Qn, T(G)

=5 ( ¥ Var(Q) Ve (O) — 77 E (Ad)

T+

waavmo)io

t

uniformly in 6. [J

Proof of Lemma 3 (similar to Ref. [3]). Given Gy = S(B)Y; and V() = [I, — S(B)] Vs,

we have
Vit (Q) = Au(p) Ay Y (Zntbo + Gin + Vit) — Ztd —AGIN X
= Ay (P)A;lzntéo —Zud+ Ay (P)A;Ilvnt + Ay (P)A;lGIN - 1GIN (A5)
= An(0) Ay Zutbo — ZntS + [An(0) Ayt = S(B)] [In = S(B)] Vit
And Q,, 1(0) = rE[lnLy, ()] = —3nQ2r+1)+ & In|Au(p)| — 5 Ear Liy
V/nt(g)’Vnt(C), where
1 I !
A L Vile) Vi )
T
= LE Y [Au(0) Ay Zuto — Zut6) [An(0) Ay  ZutSo — Zusd]

[ 17/ 1 (A6)
+1g trd [(An(o) Az = S(B)) (1 = S(B) | [(Au(p)Ax™ = S(B)) (1 = S(B)) }}

7 T [An(0) A7 Zuad = Zu)' [ (An(0) Az = S () (1= S (8)) |V

According to Lemma 1, the third term is % Y, [An(0) Ayt Zdy — Znté]/
[(An(p)A,jl —S(B)) (I — S(ﬁ))fl} Vo = O(%), and O(%) is uniform in 6 and @ because

it is a polynomial function in @ and @ is a bounded set. The second term is equal to o2 (p),where
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72 () = 13 tr{[<An<p>A;1 =SB (= SB) ] [(Ante) A" = S(B)) (i —s(ﬁ))l}},

which are polynomial functions of § and are uniform in @. Using A,(p)A,' = I, —
(o — po) Fy in the first term, we have

[An (P)ijlznt(SO - Zntfs] ' [An (P)ijlzntéO - Zntfs]

™M=

1
arE
t

T
a7E gl[zm((s —80) + (0 — P0) FnZnt60)' [Znt (6 — 80) + (0 — p0) FnZnt 0]

1
"y
(0" =84, p — po)EAnT (8" — 6y, p — po)

where

T T ,
Z ntznt Z (Pnznt(s()) Znt
=1 =1

Anr = (A7)

1 1
nT nT
1L 1L
LY (FaZudo)' Zm 5 Z 1 Znt00) (FaZntdo)
=1 =1

To prove that Q, 7(¢) is uniformly equicontinuous for 6 € O, the following four
conditions must be true. (1) Ino? is uniformly continuous; ¢ is bounded away from zero in
©, so (1) is obvious. (2) 11n|A,(p)| is uniformly equicontinuous; we know 11n|A,(p2)| —
Lim|Au(p1)| = 2tr(Wu A 1(P)) (02 — p1), where p falls between p; and p,. Because A, ! (p)
is UB, and 6 is uniform in ®, 1tr(W,A;}(p)) is bounded. Hence, (2) is true. (3) The
first term, i.e., (6' — &), p — po) EAnr(8' — &), p — po), is uniformly equicontinuous; both
p and & are bounded, with EA,r = O(1), meaning (3) is true. (4) o2 (p) is uniformly
equicontinuous given that

7% (o) = 3 fr{ [(Anl0) 45 =5(B)) (1 =5 (B) '] [ (Anto) A = S(8)) (1 —S(ﬁ))‘l}}

and A,(p)A; ! = I, — (o — po) Fn, we have

1
73 (02) = @3 (p1) = GG (P2 = p1) - [(p2 + p1 — 2p0)trEy Fn — tr (F + F)]
And because FF, and F, are UB, (4) is true. [J

Proof of Lemma 4. In line with Lee’s study (2004), we can use a contradiction to prove
. /
the result. Firstly, we assume « = (a1, ap, #3), where a1, «y and a3 are scalars. Next, for

2 of = Tl;nzo Y s ., weneed to prove that Zeﬁ o« = 0 implies « = 0. If this is true, then,
columns of 95 would be linear-independent and X of would be nonsingular.
From (21)
Ed,, Ed,r 0
Ty = 015 x | EPrz E®Pgrr +JL”ZOUWS [tr(F2) + tr(EhsFns)] Jingo%tr[lfns]
0 J;ngo Ltr[Fus) %

where @7z = lim 3 WLy { (I = S(B)] Zut} [In — S (B)] Zut, PRz = Plpg, Pz = Jim 7y
e[l — S(ﬁ)]Zm}/Rn, and ®gg = Tlim L y[ | R|R,. Hence, X pa = 0 implies
— 00 0

%E(pZZ X x1 + %E(PZR X oy =0
‘%E@RZ X 0q + —EQ‘)RR + lzm Litr(F2) + tr(F,’lans)]} X 0y
+ lim %tr[Fns] X ag =0

1’1*)00
lzm tr[FnS] Xy + (74 x a3 =0
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The first and third equations imply, respectively, a; = —(E@ZZ)_lECDZR X ap and

a3 = —2 lgm % tr[Fus] X ap. By eliminating a1 and a3, the second equation becomes
n—oo

{015 [EchR — Edpz(Edzz)~ EcDZR} + lim 1 [tr(FZ) + tr(E Fus) + %(tr(Fns))z] } Xty =
0

0 |[Prz  PrR
nonsingular, meaning that the above formula is only true if a = 0, i.e,, « = 0. The
information matrix X s - is nonsingular. []

OI

Under Assumption 10, we assume that &, = % [(’DZZ (DZR] and that E®, is

Proof of Lemma 5. As known from the previous definition,

aM(u, ﬁn)'K(u, B)M(u, B) = ) /
%Z kh(ul-—u) %Z kh(ul_u)(ul;u)
i=1 lﬁl )

B L k=) (M) R ) ()

From Assumption 4, {x;}"_; is an independent, identically distributed random se-
quence, so {u;}}_; is an independent, identically distributed sequence.

B = [0 k(M) flay — w)duy = [ () + hm)dm = [ k(m) [F() + BF (u)m -+ B2 ()] dm

—f( u) +O(1?)
where m = %1~
Similarly, E‘le = Ekh(ul—u)('“ u) = fh 1k<u] u)f(”i)(u];:u)dul = fk(m

f(L(t)—(l—h})zm)mdm = [k(m)[f(u) + hf' (w)m + B2f"(&)m2] mdm = O(h) and E¥Y, = (E¥})’

Moreover, EY,), = Ekj,(u1 — u) (”1;”

:fh—1k<”1 ) *“)Zdul :fk(m

fu+hm)m?dm = [k(m)[f(u)+hf'(u)m+ h2f" (&)m?] 2dm = f(u) [ k(m)m>dm
+0(h?).
According to the Khintchine law of large numbers, ¥} HE‘I’I}, i=1,2and
o1 B (E¥h E¥LY _ (f(u)+0(?) o(h)
EY), EY¥y, O(h) f(u) [ k(m)m*dm-1, + O (h?)

Based on Assumption 6, when n — co, i — 0, meaning that

1 0
S —>f(u)( 0 f(u) [k(m)m?>dm-I, )

|

Proof of Lemma 6. As s(u, B)Viu = e (M(u, B) x(u, BYM(u, ﬁ))_lM(u, B) x(u, B)
Vit = @ (%M(u, B) x(u, B)M(u, ﬁ)>_1%M(u, B)'x(u, B)Vut, we describe 1 M(u, B)'x

_ i Tiet (i — w)vi w [P
o (et () 3

4, since {x;};_; and {v;};_; are independent, {u;}; ; and {v;};; are independent, and,
E¥? =0, E¥? = 0. Furthermore, {1;}} ; and {v;}!" ; denote an independent, identically
distributed sequence, so

) = ¥2. Based on Assumptions 2 and



Mathematics 2023, 11, 2947 14 of 16

Var¥? = Lk (u; — u)of = FE[K (s — u) Ee? = TLER} () = Fh- )t hmjan = O (nh)~");
(o (o 7 "
= ((nh) )
Based on Assumption 5, ¥7 = Op((nh)*l/z) = op(1) and ¥ = Op((nh)71/2> _
op(1), so TM(u, B)'x(u, B)Vir = Op((nhp)_l/Z) = 0p(1). Then, from Lemma 5, 5(p)
Vit = 0p(1). O

Proof of Lemma 7. As (6),

Based on Assumptions 2 and 4,

EY} = Ekh<uz w)g(ui) = [Pk (M) g () f (i)

= [k(m)f(u+ hm)g(u+ hm)dm

= k(m [g )+ B’ (w)m -+ 2g" (& )m] [ (1) + 1f! (x)m + W2 F" (E2)m?] dm
= g(u)f(m) + O<h2)

Varty = 3 Varky, (u; — u)g (u;) = %{Ek%(”i — u)g?(u;) — [Eky(u; “)g(”i)]z}/
where ¢; i = 1, 2 falls between u; and u. And then,

Ek? (u; — u)g>(u;) —h 1fk2 u+hm)f(u+hm)dmzo(h—1),
vary? = 1{0(n u)+0(1))*} = o((mn) 1),
= gtf) (h2>+op(<"h> ”2) = g(0)f () + O (12 + (k) 1/%).

Similarly,
EY3 = Eky( ul—u (”h”) (u (m) f(u+ hm)g(u + hm)mdm
= [k(m)[g(u) + hg'(g1)m ][f( )+hf'(€2% Jmdm = O(h),
( ‘f’>2=f 2 (i — ) () g2 y)

K2 (m) f (u+ hm) g2 (u + hm)m de:o((nh)*l).

In that way, Var¥; = E(‘l"z?’)2 — (E‘F23)2 = O(hz—l—(nh)*l) and ¥5 = O,
(h + (nh)fl/Z) = 0p(1). This suggests that

24 ()12
%M(”/ B)'x(ut, B)Gnt = (g(u)fgl:(—;i((zhjf/g )) 5 (g(u)({(u)')

And then, according to Assumption 4,
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s(t, B)Gut = o1 (EM(u, B)'x(u, f)M(u, )}
op(l
S(B)Gu = (s(x1B) Gur, s(x48) o, -+, s(x

0

i=1,2,

M(u, B)’ ( ﬁ)Gnt =g(u) +o0p(1), ie, s(u;, B)Gnr = g(ui)+
)s
1B )Gnt) = Gnt—i—op(l).Hence, (In — S(B)) Gut = 0,(1).

Appendix B. Proof of Theoretical Results

Proof of Theorem 1. As EZthl V) Ve = nT(fg, at 6y, (10) implies E[ln L, 7(6p)] =
—2Lim2m — "LinoZ 4+ T In|A,| — L. Then, we have
arElln Ly, 7(6)] — 7 E[ln Ly, 7(60)]
= —1(Ind? - lnaz) Lim| A ()| — Lin|A,| — [1le£ Y V() Vi (Q) — &
=T, a(p, %) — 202 T, u(o, 6) +0(1 ) where Ty, (p, 02) = —1(Inog — Ino?) + Lin| Ay (p)| — Lin|Ay| —
07 (0) = ?] and Ty, u(p, 6) = 7 E 2 [Zt (6 = 60) + (0 — p0) FnZnt0o) ' [Znt (8 — 60) + (0 — p0) FuZnt o]

2(72

We consider the process Yyt = poWy Yt + Vi, for a period t, the log-likelihood function
of which is

T
2\ _ 1 > 1 ,
InLy,u(p, 0) = =Z1n(2700%) + Inf Au(p)| = 55 ;[An(p)Ynt] [An(0) Y]
By letting Ep () be the expectation operator for Y;;, we have

Eﬁ[%l”Lnn(PI ‘72)} - Eﬁ[%l”Lr) n(Po, ‘73)}
= —1[Ino? — Ino?] + Lin|Au(p)| — Lin|A,| — ﬁ[az (p) — 7]
=T, u(p, 0?)

Based on information inequality, InLp, 4 (p, 0?) — InLy, »(po, 0g) < 0. Thus,
Ty, u(p, 02) < 0forany (p, 0?). Also, T, »(p, 6) is a quadratic function of p and 6. Under
the condition that E®,r is nonsingular, T, ,(p, 6) > 0 whenever (p, ) # (po, éo), so
(p, 8) is globally identified, given that pg, ¢ is a unique maximizer of Ty , (o, 02). Hence,
(p, 8, 02) is globally identified. Combined with uniform convergence and equicontinuity
in Lemmas 3 and 4, the consistency follows. [J

Proof of Theorem 2. From the proof of Theorem 1, -1 E[In L, 7(8)] — -1-E[In Ly, 1(6p)] =
Ty, u (0, 02) = 552 T2, u(p, 8) + 0(1). When E®, 1 is singular, &y and pg cannot be identified
from T, ,(p, 6) . Global identification requires that the limit of Ty, ,(p, ¢) is strictly
less than zero. As Ty, 4 (p, 02) < 0 based on information inequality, Ty, » (o, 02) # 0 is
equivalent to

1
lim (ln‘UgAnlA/nl

1
— —In|o?
n—oo \ n n

(0)A: (0 p)] ) #0

(see Lee (2004)). After pg and (73 are identified, given py, dy can be identified from T ,(p, ¢).
Combined with uniform convergence and equicontinuity in Lemmas 3 and 4, the consis-
tency follows. [J
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Proof of Theorem 3. As (6), we have Gy = S(B)Y: = S(B) (Yt — pWa Yot — Znid) =
S(,B) (Ynt - ﬁWnYnt + POWnYnt - POWnYnt - Zntg + Zytdp — Zntéo) =
[(Ynt — oW, Yyt — Znt50) - (p - PO)WnYnt — Zyt (3 - 50)} =
(Gt + Vit — (0 — 0) Wi Yot — Znt (6 — 6p) ], so that, Gyt — Gur = S(
Gut = [(p = p0)S (B) WaYut + S(B) Znt (6 — bo) ]

From Theorems 1 and 2, p — pp = 0,(1), 0 —dp = 0p(1). And from Lemmas 6 and 7,
[Ii — S(B)] Gut = 0p(1), S(B) Vit = 0,(1). Otherwise determined by the boundedness in
the assumptions, Gy — Gyt = 0p(1). O

=y
SN—"
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