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Abstract: In this paper, a Lotka—Volterra (L-V) competitor-competitor-mutualist system with time-
varying delays is studied. Some dynamical behaviors of the considered system are investigated. Firstly,
we obtain the boundedness, permanence and periodic solution of the system using the comparison
principle of differential equations and inequality estimation method. Then, the global attractiveness
of the system is analyzed by multiple Lyapunov functionals. Meanwhile, the existence and global
attractivity of positive periodic solutions is derived. In the third section, in order to validate the
practicability and feasibility of the obtained theoretical results, we conducted numerical simulations
using MATLAB function ddesd. Finally, the fourth section is where conclusions are drawn.

Keywords: permanence; global attractivity; time-varying delay; Lyapunov functional; periodic
solution; Lotka—Volterra competitor—-competitor—-mutualist system
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1. Introduction

Population dynamics systems often use mathematical models to describe the inter-
actions and relationships between populations and their environment. These models can
involve differential equations, integral equations, or difference equations, depending on
the specific variables being considered and the level of complexity of the system. The goal
of these models is typically to better understand how populations change over time in
response to various factors such as resource availability, disease, predation, competition
and cooperation [1].

In recent years, various kinds of delay differential equations have been increasingly
used in the modeling of complex systems such as ecosystems [2,3], population dynamical
systems [4,5], infectious diseases systems [6], neural networks systems [7,8], enterprise clusters
systems [9,10] and so on. These equations take into account time delays in the system’s
response to its own behavior or external stimuli, which can result in interesting and often
unexpected dynamics [11]. For example, in the predator-prey model [5], time delays can play
an important role in the dynamics of the system. Time delays can arise due to various factors,
such as the time it takes for prey to reproduce or for predators to consume their prey. In
addition, when considering the predator-prey model without time delays [12], the dynamics
of the system are simpler. In this case, the population sizes of predator and prey species can
be modeled using a set of coupled differential equations, which can be solved analytically or
numerically to determine the long-term behavior of the system.

On the other hand, the survival of species in a population dynamical system is one of
the most important problem, and permanence analysis is an important tool in studying the
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long-term behavior of population dynamical systems. For example, in the predator model,
which describes the interaction between predator and prey populations, permanence
analysis is necessary to understand the conditions under which the populations will
persist or go extinct over time. Hence, in an ecological system, the permanence analysis
is important because the extinction of one or more populations may have significant
ecological and economic consequences. Overall, permanence analysis plays a critical role in
understanding the dynamics of ecological systems, and it is essential for making informed
decisions about conservation and management efforts.

As is well known, the L-V model, also known as the predator—prey model, is a
mathematical model that describes the dynamics of two interacting species in an ecosystem.
The model was developed independently by Alfred Lotka [13] and Vito Volterra [14] in
the early 20th century. The L-V model has been applied to many different ecosystems,
including ocean fisheries, terrestrial ecosystems, and even economic systems.

Recently, Lu et al. [15] considered the following L-V cooperative systems with discrete
delays:

¥1(0) = y1(0)[s1 — cay1(0) — dnay1 (0 — 111) + b12y2(0 — 112)],
Y2(6) = y2(0)[s2 — cay2(0) + bory1 (6 — 121) — do2y2(6 — 122)],

and derived the conditions for permanence of system (1). Li et al. [16] investigated the
following delayed L-V competitive system with feedback controls

(1)

by1zy
1 —&—alz% ’

z1(t) = d1z1 () [1 — z1(¢) —
(2)

byzy
1 +a22% ’

2p(t) = daza(t)[1 — z2(t)

and the conditions for the stability of equilibriums, coexistence and exclusion of species
are obtained.

However, pure competition, as described by the L-V model, can lead to species
exclusion or coexistence with reduced carrying capacity for both species. In addition, while
pure competition can drive natural selection, it does not necessarily promote the coexistence
of multiple species. In fact, the L-V model, which describes pure competition between
two species, predicts that one species will eventually outcompete and exclude the other.
Therefore, other factors such as resource partitioning, niche differentiation, and mutualism
are necessary to facilitate the coexistence of multiple species in an ecosystem [17]. Based on
the above analysis, when modeling ecosystems or populations, it is important to consider
the various interactions that occur between species, including competition for resources,
cooperation in certain behaviors or activities, and predator—prey relationships. These
interactions can significantly affect the dynamics of the system and its stability over time.

In recent years, some L-V type mathematical models on the various interactions have
been proposed in the study of delay differential equations [18-25] and several research
results have been obtained. For example, in [19], the authors considered the following L-V
type predator—prey-competition system with delays

2i() = z1(w) [s1(p) — agy ()21 (1 — 0) — aiy ()21 (4 — 26)
—ap(p)za(p — 20) — arz(p)z3(p — 26)],

L) = z2(p) [ — s2(p) +a21 ()21 (p — 20) — agy ()22 (4 — 6)
—a5y ()22 (p — 20) — ag3 ()23 (4 — 26)],

z3(n) = za(p) [ —sa(p) +as1(pu)z1(u — 20) — az(p)za(p — 26)
—a33 ()23 (1 — 6) — a3z ()23 (6 — 26) .

and obtained some conditions on the global attractivity, extinction, and permanence of
system (3).
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On the other hand, competition-mutualism is a type of ecological interaction where
two or more species both compete and mutually benefit from each other, and it is common
in nature. A classic example is the relationship between hermit crabs and sea anemones,
where the crabs provide protection for the anemones while the anemones offer a home for
the crabs. Another example is when two different plant species compete for nutrients from
the same tree, but they also provide shade for each other. These interactions are the result
of natural selection over time, and which plays a very important role in maintaining the
ecosystem and helps us to better protect the balance of the ecosystem.

In [21], the authors considered the following competitor-competitor-mutualist L-V
systems with time-varying delays

21(t) = z1(t)(ri(t) — ﬂll(t)z1(t — 11 (t)
(t)z
2(t) = xa(t)(ra(t

(
z3(t) = z3(t)(ra(t) + az( )Zl(f—Tsl(f)
(

where z1(t), z»(t) denote the densities of competing species at time ¢ and z3(¢) denotes the
density of cooperating species at time t; a;;(t) (i = 1,2,3) denote the intra-patch restriction
density of species z1(t), zp(t) and z3(t) at time #; a15(t) and a1 (t) denote the competition
coefficients of competing species z; (t) and z,(t) at time ¢t; a13(t), ax3(t), as1(t) and azp(t)
denote the cooperation coefficients of species z1 (t), z2(t) and z3(t) at time ¢. The authors
have derived some conditions on the existence of periodic solutions by Krasnosselsii’s fixed
point theorem. As for the special case of the model, when 7;;(t) = 0(i = 1,2, 3), they also
derived the global attractivity of positive periodic solution of system (4) by means of the
construction of Lyapunov functionals.

Based on the studies cited above and as supplements and extensions of the results

n [21], in this paper we further study system (4).

Our main purpose is to study the general case T;;(t) # 0(i = 1,2,3) of system (4), and
establish several sufficient conditions on the periodic solution, permanence and global
attractivity for system (4) by using the inequality analysis, comparison method, and con-
struction of the multiple Lyapunov functional.

Throughout this paper, we denote that

J2{1,2,3}, z(t) = (z1(t),z2(t),z3(1)",  y(t) = (ya(t), y2(t), ys(D)",

and we define
B'= inf B(s), B'= sup B(s),
sef0,+e0) sel0+e0)

where B(s) is any bounded continuous function defined on [0, +c0).
For system (4), we introduce the following assumptions.

(Hy Tj(t) > 0,(i,j € J),ri(t) > 0(i € j) and al](t) > 0(i,j € J) are all continuous
bounded functions on [0, +-c0) with /; ( ) <

(Hp) 7j(t) > 0,(i,j € J),ri(t) > 0(i € J) and a,]( ) > O(ij € J) are all continuous
bounded and Q-periodic functions on [0, +0) with 7/; i(1) <1

The initial conditions for system (4) are given as follows:
xi(t) =w;(t), te[-1,0, ieJ,

where @;(t) (i € J) are satisfying @;(0) > 0 and continuous non-negative functions
defined on [—7, 0] with T = max; je 7){Sup;c (g 4o0) Tij (1) }-
We need the following lemma in this paper.
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Lemma 1 ([18]). If for any T € C [—0, 0], there exist constants A > 0 and B > 0 such that

0<B< li}ninfzi(t,O,l") <limsupz(t,0,T) < A, i=1,2,3,
— 00

t—00

then periodic differential equation z(t) = H(t,z¢) with solution z(t,0,T) admits at least one
positive Q) —periodic solution. Where H(t,x;) is a 3—dimensional continuous functional and
z(t) € R", z(£,0,T) = (z1(¢,0,T),22(+,0,T),23(¢,0,T)) is a solution of z(t) = H(t,z;) with
initial condition zg = T.

The organization of this paper is as follows. In Section 2, we will present the main
results of this paper. In Section 3, an example is given to illustrate the feasibility of our
results. In Section 4, we will discuss what we study in this paper and what we found in
this paper.

2. Main Results
Theorem 1. Assume that (Hy) holds and let z(t) denote any positive solution of system (4),
(i) iflim e sup z3(t) < oo, then

0< tlgr;mf@(t), 0< tlgg;r}%@(t) < tlggo is;%zl(t) < 00;

(i) if there exists a Mz > 0 such that for any positive solution z(t) of system (4),

lim sup z3(t) < M3,

t—o0

(iii) R; > 0(i = 1,2), where R;(i = 1,2) will defined in the proof,
then system (4) is permanent.

Proof. Since lim;_;o sup z3(t) < oo, then M3 > 0 and fp > 0 exist, such that 0 < z3(t) <
Mj for t > ty. According to the first equation of system (4), we have

21(t) <z (1)[rf + af3Ms — alyzy (t— 1 (1))]
<zq(#)(r] +a3Ms),

(5)

for t > to+ 15 + 75 Whent > ty + Z?:l 15 = t, integrating (5) from t — 714 (t) to ¢t,
one has
z1(t =11 (t)) = z1(t) exp{—(ry + ajsMs) 11 (t) }
> z1(t) exp{—(r] + a{3M3) 71 }.

Hence, from (6) we further have

(6)

21(8) < 21 (1) [(r + af3M3) — ay exp{—(r{ +af3Ms) 7y }z1 (1)),
Leta = ¥ +a,Ms, b =a' |, N = bexp{—at},},y1(t) = z1(t) exp{—at}, then,
z1(t) exp{—at} < azi(t)exp{—at} — bexp{—at}z3(t) exp{—2at} exp{at},

for t > t1. Thus,

1
dn(t) _ o, d(ym)
1) < Ny explan), —20

> Nexp{at}. (7)

Integrating from #; to ¢ > #; on both sides of (7), one has

1 > %[N exp{at} — Nexp{ato}] +

1_ 1 N
mo) = ENexp{at} toS T exp{ato}.

o
y1(to) ya(to)
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which leads to

) < exp{at} .
% {ﬂt} + W exp{ato}

On the other hand, one can see that ¢ (i) = T + TP
function for sufficient larger u with positive constant «, §, then,

isa I'lgOI'Ol.lS monotone 1ncreasmg

1
21(t) < (7 + ap3Ms) exp{ (1] + a3 Ms) 1 } =2 My, (8)
11

for t >t > t;. Next, according to the second equation of system (4) for t > ty + 7,7 + T55,
we have
2p(t) < zp(t)(ry + ap3Ms3). 9)

Similarly with the above discussion, for t > ty + 2;7’:1 Ty; = t3, we can prove that

1
2(t) < - + aMs) exp{(ry + a5 Ms) T} =: My (10)
22
Next, we seek the positive constants 1, my, m3. It follows from the third equation of
system (4) for t > t, + 735, we have

23(t) 2 z3(t)[ry — as Ma]. (11)
Integrating (11) from ¢ — 133(t) to ¢, one has,
z3(t) > z3(t — a3 (1)) exp{(r5 — a3 M3) T35}, (12)

where, take 733 = 133, if rl3 — a3 M3 < 0; take 735 = T3l3, if ré —az Mz > 0.
Thus, we have

25(t) > z3(1)[rs — aly exp{— (15 — a3 Ms) i3 }z3(1)]. (13)

Therefore, there exist t, > t3 + T35, one has

l
(1) > - exp{(rh — aly Ma) s} = s (14)
33
fort > t4. It follows from the first and second equation of system (4) for t > t4 + Tj; (i=1,2),
and we further have

2i(t) = zi(H) [R; — ajizi(t — i (1))]. (15)

where R; = Tll + m3 — ﬂi’2M2, Ry, = 1’12 + m3 — LZ21M1.
Integrating (15) from ¢ — 7;(t)(i = 1,2) to t, one has

zi(t) > z;i(t — T;(t)) exp{ (R; — a;;M;) T },

where, fori =1, 2 take 7} = T,

i, if Ry —aiiM; < 0; take T} =7l if R; — aiM; > 0.
Thus, we have

i’

zi(t) = zi(8)[R; — ajyexp{—(Rs — ajiM;)T;; }z;(t)], i=1,2.

Therefore, there exist t5 > t4 + max{t{4, 7, }, one has

R;
zi(t) > — P texp{(R; —aM) T} =m;, i=1,2. (16)

— 1
1
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fort >ts. O

From Theorem 1, we have the following result.

Corollary 1. Let z(t) denote any positive solution of system (4), suppose that (Hy) hold and
following conditions hold:

(1) If
limsup z3(t) < 400,
t—o00

then
lim sup z;(t) < 400, i=1,2.
t—o0

(2)  If there exist a real number Mz > 0 such that for any positive solution z(t) of system (4),

limsupzs(t) < Ms.

t—o00

Then, system (4) is ultimately bounded.
By Lemma 1 and Theorem 1, we can obtain the following result for system (4).

Corollary 2. If (H2) holds and let z(t) denote any positive solution of system (4),
(i) Iflimy e sup z3(t) < oo, then

o < .
0< tl;rgolnf23(t), 0< tl;rEOliquz (1) thﬁrglolsulpzz i(t) < oo;

(i)  If there exists a M3 > 0 such that for any positive solution z(t) of system (4),
tlgglo sup z3(t) < M3,

(i) Ry >0(i=1,2),

then system (4) is permanent and has a Q-periodic solution.

Theorem 2. If the conditions of Corollary 1 hold and A > 0, then system (4) is globally attractive.
Where A = minje 7{lim;_,o infic 7 A;}, 0 < A; < 00(i € J), and

ﬂ]z(lpﬂ (1))
Ai(t) = Ajag;(t A
0= j Z]:7é1 T]z(l/)]l ()

i (1)
[T st + Y- a0 (17)
3 ﬂji(lﬁﬁl(t)) ) ,
7]; /\ijil - Tj,'(llﬂﬂ ) /ﬂ< ) ajj(u)du, i€ J.

Proof. Let z(t) and y(t) are any positive solutions of system (4), then from the ultimately
boundedness of the solutions, there exist real numbers TéVI > 0and M; > 0(i € J) such
that 0 < z;(t), y;(t) < M;(i € J). First consider the Lyapunov function

3
t) =Y AVa(t), (18)
i—1

where

Vi () = [Inz;(t) = Inyi ()], (i € T).
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Computing the Dini derivative of V;(t), we obtain

DT Vy(t) = Ay sign(z(t) Ealj —m;j(t)) —y(t — 7 (1))
+a13(t)(z3(t — Ti3(t)) — ya(t — 1z (t))]
2
+ Mg sign(za(t) Zﬂzj zj(t — (1)) — yj(t — 12(1)))

+ a3 (t) (z3(t — 13(t)) — ys(f — T3(t))]
+ A3 sign(z3(t) Zﬂsj —13(t)) —y;(t — 13(t)))

—az3(t)(z3(t — w3(t)) — ys(f —133(t))]
=Aysign(z1(f) — ya(£))[—an () (z1(t) —y1(t)) +an (t) /t (21(s) — y1(s))ds

t—111(t)
—app(t)(z2(t = 12(t)) — y2(t — 12(t)) +a13(t) (z3(t — T3(t)) — ya(t — 13 (t))]
+ Agsign(za(t) — y2(t)) [—a21 (£) (z1 (t — 21 () — y1(t — T1(t)))

—an(t)(z2(t) —y2(t)) +axn(t) /tt - (22(8) — Y2(s))ds

+ a3 (1) (z3(t — 23 (t)) — y3(t — T3(t))]
+ Agsign(za(t) —ya(t))[as1(t) (z1 (t — w31 (t)) — ya(t — 31(t))
+az (t) (z2(t — w2(t)) — y2(t — 32(t))

~ () ~va(0) +an(®) [ () ~dals))s]
=Aysign(z1(t) — y1 (1) [—an (£) (21 (8) — y1(8))
ran@) [ @) - a6 - m)

—a12(8)z2(s — T12(s)) + a13(s)z3 (s — 113 (5))]

=y1(s)[ri(s) —an(s)ya(s — r1(s)) — ar2(s)ya(s — 112(s))
+a13(s)y3(s — 3(5))])ds — ara () (z2(t — T2(t)) — y2(t — T2 (1))
+ m13(t) (z3(t — T3 (t)) — y3(t — T3(t))]

+ Agsign(za(t) — y2(t))[—a21 () (z1 (t — @21 (t)) — ya (t — 1 (t)))

() () 2 Fanl) [ (26)lrals) —an(s)zi s~ (s))

(1)
— a22(8)z2(s — T22(s)) + a23(s)z3(s — T23(s))]
= y2(s)[r2(s) — a1 (s)y1(s — 1 (s)) — a22(s)y2(s — 2(s))
+a23(s)y3(s — 123(5))] ) ds + az3(s) (23 (s — 23(5)) — y3(s — 23(s))]
+ Agsign(z3(t) — ya(t))[as (t) (z1 (t — w1 (t)) — ya (t — 131 (1))
+ az(t) (z2(t — w2(t)) — y2(t — w2(t)) —as3(t) (z3(t) —y3(t))
)

an(t) [ ()l an(s)2a(s = w1 (s) + an(s)za(s ~ )

—a33(s)z3(s — 133(5))] — y3(s)[ra(s) + az1(s)y1(s — 31(s))
+ a3z (s)y2(t — m2(s)) — asz(s)ya(s — 3(s))])ds]
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= sign(z1 (1)~ 1 () [ ()21 ()~ 1)
ran(t) (G166~ G - m()

—an2(s)y2(s — i2(s)) + a13(s)ya(s — m3(s))]

+ x1(s)[—a11(s)(z1 (s — 1(s)) — y1(s — T1(s)))
—a12(s)(z2(s — T12(s)) — y2(s — m2(s)))
+a13(s)(23(s — T13(s)) — ya(s — m3(s)))])ds

—ap(t)(z2(t — 12(t)) — y2(t — T2(t))
+a13(t) (z3(t — 13 (t)) — ys3(t — T13(t))]
+ Agsign(z2(t) — ya(t))[—an () (z1 (t — @1 (t)) —y1(t — 1 (1))
—an(t)(z2(t) —y2(t)) +ax(t) /tim(t) ((z2(5) = y2(s))[r2(s) — az (s)y1(s — 21(s))
—a2(s)ya(s — ™2(s)) + ax(s)ys(s — w23(s))]
+22(8)[—a21(5)(z1(s — ©21(5)) — y1(5 — T21(5)))
(s)(z2(s — 122(s)) —y2(s — m2(s)))
+a3(s)(23(s — 3(s)) — y3(s — 13(s))])ds]
+ Az sign(za(t) — y3(t))[az1 (t)(z1 (t — w1(t)) —y1(t — w1(¢))
(1) (za(t — 132(t)) — y2(t — 32(t)))
(t)( )

—a33(t)(z3(t) —y3(t)) +ass(t )/t ((z3(s) —ya(s))[ra(s) + az1(s)z1(s — 31(s))

-
+ a32(s)z2(s — m2(s)) — az3(s)z3(s — 33(5))]
+23(s)[a31(s) (z1(s — B1(5)) — y1(s — 31(5)))
22(s — 132(5)) — ya(s — 32(8)))
(

2z3(s — 133(5)) — y3(s — T33(s))] ) ds]

< —Man(8)[zi () =y (B)| + Aan (f) /t (Iz1(s) = y1(s)[[r1(s) +ar1(s)y1(s — Tu1(s))

)
+ a12(s)y2(s — T2(s)) + a13(s)y3 (s — 13(s))]
+z1(s)[a11(s)[x1(s — 1(s)) —y1(s — 1 (5))|
+ a12(s)[z2(s — 712(5)) — y2(s — 712(5))|
+a13(s)|23(s — 113(5)) — y3(s — T3(s))|])ds
+ Aarp(t)[z2(t = T12(t)) — y2(t — T2(t)]
+ Maga(t)[z3(t — Tia(t)) —ya(t — T3 (B)] + Agaz (£)|z1(t — @1 () — ya(t — 21 (1))
(

~ Aaaa(0)2(0) = ya ()] + Aana() [ (za(s) = ya(s)ra) + am(5)ys (s = ma(9)

+ a22(s)y2(s — 2(s)) + a23(s)ys(s — 123(s))]
+22(s)[a21(5)[z1(s — 121(5)) — y1(s — 21(5))]
+ax(s)|z2(s — m2(s)) — ya(s — w2(s))|
+a23(s)|z3(s — 123(5)) — ya(s — 13(5))[])ds
+ Azazi () |z (t — 11 (t)) — ya(t — 1(t)]

)l

) (
+ Azaza(t)]z2(t — w2(t)) — ya(t — 132
) (

— Azazz(t)]z3(t) — y3(t)| 4 Azass(t) /tt_mm (Iz3(s) —ya(s)|[r3(s) +az1(s)z1(s — 131(s))
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+a32(s)z2(s — 32(8)) + a33(s)z3 (s — 33(s))]
[

+23(s)[a31(5)|z1 (5 — 31(5)) — y1(s — 31(5))|

19
+a32(s)|z2(s — 132(s)) — y2(s — 132(5))| 1)
+a33(s)|z3(s — 133(5)) — ya(s — w3(s)|])ds
Define
Va(t) = AMVia(t) + A2V (t) + A3 Vaa(t) (20)
where

o a1 (15 (5)) o(s) — ua()ds o [ a13(p15' (5))
Viz _/tfm(t) 1 —flz(zp;;(s))' 2(5) =y (s)lds + t—ms(t) 1 — 11375 (s))

+ /t% ! /;(u) ar (1) (|z1(s) = y1(s)|[r1(s) + a1 (s)y1 (s — ma(s))

+a12(5)y2(s — 112(s)) +a13(s)y3 (s — 13 (s))]
+z1(8)[a11(5)|z1 (s — 1(s)) —y1(s — 701 (5)|
+ a12(5) |22(s — T12(5)) — y2(s — T12(s)) |
+a13(s)|23(s — 13(5)) — y3(s — T3(s))])dsdu,

|23(s) — y3(s)|ds

t a (95 ()
Voo — _M21\Yo1 \2))
22 /t*’f21(t) 1-1 (lpgll (S))

W)
+ /[>_723([) 1— T3 (1351(s)) |23(s) — y3(s)|ds

o ()t
+/t"’ /wzz(u) ax (1) (|z2(s) — ya(s)|[ra(s)

|z2(s) — y2(s)|ds

22(s — m2(s)) — ya(s — m2(s))|
23(s — 123(5)) — y3(s — 23(s))] ) dsdu,
)

' a3 (3 (5)
Van — _ ol\T3L \YT
. /f*%l(f) 1— 31 (57 (5))

T _amn' )
* /t_mm 1=ty (s)) 21 T ¥2l)ls

A OIS AE
+ a31(s)y1(s — 11(8)) + a32(5)ya(s — w2(s)) +as3(s)y3(s — 133(s))]
+ x3(5)[a31(s) |21 (s — 131(5)) — y1(s — 31(5)|

)

[
+ a32(s)[z2(s — 132(5)) — y2(s — 132(5))|
+a33(s)|z3(s — 133(5)) — y3(s — 13(s))])dsdu.

|z1(s) — y1(s)|ds
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From (19) and (20), we have

DT (Vi(t) + Va(t)) < —aji(t)]zi(t) — yi(t)]
s a0
j=1,%i 1 — Tij(lPiyl(f))
i)
+ /tlp agi(u)dulr;(t) + a;;(t)y;(t — T (t)
3 21
FOY ay Byt — ()= — i) @)

j=Lj#i

|z (t) — y;(t)]

[ a0 s (1) ¢ — 7a(8)) — ¢~ a0

3
+ ) )zt = 7i(t) it — ()], (€ T).

j=1j#
Let
Va(t) = AMVis(t) + AaVas(t) + A3Vas(t), (22)
where
3 t (R O) a;i(;" (s)) :
=) M aiiu—z i(s)|duds, i€ J. 23
I S ey I B O (23)

Finally, define a Lyapunov functional

V(t) = Vi(t) + Va(t) + V3(t).

4 t) —y;(t
ey
v () 3
[ astwduln(o + Y a0 My
) 24
{Ill']' l/JZ; t ' o
+ M; Z/% u)duij(t) yi(t)]
2«4 )lzi(t) = yi(t)]
_AZ|Zi(t)
i=1
Integrating from Tp to ¢ on both sides of (24) produces
J’_‘AZ/ Zz )dS < V(To) (25)

Hence, we have

/TO [% 1zi(s) — yi(s)|ds < V(j‘)) < oo, (26)
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From (26) and the boundedness of the solutions, we can find that |z;(t) — y;(t)|(i € J)
and their derivatives remain bounded on [T, o). As a consequence, |z;(t) — y;(t)|(i € J)
is uniformly continuous on [Ty, o). By Barbalat’s theorem, it follows that

lim (z;(f) — y:(£)) =0, i€ J.

t—o0

O

Corollary 3. If the conditions of Corollary 2 hold and B > 0, then system (4) has a globally
attractive positive Q-periodic solution. Where B = min;e 7 {lim;_ infjc 7 Bi(t)}, 0 < v; <
co(i € J) and

3 aji(y5 ' (1))
Bi(t) =vja;(t) — T )
(t) (t) j:%;#i =gy (1)
(1

i (¢ >
= [ aldulr(o) + Y a0
=

3 aii(; (1) et )
% ] ]1 1 i
_EVJ‘MJ' =) /] ]
]:

jludu, 1€ J- 27
1= (g (1) e ajj(u)du, i€ J @)

Remark 1. In system (4), if 7;;(t) = 0(i = 1,2,3), then condition (27) reduced to the following
condition of Theorem 3.1 in [21]

(1
Di(t):Viaii(t)— i vj aﬂ(lpjl (t))

.—7 > 0, i 6 j.
= 1=ty (1)

Therefore, the established results in this paper can be seen as the extensions, supplements and
improvements of the results obtained in the studies by Lv et al. [21].

3. Numerical Example
We consider the following system:

21(t) =z1(+)[(0.5+0.1sint) — (2.54 0.2cos t)z1(t — (0.1 +0.01 cos t))
— (0.43 + 0.1 cos t)z(t — (0.101 4 0.01 cos t))
+ (0.51 4 0.1sint)z3(t — (0.101 + 0.01 cos t)],

2y () =2z(#)[(0.55 + 0.1cost) — (0.43 + 0.1 cos t)z (
— (2.55 — 0.2sin t)z(t — (0.106 + 0.01 cos )

]t —(0.105 4+ 0.01 cos t))
)
+(0.52+0.1cost)z3(t — (0.101 4+ 0.01 cos )],
(
)

(28)

— o~ —

23(t) =z3(+)[(0.45+ 0.1sint) + (0.525 + 0.1 cos t)z1(t — (0.102 + 0.01 cos t))
+ (0.54 — 0.1sint)z(+ — (0.105 + 0.01 cos t)
—(2.3540.1cost)z3(t — (0.11 4 0.01 cos t)].

Let M3 = 0.5, then we have

M ~ 047, Mj ~ 0.49, m} =~ 0.12,m} ~ 0.08,m} ~ 0.11, R} ~ 0.2603, R} ~ 0.3209,
liminfiye B1(t) =244, liminf; e By(t) =~ 2.61, liminf;_e Bs(t) =~ 1.72.

Thus, the assumptions of Corollary 3 are satisfied. Then, system (28) is permanent and
has a global attractive positive periodic solution. The corresponding numerical simulation
is given in Figure 1 by using the MATLAB function ddesd.

From the numerical simulations, we find that system (28) is permanent and has a
global attractive positive periodic solution.
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Remark 2. Obuviously, in system (28), the assumptions of Theorem 3.1 in [21] do not hold. If
T;i(t) = 0(i = 1,2,3), then the assumptions of Theorem 3.1 in [21] are satisfied, and the assump-
tions of Corollary 3 are also satisfied. Therefore, it can be seen that our obtained results are more
general than the results in [21].

0.12
0.1 4
0.08 B
::’N
N 0.06 B
0.04 4
0.02 b
0 . . . . . . . . .
0 001 002 003 004 005 006 007 008 009 0.1
z,(t)
0.26
0.241
0.221
0.2
=
% 0.18F
N
0.16
0.14
0.121
0.1F
003 004 005 0.06 007 008 009 0.1 002 003 004 005 006 007 008 009 0.1
z z
,® R()
(c) (d)
0.3
0.25+
— 027
NG
N
015
0.1
S S S S S
0.05 ‘ ; o2
.05 0.1
0.35 03 025 02 0.5 0.1 0.05 o O Z1(t)

2,(1)

(e)

Figure 1. Dynamical behaviors of system (28). Here, we take different initial values. (a) Permanence,
periodicity and global attractivity of z; (), zo(#) and z3(t). (b) Permanence, periodicity and global
attractivity of z1 (t) and z,(#). (c) Permanence, periodicity and global attractivity of z; (f) and z3(¢).
(d) Permanence, periodicity and global attractivity of zp(t) and z3(t). (e) Permanence, periodicity
and global attractivity of z1(f), zo(#) and z3(¢).

4. Conclusions

The Lotka—Volterra competitor-competitor-mutualist system is a mathematical model
that describes the interactions between two competing species and a mutualistic species.
The model assumes that the two competing species compete for a common resource, while
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the mutualistic species benefits from the presence of both competitors. In this paper, a
Lotka—Volterra competitor-competitor—-mutualist system with varying time delay is an-
alyzed, and the permanence, global attractivity and periodic solution of the system are
studied. By means of the multiple Lyapunov functional, comparison principle and inequal-
ity estimation method, we obtained a set of easily verifiable new sufficient conditions on the
aforementioned results. Therefore, the results in this paper can be seen as the supplements
and extensions of the results in [21] and other relative known results.

Although our study provides a thorough analysis of the dynamical behavior of system
(4) in the general case, however, there are several important avenues for future research
such as the extensions and improvements of the considered model and obtained results in
this paper to more general cases.
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