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1. Introduction

Fixed point theory is an important branch of non-linear analysis. After the celebrated
Banach contraction principle [1], a number of authors have been working in this area of
research. Fixed point theorems (FPTs) are important instruments for proving the existence
and uniqueness of solutions to variational inequalities. Metric FPTs expanded after the
well-known Banach contraction theorem was established. From this point forward, there
have been numerous results related to maps fulfilling various contractive conditions and
many types of metric spaces (see, for example, [2-9]).

The authors of [10,11] presented a novel extension of the b-metric space known as
controlled metric spaces (CMSs) and demonstrated the FPTs on the CMSs, providing an
example by employing a control function X(x, y) in the triangle inequality.

Serge [12] made a pioneering attempt at developing special algebra. He conceptualized
commutative generalizations of complex numbers as briefly bicomplex numbers (BCN),
briefly tricomplex numbers (tcn), etc., as elements of an infinite set of algebra. Subsequently,
many researchers contributed in this area, (see, for example, [13-19]).

In 2021, the authors of [20] proved a common fixed point for a pair of contractive-type
maps in bicomplex-valued metric spaces. Later, several authors discussed their results
using this concept, see [21-24]. Guechi [25] introduced the concept of optimal control of
¢-Hilfer fractional equations and proved the fixed point results. For details, see [26-28] and
the references therein.

In this paper, we introduce the notion of bicomplex-valued CMSs (BVCMSs) and
prove FPT under Banach, Kannan and Fisher contractions on BVCMSs. Then, we give an
application to solve a fractional differential equation (FDE) and show that this extension is
different from bicomplex-valued metric spaces in terms of Beg, Kumar Datta and Pal [20].
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2. Preliminaries

We use standard notations throughout this paper: The real, complex, and bicomplex
number sets are represented by Cy, C; and C,, respectively. The following complex
numbers were described by Segre [12].

z = + iy,
where 81,9, € Cy, i% = —1. We represent C as:
C = {Z z=0 + iy, H, % € Co}.

Letz € Cy, then |z| = (8% + 19%)% Every element in C; with a positive real-valued
norm function |.|| : C; — C{ is defined by

1
2]l = (87 + 83)>.
Segre [12] described the bicomplex number (BCN) as:
f = % + Opi1 + O3i, + O4iqi,,

where 01, %, 93,94 € Cp, and the independent units i1,i, satisfy i% = i% = —1 and
i1i, = i,i7. We represent the BCN set C; as:

G, = {f Zf = U1 + Opi1 + 031, + O4i1io, 01, 02,805,044 € (CQ},

that is,
C, = {f :f =21 +1i,20,21,220 € Cl},

wherez; = 01 + thi; € Ciand zy = 93+ 041y € C1. If f =21 +i,2zp and v = wy + i, w; are
any two BCNSs, then their sum is

fEv=(z1+i.22) + (w1 +irw2)
=z1 w1 +1i,(z0 £ wy), and the product is
fv=(z1 +i,22)(wq +i,w3)
= (z1w1 — 2pW7) + 12 (z1wy + Zpw1).
There are four idempotent elements in C,. They are 0,1,¢; = Hélil, e = 175”.2 of
which ¢; and ¢, are non-trivial, such that ¢; + ¢; = 1 and eje; = 0. Every BCN z; 4,3, can
be uniquely expressed as a combination of ¢; and ¢, namely,

f =2z1+i,20 = (Zl — ilzz)el + (21 + ilzz)ez.

This representation of f is known as the idempotent representation of a BCN, and
the complex coefficients f; = (z1 — i1z2) and f, = (z1 + i122) are known as the idempotent
components of the BCN f.

Each element in C, with a positive real-valued norm function |.|| : C; — Cj is
defined by

. 1
IFl = llz1 + taz2 ]| = {llza]|* + [|z21%} 2

1
[z — i1z + |21 + i122]] 2
- 2

= (3 + B+ 0% +02)2,

where f = 01 + Oi1 + 031, + O4iti, = z1 + 1,20 € Cy.



Mathematics 2023, 11, 2742

30f19

The linear space C, with respect to a defined norm is a normed linear space, and C,
is complete. Therefore, C; is a Banach space. If f,v € C,, then |[fv| < v2||f||||v| holds
instead of ||fv] < |[f]|||v], and therefore C, is not a Banach algebra. For any two BCN
f,v e Cy, then

Lo f2pv = fll <vl;

2. f +vIF < IfFIH+ vl

3. [|9f|l = |9|f||, where ¢ is in Cp;

4. |Ifvll < V2|fllllv]l, and ||fv]l = v2|[f|||lv]| holds when only one of f or v is degener-
ated;

5 If Y = IIfFII7Y, if f is degenerated with f = 0;

6. Hé” = %,ifvisadegenerated BCN.

The relation =<;, (partial order) is defined on C, as given below. Let C; be a set of
BCNsand f = z1 +1i,zp and v = w1 +i,wy € Cy. Then, f =<;, vifand only if z; <;, w; and
Zp =i, wo, ie., f =, v, if one of the following conditions is fulfilled:

1. z1 =wy, 220 = wy

2. 21 =i, W, 22 = Wy,
3. z1 =wy, 22 <, W
4 z1 <i, W1, 22 <j, Wa.

Clearly, we can write f /7<oiz viff <;, vand f # v, i.e., if 2, 3 or 4 are satisfied, and we
will write f <;, v if only 4 is satisfied.

Definition 1 ([10]). Let { # @ and ¢: { x { — [1,00). The functional e : § X { — [0,00) is
called the briefly controlled-type metric CMT if

(CMTy)  £m(Ri) =0<= RN =i,

(CMTZ) £cm(N/i) = £em (i/ N)/

(CMT3)  £em(N,b) < (N, )£em(R,1) + @(i,b)£em (i, 2),
forall X,i,b € . Then, the doublet ({, £cm ) is called a CMT space.

Several researchers have proven FPTs using this notion (see [3,4,6,11]).

Definition 2. Let { # @ and consider ¢: { x { — [1,00). The functional £ypcps: § X { — Cy is
said to be a BVCMS if

(BCCMSl) 0 '<1'Z £bvcms(Nri) also Ebvcms(NIi) =0<=N=i,

~

(BCCMSZ) Ebvcms(N/ i) = Lpvems (i, N)/
(BCCMS3) £bvcms(N/ b) 5iz GD(N/i)ﬁbvcms(N/i) + QD(i, I’)Ebvcms (i/ b)/
forall X,i,b € , Then, the pair ({, £ppems) i known as a BVCMS.

Example 1. Let { = [0,00) and ¢: { X { — [1,00) be defined as

. 1, if \,i€[0,1],
(i) = . s . 0.1]
1+ N+1i, otherwise.

and Lyyems: ¢ X ¢ — [0, 00) be defined as follows

0, N=i

£bvcms(NIi) = {i R 7§i
2s

Then (T, £ppems) 1S a bucms.

Remark 1. If we take (X,i) = t > 1, for all N,i € , then (T, £pyems) 1S a bicomplex-valued
b-metric space, that is, every bicomplex-valued b-metric space is a BVCMS.
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Example 2. Let { = VUW with V = {(1)|v € N}, W is the set of all positive integers and
@: ¢ X — [1,00) is defined for all X,i € C as

P(R,i) = 5p

where p > 0 and £yyems: § X ¢ — Cy defined as follows

0, iffR=i
£bvcms(N/i)3 = q 2pi,, lfN,i eV
%, otherwise

where p > 0.

Now, the conditions (BCCMS,) and (BCCMS,) hold. Furthermore, (BCCMS3) holds
under the following cases.

Casel. IfX=iandi=>;
Case2. IfXN=1i#borif R#i=borifN=>b#iorif X #i#b;
SubCase1. IfNXe€VandibeW;
SubCase2. Ific VandN,b e W;
SubCase 3. Ifb € VandN,ieW;
SubCase4. IfR,ieVandb e W;
SubCase 5. IfN,b e VandiecW;
SubCase 6. Ifi,b € Vand X € W;
SubCase7. IfN,i,beV;
SubCase 8. IfN,i,hb € W.

Then (T, £ppems ) is a BVCMS.

Remark 2. If p(X,i) = ¢(i,b) (as in the above example) for all X,i,b € C, then (J, £ppems) 1S a
bicomplex-valued extended b-metric space. We can conclude that every bicomplex-valued extended
b-metric space is a BVCMS. However, the converse may not true in general.

Example 3. Let { = {1,2,3} and £y ¢ X { — Cy be defined as
£bvcms(1/ 1) = Lpoems (2/ 2) = Lpoems (3' 3) =0,
Epvems (2/ 1) = £bvcms(1/ 2) =4+ 4i,,

£bvcms (3/2) = £bvcms (2/ 3) =1+ Ziz,
£bvcms (3/ 1) = £bvcms(1/ 3) =1-—1i,,

and ¢: { X { — [1,00) be defined as

Clearly, the conditions (BCCMS;) and (BCCMS,) hold. Now,
Case1. If XN =b the condition (BCCMSs3) holds.
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Case2. IfN=1landb=3(sameash =1and N\ =3)andi=2

Eppems (R, 0) = [Lpoems(1,3)| = [1 — 12| Zi, [12+ 164, |
= |2(4 +4i,) +4(1+ 2i,)]
Si, 2[(4 +4iy) |+ 4|(1+2i,)
= (1, 2)Eppems(1,2) + 9(2,3)Eppems (2,3)
= @(N, 1) Lppems (N, 1) + @ (i, 0) Lppems (i, 0)-

Case3. IfXN=1landb=2(sameashb =1and X =2)andi =3

Ebvcms(N/b) |£bvcms(1 2)| - |4+412| ~iz |5+7iz|
=[1(1 —i,) +4(1 + 2i,)|
Six (1 —i2)[ 4+ 4[(1+ 2i,)|
= ¢(1,3)Lboems(1,3) + 9(3,2)£poems (3,2)
= @(N, 1) Lpoems (N, 1) + @ (i, ) Lpoems (1,0).

Case4. IfN=2andb=3(sameash =3and XN =2)andi=1

£bvcms(N/b) |£bvcms(2 3>| - |1 +212| ~Siz |9+ 7i2|
= [2(4+4i,) +1(1 —1i,)
Sia 2[(4+4i)[ +1](1 - in)]
= @(2,1)Lpoems(2,1) + ¢(1,3)£poems (1, 3)
= @R, 1)Lppems (N, 1) + @ (1, 2) £ppems (i, b).-

Then, (£, £ypvems) is @ BVCMS.

Definition 3. Let ({, £4ycms) be a BVCMS with a sequence {R,} in ¢ and X € . Then,

(i) A sequence {X,} in { is convergent to X € {ifV 0 <;, a € Cy, 3 a natural number N so
that £ppems Ny, R) <4, a for each v > N. Then, limy ;00 Ny = N or X, — Ras v — oo.
(i) If, for each 0 <;, a where & € Cy, 3 a natural number N so that £p,cps(Ny, Roye) <i, «

for each ¢ € Nand v > N. Then, {X,} is called a Cauchy sequence in (T, £xea )-
(iii) BVCMS (Z, £ppems) is termed complete if every Cauchy sequence is convergent.

Lemma 1. Let (, £ypems) be a BVCMS. Then a sequence {R,} in { is a Cauchy sequence, such
that N # N, with ¢ # v. Then, {R,} converges to one point at most.

Proof. Let X* and i* be two limits of the sequence {X,} € ¢ and limy_sco £ppems (N, X*) =
0 = £pyems(No,i*). Since {X,} is a Cauchy sequence, from (BCCMS3), for X. # Xy,
whenever ¢ # v, we can write

H’Ebvcms(N* *)H ~iz [QD(N* )Hﬁhvcms(N* )H
+ @(No, i) [[Eppems (Ro, i) [] = 0 as v — oo,

We obtain ||£pyems (N*,1%)|| = 0, i.e., R* = i*. Thus, {X,} converges to one point at
most. [

Lemma 2. For a given BVCMS (, £ppems), the tricomplex-valued controlled metric map
Epvems: ¢ X T — Cy is continuous with respect to "=, ”

le :

Proof. Lets,q € Cy, such thats > g, then we show that the set £bv ms 0, 5) given by

Ebvlcms( 5): = {(N'i) € C X €|Cl =i, Ebvcms(N/i) =i, 5}r
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is open in the product topology on { x . Then, let (X,i) € £ljvlcms(q,s). We choose
€= 21W min(£ppems (N, 1) — 6,5 — £ppems (N, 1)). Then, for (¢, A) € B(R, e) x B(i, €) we obtain

£bvcms((/)r A) ii; £hvcms (/\/ N) + £bvcms (N/ i) + £bvcms (i/ )‘)
=i, 2e + £bvcms(N/ i) =i, §

and

q S, Lpvems (RN, 1) = 2€ =i, Lpoems (@A) + Lpoems (R, A) = € + Lpoems (i, A) — €
=iz Eooems (¢, A)-
Then, (X,i) € B(x,€) x B(i,e) C£, L (q,5). O
Defining Fix 17: = {®* € {|X* = (X*)} will be the set of fixed points.
In this paper, we introduce the notion of BVCMS and FPT in the context of BVCMSs.

3. Main Results

Now, we prove the Banach-type contraction principle.
Theorem 1. Let (T, £pyems) be a complete BVCMS and 17: { — { a continuous map, such that

Epoems (TR, 11) Zi, 0hppems (N, 1), 1)

forall X,i € g, where 0 < a < 1. For Yy € , we denote N, = n”Nq. Suppose that

. (P(Nquerq—ﬂ) 1
max lim ——————— "2 (N, 11, N) < =, 2
¢>1 a0 @(Ng, Ngy1) P(Ng41,R¢) a 2)
Moreover, for every X € ( the limits
Ulgrolo PNy, N)  and Ulgrt}o P(X,Ny) exists and are finite. (©)]

Then 1 has a unique fixed point (UFP).
Proof. Let {N, = "Ry }. By (1), we obtain

£bvcms(Nv/ NU+1) —r\<ﬂ.z uEbvcms(Nu—lz NU)
NiZ
jiz ClU£bvcms(N0/ Nl)/ Vv >0.
For all v < ¢, where v, ¢ € N, we have

Epoems (Ro, Re) Zi, @(Ro, Ny 1) Epoems (No, Roi1) + @Ry 1, ReLpoems (No1, R
fjilq)(Nvl Nu+l)£bvcms(Nv/ Nv+1)
+ (P(Nv-i-l/ NQ(P(NU—&-L Nv+2)£bvcms(Nu+1/ Nu+2)
+ @(Ro1, Re@(Nut2, ReLppems (o2, Re)
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Epoems (Nv, Ne) Zi, @(Nv, Not1) £ppems (No, Ny1)
+ 4’( v+1s NG(P( v+1s Nu+2)£bvcms(NU+1/ Nu+2)
+ @(Ryi1, Rep(Ryg2, Rep(Nyi2, Rot3) ) Eppems (Roy2, Re)
+ (p(NU+1, Ngq’(NzH-Z/ NQ(P(NU+3/ NQ)Ebvcms (NU-‘rZ/ Ng)
jiz"' jiz q)(NUI Nerl)ﬁbvcms(Nv/ Nv+1)

+ 2 H ¢ G(P NIIN1+1)£bvcms(NuN[+1)
1=v+1j=v+1

¢—1

+ H GU(Np/ Ng£bvcms (Ng—l/ Ng)
p=v+1

jiz (P(Nv/ Nerl)aUﬁbvcms (NO/ Nl )

+ 2 H 4) Q(P NerlJrl)aEbvcms(z\zo/Nl)
1=v+1j=v+1

c—
+ H ¢(NP/ Ng)agilﬁhvcms (NO/ Nl)
p=v+1

fjiz (P(Nv/ Nerl)avﬁbvcms (NO/ Nl )

+ 2 H (P Q(P NerlJrl)aEbvcms(NO/Nl)
1=v+1j=v+1

c—
+ H (P(NP/ Ng)agil q)(Ng—l/ Ng)ﬁbvcms (NO/ Nl)
p=v+1

:(P(NU/ Nyt1 ) avﬁbvcms (NO/ Ny )
¢—1 L

+ Z H q)(Nj/ NQQD(NH Nl-‘rl)alﬁbvcms(NO/ Nl)
I=v+1j=v+1

r—jiz (P(NU' NUJrl)aUEbvcms (NOI N1)

+ 2 H (P Q(P NHNlJrl)a‘L:l;vcms(z\z()/z‘zl)
1=v+1j=v+1

Furthermore, using ¢(X,i) > 1. Let
ZHQD gq) N11N1+1>)
1=0j=

Hence, we have

£bvcms(NU/N ) ~ia £bvcms(N0/N1)[a (P(NU/NU-H) (Sg—lr SU)]

(4)

Applying the ratio test and (2), we obtain lim¢ y .o Sy exists and the sequence {S, } is

a real Cauchy sequence. Letting g, v — oo, we have

lim £bvcm5(Nv,N ) =0.
cU—

©)

Then, {X,} is a Cauchy sequence in a BVCMSs (, £ppcms); then {X,} converges to

R* € (. By the definition of continuity, we obtain

N* — UILH;)NU_,’_l = 1}]51;10172\21, = U(I}EIC}ONU) = UN*
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Let 8*,i* € fix 5. Then,
Epoems (R, 1) = Lpoems (TR, 117) Ziy @hpoems (R, 17).
Therefore, £5,0ms (R*,1*) = 0; so X* = i*. Hence, 17 has a UFP. [
Theorem 2. Let (T, £pyems) be a complete BVCMS and 17: { — { a map, such that

£bvcms(77N/ 770 f/iz (Pﬁbvcms(N/i)/ (6)

orall X,i € {, where 0 < a < 1. For Xy €  we denote X, = nR,. Suppose that
Ul pp

. (P(Nl+l/ Z‘tz+2) 1
lim ————=>p(N,, 1, N —. 7
P g, W) e < ”
In addition, for each X € (,
lim PNy, ) and Jim P(R,R,) exists and it is finite. 8)

Then, 11 has a UFP.

Proof. Using the proof of Theorem 1 and Lemma 2, we obtain a Cauchy sequence {®,} in
a complete BVCMS (T, £4ycms)- Then, the sequence {R, } converges to X* € . Therefore,

£hvcms(N*r Nerl) jiz ¢(N*r NU)£bvcms(N*/ Nv) + QO(NU/ NU+1)£hvcms(N*/ Nerl)'
Using (7), (8) and (18), we obtain

Hm Lypems (R, Ry 1) = 0. 9

vV—00

Using the triangular inequality and (6),

£hz;cms (N*r WN*> jiz gD(N*r Nerl)’Ebvcrrts(t\z*/ NU+1) + QD(NU+1/ WN*)Ebvcms (NU+1I UN*)
:jiz (P(N*/ Nv-i-l)ﬁbvcms(z\z*/ Nv+1) + CIQD(NU_H, UN*)ﬁbvcms(Nv-&-l/ UN*)

Taking the limit v — oo from (8) and (19), we find that £;,0,,s(X*, 7®*) = 0. By
Lemma 1, the sequence {X, } uniquely converges at X* € {. [

Example 4. Let { = {0,1,2} and £ppe1s: ¢ X { — Cy be a symmetrical metric given by
Epoems(R,R) =0, foreach Ne
and
Epoems (0,1) = 1415, Lppems(1,2) = 1415, £ppems (0,2) = 4+ 4i,.

Define ¢: { x { — [1,00) by

6 4
9(22) = £,9(0,0) =2,¢(1,1) = 7,
4 3 5
¢(0,2) = §/§0(0/1) = 5,4)(1,2) 1

Hence, it is a BVCMS.
Consider a map n : { — ( is defined by (0) = 0,%(1) =0,1(2) = 0.
Letting a = % Then,

Casel. IfN=1=0,R=1i=1,R=1i=2, then the results is obvious.
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Case2. IfN=0,i=1, weobtain

Epvems MR, 11) = Eppems (10, 11) = Lpyems (2,2) =0
2

5(1 +i,)

= a(Lpoems (0,1)) = a(Lppems (N, 1)).

<.
~lz

Case3. IfN =0,i=2, wehave
£bvcms(77Nf 77i) = Lppems (770/ 771) = Lppems (2/2) =0
2 .
,-—51'2 5(4 + 412) = a(£hUCmS(OI 2))
= a(ﬁhvcms(N/i))'

Case4. IfN =1,i=2, wehave

Ebvcms(ﬂNr 77i) = Lpvems (771/ 772) = Lpoems (2/2) =0

= a(£bvcms(1/2)) = a(ﬁbvcms(N/i))'

Therefore, all axioms of Theorem 2 are fulfilled. Hence, 11 has a UFP, which is X* = 0.
Next, we show a Kannan-type contraction map.
Theorem 3. Let (T, £pyems) be a complete BVCMS and 17: { — { a continuous map, such that
Epoems (1, 771) Zi 11 (Epvems (R, 11R) + (Epoems (1, 1711)), (10)

orall N,i € ¢, where0 < 5 < L. For Vg € ¢ we denote N, = nVR. Suppose that
<3 Ui pp

(N1, Riyo) 1 U
lim 2 2 (R, R -, wh = . 11
TR o, N,y PN < g whee e =g -
Moreover, for each X € ,
Ulgxgo PNy, R)  and Ulgrt}o P(N,Ny), (12)

exists and is finite. Then, yj has a UFP.

Proof. For X € (, consider a sequence {&, = 1R }. If 3Ry € N for which R, 11 = Ry,
then R, = V. Thus, there is nothing to prove. Now we assume that N, ; # N, for all
v € N. By using (1) we obtain

£bvcms(Nv/ Nv+1) = Ebvcms(ﬂNvflr WNU)
jiz 77(£hvcms(Nvflr UNvfl) + £bvcms<er UNU)>
= W(ﬁbvcms(Nv—lf Nv) + £bvcms (Nv/ NU-H))/ which implies

£bvcms(sz Nv+1) jiz <1 i 7 )ﬁbvcms(Nvlr Nu)

= aLppems (Nvfll Nv)'
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In the same way

£bvcms(NU—1/ NU) = Lppems (UNU*Z/ 77NU—1)
f'—jiz 77(£bvcms (Nvfb 77Nv72) + £bvcms (Nu—lr ﬂNv—l))
= 77(£bvcms(Nv—2/ Nvfl) + £pvems (Nvflr Nv))/ which implies

ELpvems (Nvfll NU) ii; <1’717> Lpvems (NU—ZI Nufl)
= afppems(Nv—2, Rp—1).
Continuing in the same way, we have

£bvcms (NU/ NU+1) f—'\</iz a£bvcms (Nv—lf Nv) iiz a2£bvcms (Nv72/ Nu—l)
iy e r_jiz av£bvcms(N01 Nl)'

~ia

Thus, £ppems (No, Rpr1) Zi, 6Eppems (Ro, V1) for all v > 0. For all v < ¢, where v and ¢
are natural numbers, we have

£bvcms (NUI Ng) réiz (P(Nv/ Nu+l)£bvcms(er Nerl) + ¢(Nv+lr Ng>£hvcms (Nerl/ Ng)
Sis (P(er Ny +1)£pvems (No, Np1)
+ @(Ro1, Re@(Ry11, Not2) £poems (Ro+1, Ro42)
+ (P(NU+1r NQ)(P(NU-FZ/ Ng)£hz7c7715 (Nv+2/ Ng)
jiz (P(NUI Nerl )£bvcms (er Nerl)
+ (P(NU—&-lr NG(P(NU-‘rl/ Nv+2)£bvcms (Nv+1/ Ner2)
+ (P(Nv+1r N§¢(NU+ZI NQ‘P(NHZ/ Z‘thrB)"Sbvcms(Nv+2/ NU+3)
+ (P(Nv+1r NQq)(NU-‘rZ/ NQ(P(NU-H’)/ Ng)‘gbvcms (Nv+3l Ng)

¢—2 L

iy (Nu, Ry Epoems (Ro, Ros1) Yo TT @Ry, Reo (R, Ript) Eppems (Ri, Rip1)
1I=v+1j=v+1

¢—1
+ H QD(NPI Ngﬁbvcms (Ngflr Ng
p=v+1
r-\<./iz (P(NU' NUJrl)aUﬁbvcms (No, Nl)
c—2

!
+ Z H q)(Ni’ Ng¢(Nl/ Nl-l—l)al‘{bvcms(Nl/ Nt-i-l)
1=v+1j=v+1

¢—1
+ H ¢(NP’N€a€71£bvcms(N0/Nl)
p=v+1
r—jiz (P(NU' NUJrl)an'bvcms (NO/ Nl)
c—2 L

+ Z H (P(Ni’ NGQD(NH N1+1)a1£bvcms(NH Nt+1)
1=v+1j=v+1

¢—1
+ H ¢(NP' NQ(P(Ngflr Nc;£bvcms (NOI Nl)
p=v+1
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£bvcms (NUI Ng) :(P(NU/ Nv+1)av£hvcms (NO/ Nl )
¢—1 !
+ Z H (P(Nj/ NQQD(NH Nl-&-l)al‘ﬁbvcms (Nlr Nl+1)
1=v+1j=v+1
le (P(er Nv—i—l)a £bvcms(NOr Nl)
+ Z H N Q(P Nlr Nt+1>a£hvcms(Nu N1+1)
1=v+1j=v+1
Furthermore, using ¢(X,i) > 1. Let
ZHQ’ Nep(N, N, q)a’.
1=0j=
Hence, we have
£bvcms(NUIN ) ~ia £bvcms(N0/N1)[a (P(NUINUJrl) (ngl'sv)]' (13)

By applying the ratio test, we obtain lim¢ . Sy exists and so the sequence {S, } is a
Cauchy sequence. Letting g, v — oo, we have

i £puens (Ro, Re) = 0.
gU

Then {X,} is a Cauchy sequence in a complete BVCMS ({, £45cms). This means the
sequence {X,} converges to some X* € {. By the definition of continuity, we obtain

N = Jirg, Ror = Jimg, o = (i Re) =
Let 8*,i* € fix 5. Then,

£bvcms(N*ri*) = £bvcms(77N*r Wi*)
le 77[£bvcms(N* UN*) +£bvcms( /Ui*)]
Niz ﬂ[ﬁbvcms(N*rN )+£bvcms( /i*)] =0.

Therefore, £,0s (R*,1*) = 0, then X* = i*. Hence, 7 has a UFP. [
Theorem 4. Let (T, £pyems) be a complete BVCMS and 17: { — { a map, such that
Lpocms (UN/ Ui) jia n (’Ebvcms (N/ UN) + Lpocms (i/ Ui)) (14)

forall X,i € {where0 <y < % For Xy € ¢ we denote X, = n”Vy. Suppose that

P(Ny1, Rip2) 1 n
lim 2 2 (R, g, N =, wh = . 15
AR PN, N, 1) PRuy1 Re) < i I (15)
Moreover, for each X € Z,
Uhn;lo PNy, N)  and Uhrro10 P(N,Ny), (16)

exists and is finite. Then 1 has a UFP.

Proof. By proving Theorem 3 and using Lemma 2, we show a Cauchy sequence {X,} ina
complete BVCMS (C, £4ycms)- Then the sequence {R, } converges to a X* € . Then,

£bvcms(N*r Nerl) jiz (P(N*/ Nv)ﬁbvcms(N*r NU) + (P(Nv/ NU+1>£bvcms(er Nerl)
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Using (2), (3) and (18), we deduce

vlgrolo Nbvcms(N /NU-H) =0.

Using the triangular inequality and (1), we obtain

£bvcms(N*r WN*) jiz 9"(N*r Nv+1)£bvcms(N*/ Nu+1)
+ @(Nut1, 1R) £ppems (No41, 7R")
ﬁiz QD(N*/ z\zu—&-l)"gbvcms(N*/ NU-‘rl)
+ (N1, 1R") [17 (Epoems (Ros Ro+1) + Lpwems (X7, 7R7))].

As v — oo from (3) and (19), we conclude that £450,5 (R*, #X*) = 0. From Lemma 1,
the sequence {X, } uniquely converges at X* € {. [

Example 5. Let { = {0,1,2} and £y,0s: ¢ X { — Cyp be a symmetrical metric as follows
Eboems (X, R) =0 foreach N e
and
Lboems(0,1) = 1+ iz, £ppems (1,2) = 1+ 12, £ppems (0,2) = 4 + 4.

Define ¢: { x { — [1,00) by

7

¢(2,2) = %fp(O,O) =5¢(1,1) =

¢(1,2) =2,¢(0,1) =3,¢(0,2) =

SN ETRN

A self-map 1 on { can be defined by n(0) = (1) = 5(2) =
Taking 1 = %; then,
Casel. IfN=1i=0,R=1i=1R=1i=2,then the result is obvious.
Case2. IfN=0,i=1, weobtain
Epoems (1R, 11) = Lppems (10, 11) = £ppems(2,2) = 0 Zi, 15*0(1 +1i,)
= %(4 +4i, + (1 + iz)) = 77(£bvcms (0/2) + Ebvcms(llz))
=1 (£bvcms (N' 77N> + Lpoems (ir Ui))'
Case3. IfN =0,i=2, wehave
£bvcms(’7Nr 771) = £bvcms(770/ 772) = Lpoems (212) =0 :jiz g(l + iZ)
= %(4 +4i, + 0) = U(Ehvcms (Or 2) + Lpvems (21 2))
= n(ﬁbvcms (N, 77N) + £bvcms (ir 771))
Case4. IfN =1,i=2, wehave
Epvems (ﬂNr 771) = £bvcms(771r 772) = Lpvems (2, 2) =0 jiz %(1 + iz)
= %((1 + il) + O) = W(ﬁbvcms(lf 2) + Lpvems (2/ 2))
=1 (Ebvcms (N/ WN) + Lpvems (ir 771))
Then, all hypothesis of Theorem 4 are fulfilled. Hence, T has a UFP, which is X* = 2.

Finally, we show that FPT in a Fisher-type contraction map.

Theorem 5. Let (T, £ppems) be a complete BVCMS and 17: { — { a continuous map, such that

Ebvcms (N' UN)Ebvcms (i/ 771) (17)

Epoems (TR, 111) Zi, @Lpocms (N,1) +f 14+ £ (N,1) '
vems \ S
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forall X,i € {, where @,f € [0,1), such that v = % < 1. For Rg €  we denote X, = .
Suppose that

(N 11, N 40) 1
1 o2t 2T (N g, N —, 18
T 1. e P(Ni,, R, 1) (B Re) < v (1%
Moreover, suppose that for every » € { we have
lim (N, R) and lim (R, Ny), (19)

UV—00 UvV— 00

exist and are finite. Then 1 has a UFP.

Proof. For Ry € {. Let 8, = V. If 3Ny € N for which N, 11 = Ny, then 7Ry, = Ry,
Thus, there is nothing to prove. Now we assume that 8,1 # 8, for all v € N. By using (1),
we obtain

Ebvcms(NUr Nerl) = £bvcms(77Nvflr UNU)
£ N,_1,1N,)E Ny, N
jiz (bevcms(Nuferv) +f bUCWlS(l _T_Elb ! v()warsz‘gu)v ! v)
vems\ S v—1s

£ N, 1, N,)E 2y, N
_ wﬁbvcms(NU_1, Nu) +f bvcmsl(+v£bl v()Nichnsziu)v v)
vcms —1s

jiz £bvcms(%vflr Nv) +f£bvcms(NU/ Nu+1)

which implies

[
£bvcms(NU/ NU+1) jiz (1_f> Ehvcms (Nv—l/ NU)

= V’Ebvcms(NU—l’ NU)

In the same way

£hvcms(N071/ NU) = Ebvcms (77NU72/ ﬂNvfl)

£ N, 2,1V, _0)E N,_1, 1N,

jiz (Dﬁhvcms(Nv—Zf Nvfl) +f bvcms< Ulj—zb - 2()me;nsz‘§ vl)1 = l)
vems N v—2, Nv—

(Nufz, Nu—l)ﬁbvcms(Nv—ll NU)

1+ £bvcms(Nv—2/ Nvfl)

jiz wﬁhvcms (NU—zl Nvfl) +f£bvcms (Nu—lr Nu)

£
= @Lpoems (Nv—2,Np—1) +f s

which implies

w
£bvcms(Nv71/ NU) jiz (1_f>£bvcms(N02/ Nufl)

=v(Ny 2, Ny 1)
Continuing in the same way, we have

Ehvcms(NU/ Nv-&-l) f—\</iz Vﬁbvcms(NU—lr Nu)
;\</i7_ V2£bvcms(N072r Nv—l)

;\</i7_ 1/v‘{:bvcms (No, Nl)- (20)

Thus, £ppems (No, Np1r1) Zi, VW Epvems (Ro, N1) for all v > 0. For all v < g, where v and ¢
are natural numbers, giving
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ﬁbvcms (NUI N ) ~ia (P(Nv, Nv+1)£bvcms<er Nerl) + QD(Nerlr Ngﬁhvcms (Nerlr Ng

le QO(NU/ NU+1)£b’UCWlS(NU/ NU+1)
+ @(Ro1, Re@(Ro11, Not2) £poems (Ro+1, Ro+2)
+ (P(Nv+1/ NQ‘P(NH-Z/ Ng£bvcms (Nv+2r Ng

jiz (P(Nv/ Nerl )Ebvcms (er Nv+1)
+ ¢(NU+1/ NGQD(NH—L Nv+2)£bvcms (NU—H/ Ner2)

+ fP(NvH' NG¢(NU+2/ NQ(P(NUJrZr NUJr3)£bvcms<Nv+2/ NU+3)

+’@(NU+1INg?(Nv+2/Ng¢(Nv+3rNg£bwww(Nv+3/Ng
jiz"' jiz QD(NW NU+1)£bvcms (Nv/ Nv+1)

c— L
+ Z ( H gD(Nj’NG)(P(NL/Nt+1)£bvcms(NuN[+1)
1=v+1 j=v+1

¢—1
+ H g’)(NP/ NG‘Ebvcms (Ngflz Ng
p=v+1

jiz (P(er Nerl)aUEbvcms (NO/ Nl )

c— L
+ Z ( H QD(NJ'/NQ)(P(NUNt+1)al£bvcms(N0/Nl)
=v+1 j=v+1

¢—1
+ H QD(NP/NGagilEbvcms(NO/Nl)
p=v+1

jiz (P(NU/ Nv+1)av£bvcms (NO/ Nl )

c— L
+ 2 ( H QD(NJ'/NQ)(P(N!INt+1)al£bvcms(N0/Nl)
1=v+1 j=v+1

c—
+( H (P(NP/Ng)agilq)(Ngfl/Ng£hvcms(N0/N1)
p=v+1

:(P(NU/ Nerl)aUﬁbvcms (NO/ Ny )

S L
+ Z ( H q)(Nj/NQ)@(NHNl-&-l)a%bvcms(NO/Nl)
1=v+1 j=v+1

le (P(er Nv-i-l)a £bvcms(NOr Nl)

+ 2 H(P Z\Il' Nl+l)a£bvcms(NO/ Nl)
1=v+1 j=

Furthermore, using ¢(X,i) > 1. Let
b !
Sb = Z(H (P(Nj’ N§)¢<Nlr z\tLJrl)al
1=0 j=0

Hence, we have

£bvcms(NU/ Ng) ji; £bvcms<NO/ Nl) [VUGD(NW Nv+1) + (nglz Sv)]

(21)

By using the ratio test, ensuring that lim¢ y . Sy exists, the sequence {S, } is a real

Cauchy sequence. As g, v — oo, we conclude that

lim £bvcms(Nv/N )=0,
cU—
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Then, {X,} is a Cauchy sequence in the complete BVCMS ({, £4y¢1s)- Therefore, the
sequence {X, } converges to R* € (.
By the definition of continuity, we obtain

NT = Jim Rypq = Jim Ry = 7 (lim X,) = g%
Let 8*,i* € fix 51 as two fixed points of #. Then,

(N*r Ui*)Ebvcms (N*/ ’7i*)

1+ £bvcms (N*, i*)

£bvcms (N*, N )ﬁhvcms (i*/ i*)
1+ ﬁbvcms (N*/ i*)

£hz;cms(77N s )jiz ‘DEhvcms(N st )+f buoms

Siz @Epoems (N7, 1) + f
Siz @Epoems (N7, 17).
Therefore, £,0,s(N*,1*) = 0; then X* = i*. Hence, 7 hasa UFP. O
If we drop the continuous condition, we obtain
Theorem 6. Let ({, £ypems ) be a complete BVCMS and : { — { a map, such that

Epvems (N/ 77N )ﬁbvcms(i,ryi)
1+ £bvcms(N/ i) ’

Ehvcms(qN/ ’70 f_\<./i2 wEbvcms(NIi) +f (22)

forall X,i € {, where @,f € [0,1), such that v = % < 1. For Rg €  we denote R, = Ry.
Suppose that

max hm q)(Niz+1’ Niz+2)

1
¢>1 i,—oeo q)(Niz/Niz 1) (P( i,+1, N < o (23)

In addition, assume that for every R € { we have

lim (N, R) and lim (R, N,) exists. (24)

V—00 [ades
Therefore, it is finite. Then y has a UFP.

Proof. By proving Theorem 5 and using Lemma 2, we obtain a Cauchy sequence {R,}
which converges to X* € 7. Then,

Epoems (R*, Rp11) iy @R, Ro)Eppems (R, Ro) + @(Ro, Ry 1) Eppems (Ro, Rog).

Using (2), (3) and (23), we deduce that
vlglgo Epvems (N ’ Nu-}-l) =0.
Using the triangular inequality and (1),

£hvcms(N*r UN*) jiz QD(N*, Nerl)"gbvcms(z\z*/ NU+1) + (P(NU+1/ ’7*)£bvcms(NU+l/ UN*)
:jiz (P(N*/ Nv—i—l)ﬁbvcms(k\z*/ NU-‘rl) + @(Nv-&-l/ 77*) [(D£bvcms(NUl N*)
_|_f£bvcms(Nv/ 11R0) Eppems (R, 7R*) ]
1+ £bvcms(Nv/ N*)
= (p(N*, Nv+1)1€bvcms (N*r NUJrl) + (P(Nwrlr 7]*) [wﬁbvcms (Nv/ N*>

+f£hvcms(er UNU)ﬁbvcms(N*/ UN*) ]
1 +‘j':h'ucms(z\zvl N*) '
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As v — oo in (3) and (24), we find that £4,05(R*, #R*) = 0. From Lemma 1, the
sequence {X, } uniquely converge at X* € ¢. [

Example 6. Let { = {0,1,2} and £,0,5: ¢ X { — C be a symmetrical metric defined as

Eboems (N, R) =0 foreach N e
and
Epoems(0,1) =1+ i, Lppems(1,2) = 1+ s, Lppems (0,2) = 4+ 4.
Defining ¢: { x { — [1,00) by
#(2,2) = 2,9(0,0) =5,9(1,1) =

9(1,2) =2,9(0,1) = 3,9(0,2) =

U)\\100\\ﬂ

Clearly, (C, £pyems) is a BVCMS. A self-map 17 on ¢ defined by n(0) = (1) = n(2) = 1.
If we assume that © = f = %, we obtain

Casel. IfN=i=0R=i=1RR=i= 2wehave£bycms(17N,;71) =0.

Case2. IfX=0,i=1, weobtained £yycps(MN,7i) = 0 Zi, @Lpyems (N, 1)

£bvcms N 7]N Ebvcms(‘ 771)
+f T+Lppems (N1)

Case3. IfN=0,i=2, wehave £yp.,s(MN,7i) =0 Zi, @Lpyems (N, 1)

£bvcms N UN ‘eb'(;m'ns(1 771)
+f T+Lppems (N1)

Case4. IfX=1,i =2, wehave £yp.,s(MN, i) = 0 Zi, @Lpyems (N, 1)

£bvcms N UN £bvcms(1 7’/1)
+f T+Lppems (N1)

Therefore, all axioms of Theorem 6 are fulfilled. Hence, 11 has a UFP, which is X* = 1.

Application

Now, we see some basic definitions from the fractional calculus.

Let »x € C[0,1] be a function, the Rieman-Liouville fractional derivatives of order
6 > 0 are defined as:

1 d" > s(c)de 5
J— _— — D
T(n—38)dbr /o (b —c)o—ntl #0),

presenting that the right-hand side is point-wise on [0, 1], where T is the Euler I function

and [0] is the integer part of J.
Consider the following FDE

“Dés(b) +f(b, (b)) =0, 1<H<0, 2<&>T1;
2#(0) = #(1) =0, (25)

where “D¢ represents the order of & as the Caputo fractional derivatives and f : [0,1] x R —
R as a continuous map defined by

| > 3(c)dc
Dt = I'(n—¢) /0 (b —c)s—nt1”

The given FDE (25) is equivalent to

s(b) = /01 Q,c)f (b, 5(c))de,
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forall >« € {and b € [0,1], where

) ,
pO—c)!

LA (-0t <c<h<i
Q(b,c) =
e -

Consider C([0,1],R) = { as the space of the continuous map described by [0, 1], and
Eppems © € X ¢ — Cy a bicomplex-valued controlled metric, such that

Epoems (74,7) = sup |5(0) =y (0)|* + iz sup [3(b) —7(b)[?,
bel0,1] pe[0,1]

forall 5,y € (. Let ¢,: { x { — [1,00) be defined by

Py (%/ 7) =2,
forall s¢,y € (. Then, (g, £pyems) is a complete BVCMS.

Theorem 7. Consider the non-linear FDE (25). Suppose that the following assertions are satisfied:
(i) There exists m € [0, 1] and s,y € C([0,1],R), such that

(b, 2) = f0, 7)| < Vm[3e(b) =7 (b)];
(ii)
1
sup Q(b,c)de < 1.
befo,1] /0
Then, FDE (25) has a unique solution in (.
Proof. Consider the map #: { — ¢ defined by

1

13#(6) = | Q0,0 (o, 2(0) e

Now, for all s,y € {, we deduce
1 1
)~ )R+ 1) = | [ Q0,)f 6, (de — [ 6,00, 1(0)dP 1 + 1)
1 2
< ([ 00,160 ~Fo1 @) lde) (1412

1 2
< (/ Q(b,c)dc> /m\%(b)—’y(bﬂzdc(l—i—iz).
0 0
Taking the supreme, we obtain

Lpoems (’7%/ 77’)/) < MEppems (%/ '7) :
Therefore, all conditions of Theorem 1 are fulfilled and the operator # has a UFP. O

4. Conclusions

In this paper we introduced the concept of BVCMS and FPTs for Banach-, Kannan- and
Fisher-type contractions concepts. Furthermore, we presented examples that elaborated
the usability of our results. Meanwhile, we provided an application for the existence of
a solution to an FDE using one of our results. This concept can be applied for further
investigations into studying BVCMSs for other structures in metric spaces.
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