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Abstract: In this article, a new linear extended multiplier operator is defined utilizing the g-Choi-
Saigo-Srivastava operator and the g-derivative. Two generalized subclasses of g—uniformly convex
and starlike functions of order /—are defined and studied using this new operator. Necessary
conditions are derived for functions to belong in each of the two subclasses, and subordination
theorems involving the Hadamard product of such particular functions are stated and proven.
As applications of those findings using specific values for the parameters of the new subclasses,

associated corollaries are provided. Additionally, examples are created to demonstrate the conclusions
applicability in relation to the functions from the newly introduced subclasses.

Keywords: subordination; uniformly starlike function; uniformly convex function; convolution
(Hadamard) product; subordinating factor sequence; g-derivative operator; g-Choi-Saigo-
Srivastava operator

MSC: 30C45; 30A10

1. Introduction

The outcome of this work is connected to geometric function theory, and techniques
based on subordination are utilized to obtain those results, combined with aspects regarding
g-calculus operators.

Let the class denoted by A contain all functions of the form

flz)=z+ i ayzV, ze U, 1)
v=2

where U = {z € C: |z| < 1}.

As given in [1-3], if f and h are analytic in U, f is subordinate to h, denoted as
f(z) < h(z), if there exists an analytic function @, with @(0) = 0 and |@(z)| < 1 for all
z € U, such that f(z) = h(@(z)), z € U. In the case when the function £ is univalent in U,
f(z) < h(z) is interpreted as:

f(0) =h(0)and f(U) C A(U).
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For a function f € A written as (1) and # described as
hz)=z+ Z b,zV, ze U,
v=2
the well-known convolution product is

(fxh)(z) =2+ ) aybz’, z€ U.
v=2

If a function f € A satisfies

/
%{Zf (Z)} >3, (0<5<1).
f(z)
then f is said to be starlike of order 6, written as f € 5*(J), where S*(6) denotes the class of
all such functions.
If the function f € A has the property

2f"(2)
%{1+ 02) } >0, z€e U.
then f is said to be convex of order §, written as f € K(6), where K(J) denotes the class of all
such functions.

For 6 =0, $*(6) = §* and K(J) = K refer to the regular classes of starlike and convex
functions in U, respectively.

In [4], UCV(p, §) was designated to represent the class of uniformly convex functions of
order 6 and type p containing all functions f € A satisfying:

2f'(z) 2f"(2)
%[” ) ‘5] > )

wherep > 0,6 € [-1,1)and p+J > 0.
Similarly, UST(p, 6) represents the class of all functions f € A satisfying:

- -

wherep > 0,0 € [-1,1)and p+J > 0.

If follows that f € UCV (p,d) iff zf'(z) € UST(p, ). We emphasize that these classes
generalize other various subclasses defined by several authors, and for p = 0, we obtain
the classes K(6) and S*(6), respectively.

,zelU,

,zel,

(i) Thus, the class of uniformly convex functions, UCV (1,0) = UCV, was investigated by
Goodman and has an interesting geometric property (see [5]).

(i) Theclass UST(1,0) = UST was defined by Renning in [6], while the classes UCV (1,6) =
UCV(6) and UST(1,6) = UST(6) were introduced and investigated by Renning in [7].

(iti) Ford = 0, the classes UCV (p,0) =: p— UCV and UST(p,0) =: p — UST were defined
by Kanas and Wisniowska in [8,9], respectively.

The investigation on the g-derivative, which has applications in various branches of
mathematics and other related fields, has inspired scholars to use it in geometric function
theory, too. Jackson [10,11] described the g-derivative and the g-integral, and certain incipi-
ent applications of those functions can be seen in [12]. By applying the idea of convolution,
Kanas and Raducanu [13] presented the g-analogue of the Ruscheweyh differential operator,
obtaining the first characteristics of this new operator. Several types of analytical functions
defined by the g-analogue of the Ruscheweyh differential operator were investigated by
Aldweby and Darus [14], Mahmood and Sokol [15], and others. Furthermore, g-difference
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operators were investigated in [16-18]; fractional calculus aspects were added to the stud-
ies regarding g-calculus in [19-21]; and a g-integral operator was used for studies in [22].
The g-Srivastava—Attiya operator is used for investigation on the class of close-to-convex
functions in [23], and a g-analogue integral operator is applied for a family of non-Bazilevi¢
functions in [24]. A g-analogue of a multiplier transformation is used for obtaining new
differential subordination and superordination results in [25].

We will now introduce the fundamental idea of the g-calculus established by Jackson [10]
and useful for our research. Additionally, this technique can be used to higher-
dimensional domains.

Definition 1 ([10,11]). The g-derivative, or the Jackson derivative, of a function f is defined by

Dyf(z) :=94f(2z) = W ge(0,1), z#0.

As a remark, for a function f € A, it follows that

Dyf(z) = Dy (z +) avzv> =1+ Y [v]gaz""!, )
v=2 v=2
where [v], is the g-bracket of v; that is,
1— qv v—=1 ¢
[v]g = T4 :1+£21q,[0}q::0, €)

and

Iim [v], = v.
qil*[ ]q

Definition 2 ([10,11]). For v € Cand k € Ny := NU {0}, the g-shifted factorial is defined by
k-1 p
(g =1 (v :=]]10—vq),

(=0

and in terms of basic or q-gamma function

o v (1=g"Ty(v+k)
(9%9); = rq(z) , k€ N,

where the g-gamma function is defined by

(1—9)'"*(g;9)e

I';(z) .= , <1,
t]( ) (qZ}Q)oo |q|
and .
(V;9)0 = [[(1 = vg"), |g| < 1.
(=0

For the g-gamma function, I', it is known that

Ig(z+1) = [z]gT4(2),

where [z]; is defined by (3), and in terms of the classical gamma function I', we have
lim Ty(z) =I'(z).
q—1-
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Wang et al. developed in [26], based on the the concept of the convolution and the
notion of g-derivative, the g-analogue Choi-Saigo-Srivastava operator IZ P A — A,

IZ,[;f(Z) = f(z) * Fq’“J’,l,ﬁ(z), zel (a>-1,B>0), 4)
where

2 Tp(B+v—1)T(a+1) i »
v=2 Lq(B)Tg(a+v) Z+ Z zx—l—l ‘1]1/ L zel,

]:q,szrl,/S (Z) =z+

where [B, q], stands for the g-generalized Pochhammer symbol for > 0 defined by

|, if v=20
[B,4]v = B, [B+1],...[B+v—1], if veN
Thus,

Izlﬁf(z) =z+ 1/;2 M%ZV, z € U, 5)

while

Igrzf(z) =2zDyf(z) and If,zf(z) = f(z).

Definition 3. For p > 0and T > —1, with the aid of the operator IZ g Wwe will define the new
linear extended multiplier q-Choi-Saigo—Srivastava operator D;"g (u,7) : A — Aas follows:

DY (1, 7) f(z) =Dl 5 (1, 0)f(2) = f(2),
Dm0 f(z) = (1 - )1 + 2D (1 5£(2)

T+1
o B tHlFp( -1,
_Z+V§<[0¢+L ]vl_1' T+1 : )uvz'

wherey >0, 7> -1, meNg,a>—-1,>0and0< g <1

If f € A has the form (1), from (5) and the above definition, it follows that

Dod(mT)f(z) =z + ;Nf}jg (v,p,)avz", z € U, ©6)
where .
mq _( [Bah1 T+ 1)
Ry p (v, 1, T) o= (M 1,41, P : @)

From (4) and (7), the operator Dzlg (u, T) can be expressed using convolution product as

Dyd(n,T)f(2) =
[(Iq *pﬂf )* ( )*Pyr( ))} * f(z),

n—times
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where

_ 2= (1-#5)q7

(1-2)(1—gz)

Remark 1. The following operators, which have been investigated by various authors, are obtained

by specifying the parameters q, m, , B, T, and u:

(i) Forq—1",a=1,p=2and 7 =0, the operator Dy was defined and studied by Al-Oboudi [27];

(i) Ifg—1",a=18=2u=1and v =0, the operator D™ was introduced by Siligean [28];

(iti) Takingq — 17, a =1, and B = 2, the operator I (A, ) was studied Citas [29];

(iv) Considering o = 1, B = 2, and T = 0, the operator D;’f’q was introduced and studied
by Aouf et al. [30];

(v) Fora=1,p=2pu=1and T =0, the operator S;' was studied by Govindaraj and
Sivasubramanian [18];

(vi) Ifq — 17, the operator DP’fT‘" p was defined and studied by El-Ashwah et al. [31] for q = 2,
s=1lay=0a=1p=a+1;

(vii) Takingq — 17,0 =1, B =2, and y = 1, the operator 1!, T > 0, was studied by Cho and
Srivastava [32];

(viii) Considering q — 17, y = T = 0 and m = 1, the operator IZ, p was defined and investigated
by Wang et al. [26];

(ix) Forg—1",a:=1—ua, =2 and T =0, the operator DZ"‘" was introduced and studied by
Al-Oboudi and Al-Amoudi [33];

(x) If we take o := 1— ¢ and B = 2, we obtain the operator D;’/‘&,MZ studied by Kota and El-
Ashwah [19];

(xi) Taking p =2, u =0, and T = 0, the g-analogue integral operator of Noor IZ,z was defined
and studied in [26];

(xii) Consideringq — 17, 8 = 2, u = 0, and T = 0, the differential operator IV was studied
in [34,35];

(xiii) Forq =17, =2, a:=1—a, y = 0, and T = 0, the Owa—Srivastava operator I_, » was
introduced and investigated in [36].

Implementing the linear multiplier g-derivative operator provided by (6), for u > 0,
T>-1,meNy,a>-1,>0p>0and 0 < g < 1, new subclasses Hzg(y,r,p,é)

of g—uniformly convex functions of order ¢ in U, and QZZ; (u,T,p,0) of g—uniformly starlike
functions of order 6 in U are introduced as follows:

Definition 4. A function f € A belongs to HZZ}? (u,T,p,90) if:

olis D, (qu(f;fg(y, T)f(z))) . D, (qu(nl?Lf;?(m)f(Z))) e ®
D, (DY (1,0 (2)) Dy (D (1. 7)f(2)
and f € A belongs to ng(‘u, T,0,0) if:
2Dy (D (1, 7)f(2) 2Dy (D (1, 7)f(2))
—0 —1|, z € U. 9
Dy (1, 0)f (2) - F Dy (1) f (2 : ©

From (8) and (9), we have the next equivalence

fe HZ;’(V/ T,0,0) < zDy (ng(,u, T)f(z)) € ng(y, T,0,0). (10)
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Remark 2. (i) 0,%(0,0,p,8) = Of 4(p, 8) and T1,'4(0,0,p,6) = IT] 4(p, 6)

[ 2Dq(Dg 4f(2)) 2Dy (D} 4f(2))
{feA.éR{[W—(S}> W_l’
—1S5<1,p20,m>—1,zeu},
and
{f A §R{ D, (ZDq(Dz,ﬁf(Z))) B 5} N D, (ZDW(DZ,ﬁf(Z))) _1’
Dy (D f(2)) D, (DL,/()

~1<6<1,p20,m>-1zeU}.

(ii) 015 (4, T, 0,6) = Q™ (1,7, p,8) and 1175 (4, T, 0,6) = 1™ (1, T, p, 6)

o ZDaDF (w0 (R)
{feA.?R{ D (1, 0f (2) 5} >

zDq(Dg' (1, 1) f(2))
Dy (u, 7)f(2)

-1,

~1<6<1,p20,m>-1,zeUf,
and

{f i {Dq<2Dq(D‘T(%T)f(Z))) _5} N

D, (Dy (1, 7)f(2))

Dy (:D4(D (1, 1)f(2))) 1‘
D, (Dy (1, 7)f(2)) ’

~1<6<1,p20,m>-1zeU}.

(iii) qllr{l_ 0 5(0,0,0,0) = Qup(p, 8) and lim IT; 5(0,0,p,8) = Ly 5(p,9)

q—1-
o HDupf(2) 2Dapf(2))
{f <A 5’*{ Dy pf(2) ‘5} T D
—1§(5<1,p20,m>—1,z€ll},
and , )
{feA:%{zwmﬂz»_é} R ELAICO
(Dugf(2) (Dapf (2))

~1<6<1,p20,m>-1zeU}.

(iv) qlinlni QT’;’(y, T,0,0) = Q"(u,t,p,6) and qlll’{lﬁ qu'zq(}t, 7,0,6) = 1" (u,7,p,6)

o) 20" f(2)
{feA.m{ Dot 5}>p

!/

D" (w,0f(2)
D )fz)

~1<6<1,p20,m>-1,zeU},

and
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(v) Qz'zq(y, T,0,0)

~1<6<1,p20,m>-1zeU}.

and

{fem{

where
(vi) ql_i)r{lﬁ Ny (1,7,p0,6)

{feA:éR{

and

=0 (u,7,0,8) and T1, 5 (p, 7, 0,8) = 1,4 (1, 7,0, 8)
o) 20D (1, 1) f(2)) 2Dy (D (p, 1) f (2))
{f EA'%{ DI, 012 ‘5} e
~1<6<1,p20,m>-1,zeU},
Dy (205D (1, Df (2))) _5} | PR @)
Dy (D} (1, D)1 (2)) D, (D} (1, D)1 (2)) ’
—1§5<1,p20,m>—1,z€ll},
I Tl DY
(FT _Z+Z<o¢+1q]vl _L_+1q )avz.
=0, (u,1,0,6) and Hml(y 7,0,6) =11}, (1, T,0,6)
zDy(DF' (1, 7)f(2)) zDy (D' (1, 7)f(2))
ol R R e S B
~1<6<1,p20,m>-1,zeU},
D, (zDq(DY (1, 7)f(2)))) Dy (zDq(Dy' (0, 7)f(2))) 1
Dy (D (1, 7) f(2)) ’

{fem{

where

Dy'(n, 1) f(2)

@i lim O, (1, T,p,0) =

{fem{

and

Dq(Dj (1, 1) f(2))

—(5} >0

—1§5<1,p20,m>—1,zeu},

B d V! T+1+ulv-1\" |,

_Z+V;<(a+1) T+1 L

Of (1, 7,p,06) and I 1&2(V 7,0,6) =111 (1, T,0,9)
zDy(DT" (1, 7) f(2)) 2Dy (DY, (1, T)f(2)) ,

Dy (zDg(D

_5}>

—1§(5<1,p20,m>—1,z€U},
,1)f(2))))

DI, (1, T)f (2) DI (u,7)f(2)

D, <qu<Dl @)y

{rencnf

Dy (D!

) “5}” D, (DY, (1, 7)f(2))

—1§5<1,p20,m>—1,z€ll},
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where

v+ 1)Ir2—-a)t+1+uv-1\"
Ditu(p,7) —Z+Z( T1—atv) P ayz”.

The following definition and lemma are required to demonstrate our original results.

Definition 5 ([37], p. 690, (Subordinating factor sequence)). A sequence {b, }:. ; of complex
numbers is called a subordinating factor sequence if, whenever f of the Form (1) is convex (univalent)
in U, the following subordination holds:

iavbvzv < f(z), (a:=1).

Lemma 1 ([37], Theorem 2, p. 690). The sequence {by }._, is a subordinating factor sequence if
and only if

§R<1+22bvz”> >0, z€ U

v=1

The first new outcome, obtained using the operator given by (6) and the related
results, presents conditions for a function f € A to belong to the newly introduced class
Q{Tg (#,T,p,0). This first proven theorem is followed by a corollary stating the conditions
for a function f € A to be in the class H?g (#,T,p,0). An example shows that the classes
are not empty. A subordination result involving the convolution product of functions
from class Qrg (u,7,p,0) is described in Theorem 2. It is highlighted that this result
generalizes known results, and the following corollary proves similar subordination results
regarding the class H?g (u,7,p0,6). An example accompanies the proved results employing
the technique used earlier by Attiya [38], Srivastava and Attiya [39], and Singh [40]. Some
special cases of this operator are also obtained by Aouf and Mostafa [41] and Frasin [42].

2. Main Results

Unless explicitly stated, it will be presumed throughout this article that 4 > 0, 7 > —1,
méeNy,a>—-1,>0,and0 < g < 1.

Our initial finding provides a sufficient condition such that the function f € A to be
considered a member of the class ng (u,7,p,9).

Theorem 1. If a function f € A satisfies the following inequalities:

[N )|l <1, (11)
Y. [o(lvl, ~ 1)+ [v], — o]y

/3(1/ i) |ay| <1-9, (12)
v=2

then f € Qaﬁ(y,r 0,0).

Proof. For the proof of the assertions of the theorem, it is necessary to show that the
following inequality, equivalent to (9), holds:

qu(D VA nfE) | [=0(D
D,

-1 1-9, u.
DI (1,0 2) shrs

AT f(2)
(w,7)f(2)

o
mq
B

From the assumption (11), using the principle of the maximum of the module of an analytic
function and triangle’s inequality, it follows that
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Dy (Dyf(n)f@) | [2De(DF 0 0f @)
| D@ | D 0f(@)
D, (D™ (y, OZOL ([vlg — 1)N,T,’;?(V/ 1, T)ayz' !
< (1+p) : qum,q’(ﬁ ' TWZ)) —1 = (1+p)|F—
B 1, T)f(2) 1+ ¥ N;"’g(v, i, T)ayzV~1
v=2
Y. ([v]g — )R (v, 1, T)ay D)
< (1+p)|=2
1+ z N (v, Tyl
f(Mq—nrﬁﬂuVJHMA
< (14p)=2 zel,

1—00 m’qv, ,T‘a
L RG] oy

for some 6 € R. It is easy to check that the last expression is bounded above by 1 — ¢ if the
assumption inequalities (11) and (12) are satisfied; hence, f € Q (],t,T p,0). O

By virtue of (10) and Theorem 1, the subsequent sufficient condition for the function
f € A to be included in the class HZZZ (u,7,p,0) is shown.
Corollary 1. Since the function f € A given by (1) satisfies the following inequalities:

2
v=2
ZMmmb—nﬂm—ﬂ

v=2

vy, ‘|av\<1

Nog (v, 1, T)||ay| <1, (13)

then f € HZ}Z(% T,0,0).

Proof. If f € A, using (2) and (6), the following can be stated:

g(z)::qu( aﬁ(y, )—z—l—z aﬁvy, Tayz’, z € U.

Therefore, if the assumptions of this theorem hold, according to Theorem 1 it fol-
lows that g € th B 1(u,7,0,0). According to the equivalence (10), we conclude that

fEHa,ﬁ(V’T’pI ) D

For the particular case f(z) = z + Az%, A € C, the above two results reduce to the
next examples:

Example 1. 1. If

Res
[(p+1)g+1-¢]|N

2 uT ’\/\|<1

04,15 (2, o)A <1-9,

then z + Az2 EQ (y,rp, 8),A eC.
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2. If

A+ u ]|A|<1

(L+@)[(o+1)g+1 =] R

2,1t j|A| <1-3,
then z + Az% € Hzg(y, T,0,6), A € C.

Remark 3. Replacing in the assumptions of the Theorem 1 and of the Corollary 1 the values

_ Av—1 AA=1)...(A=v+2) (—1)¥
— 1 — — —
al/_/\v 7 al/_ (1/71)!/ al/_ (U*l)! 7 aV_

we obtain sufficient conditions for the functions

f(z) = 7=z, f(2) = zexp(Az), f(z) = 2(1+2)", f(z) = zlog(1+2), A€C,

to be members of the classes Q;”g (u,7,p,0), and Hzlg (u,T,p,0), respectively.

Based on the implications of Theorem 1 and Corollary 1, we define the subclasses
*m m, *1, 11, . .
aﬁq(%T p,0) C a/g(% 7,0,0) and Ha,ﬁq(y, T,0,0) C Hlx,g(y, T,p,d), which consist of

functions f € A whose coefficients meet the requirements (12) and (13), respectively.

Certain subordination results for the functions in classes QZZ’q( U, T,p0,0) and IT arg A

(u,7,p,0) are provided in the next theorem by applying the techniques previously used by

Attiya [38], Srivastava and Attiya [39], and Singh [40].

Theorem 2. If the function f € A is a member of the class QZ";’q(y, T;p,0), then for all ¢ € K,
we have

p(12), = 1) + [2g — o] [ 2,0, 7)|
2{[e(l2l, = 1) + Rl ] pF @ )|+ (1-0)

} (f*¢)(2) < ¢(2), (14)

and
R (121, — 1) + 2l — o] [N 2, 0)| + (1 - ) e s
(12, -1) + 2y -] NHews| T
The above constant {P([Z]q _ 1) Ml 5} Nm’q(2, r T)’ is the

2{|p(12),—1) + [2)y - 8] |

Proof. If f € QZ’Zq (u,7;0,0),and p(z) = z+ Y c¢yz" is an arbitrary function of the class
K, then

e+ 0-0)}

best estimate.

(121, = 1) + 2y = 8] A 2w 7))
2{[o(12); = 1) + 21y = o] [NF 2 0) |+ (1= 0)

7)

(

(121, — 1) + 21, — 8] |
2{ [o(2], — 1) + 2], — 9]

5 12T
Nzg(z, U, T)‘ +
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Thus, by Definition 3, the claim of the theorem is true if the sequence
o(121, = 1) + 21— 8] [N @ 7|
m,q Ay
2{[p(2), — ) + 2y o] N e+ -0} [

is a subordination factor sequence, with 2; = 1. According to Lemma 1, the following
equivalent relation must be proven:

(17)

%{”w (121, = 1) +[2lg — 3] [N7E 2,10 )
=1 [P([Z]q —1) +[2]q —(5} NZf;é’(Z,u,r)\ T-s

Now,

ayz’ 3 >0,zel. (18)
)

= [l — 1) + 2l — 8| [N @ T + (16
[o(121, — 1) + [2lq — 8] [N 2., 7)
1)+ 2l = o] [N 2, )|+ (1= )

zZ+

oo (2, -1) + 2l =] g ) =

Ele(B) 1)+ 2o\l

(121, — 1) + 21, — 9]

[o(121, = 1) + 21 =8| [N 2., 7)|
[p(12], = 1)+ 20y = 8] A @ )| + (1= 0)

L [l 1) + )y~

(121, = 1) + 21y — o] R4 2, )| + (1= )

N (2 p,7)]

q
[p(12], = 1)+ 20 - 8] A @ )| + (1= 0)
1-6

Nzg(z,y,r)‘ +(1-0)

Y
—_
|

v —

Nl,":g(Z, 1) } ay|rY

e

> 1-

v —

r.

[o(121, = 1) + 21— o] [Nd 2, )| + (1= 8)
= 1—-r>0,
Thus, (17) holds true in U. The proof of (14) follows by considering ¢(z) = 7 i .
in (13). Next, choosing the function fy(z) € QZTS’L](y, T;p,0) given by
fO(z):z— 1-9) v z? (—1§(5<1;p20) (19)
[o(12), = 1) + 2y — o] R4 2,1, 7)|
and by using (13), we have
p([2l,—1) + 12y — 0| N (2, 7)
(2l =1) + 21— | C(zeu) (0

2{ [p([z]q 1)+ 2] —5} ‘Nzg(l‘u,r)‘ +(1 _(s>}f°(z) STz
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It can be easily verified that

p(12), = 1) + 2], = 8| [N @ )|
<t 2f [o(12, — 1) + 120 — o] [Nd @ m )|+ (1 - 6) )
[p([z]q_1)+[z} —5}

2fo((21,~1)+12), ] [N 200 [+(1-0)
proof is now complete. [

fol)| = =5, (e ) @

mq 2]11')‘

then the constant } is the best possible. The theorem’s

Remark 4. Employingq — 17,0 = 1, = 2,y = 1 and T = 0 in Theorem 2, the results
previously obtained by Aouf and Mostafa ([41], Theorem 2.4); are found.

Similarly, we can demonstrate the following corollary by using (10) and Theorem 2.

Corollary 2. Consider the function f(z) € A from the class H (y,T p,0). In this case, the
following relation is true:

[p([z1q—1)+[z1q—éhz] R4 (2,,7)|
{2]p(2), = 1) + 2y - o] 2, [NH 2 )| + (1 - 6)

and

}(f* $)(z) < ¢(z) (ze U;p € CV), (22)

[p(121, = 1) + 20y = 8] 2L, [N @ )| + (1= 0)
[N @)

(zelU). (23)
2[p(12), 1) + 2y — 8| 2, :

R(f(2) > -

2], [p(12],~ D)+ 120y =6 [N 207)|
[2],—1) + 21— 120, A o) +(1-0)

The constant is the best estimate.
{2e( )}

Putting 4 = T = 0 and m = 1 in Theorem 2, the subsequent corollary emerges.

Corollary 3. Consider the function f(z) € A a member of the class ng’q(y, T,0,0). The
following subordination is satisfied:

(121, 1) + 121 — 8] DL o/ )]
2{ [o(12, ~ 1) + 2] — 9] ‘Dzrﬁf(z)‘ +(1-0)

and

}(f* $)(2) < 9(2) (zeU;9 €CV),

[p(12], = 1)+ 204 = 8] | D] o f(2)| + (1 - 8)
(121, — 1) + 2y - 6] D! 47 (2)]

[o(121,-1) +[24—¢] | D] 4 £(2)]
2{ [p(12],~1)+ (24— DI 4 f(2)|+(1-0)
Putting « = 1 and B = 2 in Theorem 2, the next corollary can be stated.

(z e l).

R{f(2)} >

The constant } is the best estimate.

Corollary 4. Let the function f(z) € A be in the class Q (pt,'r 0,0). Then
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(121, — 1) + 2 — o] |G

2{[P<[2]q—1>+[2]q—5} w‘m

T+1 +(1-9)

} (f*¢)(2) <¢(2) (zeU;9 €CV),

and

[p(121, = 1)+ (21, — 8] [ (z) + (1 - )

T+1
R(f(z)) > — 1/ e
o121, — 1) + 21, o] [ B Ty
[o(121,—1) +121, o] | 1142200 "
The constant (-1 " is the best estimate.

Employing 4 = 1,7 = 0 and m = 1 in Corollary 4, we obtain the following particular
case as an example.

Example 2. (i) Let the function f(z) € A defined by (1) be in the class ng’q(y, T,0,0). Then,

(12, — 1) + 2y — 6] 24
2{ |o(12), —1) + [2)y - 8] [2]y + (1 - 9)

} (f*9)(z) <¢(2) (z€ U;¢ €CV),

and
(2], = 1) + [2); — 6] [2lg + (1= )

(2], = 1) + 21, — 6] 2]
[o(121,-1) +1214-¢] 2}y
2{ |o(121,-1) +12)g—0] 24 +(1-0)
(2, - 8) 12l
2{([2), - O)[2lg + (1-9)

R{f(2)} > — (z € U).

The constant

} is the best estimate. (ii) For p = 0in (i) then

} (f*¢)(z) <¢(2) (z€ U;¢ €CV),

and
(12, — 8)[2ly + (1-5)

AN > = = o),

(zel).

(21,—¢) 12,
2{([2],~9)[2)g+(1-0)

The constant } is the best estimate.

Remark 5. Letting q — 1~ and m = 0 in Corollary 2, we have the results proved by Frasin ([42],
Corollaries, 2.5).

3. Conclusions

This study employs means of g-operators combined with differential subordination
techniques and the notion of convolution. A new linear extended multiplier g-Choi-
Saigo—Srivastava operator in the open unit disk U is introduced in Definition 3. This
operator is used for introducing and investigating the subclasses of normalized analytic
functions presented in Definition 4, Q:T%’q( i, T,p,0) and HZTZ’q( 1, T,p,0). Subordination
results involving the Hadamard product of the associated functions are established in two
theorems. Interesting corollaries and particular cases are shown for each of those theorems
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for particular choices of parameters found in the definition of the classes. Examples are
also associated with the theorems to highlight the relevance of the new results.

In future investigations, the new linear extended multiplier g-Choi-Saigo-Srivastava
given in Definition 3 can be applied for further developments in the theories of differential
subordination and its dual, differential superordination introduced by Miller and Mocanu
in 2003 [43] as performed in [20,21]. The newer theories of strong differential subordination
and superordination can be considered for investigations involving the new operator,
as presented in [44]. In addition, the theories of fuzzy differential subordination and
superordination can be applied as was done recently in [45,46]. The g-operator employed
in this study can be used for defining other subclasses of analytic functions as it has been
done for a-convex functions in [47] or for multivalent functions in [48].
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