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Abstract

:

For plate structures, their random parameters can be regarded as a two-dimensional random field in the plane. To solve the plate theory considering a two-dimensional random field, an efficient strategy for the stochastic finite element method was adopted. Firstly, the stochastic finite element method was used to establish the plate structural model, in which the random field characteristics of the parameter were considered, and the mathematical expression of its random field was obtained through the Karhunen–Loève expansion; secondly, the point estimate method was applied to calculate the statistics of random structures. The computational efficiency can be significantly improved through the reference point selection strategy. The accuracy and efficiency of the calculation strategy were verified, and the influences of correlation length and coefficient of variation of the parameter on the random response of plate structures under different plate types (including Kirchhoff plate and Mindlin plate) and boundary conditions (including simply supported and clamped supported) were discussed. The proposed method can provide some help in solving static problems of plate structures.






Keywords:


stochastic finite element method; plate structure; Kirchhoff plate; Mindlin plate; KL expansion




MSC:


37N15












1. Introduction


Engineering structures have random material properties and geometric parameters due to their construction, materials, and other factors. These parameters have spatial characteristics, for example, the randomness of material properties in mass concrete structures, the randomness of geometric irregularities in track structures [1,2,3], and the randomness of soil layer properties in geotechnical and slope engineering [4]. Random fields are the common name for these random features. The influence of random fields on the reliability of some engineering structures cannot be ignored. The stochastic finite element method (SFEM) has been proposed in order to completely account for the spatial characteristics of parameters in the reliability study [5].



On the random field problem of structures, numerous scholars have conducted a variety of investigations. Du et al. [6] analyzed the structural dynamic analysis considering discrete random parameters and the finite element method (FEM), and used a multi-dimensional kernel density estimation approach to estimate the probability density function (PDF) of random natural frequency, and this strategy can solve the robust nondeterministic free vibration problem. For predicting the structural horizontal strength of composite laminates, Nastos et al. [7] developed a deep learning algorithm based on convolutional neural networks and trained it using the datasets from probabilistic failure analysis generated by SFEM. The fibers in CFRP have great randomness in spatial distribution; to explore the influence of spatial randomness on its structural mechanical behavior, Nastos and Zarouchas [8] proposed an advanced numerical tool that can perform random FEM of composite structures considering material uncertainty by distributing random mechanical properties along the domain. The output of the analysis is the PDF of the deformation, strain, stress, and failure field. This tool utilized Karhunen–Loève (KL) expansion and Latin hypercube sampling methods to determine the distribution of random mechanical properties, and used mature first-order shear deformation theory and random variable methods to calculate the random stiffness matrix, and also applied Puck failure criteria for different failure modes in composite structural probability analysis. Usually, in the process of solving random responses, it is considered that the various random responses in the solution are coupled, while, Zheng et al. [9,10] used a new weak-intrusion SFEM to calculate the random displacement of the structure at all spatial positions; the random displacements were decoupled into a series of combinations of deterministic displacements with random variable coefficients. Then, an iterative algorithm for solving deterministic displacements and corresponding random variables was presented. The proposed method could be applied to high-dimensional stochastic problems without any modifications. The convergence and accuracy of nonlinear stochastic finite element solutions of solid mechanics were always a thorny problem. Pokusiński and Kamiński [11] proposed an algorithm for determining the basic probability characteristics using the iterative generalized random higher-order perturbation method near symmetric truncated Gaussian random variables. It has been confirmed that the use of sufficiently high-order truncated iterative random perturbation techniques allows for arbitrary desired accuracy in determining up to fourth-order probabilistic characteristics of static structural responses.



Slab or plate structure is an important component of engineering structures, such as floor slabs in building structures, bridge decks in bridge engineering, track slabs in railway engineering, etc. Similarly, there are spatial variabilities in plate structure. Therefore, many scholars pay attention to the SFEM problem of plate structure. Sepahvand [12] regarded the parameters as random variables and used generalized polynomial chaos expansion to capture the uncertainty of damping and frequency response functions of composite plate structures. The damped vibration of laminated plates was analyzed by the spectral stochastic finite element formula. Daneshvar et al. [13] compiled a simple and practical macro-FEM, including a concrete damage model, reinforcement diameter reduction, and corrosion volume change, and a large number of parametric and random simulations, in which the concrete non-uniformity was simulated using random field theory. In order to analyze the plate structure considering the parametric random field, an efficient calculation method was proposed by Huo et al. [14], in which the random fields were represented by KL expansion, and the PDFs of the response were obtained by probability direct integration method, and then its statistical characteristics could be obtained.



The computational efficiency of SFEM has always been the focus of scholars [14,15]. It mainly includes two aspects, one is the expression of a random field [16,17], and the other is the solution of a random response [15].



The purpose of this paper is to explore an efficient and accurate stochastic finite element analysis method considering a multi-dimensional random field for solving the problems of plate structures. In order to obtain the mathematical expression of the random field, the multi-dimensional random field was represented by KL expansion; based on the idea of multivariate reduction, and the statistics of the plate structural responses were calculated by the point estimate method (PEM), and with the optimal point selection strategy, the computational efficiency can be greatly improved. The logical structure of the following section is as follows: in Section 2, the finite element method for modeling plate structures considering multi-dimensional spatial random fields is presented. In Section 3, the SFEM calculation strategy based on the KLE-PEM (Karhunen–Loève expansion–point estimate method) is presented. In Section 4, the calculation strategy KLE-PEM-based SFEM is validated, and then the stochastic response for different boundary conditions and different plate types with different parameters is discussed.




2. FEM of Plate Considering Spatial Parameters


2.1. FEM of Plate Structure


Plate structure is a common component in engineering structures. In engineering structural analysis, it is usually classified into two types based on the width-to-thickness ratio of the plate including thin plate and thick plate. The thin plate is usually based on Kirchhoff plate theory, while the thick plate is based on Mindlin plate theory. For Kirchhoff plates, each element has four nodes, and each node has three degrees of freedom, namely, transverse x, longitudinal y, and vertical z. The node displacement can be expressed as


   u = − z   ∂ w   ∂ x   ,    v = − z   ∂ w   ∂ y   ,    w = − w   x , y   ,   



(1)




where w is the out-of-plane displacement of the plate, and u and v are the in-plane displacements of the plate, respectively.



The stress in the plane is


    ε x  = − z    ∂ 2  w   ∂  x 2    ,     ε y  = − z    ∂ 2  w   ∂  y 2    ,     γ  x y   = − 2 z    ∂ 2  w   ∂ x ∂ y     ,   



(2)




where    ε x    and    ε y    are the strains in the x and y directions, respectively, and    γ  x y     is the shear strain.



Therefore, the constitutive equation is


         σ x         σ y         τ  x y         =        Q 1       Q 2     0       Q 2       Q 1     0     0   0   G             ε x         ε y         γ  x y         ,  



(3)




with


    Q 1  =  E  1 −  ν 2    ,     Q 2  =   ν E   1 −  ν 2    ,    G =  E  2   1 + ν     ,   



(4)




where E denotes the elastic modulus and  ν  denotes the Posson’s ratio.



Combining Equations (1)–(4), the elastic strain energy  U  of the element be written as the following equation,


  U =  1 2    d   e T     ∫  Ω     B  T   D B  d Ω   d  e  ,  



(5)




with


   B  =           B  1        B  2        B  3         T  ,    



(6)






    B  1  =  ξ x 2    N   ξ ξ   +  η x 2    N   η η   + 2  ξ x   η x    N   ξ η   +  ξ  x x     N  ξ  +  η  x x     N  η  ,    



(7)






    B  2  =  ξ y 2    N   ξ ξ   +  η y 2    N   η η   + 2  ξ y   η y    N   ξ η   +  ξ  y y     N  ξ  +  η  y y     N  η  ,    



(8)






    B  3  = 2    ξ x   ξ y    N   ξ ξ   +  η x   η y    N   η η   +    ξ x   η y  +  ξ y   η x      N   ξ η   +  ξ  x y     N  ξ  +  η  x y     N  η    ,    



(9)




where     N   ξ ξ    ,     N   η η    ,     N   ξ η    ,     N  ξ  ,   and     N  η    are the shape functions, and    ξ x     and    ξ y    represent the relative coordinates of a point on the corresponding horizontal axes. More details can be found in Ferreira and Fantuzzi [18].



According to Equation (5), the stiffness matrix of Kirchhoff plate can be written as


    K  e  =   ∫   − 1  1    ∫   − 1  1    B  b    T    E    x  , Θ    h 3    12   1 −  ν 2        B  b  det  J  d ξ d η ,  



(10)




where  ξ  and  η  denote the relative coordinates of a point to its starting node;     B  b    is the strain–displacement matrix considering bending deformation; and J is the Jacobi Matrix.   E    x  , Θ     represents the elastic modulus value at different positions and under random conditions, and   x   is the space point in the bounded space Ωs, and  Θ  denotes a group of uncorrelated random variables, and when   E    x  , Θ     is a Gaussian random field, it follows the standard normal distribution.



Similarly, for thick plates, i.e., Mindlin plates, the element stiffness matrix can be written as


    K  e  =   ∫   − 1  1    ∫   − 1  1    B  b    T    E    x  , Θ    h 3    12   1 −  v 2        B  b  det  J  d ξ d η +   ∫   − 1  1    ∫   − 1  1    B  s    T    κ E    x  , Θ   t   2   1 + v       B  s  det  J  d ξ d η ,  



(11)




where     B  s    is the strain–displacement matrix considering shear deformation;  κ  denotes the shear correction factor, and it equals 5/6 [19].



The content of this sub-section is the traditional plate finite element theory, it will not be repeated, more details can be found in the work of Ferreira and Fantuzzi [18].




2.2. Mathematical Expression of a Random Field


The random field E     x  , Θ     can be mathematically represented in various ways [20], in which KL expansion is currently the most popular method due to its excellent computational efficiency and convergence, and the basis expression can be written as follows:


  E    x  , Θ   =  E ¯     x  , Θ   +   ∑   i = 1  ∞     λ i     Θ i   f i   x  ,  



(12)




where    E ¯     x  , Θ     denotes the mean value of field;    λ i    and    f i    denote the eigenvalue and eigenfunction of autocovariance function   C    x 1  ,  x 2      of the random field, respectively, and the   C    x 1  ,  x 2      can be expressed as


  C    x 1  ,  x 2    =   ∑   i = 1  ∞   λ i   f i     x 1     f i     x 2    ,  



(13)




where    λ i    and    f i    can be solved by the second Fredholm integral equation, which can be written as


    ∫  D  C    x 1  ,  x 2     f i     x 1    d x =  λ i   f i     x 2    ,  



(14)




where D denotes the random space.



To solve Equation (14), the analytical or numerical methods can be used, more details can be found in Ghanem and Spanos [5]. Usually, the expansion term can be truncated to obtain an approximate solution close to the exact solution of KL expansion, and Equation (12) can be re-written as the following formula,


  E    x  , Θ   =  E ¯     x  , Θ   +  E ˜     x  , Θ   =  E ¯     x  , Θ   +   ∑   i = 1  M     λ i     Θ i   f i   x  ,  



(15)




where M denotes the truncated item.



Substituting Equation (15) into Equation (12), the following formulas can be obtained,


    K  e  =    K ¯   e  +    K ˜   e  ,  



(16)




with


     K ¯   e  =   ∫   − 1  1    ∫   − 1  1    B  T     E ¯     x  , Θ    h 3    12   1 −  v 2       B  det  J  d ξ d η ,  



(17)






     K ˜   e  =   ∫   − 1  1    ∫   − 1  1    B  T     E ¯     x  , Θ    h 3    12   1 −  v 2       B  det  J  d ξ d η =   ∑   i = 1  M   Θ i     K ˜   i e  ,  



(18)




with


     K ˜   i e  =   ∫   − 1  1    ∫   − 1  1    B  T       λ i     f i    x , y    h 3    12   1 −  v 2       B  det  J  d ξ d η ,  



(19)







The global stiffness matrix can be obtained by assembling the element stiffness matrices and setting the corresponding boundary conditions.





3. Solution Strategy of SFEM


In Section 2, the FEM of plate structure considering a spatial random field was constructed. To obtain the statistics of structural response, the point estimate method (PEM) can be applied, and the strategy called KLE-PEM-based SFEM. Assuming a function   G   X     containing random variables with the PDF,   p   X    , according to the knowledge of probability theory, the mean value  μ  and variance   v a r   can be calculated by the following formulas,


  μ = E   G   X     =   ∫   − ∞  ∞  G   X   p   X   d  X  ,    



(20)






  v a r =   ∫   − ∞  ∞   [ G   X   − μ ]  2 p   X   d  X  ,  



(21)




where   E     ·       denotes the expectation.



Since the random field discussed in this paper is the Gaussian random field, and according to the reduced-dimensional Gaussian integral, Equations (20) and (21) can be transformed as the following formulas,


  μ = E     ∑   i = 1  n   G i     X i    −   n − 1   G  c    ≅   ∑   i = 1  n  E    G i     X i      −   n − 1   G  c  ,  



(22)






  v a r =   ∑   i = 1  n  E        G i     X i    − μ    2    −   n − 1     [ G  c  − μ ]  2  ,  



(23)




with Gaussian–Hermite quadrature as follows,


  E    G i     X i      =   ∑   i = 1  r     w  GH , l      π     G i     2   x  GH , l     ,  



(24)






  E       G    X i    − μ    2    =   ∑   i = 1  r     w  GH , l      π         G i     2   x  GH , l     − μ    2  ,  



(25)




where n denotes the number of random variables; c denotes the value corresponding to the reference point;    w  GH , l     and    x  GH , l     denote the abscissa and weight, and the details of them are shown in Table 1.



When using the strategy that sets zero as the reference point, Equation (18) can be simplified as


    K   l , i  e  =    K ¯   e  +  2   x  G H , l      K ˜   i e  ,    



(26)







Substituting the matrices     K   l , i  e     corresponding to different random variables and integration points into Equation (27) to solve the corresponding plate structure response X (i.e.,    G i   ·   ), and then substituting all X (i.e.,    G i   ·   ) into Equations (22)–(25), the statistics of response including mean value and variance can be obtained.


   F  =  K X  ,    



(27)




where   F   dentoes the vector of force, and   X   denotes the vector of displacement.




4. Discussions


Combining the theories introduced in Section 2 and Section 3, the corresponding numerical model can be established using the scientific computing environment MATLAB.



4.1. Validation


In order to verify the effectiveness of the method, a case was adopted for explanation, where the length a and width b of the plate were 2 m and 1 m, respectively, the thickness t of the plate was 0.01 m, the elastic modulus was a Gaussian random field, and the mean value was 2.184 × 1011 Pa, with a coefficient of variation (COV) of 0.1, which means that the standard deviation was 2.184 × 1010 Pa. The plate was subjected to a uniformly distributed load of 100 Pa. The boundary conditions of the board adopted two forms: four-sided simply supported (SSSS) and four-sided fixed clamped supported (CCCC), respectively, as shown in Figure 1. The covariance function of the random field of plate material properties could be written as


  C    x 1  ,  x 2  ;  y 1  ,  y 2    =  e  −    x 1  −  y 1    /  b 1  −    x 2  −  y 2    /  b 2    ,    



(28)







The correlation lengths were 0.2 m, 0.6 m, 1.0 m, 1.4 m, and 1.8 m, respectively. According to Huo et al. [14], the number M of the truncated item was eight. The KLE-PEM-based SFEM used three Gaussian quadrature points for calculation, which means that the KLE-PEM-based SFEM needs to call the model 8 × 2 + 1 = 17 times, the Monte Carlo Simulation (MCS)-based SFEM was calculated by using 10,000 samples. Compared the calculated results with the results of the MCS and Huo et al. [14], the standard deviation and COV of the vertical displacement of the midpoint of the plate structure are shown in Table 2 and Table 3. It can be seen that under different correlation lengths and boundary conditions, the calculation results of KLE-PEM-based SFEM were very close to MCS-based SFEM, and also very close to the results of Huo et al. [14]. This not only proved the effectiveness of the SFEM model, but also demonstrated that the calculation of KLE-PEM-based SFEM has high accuracy, and its computational efficiency is improved by two orders of magnitude compared to MCS.




4.2. Parameter Analysis


In order to discuss the influence of different parameters on the SFEM calculation of plate structures, the plates with size 1 m × 1 m were used to be analyzed. The elastic modulus was considered as a random field, and the mean value of the random field of elastic modulus was 3.00 × 1010 Pa, and the Kirchhoff plate with a thickness of 0.01 m and the Mindlin plate with a thickness of 0.10 m were discussed, respectively. The KLE-PEM-based SFEM was applied to calculate the response statistics with different standard deviations, correlation lengths, and boundary conditions.



The covariance function of the random field of plate material properties was the same as in Equation (28). The first 12-order eigenvalues of KL expansion, when the correlation length was 1.0 m, are shown in Figure 2. It can be seen that the first four-order eigenvalues rapidly decrease, and the eigenvalues tend to be stable and small enough above the sixth order. Based on the error, M = 8 was selected as the number of truncation terms. The eigenfunctions of the first eight orders are shown in Figure 3. By combining the eigenvalues in Figure 2 and the corresponding eigenfunctions in Figure 3, the mathematical expressions of the random field KL expansion of the plate material parameters could be obtained.



4.2.1. Example 1


Figure 4 shows the statistics of the vertical displacement response at the midpoint of the plate for the Kirchhoff plate under SSSS boundary conditions. From Figure 4a, it can be seen that the mean value of displacement response increases with the increase in correlation length, but not linearly, and the increase decreases after the correlation length is greater than 0.5 m. In addition, the mean value of displacement response increases as the coefficient of variation increases. In general, although the correlation length influences the mean value of the response, its effect is small; for example, when the correlation length increases from 0.1 to 1.9 m with the condition of COV = 0.20, the mean value of the response increases by only about 3.1%. Figure 4b shows the standard deviation of the displacement response. Similarly, the standard deviation increases with the increase in correlation length and COV, and its increase decreases with the increase in correlation length. It can be seen that the standard deviation of the response increases with the increase in the COV under the same correlation length condition, and the response standard deviation is more sensitive to the change in the COV compared to the mean value of the response. In the case of the largest increase (COV = 0.20), for example, the correlation length increased from 0.1 to 1.9 m, and the standard deviation of the response increased by about 400%, much larger than the increase in the mean value. Figure 4c shows the COV of the displacement response; the COV is a dimensionless index used to measure the dispersion of the data, which is the ratio of the standard deviation to the mean value. It can be seen that the COV increases with the increase in the correlation length, but it does not increase linearly, and the COV of the response increases with the increase in the COV of the elastic modulus under the same correlation length condition. Moreover, it can be seen that the COV of the response is not equal to the COV of the elastic modulus; for example, when the COV of the elastic modulus is 0.20, the COV of the response is in the range of 0.05 to 0.20.




4.2.2. Example 2


Figure 5 shows the statistics of the vertical displacement response at the midpoint of the plate for the Kirchhoff plate under the CCCC boundary conditions. Figure 5a shows the mean value of displacements for different correlation lengths and COVs of elastic moduli, and the comparison with Figure 5a shows that the mean value of displacement under CCCC boundary conditions is significantly smaller than that under SSSS boundary conditions. In addition, the variation pattern of the mean value of displacement is similar to that for the SSSS boundary condition, and again, the displacement mean is not sensitive to the variation in the COV and the correlation length of the elastic modulus. For example, for the case of the COV = 0.20, the correlation length increased from 0.1 to 1.9 m and the mean value of response increased by about 4%; and for the case of the correlation length of 1.9 m and the COV increase from 0.05 to 0.20, there is an increase in the response mean of about 3.9%. Figure 5b shows the standard deviation of displacement responses, and again, the standard deviation increases with the increase in both correlation length and coefficient of variation. Compared to the mean value of the response, the standard deviation of the response is more sensitive to the change in the COV. Taking the largest increase (COV = 0.20) as an example, the correlation length increased from 0.1 to 1.9 m, and the standard deviation of the response increased by about 325%; for the correlation length 1.9 m, the COV of the elastic modulus increased from 0.05 to 0.20, and the standard deviation of the response increased by about 125%, both of which are much larger than the mean value of the response. Figure 5c shows the variation in the COV of response with the elastic modulus COV and the correlation length, and it can be seen that the trend and value are similar to Figure 4c.




4.2.3. Example 3


Figure 6 shows the statistics of the vertical displacement response at the midpoint of the plate for the Mindlin plate under the SSSS boundary conditions. From Figure 6a, it can be seen that the changes in correlation length and COV of elastic modulus have little effect on the mean value of displacement response; in addition, compared with the Kirchhoff plate (see Figure 4a), the displacement response of the thick plate under the same load is much smaller than that of the thin plate. Figure 6b shows the standard deviation of the displacement response at the midpoint of the plate, which causes the standard deviation to be small due to its small response, and similarly, the sensitivity of the standard deviation to the parameter change is greater than the sensitivity of the mean to the parameter change. For example, when the COV = 0.2 and the correlation length increased from 0.10 to 1.9 m, the standard deviation increased by 392%; and when the correlation length equaled 1.9 m and the COV increased from 0.05 to 0.20, the standard deviation increased by 490%. Figure 6c shows the COV of the response, and it can be seen that the trends and values are similar compared with Figure 4c and Figure 5c.




4.2.4. Example 4


Figure 7 shows the statistics of the vertical displacement response at the midpoint of the plate for the Mindlin plate under CCCC boundary conditions. Comparing Figure 5a, Figure 6a, and Figure 7a, it can be seen that both the boundary conditions and the plate thickness have a great influence on the mean value of the response at the midpoint of the plate; i.e., increasing the plate thickness and changing the boundary conditions to fixed constraints can reduce the deflection in the plate. Similarly, the mean value of response is insensitive to the changes in the correlation length and the COV of elasticity modulus. When the COV of elasticity modulus increased from 0.05 to 0.20 and the correlation length increased from 0.1 m to 1.9 m, the mean value of response increased by only 2%. The standard deviation (see Figure 7b) shows the same pattern as other cases. Figure 7c shows the COV of the displacement response, and the results are almost consistent with the other cases. Overall, the boundary conditions and plate type have little effect on the COV of the response.






5. Conclusions


A computational strategy of the stochastic finite element method for calculating the statistics of the response of plate structures was proposed in this paper. Firstly, the finite element theory of plate structure considering a random field was derived briefly; secondly, the strategy of the KLE-PEM-based stochastic finite element method was introduced; finally, the feasibility of the calculation strategy and the impact of a series of conditions and parameters were analyzed. Some conclusions can be drawn:




	(1)

	
The calculation strategy of setting the reference point to zero can greatly improve computational efficiency. Compared with the Monte Carlo simulation and the results from other literature, the KLE-PEM-based stochastic finite element method has been shown to have extremely high computational efficiency and accuracy.




	(2)

	
The boundary conditions and types of the plate have a significant impact on the mean and standard deviation of the plate responses; however, the impact on the coefficient of variation of the response is minimal.




	(3)

	
For different boundary conditions and plate types, the mean value of response is not sensitive to parameter changes, while the sensitivity of the standard deviation and coefficient of variation, in response to parameter changes, is much greater than that of the mean value.




	(4)

	
The larger the coefficient of variation of the parameter, the larger the statistical response, which is in line with common sense. The larger the correlation length, the larger the standard deviation and coefficient of variation of the response, which indicates that the correlation length of the random field should be properly considered in the analysis of plate structures.




	(5)

	
This study provides a new approach for the SFEM solution of plate structures. Because of its efficiency and accuracy, it can be used to solve some plate structure problems considering spatial random fields, such as track slab deformation, floor slab deformation, etc. However, the plate structure problems considering the spatial random field include not only static behaviors, but also dynamic behaviors, nonlinear behaviors, and temperature transmission behaviors, which are the directions that can be considered in future work.
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Figure 1. Boundary conditions of plates. 
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Figure 2. Eigenvalues of KL item. 
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Figure 3. Eigenfunctions of KL item. 
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Figure 4. Stochastic response of deflection of SSSS Kirchhoff plate. 
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Figure 5. Stochastic response of deflection of CCCC Kirchhoff plate. 
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Figure 6. Stochastic response of deflection of SSSS Mindlin plate. 
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Figure 7. Stochastic response of deflection of CCCC Mindlin plate. 
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Table 1. Abscissas and weights of Gaussian–Hermite quadrature.






Table 1. Abscissas and weights of Gaussian–Hermite quadrature.





	    x  GH , l     
	0
	±1.22474
	0
	±0.958572
	±2.02018
	0
	±0.816288
	±1.67355
	±2.65196



	    w  GH , l     
	1.18164
	0.295409
	0.945309
	0.393619
	0.019953
	0.810265
	0.425607
	0.054516
	9.72 × 10−4










[image: Table] 





Table 2. Deflections at the center of SSSS plate structure under uniform load.
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Method

	
Correlation Lengths (m)

	
0.2

	
0.6

	
1.0

	
1.4

	
1.8






	
MCS-based

	
Mean (10−5 m)

	
5.0536

	
5.0682

	
5.0764

	
5.0875

	
5.0844




	
Std.D (10−6 m)

	
1.6161

	
3.0745

	
3.7574

	
4.0770

	
4.2780




	
COV

	
0.0320

	
0.0607

	
0.0740

	
0.0801

	
0.0841




	
KLE-PEM-based

	
Mean (10−5 m)

	
5.0545

	
5.0693

	
5.0772

	
5.0818

	
5.0849




	
Std.D (10−6 m)

	
1.6116

	
3.0748

	
3.7174

	
4.0743

	
4.3012




	
COV

	
0.0319

	
0.0607

	
0.0732

	
0.0802

	
0.0846




	
Ref. [14]

	
Mean (10−5 m)

	
5.0678

	
5.0832

	
5.0914

	
5.0955

	
5.0957




	
Std.D (10−6 m)

	
1.5957

	
3.0649

	
3.7591

	
4.1063

	
4.3332




	
COV

	
0.0315

	
0.0603

	
0.0738

	
0.0806

	
0.0850
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Table 3. Deflections at the center of CCCC plate structure under uniform load.






Table 3. Deflections at the center of CCCC plate structure under uniform load.





	
Method

	
Correlation Lengths (m)

	
0.2

	
0.6

	
1.0

	
1.4

	
1.8






	
MCS

	
Mean (10−5 m)

	
1.2698

	
1.2735

	
1.2746

	
1.2769

	
1.2786




	
Std.D (10−6 m)

	
0.3863

	
0.7664

	
0.9399

	
1.0210

	
1.0774




	
COV

	
0.0304

	
0.0602

	
0.0737

	
0.0800

	
0.0843




	
KLE-PEM

	
Mean (10−5 m)

	
1.2698

	
1.2736

	
1.2757

	
1.2768

	
1.2776




	
Std.D (10−6 m)

	
0.3856

	
0.7646

	
0.9282

	
1.0179

	
1.0744




	
COV

	
0.0304

	
0.0600

	
0.0728

	
0.0797

	
0.0841




	
Ref. [14]

	
Mean (10−5 m)

	
1.2703

	
1.2743

	
1.2765

	
1.2776

	
1.2780




	
Std.D (10−6 m)

	
0.3829

	
0.7697

	
0.9491

	
1.0378

	
1.0778




	
COV

	
0.0301

	
0.0301

	
0.0744

	
0.0812

	
0.0843

















	
	
Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or products referred to in the content.











© 2023 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






media/file13.jpg
Mean value (10" mm)

127-8—coV-008 0151 —8—Cov-00s
= oovons I e
oo £, |+ covars
u e Foof 800
e e
L] S
oo
B ] BRI
Cotion o) Condntrgh Contion o

(a) Mean value (b) Standard deviation value (€) Coefficient of variation





media/file4.png
D
12

.\
UWAAA’
- W O NS

ON[RAUOSIO

8§ 10

KL item





nav.xhtml


  mathematics-11-02535


  
    		
      mathematics-11-02535
    


  




  





media/file2.png
S 0 C
(a) SSSS (b) CCCC






media/file5.jpg
‘ ' ‘ 0\





media/file3.jpg
an[eAua3o

12

10

6
KL item





media/file1.jpg
c

(a) SSSS

(b) CCCC





media/file7.jpg
Mean value (mm)

- cov-005
- cov-0.10
—acov-01s

——cov020
R et

- cov-008
05— cov-o10
044 cov-01s

SD ()

00 05 10 1S
Comeaton ength (m)

() Mean value

20

00 05 1o 1s 20
Conelaion ength (m)

(b) Standard deviation value

00 05 10 1S
Comslaton ength ()

(@) Coefficient of variation

20





media/file10.png
Mean value (mm)

. —®8— COV=0.05

|——COV=0.10 012 4 COV=0.10
—A— COV=0.15 _ |—A—cov=0.15
0.47 91 ——COV=0.20 g —/— COV=0.20
£ 0.08 -
-
3
0.46 % 0.04 -
0.45 ' | ' | ' | ' | 0.00 + | ' | ' | ' |
00 05 1.0 15 20 00 05 10 15 20
Correlation length (m) Correlation length (m)

(a) Mean value

(b) Standard deviation value

COV

—{+— COV=0.10
|—&— COV=0.15
0.2 4—/A— COV=0.20

0.1 5

0.0 +———T——T——T7—
00 05 10 15 2.0

Correlation length (m)

(c) Coefficient of variation





media/file12.png
Mean value (x10~°mm)

—+— COV=0.10
{—4&—COV=0.15
—/— COV=0.20

2.5 — T T T 1
00 05 1.0 15 20
Correlation length (m)

(a) Mean value

Std.D (x10°mm)

1.0 4 —®— COV=0.05
1———COV=0.10
089 4 cov=0.15
0.6 - —/— COV=0.20

0.4 H
0.2 5

0.0 ¥ —=—"7FT——T——T7—
0.0 05 10 15 20

Correlation length (m)

(b) Standard deviation value

COV

—— COV=0.10
|—&— COV=0.15
0.2 4—A— COV=0.20

0.1 1

0.0 V———T———T——T7—
0.0 05 1.0 15 2.0

Correlation length (m)

(c) Coefficient of variation





media/file9.jpg
Mean value (mm)

0.45 18— COV=0.05

—— COV-005

| cov-o.10 12— cov=oi0
4 cov-0.5 _ "7 -acov-ois

0474 cov-020 B, |-covox .o

o Eoos 02 ot

e b e

Ly Boo] ghioooon
bt o oooos e

o5+ 000

03 —®—COV=005

00 05 10 15 20
Comelaton ength (m)

(a) Mean value

00 05 1o 1s 20
Comelaion length (m)

(b) Standard deviation value

00 05 10 15
Comclion engh (m)

(€) Coeficient of variation





media/file0.png





media/file14.png
Mean value (x10>mm)

—m— COV=0.05
|—5—cov=0.10
—A— COV=0.15
L14-—A— cov=0.20

1.2

1.0 94

0.9 — T T 1 T T 1
00 05 1.0 15 20
Correlation length (m)

(a) Mean value

0.15 4 —®— COV=0.05
| —+—COV=0.10
—A— COV=0.15
0.109 —~— cov=0.20

0.05 H

Std.D (10~ mm)

0.00 T*=—TF——T——T1—
0.0 05 10 15 20
Correlation length (m)

(b) Standard deviation value

—+— COV=0.10
|—&—COV=0.15
0.2 4—A— COV=0.20

COV

0.1 A

0.0 F—T——T——T1—
00 05 10 15 20
Correlation length (m)

(c) Coefficient of variation





media/file8.png
Mean value (mm)

1.48

7—=— COV=0.05
1—o—cov=0.10
| —A—Ccov=0.15

—/— COV=0.20

0O 05 10 15 20

Correlation length (m)

(a) Mean value

Std.D (mm)

0.6
0.5
0.4
0.3

0.2 -
0.1

0.0 1= .
00 05 10 15 2.0

] —®— COV=0.05
- ———COV=0.10
| —4—COV=0.15
1 —-—COV=0.20

Correlation length (m)

(b) Standard deviation value

—+— COV=0.10
|—&— COV=0.15
0.2 4—/A— COV=0.20

COV

0.1 5

0.0 /——F———T————
00 05 1.0 15 20
Correlation length (m)

(c) Coefficient of variation





media/file11.jpg
Mean value (<10"'mm)

3.5 #— COV=005

cov-0.10
cov-o15
- COV=020
304 A
254

107 —=—COV-005
——COV-0.10
081 4 cov=015

D (<10mm)

00 05 10 15 20
Comelation ength (m)

() Mean value

00 05 10 15 20
Cormlation length (m)

(b) Standard deviation value

00 0s 1o 1S
Cortelation ength (m)

(©) Coefficient of variation

20





media/file6.png





