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Abstract

:

Topological indices are invariant numerical quantities of a graph that give facts about the structure of graphs and are found to be very helpful in predicting the physical properties of aluminophosphates. The characteristics of aluminophosphates are similar to the characteristics of zeolites. Two examples of current applications are natural gas dehydration and humidity sensors. Researchers in chemistry and materials science are synthesizing new frameworks. There are many layers and holes in these substances. The technique used to predict natural behaviors among the physicochemical characteristics of chemical molecules in their basic network is known as topological indices. This study explains the vertex version of distance-based topological indices, the entropy of topological indices and their numerical analysis.
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1. Introduction


Aluminophosphate is an essential crystalline microporous material. Due to its well-defined pore structures and high porosities, it has high permeability and selectivity [1,2]. It is available at low prices and provides synthesis and accessibility for various applications. Especially in catalyst preparation, it is used to improve catalyst efficiency and, in process development, to recognize the reaction mechanism [3]. To introduce a particular characteristic, appropriate metals in the periodic table can incorporate aluminophosphates due to their outstanding pore attributes and hydrophilic nature [4]. Accordingly, among solid catalysts, silico aluminophosphate has a worldwide market of billions of USD per annum [5,6]. Moreover, because of water adsorption properties, potential aluminophosphates are available with a superior pore volume greater than 14% in contrast to zeolite frameworks. Therefore, studying their core structure in a thorough conceptual banner is becoming essential to increase aluminophosphates’ porosity, efficiency and stability for enhanced applications.



Such aluminophosphate materials can be structurally represented using molecular graphs, in which the vertices stand for atoms and the edges stand for chemical bonds. To extract topological information from such graphs, one can utilize theoretical graph quantifiers, which in turn give valuable functions that have perfect linear relationships with various properties of such materials through graph invariants or, more commonly, structure descriptors.



Quantitative structure–activity relationships (QSAR) and quantitative structure–property relationships (QSPR) can be supported by topological indices, which are among the structural descriptors that provide numerical functions of the structure of a molecule. The derived variables can be used to calculate the chemical and biological properties of the materials. The complex systems of such materials that are difficult to define due to their complexity can be viewed as an objective numerical variable that characterizes them. The numerical variable that describes the networks of these structural applications is called the topological index of a molecular structure. One of the most significant and efficient structural descriptors in the field of advanced materials is the fact that the mathematical functions that can be generated using various graph theoretical approaches can be used to predict the properties of these materials. They are often an addition to quantum chemistry calculations that need a good deal of computing [7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22]. A wide range of indices can be used in research to understand the relationships between structure and properties.



It should be mentioned that very little progress has been made in the inclusion of topological descriptors that are based purely on the connectivity to chemistry-specific characteristics, such as various indicators [23,24,25,26,27,28,29,30,31,32,33,34,35], especially for very heavy atoms in such materials for which relativistic impacts are essential.



In a well-known 1948 study [36], the author first introduced the idea of entropy, declaring that the entropy of a probability distribution is known as a measure of unpredictability. Entropy was used to assess the structural details of graphs and chemical networks. Rachhevsky et al. introduced in 1955 the idea of graph entropy based on categorizing vertex orbits [37]. In many disciplines, there has been an increase in the use of graph entropy. Information theory was used in biology and chemistry after initial linguistics and electrical engineering applications. Spontaneous communication is one of the essential innovations [38,39,40,41,42,43]. Network structural information content was calculated using Shannon’s entropy formula [36] in light of this realization. This technique was used to examine living systems using graphs. Graphs are used to investigate biological and chemical networks [44].



This paper studies a set of weighted topological descriptors for chemical molecules. We also investigated how the perfect linear relationship in   Q S P R   and   Q S A R   models can be improved by assigning optimal weights to the vertices of the structure to obtain a realistic topology. Models that include structural instabilities and other quantum chemistry-derived features that control the overall structural stability of chemical substances have also been explored.




2. Computational Theoretical Technique


A graph   G = ( V ( G ) , E ( G ) )  , where   V ( G )   is the set of all the vertices of G and   E ( G )   is the set of all the edges of G. The cardinality of   V ( G )   and   E ( G )   is denoted by   | V ( G ) | = M   and   | E ( G ) | = N  , respectively. The number of edges incident to u is represented by the degree of a vertex u. It is denoted as    d G   ( u )   . The length of the shortest   u v  -path is called the distance    d G   ( u , v )    between two vertices   u , v ∈ V ( G )  . We used   d ( v )   and   d ( u , v )   for    d G   ( v )    and    d G   ( u , v )   , respectively, in this study.



To count the vertices and evaluate which quantity is closest to the end vertices of   e = u v  , we must first recall the two numbers based on vertices and edge distance functions.



	
    n u   ( e )  =  | t ∈ V  ( G )  : d  ( u , t )  < d  ( v , t )  |    



	
    n v   ( e )  =  | t ∈ V  ( G )  : d  ( v , t )  < d  ( u , t )  |    






Further, we list the distance-based and bond additive topological indices in Table 1 derived from the below-mentioned quantitative metrics, such as distance and closeness.



With Matlab programming, the provided distance-based and bond additive topological indices could be successfully calculated based on the Djoković–Winkler relationship by finding the equivalence classes of graph structures. For any two edges    e 1  = a b ∈ E  ( G )    and    e 2  = c d ∈ E  ( G )   , if    d G   ( a , c )  +  d G   ( b , d )  ≠  d G   ( a , d )  +  d G   ( b , c )    then    e 1  Θ  e 2    is called a Djković–Winkler relation  Θ  [46,47]; these play a key role in our analytical computation. The graph G that may be isometrically embedded into a hypercube is called a partial cube. Bipartite graphs with transitive Djoković–Winkler relation  Θ  or cut method [48] can be used to describe partial cubes [47]. Let   Θ *  -class be the transitive closure of the Djoković–Winkler relation  Θ .



The relation  Θ  is also transitive and hence an equivalence relation if molecular graph G is a partial cube [49]. Let K be a partial cube with its  Θ -classes   F  ( K )  =  {  F 1  ,  F 2  , … ,  F r  }   . Let   T I ∈ { W  I v  , W  I e  ,  W  v e   , S  z v  , S  z e  , S  z  v e   , P  I v  , S , G u t , M o , M  o e  , M  o t  ,  w +  M o ,  w +  M  o e  ,  w +  M  o t  ,   w *  M o  ,    w *  M  o e  .  w *  M  o t   }   , Then    T I  ( K )  =  ∑  i = 1  k   ( T I  ( K /  F i  )  )     [49].



In this article, we use the following methods to compute distance-based molecular descriptors (see Table 1): [8,49,50]



	1.

	
   W  I v   ( G /  F i  )  =  n 1   (  F i  )   n 2   (  F i  )    




	2.

	
   S  z v   ( G /  F i  )  =  |  F i  |   (  n 1   (  F i  )   n 2   (  F i  )  )    




	3.

	
   P  I v   ( G /  F i  )  =  |  F i  |   (  n 1   (  F i  )  +  n 2   (  F i  )  )    




	4.

	
   M  o v   ( G /  F i  )  =  |  F i  |   |  n 1   (  F i  )  −  n 2   (  F i  )  |    








3. Results and Discussion


This study discusses aluminophosphate-based molecular sieve structures and their perfect linear relationships with molecular descriptors. The high selectivity, more significant adsorption velocity, higher strength and increased anti-pollution ability produced by the shape and structural optimization increase the consumption effects of the molecular sieve.



Being the first extra-large-pore crystalline material ever made, the extra-large   V P I  -5,   A I P O   molecular sieve with 18-ring channels was discovered. The chain-building units used to build   V P I  -5 and   A I P O  -  H 2   contain octahedral   A l   atoms (coordinated with four framework oxygens and two water molecules). The modest number of extra-large-pore microporous materials with 16-ring channels is very noteworthy. The synthesis of   I T Q  -51, a previously unreported extra-large-pore silico aluminophosphate (  S A P O  ) with 16 ring openings, using the bulky aromatic proton sponge   D M A N   as an   O S D A  , is presented by Martinez-Franco et al. [51].



The pore openings of aluminophosphate-based molecular sieve structures   T 12 M R   (see Figure 1a),   T 16 M R   (see Figure 1b) and   V P I  -5 (see Figure 1c) [51] seem like n mesh. The layer is placed in an   n , l , k  -dimensional mesh known as a molecular sieve hexagonal mesh   m S H L ( n , l , k )  . This layer can be easily stretched to several layers, as shown in Figure 2, and is denoted G, where G is considered a molecular sieve hexagonal mesh   m S H L ( n , l , k )   in this study.



3.1. Vertex Distance-Based Topological Indices


In this section, we present an analytical computation of some vertex versions of distance-based topological descriptors for molecular sieve hexagonal mesh   m S H L ( n , l , k )  . We used Matlab version 2019 software for analytical computation and also used Flash 8 to construct molecular structure in this study.



Theorem 1.

Let G be a molecular sieve hexagonal mesh   m S H L ( n , l , k )  . Then



    W v   ( G )  =    2 n  45    ( 246  k 3   n 4  − 270  k 3   n 3  + 100  k 3   n 2  − 15  k 3  n −  k 3  + 1476  k 2  l  n 4  − 1230  k 2  l  n 3  +   240  k 2  l  n 2  + 60  k 2  l n − 6  k 2  l + 2754  k 2   n 4  − 1260  k 2   n 3  − 90  k 2   n 2  + 90  k 2  n − 9  k 2  + 2952 k  l 2   n 4  −   2265 k  l 2   n 3  + 150 k  l 2   n 2  + 285 k  l 2  n − 42 k  l 2  + 11016 k l  n 4  − 3870 k l  n 3  − 1620 k l  n 2  + 450 k l n +   144 k l + 9882 k  n 4  + 1845 k  n 3  − 1630 k  n 2  − 345 k n + 88 k + 1968  l 3   n 4  − 1770  l 3   n 3  + 440  l 3   n 2  +  30  l 3  n − 8  l 3  + 11016  l 2   n 4  − 4455  l 2   n 3  − 990  l 2   n 2  + 405  l 2  n + 54  l 2  + 19764 l  n 4  + 3690 l  n 3  −   3260 l  n 2  − 690 l n + 176 l + 11502  n 4  + 9585  n 3  + 1800  n 2  − 270 n − 72 )    



   S  z v   ( G )  =   n  60   ( − 1 )  k      ( 174   ( − 1 )  k  k − 195   ( − 1 )   k n   n − 45   ( − 1 )   3 n     ( − 1 )  k  + 348   ( − 1 )  k  l + 2070   ( − 1 )  k  n   − 810   ( − 1 )   k n    n 2  − 1215   ( − 1 )   k n    n 3  + 402   ( − 1 )  k  − 30   ( − 1 )  k   k 2  + 10   ( − 1 )  k   k 3  − 204   ( − 1 )  k   l 2  −   76   ( − 1 )  k   l 3  − 45   ( − 1 )  k    ( − 1 )  n  + 9120   ( − 1 )  k   n 2  + 29700   ( − 1 )  k   n 3  + 81648   ( − 1 )  k   n 4    + 87480   ( − 1 )  k   n 5  − 288   ( − 1 )  k  k l + 360   ( − 1 )  k  k n + 100   ( − 1 )  k  l n − 45   ( − 1 )   3 n     ( − 1 )  k   k 2    + 15   ( − 1 )   3 n     ( − 1 )  k   k 3  − 90   ( − 1 )   3 n     ( − 1 )  k   l 2  + 30   ( − 1 )   3 n     ( − 1 )  k   l 3  + 270   ( − 1 )   3 n     ( − 1 )  k   n 2    + 2025   ( − 1 )   3 n     ( − 1 )  k   n 3  + 195   ( − 1 )   k n     ( − 1 )  k  n + 810   ( − 1 )   k n   k  n 2  − 45   ( − 1 )   k n    k 2  n   + 405   ( − 1 )   k n    k  n 3  − 45   ( − 1 )   k n    k 3  n − 60   ( − 1 )   k n    l 2  n − 1620   ( − 1 )   k n   l  n 3  − 240   ( − 1 )  k  k  l 2    − 96   ( − 1 )  k   k 2  l + 45   ( − 1 )  k    ( − 1 )  n  k − 2760   ( − 1 )  k  k  n 2  + 120   ( − 1 )  k   k 2  n − 5870   ( − 1 )  k  k  n 3    + 120   ( − 1 )  k   k 3  n + 22476   ( − 1 )  k  k  n 4  + 10   ( − 1 )  k   k 4  n + 87480   ( − 1 )  k  k  n 5  + 90   ( − 1 )  k    ( − 1 )  n  l   − 7520   ( − 1 )  k  l  n 2  + 3240   ( − 1 )  k   l 2  n − 10120   ( − 1 )  k  l  n 3  + 120   ( − 1 )  k   l 3  n + 54672   ( − 1 )  k  l  n 4    + 174960   ( − 1 )  k  l  n 5  − 180   ( − 1 )  k    ( − 1 )  n  n + 810   ( − 1 )   k n     ( − 1 )  k   n 2  + 1215   ( − 1 )   k n     ( − 1 )  k   n 3    + 90   ( − 1 )   k n    k 2   n 2  + 675   ( − 1 )   k n    k 2   n 3  − 90   ( − 1 )   k n    k 3   n 2  + 135   ( − 1 )   k n    k 3   n 3  + 360   ( − 1 )   k n    l 2   n 2    − 540   ( − 1 )   k n    l 2   n 3  + 45   ( − 1 )   3 n     ( − 1 )  k  k − 45   ( − 1 )  k    ( − 1 )  n   k 2  − 440   ( − 1 )  k   k 2   n 2  + 15   ( − 1 )  k    ( − 1 )  n   k 3    + 950   ( − 1 )  k   k 2   n 3  − 520   ( − 1 )  k   k 3   n 2  − 8060   ( − 1 )  k   k 2   n 4  − 10   ( − 1 )  k   k 3   n 3  + 160   ( − 1 )  k   k 4   n 2    + 29160   ( − 1 )  k   k 2   n 5  − 540   ( − 1 )  k   k 3   n 4  − 630   ( − 1 )  k   k 4   n 3  + 3240   ( − 1 )  k   k 3   n 5  + 540   ( − 1 )  k   k 4   n 4    + 90   ( − 1 )   3 n     ( − 1 )  k  l − 90   ( − 1 )  k    ( − 1 )  n   l 2  + 440   ( − 1 )  k   l 2   n 2  + 30   ( − 1 )  k    ( − 1 )  n   l 3  − 8940   ( − 1 )  k   l 2   n 3  +  200   ( − 1 )  k   l 3   n 2  − 36896   ( − 1 )  k   l 2   n 4  + 7380   ( − 1 )  k   l 3   n 3  + 116640   ( − 1 )  k   l 2   n 5  − 24704   ( − 1 )  k   l 3   n 4  +  25920   ( − 1 )  k   l 3   n 5  − 180   ( − 1 )   3 n     ( − 1 )  k  n + 270   ( − 1 )  k    ( − 1 )  n   n 2  + 2025   ( − 1 )  k    ( − 1 )  n   n 3    + 285   ( − 1 )   k n   k n + 180   ( − 1 )   k n   l n + 80   ( − 1 )  k  k  l 2   n 2  − 1480   ( − 1 )  k   k 2  l  n 2  − 120   ( − 1 )  k   k 2   l 2  n   + 11720   ( − 1 )  k  k  l 2   n 3  + 4700   ( − 1 )  k   k 2  l  n 3  + 960   ( − 1 )  k   k 3  l  n 2  − 38000   ( − 1 )  k  k  l 2   n 4    − 13904   ( − 1 )  k   k 2  l  n 4  − 2520   ( − 1 )  k   k 3  l  n 3  + 38880   ( − 1 )  k  k  l 2   n 5  + 19440   ( − 1 )  k   k 2  l  n 5    + 2160   ( − 1 )  k   k 3  l  n 4  − 180   ( − 1 )   3 n     ( − 1 )  k  k n − 1170   ( − 1 )  k    ( − 1 )  n  k  n 2  + 30   ( − 1 )  k    ( − 1 )  n   k 2  n   + 675   ( − 1 )  k    ( − 1 )  n  k  n 3  − 60   ( − 1 )  k    ( − 1 )  n   k 3  n − 360   ( − 1 )   3 n     ( − 1 )  k  l n − 2340   ( − 1 )  k    ( − 1 )  n  l  n 2    + 570   ( − 1 )  k    ( − 1 )  n   l 2  n + 1350   ( − 1 )  k    ( − 1 )  n  l  n 3  − 330   ( − 1 )  k    ( − 1 )  n   l 3  n − 240   ( − 1 )   k n   k l n   − 90   ( − 1 )   k n     ( − 1 )  k   k 2   n 2  − 675   ( − 1 )   k n     ( − 1 )  k   k 2   n 3  + 90   ( − 1 )   k n     ( − 1 )  k   k 3   n 2  − 135   ( − 1 )   k n     ( − 1 )  k   k 3   n 3    − 360   ( − 1 )   k n     ( − 1 )  k   l 2   n 2  + 540   ( − 1 )   k n     ( − 1 )  k   l 2   n 3  + 3680   ( − 1 )  k  k l n + 960   ( − 1 )  k   k 2   l 2   n 2    − 2520   ( − 1 )  k   k 2   l 2   n 3  + 2160   ( − 1 )  k   k 2   l 2   n 4  − 1170   ( − 1 )   3 n     ( − 1 )  k  k  n 2  + 30   ( − 1 )   3 n     ( − 1 )  k   k 2  n +   675   ( − 1 )   3 n     ( − 1 )  k  k  n 3  − 60   ( − 1 )   3 n     ( − 1 )  k   k 3  n − 150   ( − 1 )  k    ( − 1 )  n   k 2   n 2  − 225   ( − 1 )  k    ( − 1 )  n   k 2   n 3  +   90   ( − 1 )  k    ( − 1 )  n   k 3   n 2  − 75   ( − 1 )  k    ( − 1 )  n   k 3   n 3  − 2340   ( − 1 )   3 n     ( − 1 )  k  l  n 2  + 570   ( − 1 )   3 n     ( − 1 )  k   l 2  n +   1350   ( − 1 )   3 n     ( − 1 )  k  l  n 3  − 330   ( − 1 )   3 n     ( − 1 )  k   l 3  n − 240   ( − 1 )  k    ( − 1 )  n   l 2   n 2  − 900   ( − 1 )  k    ( − 1 )  n   l 2   n 3  +  960   ( − 1 )  k    ( − 1 )  n   l 3   n 2  − 600   ( − 1 )  k    ( − 1 )  n   l 3   n 3  − 285   ( − 1 )   k n     ( − 1 )  k  k n − 180   ( − 1 )   k n     ( − 1 )  k  l n +   360   ( − 1 )   k n   k l  n 2  + 60   ( − 1 )   k n   k  l 2  n + 60   ( − 1 )   k n    k 2  l n + 1080   ( − 1 )   k n   k l  n 3  + 800   ( − 1 )  k  k l  n 2  +   520   ( − 1 )  k  k  l 2  n + 700   ( − 1 )  k   k 2  l n − 8720   ( − 1 )  k  k l  n 3  − 120   ( − 1 )  k   k 3  l n − 41552   ( − 1 )  k  k l  n 4  +   116640   ( − 1 )  k  k l  n 5  − 180   ( − 1 )  k    ( − 1 )  n  k n − 360   ( − 1 )  k    ( − 1 )  n  l n − 150   ( − 1 )   3 n     ( − 1 )  k   k 2   n 2  −   225   ( − 1 )   3 n     ( − 1 )  k   k 2   n 3  + 90   ( − 1 )   3 n     ( − 1 )  k   k 3   n 2  − 75   ( − 1 )   3 n     ( − 1 )  k   k 3   n 3  − 240   ( − 1 )   3 n     ( − 1 )  k   l 2   n 2  −  900   ( − 1 )   3 n     ( − 1 )  k   l 2   n 3  + 960   ( − 1 )   3 n     ( − 1 )  k   l 3   n 2  − 600   ( − 1 )   3 n     ( − 1 )  k   l 3   n 3  − 810   ( − 1 )   k n     ( − 1 )  k  k  n 2  +  45   ( − 1 )   k n     ( − 1 )  k   k 2  n − 405   ( − 1 )   k n     ( − 1 )  k  k  n 3  + 45   ( − 1 )   k n     ( − 1 )  k   k 3  n + 60   ( − 1 )   k n     ( − 1 )  k   l 2  n −   360   ( − 1 )   k n   k  l 2   n 2  + 1620   ( − 1 )   k n     ( − 1 )  k  l  n 3  − 360   ( − 1 )   k n    k 2  l  n 2  + 540   ( − 1 )   k n   k  l 2   n 3  +   540   ( − 1 )   k n    k 2  l  n 3  + 240   ( − 1 )   k n     ( − 1 )  k  k l n + 1020   ( − 1 )  k    ( − 1 )  n  k l n + 1680   ( − 1 )   3 n     ( − 1 )  k  k  l 2   n 2  +   780   ( − 1 )   3 n     ( − 1 )  k   k 2  l  n 2  − 900   ( − 1 )   3 n     ( − 1 )  k  k  l 2   n 3  − 450   ( − 1 )   3 n     ( − 1 )  k   k 2  l  n 3  −   360   ( − 1 )   k n     ( − 1 )  k  k l  n 2  − 60   ( − 1 )   k n     ( − 1 )  k  k  l 2  n − 60   ( − 1 )   k n     ( − 1 )  k   k 2  l n − 1080   ( − 1 )   k n     ( − 1 )  k  k l  n 3  +  1020   ( − 1 )   3 n     ( − 1 )  k  k l n + 120   ( − 1 )  k    ( − 1 )  n  k l  n 2  − 300   ( − 1 )  k    ( − 1 )  n  k  l 2  n − 210   ( − 1 )  k    ( − 1 )  n   k 2  l n −  900   ( − 1 )  k    ( − 1 )  n  k l  n 3  + 360   ( − 1 )   k n     ( − 1 )  k  k  l 2   n 2  + 360   ( − 1 )   k n     ( − 1 )  k   k 2  l  n 2  −   540   ( − 1 )   k n     ( − 1 )  k  k  l 2   n 3  − 540   ( − 1 )   k n     ( − 1 )  k   k 2  l  n 3  + 120   ( − 1 )   3 n     ( − 1 )  k  k l  n 2  −   300   ( − 1 )   3 n     ( − 1 )  k  k  l 2  n − 210   ( − 1 )   3 n     ( − 1 )  k   k 2  l n − 900   ( − 1 )   3 n     ( − 1 )  k  k l  n 3  +   1680   ( − 1 )  k    ( − 1 )  n  k  l 2   n 2  + 780   ( − 1 )  k    ( − 1 )  n   k 2  l  n 2  − 900   ( − 1 )  k    ( − 1 )  n  k  l 2   n 3  −   450   ( − 1 )  k    ( − 1 )  n   k 2  l  n 3   )    



   P  I v   ( G )  =   n  2   ( − 1 )  k      ( 9 n − 2 l − k + 3 k n + 6 l n + 3 )   ( 3   ( − 1 )   3 n     ( − 1 )  k  +   ( − 1 )   k n   k − 4   ( − 1 )  k  l   + 12   ( − 1 )  k  n −   ( − 1 )   k n   +   ( − 1 )   k n     ( − 1 )  k  + 6   ( − 1 )  k  − 2   ( − 1 )  k   k 2  + 3   ( − 1 )  k    ( − 1 )  n  + 108   ( − 1 )  k   n 2  −  16   ( − 1 )  k  k n − 24   ( − 1 )  k  l n −   ( − 1 )   k n     ( − 1 )  k  k −   ( − 1 )  k    ( − 1 )  n  k + 36   ( − 1 )  k  k  n 2  + 4   ( − 1 )  k   k 2  n −   2   ( − 1 )  k    ( − 1 )  n  l + 72   ( − 1 )  k  l  n 2  −   ( − 1 )   3 n     ( − 1 )  k  k − 2   ( − 1 )   3 n     ( − 1 )  k  l )    



  M  o v   ( G )  =   1 2    ( 2  k 2  n − 4 k n − 8 l n −  k 2  − 2  l 2  − 2   ( − 1 )  n  k − 80 k  n 2  − 72 k  n 3  + 324 k  n 4  − 4   ( − 1 )  n  l −  160 l  n 2  + 12  l 2  n − 144 l  n 3  + 648 l  n 4  + 24   ( − 1 )  n  n + 3   ( − 1 )  n  + 12  n 2  + 84  n 3  + 486  n 4    + 2 k +   ( − 1 )  n   k 2  − 32  k 2   n 2  − 4  k 2   n 3  + 54  k 2   n 4  + 4 l − 8   ( − 1 )  l   n 2  + 2   ( − 1 )  n   l 2  + 16   ( − 1 )  l   n 3  − 84  l 2   n 2    − 88  l 2   n 3  + 216  l 2   n 4  − 36 n + 36   ( − 1 )  n   n 2  − 40 k l  n 2  − 160 k l  n 3  + 216 k l  n 4  − 4   ( − 1 )  n  k n −   8   ( − 1 )  n  l n − 4   ( − 1 )  n   l 2  n + 16 k l n − 16   ( − 1 )  l   k 2   n 2  + 32   ( − 1 )  l   k 2   n 3  + 2  k 2  n − 4   ( − 1 )  n   k 2   n 2  + 8  l 2  n −   16   ( − 1 )  n   l 2   n 2  − 8   ( − 1 )  n  k l n + 8 k l n − 16   ( − 1 )  n  k l  n 2  )   − 3 )   .





Proof. 

Let G be a molecular sieve hexagonal mesh   m S H L ( n , l , k )  . Here the total number of vertices of G is denoted   M = 6 n − 2 k n − 4 l n + 6 k  n 2  + 12 l  n 2  + 18  n 2    and the total number of edges of G is denoted   N =  n 2   ( 9 k + 27 )  − l  ( − 18  n 2  + 6 n )  − n  ( 3 k − 3 )   . The graph G that may be isometrically embedded into a hypercube is called a partial cube. Bipartite graphs with transitive Djoković–Winkler relation  Θ  or cut method can be used to describe partial cubes. Let   Θ *  -class be the transitive closure of the Djoković–Winkler relation  Θ .



Throughout this paper, we discussed two types of   Θ *  -classes   F  m i    and   F  m i  *   on G, where   1 ≤ m ≤ 3   are depicted in Figure 3. We show different directions of   Θ *  -classes   D d ( T h )   on   m S H L ( 2 , 1 , 1 )   in Figure 4. By applying   D d ( T h )   on G, G is converted to quotient graphs Q, which is a complete bipartite graph   K 2   (see Figure 5). Let    a j   b j  ∈  K 2    and let   h ( i )   denotes the number of cut edges in G. To complete the analytical computation by using all mentioned   Θ *  -classes (see Figure 4), we now divide the   Θ *  -classes of G into two cases.



Case (i):   F  m i    on G;   {  F  m i   | 1 ≤ m ≤ 3 }  ,    {  F  m i   | 1 ≤ i ≤ n − 1 }  ,  {  F  m i   | n ≤ i ≤ 3 n }   .



For   1 ≤ j ≤ 4  ,   1 ≤ i ≤ 4  , the vertex-weighted   a j  ,   b j   and the strength-weighted   h ( i )   values on vertices of Q are defined below:



    a 1  =  ( k + 2 l + 3 )   i 2  +  ( 2 − l − k )  i   



    a 2  = i  ( n  ( 2 k + 6 )  + l  ( 4 n − 1 )  + 1 )  − n  ( k − 1 )  − 2 l  n 2  −  n 2   ( k + 3 )    



    a 3  =  ( k + 2 l + 3 )   i 2  +  ( 2 − 2 l )  i   



    a 4  = i  ( 4 l n − k + n  ( 2 k + 6 )  + 1 )  − l  ( 2  n 2  + 2 n )  + n  ( k + 1 )  −  n 2   ( k + 3 )    



   b j  = M −  a j   , where   1 ≤ j ≤ 4  .



   h ( 1 ) = l i + 3 i            h  ( 2 )  =    (   ( − 1 )  i  + 1 )  2    ( 3 n − l + l n + 1 )  −    (   ( − 1 )  i  − 1 )  2    ( 3 n + l n )    



   h ( 3 ) = k i + 3 i            h  ( 4 )  =    (   ( − 1 )  i  + 1 )  2    ( 3 n − k + k n + 1 )  −    (   ( − 1 )  i  − 1 )  2    ( 3 n + k n )    



Case (ii):   F  m i  *   on G;   {  F  m i  *  | 1 ≤ m ≤ 3 }  ,    {  F  m i  *  | 1 ≤ j ≤ n − 1 ,  ( j − 1 )  l + 1 ≤ i ≤ j l }  ,  {  F  m i  *  | n l − l + 1 ≤ i ≤ n l }   ,   {  F  m i  *  | 1 ≤ j ≤ n − 1 ,  ( j − 1 )  k + 1 ≤ i ≤ j k }   and   {  F  m i  *  | n k − k + 1 ≤ i ≤ n k }  



For   5 ≤ j ≤ 8  ,   5 ≤ i ≤ 6  , the vertex-weighted   a j  ,   b j   and strength-weighted   h ( i )   values on vertices of Q are defined below:



    a 5  = l  ( 2  j 2  − 2 j + n  ( 4 j − 2 )  )  −  ( 2 j + 2 n )   ( l  ( j − 1 )  − i + 1 )  + n  ( j  ( 2 k + 6 )  + 2 )  −  j  ( k − 3 )  +  j 2   ( k + 3 )    



    a 6  =  n 2   ( 3 k + 9 )  − l  ( − 6  n 2  + 4 n )  − n  ( k − 5 )  + n  ( 4 i + 4 l − 4 l n − 4 )    



    a 7  = n  ( j  ( 4 l + 6 )  + 2 )  −  ( 2 j + 2 n )   ( k  ( j − 1 )  − i + 1 )  +  j 2   ( 2 l + 3 )  + k  (  j 2  − j +  n  ( 2 j − 2 )  )  − j  ( 2 l − 3 )    



    a 8  =  n 2   ( 6 l + 9 )  − k  ( − 3  n 2  + 3 n )  + n  ( 4 i + 4 k − 4 k n − 4 )  − n  ( 2 l − 5 )    



   b j  = M −  a j    where   5 ≤ j ≤ 8  



   h ( 5 ) = 2 n + 2 j            h ( 6 ) = 4 n   



By symmetry, we have    F  m  i +    =  F  m  i −      and    F  m  i +   *  =  F  m  i −   *   , and   1 ≤ m ≤ 3   (see Figure 4). Define,



    ( X  ( G )  , ∘ )  = 2  ∑  i = 1   n − 1   2 h  ( 1 )   (  a 1  ∘  b 1  )  + h  ( 3 )   (  a 3  ∘  b 3  )  +  ∑  i = n   3 n   2 h  ( 2 )   (  a 2  ∘  b 2  )  + h  ( 4 )   (  a 4  ∘  b 4  )  +  2  2  ∑  j = 1   n − 1    ∑  i = ( j − 1 ) l + 1   j l   h  ( 5 )   (  a 5  ∘  b 5  )  +   ∑  i = l n − l + 1   l n   h  ( 6 )   (  a 6  ∘  b 6  )   + 2  ∑  j = 1   n − 1    ∑  i = ( j − 1 ) k + 1   j k   h  ( 5 )   (  a 7  ∘  b 7  )    +  ∑  i = k n − k + 1   k n   h  ( 6 )   (  a 8  ∘  b 8  )    , where    ( X , ∘ )  =  (  W v  , × )  ,  ( S  z v  , × )  ,  ( P  I v  , + )    and when    ( X , ∘ )  =  (  W v  , × )   ,   h ( i ) = 1  , for   1 ≤ i ≤ 6  .



   Y  ( G )  = 2  ∑  i = 1   n − 1   2 h  ( 1 )   (  b 1  −  a 1  )  + h  ( 3 )   (  b 3  −  a 3  )  +  ∑  i = n   2 n − 1   2 h  ( 2 )   (  b 2  −  a 2  )  + h  ( 4 )   (  b 4  −  a 4  )  +  2  2  ∑  j = 1   n − 1    ∑  i = ( j − 1 ) l + 1   j l   h  ( 5 )   (  b 5  −  a 5  )  +  ∑  i =  1 2   ( n − l + l n + 1 )     1 2   ( n )   ( l + 1 )    h  ( 6 )   (  b 6  −  a 6  )  +  ∑  i =  1 2   ( l n − l + 2 )     l n  2   h  ( 6 )   (  b 6  −  a 6  )     + 2  ∑  j = 1   n − 1    ∑  i = ( j − 1 ) k + 1   j k   h  ( 5 )   (  b 7  −  a 7  )  +  ∑  i =  1 2   ( n − k + k n + 1 )     1 2   ( n )   ( k + 1 )    h  ( 6 )   (  b 8  −  a 8  )  +  ∑  i =  1 2   ( k n − k + 2 )     k n  2   h  ( 6 )   (  b 8  −  a 8  )    .



Further, an analytical computation of   ( X ( G ) , ∘ )   and   Y ( G )   yields the results of Theorem 1. □






3.2. Vertex Degree-Based Topological Indices


In this section, we implement degree-based molecular descriptors of G. Let G be broken into three different edge sets using the methodology of edge set partition (ESP) of molecular descriptors. For clarity, the ESPs of   m S H L ( 2 , 1 , 1 )   are shown in Figure 6.



The ESPs of G are    | e s p  ( 2 , 2 )  |  = 6 n ,  | e s p  ( 2 , 3 )  |  = 12 n ,  | e s p  ( 3 , 3 )  |  =  (  ( 18  n 2  − 6 n )  l +  ( 9 k + 27 )   n 2  −  ( 3 k + 15 )  n )   .



The degree-based molecular descriptors [52,53,54,55,56,57,58,59] presented in Table 2 will help chemists to find the closure values of physiochemical properties by using statistical correlation.



We obtain the expressions of degree-based molecular descriptors from Table 2 using the above edge set partitions.



Theorem 2.

Let G be a molecular sieve hexagonal mesh   m S H L ( n , l , k )  . Then



    M 1   ( G )  = 6 n  ( 27 n − 6 l − 3 k + 9 k n + 18 l n − − 1 )    



    M 2   ( G )  = 3 n  ( 81 n − 18 l − 9 k + 27 k n + 54 l n − − 13 )    



   R  M 2   ( G )  = 6 n  ( 18 n − 4 l − 2 k + 6 k n + 12 l n − − 5 )    



   H M ( G ) = 36 n ( 27 n − 6 l − 3 k + 9 k n + 18 l n − − 4 )   



   A Z  ( G )  =    9 n  64    ( 2187 n − 486 l − 243 k + 729 k n + 1458 l n − 191 )    



   R  ( G )  = n  ( 9 n − 2 l − k + 3 k n + 6 l n +  26  1 2   − 2 )    



   R R  ( G )  = 3 n  ( 27 n − 6 l − 3 k + 9 k n + 18 l n +  46  1 2   − 11 )    



   R R R  ( G )  = 6 n − 2 l  ( − 18  n 2  + 6 n )  + 12  (  2  1 2   )  n + 2  n 2   ( 9 k + 27 )  − 2 n  ( 3 k + 15 )    



   H  ( G )  =   n 3    ( 18 n − 4 l − 2 k + 6 k n + 12 l n + 11 )    



  S C  ( G )  = n  ( 9 n − 2 l − k + 3 k n + 6 l n +  26  1 2   − 2 )   .






3.3. Degree-Based Entropy


In this section, we present the numerical analysis and the entropy stability of the given molecular descriptors in Table 2. Further, the section provides instructions on calculating entropy values according to Shannon’s method by constructing a probability function from degree-based topological indices. We used Shannon’s model to calculate probabilistic entropy because it is the most widely used method [55,59,60,61,62]. Using that topological index, the entropy K is calculated as follows:


   E k   ( G )  = l o g  ( K  ( G )  )  −  1  K ( G )     ∑  u v ∈ E ( G )    ( f  ( e )  l o g  ( f  ( e )  )  )    











By using    M 1   ( G )    to calculate the entropy value for G, the calculation procedure is illustrated.



First Zagreb entropy for   m S H L ( n , l , k )  


      E  M 1   ( G )  = log  ( 6 n  ( 27 n − 6 l − 3 k + 9 k n + 18 l n − 1 )  )        −    ( 6 n ) ( 2 + 2 ) log ( 2 + 2 ) + ( 12 n ) ( 2 + 3 ) log ( 2 + 3 )   6 n ( 27 n − 6 l − 3 k + 9 k n + 18 l n − 1 )          +     (  ( 18  n 2  − 6 n )  l +  ( 9 k + 27 )   n 2  −  ( 3 k + 15 )  n )   ( 3 + 3 )  log  ( 3 + 3 )    6 n ( 27 n − 6 l − 3 k + 9 k n + 18 l n − 1 )          = log  ( 6 n  ( 9 k n + 18 l n − 3 k − 6 l + 27 n − 1 )  )  −    48 n log ( 2 ) + 60 n log ( 5 )   6 n ( 9 k n + 18 l n − 3 k − 6 l + 27 n − 1 )          +    6  (  ( 18  n 2  − 6 n )  l +  ( 9 k + 27 )   n 2  −  ( 3 k + 15 )  n )  log  ( 6 )    6 n ( 9 k n + 18 l n − 3 k − 6 l + 27 n − 1 )         











After simplifying this, we obtain


     E  M 1   ( G )  =     (  ( 9 k + 18 l + 27 )  n − 3 k − 6 l − 1 )  log ( 9  (  ( k + 2 l + 3 )  n −   k 3   −    2 l  3   −   1 9   )  n )   ( 9 k + 18 l + 27 ) n − 3 k − 6 l − 1           +    6 log ( 2 ) + 14 log ( 3 ) − 10 log ( 5 )   ( 9 k + 18 l + 27 ) n − 3 k − 6 l − 1        











However, concerning each topological index, its method and 3D plot of entropy (see Figure 7), as mentioned above, can generate any degree-based entropy expressions.




3.4. Numerical Results


The numerical values of distance- and degree-based molecular descriptors utilizing entropy measures generated for G are given in Table 3 and Table 4 with the values of the variables n, l and k ranging from 1 to 10.



These values were plotted using the Origin 2020b for a graphical comparison (see Figure 8, Figure 9 and Figure 10) of the computed topological descriptors below. The three-dimensional plots proved a comparison to the behavior of degree-based indices of G.




3.5. Statistical Correlation


All numerical values of molecular descriptors are approaches to the entropy properties of G (see Table 5). The correlation (r) gauge chart shows how strongly two quantitative variables are correlated. Pearson’s correlation coefficient (r) is defined as follows.


  r =    ∑  (  t i  −  t −  )   (  s i  −  s −  )     ∑   (  t i  −  t −  )  2  ∑   (  s i  −  s −  )  2      .  








where   r =   correlation coefficient,



   t i  =   values of the t-variable in a sample;



   t −  =   mean the values of the t-variable;



   s i  =   values of the s-variable in a sample;



   s −  =   mean the values of the s-variable.



We have shown the correlation   ( r )   between degree-based descriptors (A) and degree entropy values (B) below in Table 6 and the correlation between A and B is denoted as   A ∼ B  .



The results show that vertex-based indices of this study have perfect linear relationships. As a result, all the indices mentioned in this study are extremely useful in determining the topological properties of   m S H L ( n , l , k )  . As a result, the Randić index has a perfect linear relationship index for   m S H L ( n , l , k )  . The effect of this paper, based on applications and properties, is beneficial in obtaining the scientific results of aluminophosphate structure for future studies.





4. Conclusions


This study computed synthetic structural descriptors for aluminophosphate-based molecular sieve structure   m S H L ( n , l , k )   using cut methods for vertex and edge-weighted molecular graphs. Entropy calculations for degree-based descriptors and linear correlation calculations for   m S H L ( n , l , k )   were carried out. Topological methods can also obtain quantitative data for phase transitions and other material alterations caused by chemical interactions, contaminants and heavy metal ions. The graphical presentation of this work, the linear correlation and the numerical comparison of the computed results will be helpful to theoretical chemists. This computational study is extremely useful in determining specific applications, such as the topological properties of the aluminophosphate structure. Further analyzing this study, we hope our results will support researchers in predicting the NMR pattern for NMR signal processing. Moreover, it helps investigators to obtain new ideas in hypothetical and investigational NMR Spectroscopy [63,64,65].
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Figure 1. Aluminophosphate-based molecular sieve structures. 
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Figure 2. Aluminophosphate-based molecular sieve structure growth   m S H L ( n , l , k )  . 
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Figure 3. Two types of   Θ *  -class   F  f i    and   F  f i  *  . 
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Figure 4. Different directions of   Θ *  -classes. 
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Figure 5. Quotient graph Q. 
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Figure 6. Edge set partitions (ESPs). 
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Figure 7. Three-dimensional plot of   E  M 1   . 
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Figure 8. Comparison of graphical representation of distance-based molecular descriptors. 
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Figure 9. Comparison of graphical representation of degree-based molecular descriptors. 
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Figure 10. Comparison of entropy measures for G. 
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Table 1. Vertex version of distance-based molecular descriptors.
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	        Molecular Descriptors        
	        Mathematical Formula        





	Wiener Index [16]
	    W  I v   ( G )  =  ∑  { u , v } ⊆ V ( G )   d  ( u , v )     



	Vertex–Szeged Index [9]
	    S  z v   ( G )  =  ∑  e = u v ∈ E ( G )    n u   ( e )   n v   ( e )     



	Vertex–Padmakar–Ivan Index [11]
	    P  I v   ( G )  =  ∑  e = u v ∈ E ( G )    n u   ( e )  +  n v   ( e )     



	Vertex–Mostar Index [45]
	    M  o v   ( G )  =  ∑  e = u v ∈ E ( G )    |  n u   ( e )  −  n v   ( e )  |     
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Table 2. Different types of vertex versions of degree-based molecular descriptors.
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	        Molecular Descriptors        
	        Mathematical Formula        





	First Zagreb Index
	   M 1   ( G )   =   ∑  u v ∈ E ( G )      [  d u  +  d v  ]  



	Second Zagreb Index
	     M 2   ( G )  =  ∑  u v ∈ E ( G )      [  d u  ×  d v  ]     



	Reduced Second Zagreb Index
	    R  M 2   ( G )  =  ∑  u v ∈ E ( G )       [   (  d u  − 1 )   (  d v  − 1 )   ]     



	Hyper Zagreb Index
	    H M  ( G )  =  ∑  u v ∈ E ( G )        [  d u  +  d v  ]  2     



	Augmented Zagreb Index
	    A Z  ( G )  =  ∑  u v ∈ E ( G )        [     d u  ×  d v     d u  +  d v  − 2    ]  3     



	Randić Index
	    R  ( G )  =  ∑  u v ∈ E ( G )       [   1    d u   d v      ]     



	Reciprocal Randić Index
	    R R  ( G )  =  ∑  u v ∈ E ( G )       [    d u   d v    ]     



	Reduced Reciprocal Randić Index
	    R R R  ( G )  =  ∑  u v ∈ E ( G )       [    (  d u  − 1 )   (  d v  − 1 )    ]     



	Harmonic Index
	    H  ( G )  =  ∑  u v ∈ E ( G )       [   2   d u  +  d v     ]     



	Sum Connectivity Index
	    S C  ( G )  =  ∑  u v ∈ E ( G )        1    d u  +  d v         
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Table 3. Numerical values for distance-based molecular descriptors.
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	    ( n , l , k )    
	    ( 1 , 1 , 1 )    
	    ( 2 , 2 , 2 )    
	    ( 3 , 3 , 3 )    
	    ( 4 , 4 , 4 )    
	    ( 5 , 5 , 5 )    



	   W  I v   ( G )    
	3024
	270,000
	4,668,072
	37,920,768
	198,934,944



	   S  z v   ( G )    
	12,096
	2,180,550
	59,575,584
	665,112,240
	4,487,610,096



	   P  I v   ( G )    
	1728
	59,976
	560,592
	2,819,448
	10,144,560



	   M  o v   ( G )    
	576
	27,684
	265,776
	1,385,064
	4,916,352



	   ( n , l , k )   
	   ( 6 , 6 , 6 )   
	   ( 7 , 7 , 7 )   
	   ( 8 , 8 , 8 )   
	   ( 9 , 9 , 9 )   
	   ( 10 , 10 , 10 )   



	   W  I v   ( G )    
	784,272,816
	2,527,739,928
	7,013,962,368
	17,335,729,008
	39,076,777,008



	   S  z v   ( G )    
	21,585,912,126
	82,522,470,576
	264,389,591,088
	743,053,567,968
	1,873,931,558,022



	   P  I v   ( G )    
	28,958,688
	71,033,760
	154,482,768
	308,200,032
	571,213,080



	   M  o v   ( G )    
	14,290,380
	34,549,680
	76,122,576
	149,955,648
	280,858,740
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Table 4. Numerical values for degree-based molecular descriptors.
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	    ( n , l , k )    
	    ( 1 , 1 , 1 )    
	    ( 2 , 2 , 2 )    
	    ( 3 , 3 , 3 )    
	    ( 4 , 4 , 4 )    
	    ( 5 , 5 , 5 )    



	    M 1   ( G )    
	264
	1716
	5328
	12,072
	22,920



	    M 2   ( G )    
	366
	2514
	7902
	17,988
	34,230



	   R  M 2   ( G )    
	150
	1092
	3474
	7944
	15,150



	   H M ( G )   
	1476
	10,080
	31,644
	72,000
	136,980



	   A Z ( G )   
	485.71875
	3226.78125
	10,068.46875
	22,856.0625
	43,434.84375



	   R ( G )   
	17.899
	101.798
	305.6969
	683.5959
	1290



	   R R ( G )   
	131.3939
	856.7878
	2662
	6034
	11,457



	   R R R ( G )   
	82.9706
	561.9411
	1761
	4004
	7615



	   H ( G )   
	13.66666667
	71.33333333
	209
	462.6666667
	868.3333333



	   S C ( G )   
	17.899
	101.798
	305.6969
	683.5959
	1290



	   ( n , l , k )   
	   ( 6 , 6 , 6 )   
	   ( 7 , 7 , 7 )   
	   ( 8 , 8 , 8 )   
	   ( 9 , 9 , 9 )   
	   ( 10 , 10 , 10 )   



	    M 1   ( G )    
	38,844
	60,816
	89,808
	126,792
	172,740



	    M 2   ( G )    
	58,086
	91,014
	134,472
	189,918
	258,810



	   R  M 2   ( G )    
	25,740
	40,362
	59,664
	84,294
	114,900



	   H M ( G )   
	232,416
	364,140
	537,984
	759,780
	1,035,360



	   A Z ( G )   
	73,650.09375
	115,347.0938
	170,371.125
	240,567.4688
	327,781.4063



	   R ( G )   
	2177
	3401
	5015
	7073
	9629



	   R R ( G )   
	19,418
	30,404
	44,899
	63,391
	86,364



	   R R R ( G )   
	12,918
	20,237
	29,896
	42,219
	57,530



	   H ( G )   
	1462
	2279.666667
	3357.333333
	4731
	6436.666667



	   S C ( G )   
	2177
	3401
	5015
	7073
	9629
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Table 5. Numerical values for degree-based entropies.
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	    ( n , l , k )    
	    ( 1 , 1 , 1 )    
	    ( 2 , 2 , 2 )    
	    ( 3 , 3 , 3 )    
	    ( 4 , 4 , 4 )    
	    ( 5 , 5 , 5 )    
	    ( 6 , 6 , 6 )    
	    ( 7 , 7 , 7 )    
	    ( 8 , 8 , 8 )    
	    ( 9 , 9 , 9 )    
	    ( 10 , 10 , 10 )    





	   E  M 1   ( G )    
	3.8625
	5.6801
	6.8006
	7.6137
	8.2525
	8.7787
	9.2262
	9.6155
	9.96
	10.269



	   E  M 2   ( G )    
	3.8383
	5.6711
	6.7961
	7.6111
	8.2507
	8.7775
	9.2253
	9.6148
	9.9594
	10.2685



	   E R  M 2   ( G )    
	3.7907
	5.6552
	6.7883
	7.6064
	8.2477
	8.7753
	9.2237
	9.6135
	9.9584
	10.2677



	   E H M ( G )   
	3.8404
	5.6719
	6.7965
	7.6113
	8.2509
	8.7776
	9.2254
	9.6148
	9.9595
	10.2685



	   E A Z ( G )   
	3.8576
	5.678
	6.7995
	7.6131
	8.2521
	8.7784
	9.226
	9.6153
	9.9599
	10.2689



	   E R ( G )   
	3.8599
	5.6782
	6.7995
	7.6131
	8.2521
	8.7784
	9.226
	9.6153
	9.9599
	10.268



	   E R R ( G )   
	3.862
	5.6798
	6.8005
	7.6137
	8.2525
	8.7787
	9.2262
	9.6155
	9.96
	10.269



	   E H ( G )   
	3.8928
	5.7735
	6.9177
	7.7412
	8.3854
	8.9147
	9.3642
	9.7548
	10.1002
	10.4098



	   E S C ( G )   
	3.8552
	5.6756
	6.7976
	7.6113
	8.2504
	8.7769
	9.2245
	9.6138
	9.9584
	10.2674
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Table 6. Statistical Correlation (r) between degree-based molecular descriptors and degree-based entropy values.
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	    ( n , l , k )    
	     M 1  ∼  EM 1     
	     M 2  ∼  EM 2     
	     RM 2  ∼  ERM 2     
	    HM ∼ EHM    
	    AZ ∼ EAZ    





	  r  
	0.800895321
	0.799930694
	0.798222338
	0.800014703
	0.800664403



	   ( n , l , k )   
	   R ∼ E R   
	   R R ∼ E R R   
	   R R R ∼ E R R R   
	   H ∼ E H   
	   S C ∼ E S C   



	  r  
	0.822763752
	0.80086312
	0.800240768
	0.798861487
	0.801363561
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