. mathematics

Article

Explicit Properties of Apostol-Type Frobenius—Euler
Polynomials Involving g-Trigonometric Functions with
Applications in Computer Modeling

Yongsheng Rao 110, Waseem Ahmad Khan >*{, Serkan Araci *

check for
updates

Citation: Rao, Y.; Khan, W.A.; Araci,
S.; Ryoo, C.S. Explicit Properties of
Apostol-Type Frobenius—Euler
Polynomials Involving
g-Trigonometric Functions with
Applications in Computer Modeling.
Mathematics 2023, 11, 2386. https://
doi.org/10.3390/math11102386

Academic Editor: Sitnik Sergey

Received: 4 May 2023
Revised: 17 May 2023
Accepted: 18 May 2023
Published: 20 May 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Cheon Seoung Ryoo *

Institute of Computing Science and Technology, Guangzhou University, Guangzhou 510006, China;
rysheng@gzhu.edu.cn

Department of Mathematics and Natural Sciences, Prince Mohammad Bin Fahd University, P.O. Box 1664,
Al Khobar 31952, Saudi Arabia

Department of Basic Sciences, Faculty of Engineering, Hasan Kalyoncu University,

TR-27010 Gaziantep, Turkey

Department of Mathematics, Hannam University, Daejeon 34430, Republic of Korea; ryoocs@hnu.kr

*  Correspondence: wkhanl@pmu.edu.sa (W.A.K.); serkan.araci@hku.edu.tr (S.A.)
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expansions of g-trigonometric functions, properties of g-exponential functions, and g-analogues of
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1. Introduction

Recently, many authors have considered and applied the generating functions tech-
niques to new families of special polynomials, including two parametric kinds of polyno-
mials, such as Bernoulli, Euler, Genocchi, etc. (see [1-10]). They have firstly derived the
basic identities of these polynomials. Additionally, they have established more identities
and relations among trigonometric functions, using two parametric kinds of polynomi-
als by using generating functions. By applying the partial derivative operator to these
generating functions, derivative formulae, and finite combinatorial sums involving the
special polynomials and numbers are obtained. We would like to note that these special
polynomials facilitate the derivation of various helpful properties in a fairly straightfor-
ward way and lead to introducing new families of special polynomials. The Apostol-type
polynomials appear in combinatorial mathematics and play an important role in theory,
generalization, applications and modeling; thus, many number theorists and combinatorics
experts have extensively investigated their properties and obtained a series of interesting
results (see [5,8,9,11-13]). Inspired by the above polynomials, in this study, we are in a
position to state the parametric kinds of Apostol-type Frobenius-type Euler polynomials by
introducing the two specific g-analogues of exponential generating functions. Additionally,
we prove many formulas and relations for these polynomials, including some implicit
summation formulas, differentiation rules and correlations with the earlier polynomials by
utilizing some series manipulation methods. Additionally, as an application, we show the
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zero values of g-Apostol-type Frobenius-type Euler polynomials using tables and draw

some graphical representations.
We begin by stating the following definitions and notations of g-calculus reviewed

here, which are taken from (see [14]):
A g-analogue of the shifted factorial (a), is given by
n—1
(@q)o=1,(a;9)n = [[(1—q"a),neN.

m=0

A g-analogue of a complex number a2 and of the factorial function are given by

=T, (eC\ {12 €0),

gt = [T nly = (g2l by = 200 £ im €,

0;!=19€C0<|[qg|<1

The Gauss g-binomial coefficient ( Z > is given by
q

L S ) L (1)) o
( ¢ >q " Wtk @

The g-analogue of the function (x + y)j is given by

n

u+w$—2<2)qw*ww*fmeNo (1)
k=0 q

The g-analogues of exponential functions are given by

= = ,0 < <1L|x|<|1- , D)
E%M¢ (A gug ) <lal<blxi</1-q] (2)

Vl

(—(1—-9)x9)0,0<|g|< Lx € C. (3)

These two functions are related by the equation (see [14])
eq(x)Eq(—x) = 1.
A g-derivative operator of a function is defined by

f(qz>_f(z)’0<|q |<1,

qz —z

Dy2f(z) := Dyf(2) =
and D, f(0) = f'(0) provided that f is differentiable at x = 0.
A g-derivative fulfills the following product and quotient rules
Dz (f(2)8(2)) = f(2)Dg8(2) +8(q2) Dy 2 f (2), (5)

f(z) g(qZ)Dq,Zf(Z) - f(qZ)Dq,zg(Z)
[)(ﬂ@) 3(2)3(42) ' (6)
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The Apostol-type g-Bernoulli polynomials B% (x;A) of order a, the Apostol-type

g-Euler polynomials IE,(f‘,; (x;A) of order a and the Apostol-type g-Genocchi polynomials

G%) (x; A) of order « are defined by (see [15,16]):

_t ¢ xt _ = a) . t"
(Aeq(t) —1) ¢ 771;()183"#(9(’)‘) [n]q!’ (7)
# ¢ xt _ oo a), . "
</\eq(t) + 1) e = r;)E"r‘I (x’)‘) [n]q!’ (8)
L ‘ Xt _ = a) /. "
(i) ' = B oMM ©)

respectively.
Clearly, we can obtain
Bl (A) = Bl (0A), Bii (1) = B (0;4), G (A) = Giig (0:A),

and
B (x:4) = Bug(A), ES) (1) = B (154), GUa (354) = Gg(x; 7).

Letu € Cwith u # 1 and ¢ € R. The Apostol-type g-Frobenius—Euler polynomials
Hn‘f,; (x,y;u; L) of order a € C are defined by (see [11,12]):
A
In{ — || 1
()l o

H (u;4) = HE) (0,0;u; ) qlg?f H) (x50 A) = HE (x + 3155 4).

n

1—u * «) t
(Aeq(t)u> eq (xt) Eq yt) = ZH X, YU A) [n]q!' |z] <

It is obvious that

Kang et al. [2,4] introduced the g-Bernoulli and g-Euler polynomials defined by

=7 (EC08 42 —]fé Pl 1) PHE Z ) 2 —Jiﬁﬁ? e .

%(Z%eq(gz)smq(nz) Jg B;, (& +in)q )21' Bjq((& —in)q) Uz]';! :Jiﬁﬁ,sq)(‘;'”)[ﬁ;' (12)
and

eq(2§+ 4(82)COS,(112) _io e 2 el [zi! _;E](?(C'm[;;!' 1)

eq(j“eq(éz)SINq(WZ) _g E;((§ +i77)q)2_iEf((C —in))g []i! _:OEJ(Z)(C,,?)[;;!, (14)

respectively.

Additionally, they have proved that (see [2,4]):

00 r

z

eq(gz)COSq(ﬂz) = Z Cr,q(éz’?)[i

r=0 }’]q!’
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and
eq(8z)SIN,(nz) ZS”, ¢, n) v ] (16)
where "
2
cuten= (5 ) Come )
j=0
and )
(2] o ) .
j=0 q

2. g-Apostol-Type Frobenius—Euler Polynomials of Complex Variable

In this section, we consider the g-Cosine and g-Sine Apostol-type Frobenius-Euler
polynomials of a complex variable and deduce some identities of these polynomials. First,
we present the following definition.

e n

(Aeql(t)u—u> eq(xt)Eq(ity) = Z @) G (@ +iy)gu M) [t]q., (19)

It is well-known from ([4] Definition 5) that

eq(xt)E4(ity) = eq(xt)(COS,(yt) +iSINy (yt)). (20)

Thus, by (19) and (20), we have

i H( «) 2 ((x+iy)guA) nn' (1—”u) agq(xt)Eq(ity)
n=0 :

/\eq( )
~ (arrs) stan)(COSy o2 + 51Ny ), e
and 0 H(a) . i n B 1—u 113 AE .
LB i) i = () @B i)
~ (o) enan(COS, ) = SN, o). 22)
From (21) and (22), we get
—u \" o (HY y)giu; A) +HG (x —iy)gsA) | 7
(Ae:(t) u> eq(xt)COSq(l/t) = r;)( ’q((x +1y)'1 : )er /q((x ly)q - )) [;]q!’ (23)
and

- (Hnufq)((x +iy)g; ;M) —Hn”,ﬁ((x —iy)q;u;/\)) g (24)

<Mq1(t_)“_u> g (xt)SINy(yt) = ¥ . Ent

n=0

Definition 1. Let j > 0. We define two parametric kinds of g-Cosine Apostol-type Frobenius—Euler

polynomials H,(z‘i‘,f) (x,y; u; A) and q-Sine Apostol-type Frobenius—Euler polynomials H,S”f;,s) (x,y;u; A),

for a non negative integer n, by

o n

1—u \"
()W)—Lt) eq(xt)COS, (yt) = Z (x,y; u; A)[ g (25)



Mathematics 2023, 11, 2386

50f21

and
n

1—u \* o (s t
————— ) eq(xt)SINg (yt) H (x,y;,u; A
(Aeq(t) —u) () SNy () ZO Y )[n]q!

respectively.

Note that H,(f,f) (0,0;u;A) = Hy g(u; A), Hff,f)(o, 0;u;A) =0,(n>0).
From (23)—(26), we have

Hug((x +iy)gu; A) +Haug((x —iy)g;u;A)

H (x, y;15A) = 5 ,
H y)g;u;A) —H —iy)g ;A
H;(fff)(x,y;u;/\) - ng (X +iy)g;u )21' ng((x —iy)q;u )

Remark 1. For x = 0in (25) and (26), we obtain
1—u « C) t
(/\et—u) COS (yt) = ZH (yu; A [Vl]q!,

and
1’1

1 (ws)
(/\et > SIN;(yt) = ZH (y;u; ) [ nlg

respectively.

It is clear that
H,%C) (0;u; A) = Hyq(u; A), H,S”f;,s) (0;u;A) =0,(n>0).

Now, we provide some basic properties of these polynomials.

Theorem 1. Let n > 0. Then,
(a,c) [%] n+v v, (2v—-1)v, 20
H, 4 (yu;A) = 2 20 (=1)%q Y Hn—Zv,q(u;/\)r
v=0 q

and

2,
4 + v v v v,,£0
Hy 60 = 1 ( ) (=1)°q @ D2y T H g 1,0(1;0).
v=0 q

20+1

Proof. By (29) and (30), we can derive the following equations

X ae £ 1—u \*
ZHglé)(y;u;}\) T = ( u) COSq(yt)

=0 (]! Aeq(t) —
— i H(“)(u A) t" i( ) q(2v 1)vy27; £
n=0 R [Tl]q! v=0 [ZU]

ad n+o _ "
_ —1)° (2v-1)v ZUH B wA ,
nX::() (v—o( 20 >q( S Y Brz0q(1:2) ]!

and . .
o rr(s) o —u
Y B (0s4) 1y = ( o _u) SINy (1)

(31)

(32)
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n—l
o 2 tn
Z ( Z ( 1 ) ( 1)vq(20+1)vy20+1Hj201,q(u;)\)> [Tl]q!' (34)
n=0
Therefore, with (33) and (34), we get (31) and (32). O
Theorem 2. Let n > 0. Then,
() N ) — 3 ("
Hyg ((x +iy)gu;A) = Y L) +zy)q o kq(u A)
k=0 q
= (MY k(@)
=) i) )HT (G u;A), (35)
k=0 q
and
) : =~ (n k(@)
H,g (x—iy)gu;A) = Z ' (x — zy)an kq(u;/\)
kO q
n .
=3 () COH oy i), (36)
k=0 q
Proof. By using (21) and (22), we obtain (35) and (36). So, we omit the proof. O
Theorem 3. Let n > 0. Then,
(a,c) & n (a)
H;, 4 (x, ;1) = kZ:(:) P q]HIqu (u;/\)Cn,qu(x,y), (37)
and .
Hr(z%s)(x'y; u;A) = Z< Z ) Hk,q(u;)t)sn,k,q(x,y). (38)
k=0 q

Proof. Consider

Now,

[ee] n n " tn
- (Z(k)ﬁwwmmnwmw>ww

n=0 \ k=0

which proves (37). The proof of (38) is similar.
O

By using Definition 1, we can easily obtain the following Theorems. So, we omit the
proofs.

Theorem 4. Let j > 0. Then,

n
]I-]I](q )(x+s YA = Z( )EIH’E‘ZC)(X’% w; )k, (39)

= 3
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and

a,s L n «,S _
H%rq)(x,y;u;)\) = k_ZO( ' >qu(c’q )(x,y;u;)t)r” k, (40)

Theorem 5. Let j > 1. Then,

0 a,c
=HU (x5 0) = [nE) (i), (41)
aH(D‘/C) S ) = H“’s) oy 42
ay i (L yuA) = =[]l (x, qy;u; M), (42)
and 5
SH (xys04) = [ H (i), (43)
EH(%S) ) = H( c) A 44
dy n,q (x,y;u; 1) [”]q n—1q (x, qy;u; A). (44)

Theorem 6. Let n be a nonnegative integer, the following formulas hold true.
AHGE) 1,y 0) — B (0, y30)
— (1= w)HE " (0;y;u;0), (45)
B (1, y;0;0) — w0, ;3.4
= (1= w)HS (051 0), (46)

Theorem 7. The following relations hold true.

H P (x, ;51 ( ) o (s AVH (u; A), (47)
q
n
IHI(‘XH3 ) (x,y;u;A) 2 (Z) Hn“ Sn)w (x,y;u; /\)H,(f)q(u A), (48)
m=0 q
n
HE P (x,y5u:4) = Y ( ) B, oy NHG P (1;4), (49)
m=0 q
HY P (x, ;1) 2 ( > HS), (s VHG P (1), (50)

Theorem 8. Let x,vy, and r be any real numbers. Then, we have

(i)
Hi(’lor‘;) ((x + r)q/]/; u; )\) + H,%S)((x — r)q,y; u; )\)
1 n n—I
= ( ) Vl—l ( ) n—k (as) Lo
_E(Jqq 2 )y (H (x,y;u; A) + (—1)""H, (x,y,u,A)), (51)
(ii)

H ((x +1)g, v uA) + HE (2 = 1)g, g5 1)

n n n—1 _ a8 B ne
=) (z) g (B () + (U EE (yd)). (52)
q

k=0
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Corollary 1. Let j > 0. Then,

=

S ((x +7)gyiA) + H ((x = r)g,yimw )
n

&

)k (©) o vk (©) o
(k>qq 2y (anqu(x,y,u,)\) +(-1) ank,q(x,y,u,)\)),

o

and
H) (2 +1)g yA) + HE) (0 —1)g, v31454)

n n B
=y gk (Hffzk, (x,y;u;A) + (fl)kaflk, (x,y; u;A)).
k=0 k q g g
Corollary 2. Forr =1 in Theorem 8, we obtain

i ((x + Vg yrwA) + H ((x — 1), y554)
“L

n k
<k> g@rk (Hfflk’q(x,y; u; A) + (—1)"quszqu(x,y; u;)\)>,
k=0 \*/ g

and
Hi(isz)y«x + 1), ;) + H,(le((x —1)g,y;1;A)

/!

_” n n=ky .k (s) o I o
= kg;) (k)qq( 2 ) (kaq(X,]/, M,)\) + (—l) Hk,cq(x/]// u,/\)).

3. Summation Formulas for g-Cosine and g-Sine Apostol-Type Frobenius—Euler

Polynomials

(55)

In this section, we derive some correlations for the g-cosine and g-sine Apostol-type
Frobenius-Euler polynomials of order « associated with the g-Bernoulli, Euler, and Genoc-
chi polynomials and the g-Stirling numbers of the second kind. We first provide the

following theorems.

Theorem 9. The following results hold true:

n
(Zu - 1) Z ( Z ) Hk,q(x,o; u;)\)]}]]r(fzk/q(o,y;l — u;/\)
k=0 q

= uH{ (x, g 0) — (1— wH (v, 51— ),
and

n
Qu—-1)) < Z ) Hy 4 (x, 0; u;)t)][—]liszk,q(o,y,-l —u;A)
k=0 q

= uH) (x,y:0) — (1 — w)H) (v, ;1 — 13 A).
Proof. We set

(2u —1) 1 1
(Aeg(t) —u)(Aeg(t) — (L —u))  Aeg(t) —u  Aey(t) — (1—u)’

From the above equation, we see that

(1 —u)eq(xt) (1 — (1 — u))COS,(yt)
(Aeq(t) —u)(Aeq(t) = (1 —u))

(1 —u)eg(xt)uCOSy(yt) (1 —u)ey(xt)COS,(yt)(1— (1 —u))

(2u—1)

Aeg(t) —u Aeg(t) — (1 —u)
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which when using Equations (10) and (25) on both sides, we can obtain

(2u—1) <2Hkqx0u)t )(ZHC 0,51 ,A)é];)

n n

oo C ¢
uE]HInqu, )[ ]q ; 2y ,A)W.

By applying the Cauchy product rule in the above equation and then equating the
coefficients of like powers of ¢ on both sides of the resultant equation, assertion (57) follows.
Similarly, we obtain (58). [

Theorem 10. The following relations hold true:

c & n c
an,,)i(x,y;u;)\) = kZO( ' > Sl,)i(x v A) — (1 —u) Cug(x,y), (59)
= q
and
uH,(f,Zl(x,y; wA) = Z ( Z > I[-]I,(f:t)](x,y; w;A) = (1—=u) Spy(x,y). (60)
k=0 q

Proof. Consider the following identity

u B 1 1
AAeg(t) —u)eg(t) — (Aeg(t) —u)  Aeg(t)’

Evaluating the following fraction using the above identity, we find

u(l—u)eg(xt)COSq(yt) (1 —u)eg(xt)COS,(yt) (1 —u)eq(xt)COSy(yt)

AAeg(t) —u)eg(t) Aeg(t) —u B Aeg(t)
" H) s C (x,y;1; o —w Y X, £
un;)]}]l 2y = 2 yiu; M) [n]q!kg)[k] (1 ; nq(%,y) i

By applymg the Cauchy product rule in the above equation and then equating the
coefficients of like powers of ¢ on both sides of the resultant equation, assertion (59) follows.
Similarly, we obtain (60). O

The following Theorems can be easily derived by making use of the definitions of
used polynomials and series manipulations. So, we omit the proofs.

Theorem 11. The following relation holds true:

H(“ C)(x yu;A)

1 n
T 1-u 2( Z ) [AHn g (0 AVHY (5, ;;.0)
q

k=0
—uHy g (0, VE (3, A)} (61)
and
]I-]L(f,;s)(x,y; u;A)

L y(n (09)
=1=a x| & [)‘Hn—k,q(u})\)Hk/q (x, y;u; )
k=0 q

—ulll, g q(u; A)H( )(x v u; /\)} (62)
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Theorem 12. The following relations hold true:

B (x, s u; )_”f< nl )q(;i(;)( ¢ )qu_rrq(x,-A) —Bk,q(x;)x)>

k=0

<H™), | [0,y ). (63)

and

n+1 k
+1 k
M (x,y;;4) = Z( . > (A Z( . > Bi—r,q(x; A) _Bk,q(x}/\)>
g\ r=0 q

k=0

XHL) (0,555 0). (64)

Theorem 13. The following relations hold true:
(a,0) 1 2 n k k
Hn,q (xr]/; u;)\) =5 2 A Z Ekfr,q()\) + Ek,q(A)
2 k=0 k q r=0 r q

xHEf_’%q (x,y;u;A). (65)
and

N
H}’l,q (x/yru/)L) - 5 Z( k )

XH o,s

q
) (g A), (66)

Theorem 14. The following relations hold true:

1n+1 n+1 k k
HE (5, y0) = 1 Z( : )q@;( r )qur,qMHGk,q(M)

k=0

xHi’i’Ck)H’q(x,y; u; A). (67)

and

Bl ) =3 0 (1) (AE( ) & rq<A>+Gk,q<A>>

k=0
XH (g 0). (68)

Theorem 15. Let a and 7y be nonnegative integers. The following relations hold true:

(1;u>“cnqu “'2( > nlq(xy,uA)S(l,a,22q>r (69)

1—u & L o A
( ” ) Sn,q(x,y):a!Z( 7 )qH,g’sl?q(x,y;u;)\)S(l,oc,u:q), (70)

=0

]HI,% W)(x v U A)

() () ems(ed ),

H(‘Xq 75)(x Yy A)

and
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=0

u \7 & on (@s) A
= 9! (1 — u) ! Z( ; )qHﬂ“l’q(x,y; u;/\)S(l,zx,u : q). (72)
Theorem 16. The following relations hold true:

H (x, ;5 A)

=LR(FTN) (1) new s - e 0

j=01=j
and
Y (x, y5 ;)
" w1\ . n et _
(ST (] ) w0 -1 IS, o8
j=0i=i\ q q
Theorem 17. The following relationships hold true:
a,c w _ k,c
Hi (v y5;4) = Y- (@) = )75 (x,3.) (75)
k=0
and .
Hiy) (v A) = Y (@l =) 7515 (x50, (76)
k=0
where (hea(®) )k
Aeg(t) — 1 ad k) t
eq(xt)COS, (yt)~—Lr— = Y 5% (x,y; A
" (Aeg(t) — 1)
Aeg(t) —1 X (k th
eq(xt) SINy (yt) —L—= = 1 S (o s ) e
[Klq! n—k [n]4!

4. Symmetry Identities for g-Cosine and g-Sine Apostol-Type
Frobenius-Euler Polynomials

In this section, we describe the general symmetry identities for the g-cosine and g-sine
Apostol-type Frobenius-Euler polynomials and generalized Apostol-type Frobenius-Euler
polynomials by applying the generating functions (10), (25) and (26). We begin with the
following theorem.

Theorem 18. Let a,b, > 0 witha # band j > 0. Then,

(i)
n n bk nka(uc,c) by by: 1 A H(zx,c) A
Z k a n_qu( X, ]//u/ ) qu ({lx,a]/,u, )
k=0 q
= i( " > Ak k) (ax,a 'u-)L)H(“’C)(bx by; u; A) (78)
- k n—k,q ,aY;u; kg s y/ 7 s
k=0 q
(ii)
- n vea"km @,s) bx. by u: A H(a,s) Y
Z k a n_k,q( X, y/u/ ) k,q (llx,ay,u, )
k=0 q

2

n B ! 7’
:k 0( k ) ap" anuislzxq(”x'”y;”;)‘)H,(;;s)(bx,by;u;)\)_ (79)
q
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Proof. Let

Alz) — (1- M)z(eq(abxt)COSq(abyt))z 2
(z) = (/\eq(az) —u) ()\eq(bz) ~ ) .

Then, the expression for A(z) is symmetric in a and b, and we obtain

s k
2 H( M) (ax,ay; u; A) (bt)
n=0 [k}q!
s n
Z Z( > bral= k]I-]I(Dé C) (bx by; u; A)H (M)(ax ay; u; \) ! '
—o\i=o\ K /g [n]q!
Similarly, we can show that
S 1O 2y au: ) (b, by (at)*
A(Z) = r;)Hn,q (ax/ ay,u, )\ ' Z H bx, by; u,)\) T
(v 1 kgnkpp(a0) ( ) t"
= a 7 (ax, ay; u; x, by; u;
X b ML (ax, ay; u; MELS (b, by u; A) | =
n=0 \k=0 k q A [n]Q'

On comparing the coefficients of t" on the right hand sides of the last two equations,

we arrive at the desired result (78). Similarly, we obtain (79). O

Remark 2. For &« = 1 in Theorem 18, the result reduces to

(i)
i n bkanka() (bx by; u; A\)H ()(ax a A
" v )
k=0 q
- Z( ¢ ) ao ML (ax,ay; w AV (b, by s A),
k=0
(ii)

—( k _n—kyy(s) (s)
kZQ( k ) b a ank,q(bx’ b]/; M;A)Hk’q (ax, ay; u; /\)
= q

(1 gk HE
=) ' D" (ax, ay;u; AYHLE (bx, by; u; A).
= q

Remark 3. Assume q — 1 in Theorem 18, the result reduces to
(i)
n
) ( ' )bk n- kH(“)(bx by; u; A)H, H** )(ax,ay;u;/\)
k=0
n
= Z( Z )akb”_ngX’Ck) (ax, ay; u;/\)H,((“’C)(bx, by;u; A),

(ii)
"/ n
Z ( P )bka”anﬂ"?(bx, by; u;)\)]HI]((“’S)(ax, ay; u; \)

o1\ ke k() ()
=) PR LA “(ax, ay; u; AYH™ (bx, by; u; A).

Theorem 19. Let a, b, > Q0 witha # band n > 0. Then,

(82)

(84)
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(i)
n n a—1b—-1 o b
)3 ( k > Y Z(—/\)lﬂan_kkaSffk)q (bx + —i+j,by;u; A) H]({“q’c) (ax, ay; u; A)
k=0 qi=0 j=0 ’ a 4
n n b—1la—1 o a
- Z( k > 2 2(_)‘)1+]bnik“ana_'Ck)q<ax + i+t ay;u; /\)H,(ﬁ;c)(bx, by;u; A). (85)
k=0 qi=0 j=0 ' b :
(ii)
n n a—1b-1 b
> ( k ) Y (= A kkaSzask)q (bx + —i+j,by;u; )\) H,((D;’s) (ax,ay; u; \)
k=0 q i=0 j=0 a ’
- A)iHipn—kgk ) 4 () .
- k_ZO( >q ZZO]Z oK), (ax + i+ oy A HY (b, by s ). (86)

Proof. Consider the identity

— )2 2 _1\a+1,abz
B(H) = ((/\eq(at) Elu)(b)l\)eq(bt) —u)> (iejt 1(1)1())\;21 7y (¢a(abxt)COSy(abyt) (87)

B(t) = (Aeql(a_z)u_uyeq(abxt)cosq(abyt) (1 - /i\EE;Zb tq)(+blt)) ) <Aeq1(b;)u_ : )*

— M—eg(—az))?
X (1 )i\ei(ag)(—k 7 ) )eq(abxt)COSq(abyt)

1—u * - 1—u “ it ;
= - _)\) i
()\eq(az) — u) eq(abxt)COS, (abyt) ; eq (bzi) (/\Eq(bt) — u) eq(abxt)COS, (abyt) ];)( AYeq(azj)
_ 1—u uhe i+j b . ) . (bt)¥
= (/\eq(az) — u) Cos,(abyt) ; ; —A) e ( (bx + uz+])at) kX::OHqu (ax,ay;u; \) A,
o a—1b—1 n oo k
- y\i+jmy(ec) ? . Lo (llt) (e,c) Cqge (bt)
N Z%) =0 '70( M Mg (bx+ A by,u,A) [1]4! kng’q (o, a7 ) [k]q!
n=0i=0 j= =0
(o] n B b
= Z Z ( ) Z 2 z+]asfkkan“Ck)q <byx + Ei +j,by; u;A)
n=0k=0 q i=0 j=0
n
t (55)

X]I-]I]({ZC) (ax,ay;u; A) [l

On the other hand, we obtain

c- n) B i+jpn—k kpr(ac) a. ., .
Bt =Y 2( ’ ) L L (A e (ax+ i+ j,ay; ;1)
qi=0 j=

}’l

XH (b, by; u; /\)[ at (89)

By using (88) and (89), we arrive at the desired result (84). Similarly, we obtain (85). O
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Theorem 20. Let a,b, > 0 witha # band j > 0. Then,
~(n
Z( ' ) bka"_an“k)q(bx by; u; A)H, ( )(ax ay; u; A)
k=0 q
L/ n
= Z( > ap"FH “k) (ax, ay; u; A)H ™ C)(bx by;u; A). (90)
Proof. Suppose that
2
Alt) = (1 — u)?(eq(abxt))2COS, (abyt)SIN, (abyt) (1)
(Ae®z — u)(Aebz — u)

Then, the expression for A(t) is symmetric in 4 and b, and we obtain

Z ]I-]I(M (bx, by; u;

ax, ay; u; A)

3 n
Z (Z( k > bral~ anMk)q(bx by; u; A)H ( )(ax ay; u; A)) f ,
q

k=0 [”]17!

Similarly, we can show that

(at)*
bx by; u; A) T

Az) =Y Hn'i‘,f)(ax, ay;
n=0

n

_ o (v n ki n—kyy(es) ( ¢) t
_,;)<Z( P )qa b H, kq(ax ay; u; A)H (bx by; u; A)

k=0

On comparing the coefficients of ¢ on the right hand sides of the last two equations,
we arrive at the desired result (90). O

Remark 4. Assume that g — 1 in Theorem 18, for which the result reduces to

" n _ ’ ,
k‘;;)( k )bka" kHﬂ“_?(bx,by;u;A)Hl(fS)(ax,ay;u;)\)

n
= Z( Z ) akb" k]H[n“k)(ax,ay;u;A)H,S“’C)(bx, by;u; A). (92)
k=0

5. Symmetric Structure of Approximate Roots for g-Cosine Apostol-Type
Frobenius—-Euler Polynomials and Their Application

In this section, certain zeros of the g-Cosine Apostol-type Frobenius-Euler polynomials

H,%C) (x,y;u; A) and graphical representations are shown.
A few of them are as follows:
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H((J‘,’;C)(x,y;u,‘)\) = (_ul_—'—)\u)a,
oo LSS
y 2(a) () e(E) | ()
TR el T war Rl iy i Rk T ey
ua(;{*“)a/\ q%a(%)a/\ lx(*ulf)\”)aﬂ
OOt A—q+)(—ut A2 20— ) A +q)(—u+A)?
qa(;leu)"‘Az q(x( 1+u) A2 a( —14u ) A2
AUt A 2T U (-t A2 20— )+ ) (—ut A2
a2<;17+)\u)“)tz ( u)"‘ qa( l+u) A2
AU (a2 ><1+q>< Wt A2 21— q)(A+q)(—u+A)

xtx( 1*/\”) A q xoc( 17‘) A

2(1—q)(1+q)(—u+A)?

— + .

A=q)(-u+2)  (1—g)(-u+tA)
We investigate the zeros of the g-Cosine Apostol-type Frobenius—Euler polynomials
Hfﬁ,f) (x,y;u; A) by using a computer. We plot the zeros of the g-Cosine Apostol-type

Frobenius-Euler polynomials Hgl%c) (x,y;u; 1) = 0 for n = 20 (Figure 1).

20 : . 20
10 10
Im(x) 0 Im(x) 0
10 -10
-20 ! ! -20 ! !
20 -10 0 10 20 20 -10 0 10 20
Re(x) Re(x)
20 ; ; 20
10 10
.o"o.
..’... Y °
'Y (]
\ [ ]
m(x) 0 Im(x) 0
P [ )
) ® e ®
%0¢0® o
®eeo®
10 10 [ X J
-20 - L -20

\ \
-20 -10 0 10 20 -20 -10 0 10 20
Re(x) Re(x)

Figure 1. Zeros of ]HIE{%C) (x,y;u; 1).
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In Figure 1 (top-left), we choose « = 4,A =2,u = 3,and q = f—o,y = 3. In Figure 1
(top-right), we choose « = 4,A =2,u = 3,and g = 13—0,]/ = 3. In Figure 1 (bottom-left),
we choosex =4,A =2,u =3,and g = %,y = 3. In Figure 1 (bottom-right), we choose
«#=4A=2,u=3,andg = %,y:&

Stacks of zeros of the g-Cosine Apostol-type Frobenius—Euler polynomials
]I-]I%C) (x,y;u;A) = 0for 1 < n < 20, forming a 3D structure, are presented (Figure 2).

Figure 2. Zeros of H%C) (x,y;u; 1).

In Figure 2 (top-left), we choose « = 4,A = 2,u = 3,and q = f—o,y = 3. In Figure 2
(top-right), we choose &« = 4,A = 2,u = 3,and q = f’—o,y = 3. In Figure 2 (bottom-left),
we choosex =4,A =2,u =3,and g = %,y = 3. In Figure 2 (bottom-right), we choose
xa=4A=2,u=3,andg = %,y:&

Next, we calculated an approximate solution satisfying the g-Cosine Apostol-type
Frobenius—Euler polynomials H,S‘ff) (x,y;u;A) =0forg = 11—0. The results are provided in
Table 1.
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Table 1. Approximate solutions of HE,%C) (x,3;3;2) = 0.

Degree n X
1 —8.0000
2 —4.4000 — 4.86211, —4.4000 + 4.8621 i
3 —6.5429, —1.1686 —5.57431, —1.1686 +5.5743 i
4 —5.1586 — 2.93391, —5.1586+2.93391i,
0.7146 — 5.21761i, 0.7146 +5.2176 i
5 —5.8344, —3.3214 —4.2756i, —3.3214+4.27561,
1.7942 — 466261, 1.7942 +4.66261i
6 —5.1069 — 2.02661, —5.1069 +2.0266i, —1.7739 —4.76701,
—1.7739 +4.76701, 24363 — 4.1334i, 2.4363 +4.13341i
7 —5.4063, —3.9859 —3.2720i, —3.9859 +3.2720i, —0.5893 —4.83781,
—0.5893 +4.83781, 2.8338 —3.6774i, 2.8338 +3.67741i
8 —4.9566 — 152541, —4.9566 +1.5254i, —2.8747 —3.97901,

—2.8747 +3.97901, 0.2982 —4.71161, 0.2982 +4.71161,
3.0887 — 3.29501, 3.0887 + 3.2950 i

9 —-5.1150, —4.2106 —2.60281i, —4.2106 +2.60281,
—1.8968 — 4.33771, —1.8968 +4.33771i, 0.9638 — 4.5004 1,
0.9638 +4.50041i, 3.2566 —2.97541, 3.2566 +2.97541

6. Symmetric Structure of Approximate Roots for g-Sine Apostol-Type
Frobenius-Euler Polynomials and Their Application

In this section, certain zeros of the g-Sine Apostol-type Frobenius—-Euler polynomials

H,%s) (x,y;u; ) and beautiful graphical representations are shown.
A few of them are as follows:

H(“)(x y;u;A) =0,

Hg,c; ', y151) =y< )

Hg‘és)(x/ yuA) =

IHI(“ S)(x v A) =

+q sy ()" P () ) Py ()"
(1- )(1+q) - (192 (1+q)(1+q+q) (1=9)?+q)(1+q+4%)
7013 ( l+u gBy <71+u) ”y“(#) A
+ -~ -~ +
(1-9) (1+q)(1+q+q) 1=g2A+q)(+q+4°)  (1=920+g)(-u+r)?
q uya<—l+u) A q uylx(—l-i—u) A q uy“(—l-‘v-Ll) A
-2t A? (1= )21+ ) (—u+A)? Ta—rara- u+A)?
W(fuu) A2 qya( 1+u> A2 qy‘x( 1+u) A2

TP ) (—ut AR 20— R+ q)(—ut AE 21— 21+ q)(—u T A)?
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gye( )22 Pya( )22 atye (T ) A2
2= q2(1+ ) (-u+ A2 21— q2(1 +q)<;u+A)2 Tal- q) (1+g)(-u+A)?
L ) e (S) 2 () R
20 =g +q)(-u+21)? 200 =q2(1+q)(-u+A)>  2(1—q)>*(1+q)(-u+A)
q3y“2(—ul_+Au> A2 q4ya2<—l_+u> A2 q5yzx( 1+u) A2

A
P A2 20 g g AT
q6yoc2(_1_7‘) A2 xya(—_ul_‘;:‘) A q xyoc( H”) A

1 B A

+

N —7/\u)“A qutx( 1+u)"‘/\
A= (—u+A)  (A—qP(—u+r)
In Figure 3 (top-left), we choose « = 4,A = 2,u = 3,and q = 10,y = 3. In Figure 3
(top-right), we choose &« = 4,A = 2,u = 3,and q = 14—0,y = 3. In Figure 3 (bottom-left),

we choosex =4,A =2,u =3,and g = %,y = 3. In Figure 3 (bottom-right), we choose
xa=4A=2,u=3,andg = %,y:?,_

20 : . 20
10 10
[
Imx) 0 Imx) 0
[
(]
10 -10
-20 ! ! -20 . .
20 -10 0 10 20 ~20 -10 0 10 20
Re(x) Re(x)
20 ; ; 20
el o
® o
10 10 °®
090g ([
.’ ® o
o
°® o
mx) 0 S Imx) 0 L
()
S ® °
.. .. [ J
o0 Y [
10 10 ° °
@ O
-20 ' ' -20 ' '
20 -10 0 10 20 20 -10 0 10 20
Re(x) Re(x)

Figure 3. Zeros of H%‘;) (x, ;1 A).
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Stacks of zeros of the g-Sine Apostol-type Frobenius-Euler polynomials
Hif,f) (x, Y u; A) = 0for 2 < n <20, forming a 3D structure, are presented (Figure 4).

| LI T
et %"\
AR
[ ()
; &
TRl TR
k<
0
.0
o W g
‘.* .....
Vonabont
-0 0 1
Re(x)
%
00 0 0o 0o o 0
wo o0 o 0 0 ) )
00 0 o 0 0 0 0
wo o 0 [ 0 0
500 0 0 0 0 0
" o 0 0 0 )
00 o 0 0 0
2"l oo o 0 0
[ J [ ] [ ] [ ] [ [ ] [ ] 10 . . . .
[ X J [ ] [ ] [ ] [ ] [ X J
1 |
ls 0 \ 0
[ ] . [ ] . [ ] q .

[ . 9 -10 0 10

10 0 10
Im(x) Re(x)

Figure 4. Zeros of HL%C) (x,y;u;A)

In Figure 4 (top-left), we plot stacks of zeros of ]I-I[,%S) (x,y;u; ) = 0for2 < n < 30,
q= %, o« =4,A =2,u =23,y = 3. In Figure 4 (top-right), we draw x and y axes but no z
axis in three dimensions. In Figure 4 (bottom-left), we draw y and z axes but no x axis in
three dimensions. In Figure 4 (bottom-right), we draw x and z axes but no y axis in three
dimensions.

Next, we calculated an approximate solution satisfying the g-Sine Apostol-type

Frobenius-Euler polynomials H%‘f)(x, y;u;A) = 0 for g = % The results are given
in Table 2.
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Table 2. Approximate solutions of HE,%;) (x,3;3,2) =0.

Degree n X
2 —8.0000
3 —7.2000 — 5.12561, —7.2000 +5.1256 i
4 -9.0707, —5.2247 —8.2772i, —5.2247+8.2772i
5 —8.7853 — 3.84861i, —8.7853 +3.84861,
-3.0227 — 10.25771, —3.0227 +10.2577 i
6 —9.8793, —7.6190 —6.7293i, —7.6190+6.72931,
—0.8878 — 11.46181i, —0.8878 + 11.46181
7 —9.7452 — 318581, —9.7452 +3.1858i, —6.0868 — 8.85781,
—6.0868 + 8.85781, 1.0748 —12.13261, 1.0748 +12.13261
8 —10.501, —8.9527 —5.76611, —8.9527 +5.7661i, —4.4346 —10.39811,
—4.4346 +10.39811i, 2.8319 —12.43271i, 2.8319 +12.43271i
9 —10.4252 — 2.75311, —10.4252 +2.75311i, —7.8126 —7.81891i,

—7.8126 +7.81891, —2.7879 —11.48011i, —2.7879+11.48011,
43811 — 1247481, 4.3811 +12.47481i

10 —10.985, —9.8411 —5.0793i, —9.8411 +5.07931i,
—6.5042 — 9.42341i, —6.5042+9.4234i, —1.2119 — 1220691,
—1.2119 + 12.20691, 5.7340 — 12.33891, 5.7340 + 12.33891i

11 —10.9347 — 2.43731i, —10.9347 +2.43731i, —8.9518 —7.01121i,
—8.9518 +7.0112i, —5.1343 —10.65361i, —5.1343 +10.6536 1,
0.2605 — 12.65981, 0.2605 + 12.65981i, 6.9078 — 12.0821 1,
6.9078 + 12.0821 i

7. Conclusions

By making use of g-numbers and g-concepts, Jang et al. [2,4] defined g-Bernoulli
polynomials and numbers, g-Genocchi polynomials and numbers and g-Euler polynomials
and numbers and provided some new and interesting identities and formulae. With
this viewpoint, several authors have introduced g-analogues of special numbers and
polynomials and have investigated their properties. In this paper, by making use of the g-
cosine polynomials and g-sine polynomials, we have considered a new class of g-analogues
of Apostol-type Frobenius-Euler polynomials and have obtained new properties and
identities. In addition, we have analysed the behaviour of g-integral and g-derivative
representations. Additionally, we have checked the roots and graphical representations of
these polynomials by making use of Mathematica software. This approach led us to consider
different methods, and special cases of used variables of newly defined polynomial in the
paper. In this viewpoint, we will try to continue working on newly considered polynomials
in this line.
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