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Abstract: In this paper, we consider a compressible fluid model of the Korteweg type on general
domains in the N-dimensional Euclidean space for N > 2. The Korteweg-type model is employed to
describe fluid capillarity effects or liquid—vapor two-phase flows with phase transition as a diffuse
interface model. In the Korteweg-type model, the stress tensor is given by the sum of the standard
viscous stress tensor and the so-called Korteweg stress tensor, including higher order derivatives of
the fluid density. The local existence of strong solutions is proved in an Ly-in-time and L4-in-space
setting, p € (1,00) and g € (N, o0), with additional regularity of the initial density on the basis of
maximal regularity for the linearized system.
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1. Introduction

This paper is concerned with a compressible fluid model of the Korteweg type pre-
sented in (1) below. In order to model fluid capillarity effects, Korteweg formulated a
constitutive equation in 1901 for stress tensors

that included gradients of the fluid density p. The Korteweg stress tensor K(p),
see (2) or (3) below, was introduced by Dunn and Serrin [1] (p. 107) on the basis of the
thermodynamics of interstitial workings.

The Korteweg-type model was employed to analyze not only fluid capillarity effects
but also a liquid-vapor phase transition; see, e.g., Liu, Landis, Gomez, and Hughes [2].

Let us introduce a short history of mathematical studies of the Korteweg-type model.

There are many studies of the Korteweg-type model such as the existence of weak
solutions, the local and global well-posedness for strong solutions, large time decay of
solutions, time periodic solutions, the vanishing capillarity limit, and maximal regularity;
see, e.g., ref. [3] and references therein for more details. Concerning strong and weak
solutions for other kind of fluids, we refer, e.g., to [4-7]. We focus on well-posedness results
for strong solutions of the Korteweg-type model in what follows.

Let us start with problems in the whole space. Hattori and Li [8,9] proved local
and global unique existence theorems on smooth solutions in Ly-based Sobolev spaces.
On the other hand, Dancian and Desjardins [10] used critical Besov spaces to relax the
regularity of initial data and proved unique existence theorems on local and global strong
solutions. Furthermore, Murata and Shibata [11] proved the global well-posedness in
an Ly-in-time and L,-in-space setting by means of maximal regularity and time decay
estimates of an analytic Cp-semigroup associated with a linearized system. Let P(p) be the
pressure function on [0, o) and let P’(p) be the derivative of P(p) with respect to p. Recently,
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the asymptotic stability of the constant steady state (p,u) = (p«,0) satisfying p» > 0 and
P'(p«) = 0is actively studied by Kobayashi and his collaborators; see, e.g., [12-14].

Boundary value problems of the Korteweg-type model can be found in Bresch, Des-
jardins, and Lin [15]. Kotschote [16] considered (1) below for I's = @ in the case where () is
a bounded domain or an exterior domain, and proved the local well-posedness for strong
solutions in an L, setting with p > N + 2 for both space and time. This result was extended
to a non-isothermal case in [17] and to a non-Newtonian case in [18]. Notice that [18] con-
sidered not only the Dirichlet boundary condition but also the slip boundary condition and
that [17,18] treated inhomogeneous boundary data. Furthermore, Kotschote [19] proved
the asymptotic stability of non-trivial steady states when () is a bounded domain with
I's=0.

The present paper aims to extend the local well-posedness result given by [16] to the
case where I's # @ and () is a general domain, which is also called a uniform C3® domain,
see Definition 1 below.

Furthermore, our result is in an Ly-in-time and Lg-in-space setting, p € (1,00) and
g € (N, o0), with additional regularity of the initial density, which also gives us an extension
of [16]; see Theorem 1 and Remark 2 below for more details. Theorem 1 is the main result of
this paper, and is proved by the contraction mapping theorem with the help of the maximal
regularity stated in Section 5.2, below.

This paper is organized as follows. The next section introduces our problem setting.
Section 3 first introduces the notation used throughout this paper, and then the main result
of this paper is stated. Section 4 treats resolvent problems in the whole space and in the half
space, and then one introduces the existence of R-bounded solution operator families, also
called R-solvers, for the resolvent problems. Based on these results, we next demonstrate
that a resolvent problem in a general domain admits an R-solver. Section 5 demonstrates
our linear theory, i.e., the generation of an analytic Cy-semigroup and maximal regularity
for some linearized system, which is obtained from the R-solver in a general domain given
by Section 4. Section 6 proves the main result of this paper.

2. Problem Setting

Let () be a domain in the N-dimensional Euclidean space RN, N > 2, and let the
boundary of Q) consist of two hypersurfaces I'p and I's. Throughout this paper, we assume

diSt(FD,rs) = il’lf{|X*y| X e FD,y S Fs} >d>0,

provided that I'p # @ and I's # @. Notice that I'p = @ or I's = @ is admissible in the
present paper. Let n = n(x) = (n1(x),...,ny(x))T be the unit outward normal vector on
I'p UTs, where MT denotes the transpose of M.

We consider the motion of a compressible barotropic viscous fluid of the Korteweg
type in Q) with the Dirichlet boundary condition on I'p and the slip boundary condition on
I's. Such a motion is governed by the following set of equations:

9tp + div(pu) =0 inQx(0,7T),
p(0ru+u-Vu) = Div(S(u) + K(p) — P(p)I) +pb inQ x (0,T),
n-Vop=0, u=0 onTp x (0,T), (1)
n-Vp=0, (D(un):=0, u'n=0 onlsx(0,T),
(0, w)]t=0 = (Po + Pes, ug) inQ,

where T is a positive constant. Throughout this paper, we assume that po, > 0 denotes a
constant reference density. The initial data

PO = po(x), Uy = uo(x) = (um(x),.. .,uON(x))T
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are given functions of x € ), and also the body force b = b(x,t) = (by(x,t),...,bn(x, 1)) T
is a given function of (x,t) € Q x (0,T).

Here, p = p(x,t) and u = u(x,t) = (uy(x,t),...,un(x,t))7 are, respectively, the
density of the fluid and the velocity of the fluid at position x = (x1,...,xy) € Q and time
t > 0. Letd; = d/0t and 8]- = a/axj forj=1,...,N. The doubled deformation rate tensor

is denoted by D(u), i.e., D(u) = Vu + (Vu)T for

alul aN uq
Va=| @ o1
aluN aNLlN

while I'is the N x N identity matrix. The pressure P : (0,00) — R is a given smooth
function. For a = (ay,.. .,aN)T and b = (bl,...,bN)T, weseta-b = Z]'I\i1 ajbj and
a®b= (a,-b]-)lg,jgN. In addition,

ar=a—n(n-a).

Letv = (v1(x),...,on(x))T and w = (wy(x),...,wn(x))T. Then

N N T
v-Vw = ( Z%vjajwl, ceey Zivjaij>
= J=

and
Viy = {aiaj?)k 1,k = 1,_'_/N}'

For an N x N matrix-valued function M = (M;j(x))1<;j<n, We set

N N T
DivM = ( _18]M1],,Z;8]MN]> .

=

]

Let us introduce two stress tensors S(u) and K(p). One denotes the standard viscous
stress tensor by S(u), i.e.,

S(u) = uD(u) + (v — ) divul
for the viscosity coefficients p = p(x,t), v = p(x,t) and divu = Z}il dju;. On the other
hand, K(p) is called the Korteweg stress tensor and given by

K
K(p) = 5 (80> = [VpI*)1 = kVp @ Vp 2

for the capillary coefficient x = K(x, t), where

N
Vo= (01p,...,0np) ", |Vp[*=Vp-Vp =Y (3;0)%

j=1

Since

z

N
AP =Y 0707 =23 ((9j0)* + pd7p) = 2|Vp|* +20p,
j=1 j=1

(2) is equivalent to
2

K(p) :K(pAp—l- W;' >I—KVp®Vp. 3)
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3. Notation and Main Result

This section first introduces the notation used throughout this paper, and then the
main result of this paper is stated.

3.1. Notation

Let N be the set of all positive integers and Nyg = N U {0}. Define R, = (0, ),
C,s={z€C:Rz>¢}ford € R,and C4 = C, .

Let p € [1,00] and G be a domain in RN. Then L,(G) and Hp(G), m € N, stands
for the Lebesgue space on G and the Sobolev space on G, respectively. The norm of
Ly(G) is denoted by || - ||, (c), while the norm of H'(G) is denoted by || - ||Hm . Let

Hg(G) = Ly(T). In addition, B ,(G) is the Besov space on G for g € (1,c0) and s > O and
its norm is denoted by || - ”Bf}p(c)‘

Let X be a Banach space. Then XM denotes the M-product space of X for M € N,
while the norm of XM is usually denoted by || - || x instead of || - || ym for short. Let Y be
another Banach space, and then £(X, Y) stands for the Banach space of all bounded linear
operators from X to Y. In addition, £(X) is the abbreviation of £(X, X). For a domain U in
C, Hol(U, L(X,Y)) is the set of all L(X, Y)-valued holomorphic functions on U.

Let p € [1,00] and I be an interval of R. Then Ly (I, X) and H;(I, X) are the X-valued
Lebesgue space on I and the X-valued Sobolev space on I, respectively. The norm of
L,(I, X) is given by

. 1/p
1l (1x) = (/I If <f>|§’<df) for p € [1,9),

esssup, [|f(t)x  forp = oo,

while the norm of Hj(I, X) is given by

1/p
iy = (UFIE oy + 1AL i)

We denote the set of all continuous functions f : I — X by C(I, X). Furthermore, we set for
T>00rT =00

oH}(0,T), X) = {f € HY((0,T), X) : flig = 0in X}

Wlth the norm || . H()H}J((O,T),X) = || . ||HF17((0,T),X)

We now introduce the definition of uniform C3 domains.

Definition 1. Let D be a domain in RN with boundary 0D. Then D is called a uniform C°
domain, if there exist positive constants «, B, and K such that the following assertions hold:
for any xo = (xo1,...,%N) € 0D there exist a coordinate number j and a C3 function h(x')

(x" = (x1,.+ -, X1, Xj11,- -+, XN)) on By (xq), with xi = (Xo1, - - -, X0j—1, X0j+1/ - - - » XON ),
N-1.
Bi(xp) = {x' € RN [/ —xg <o}, Il 5y p)) < K
such that

DN Bg(xg) = {x € RN : x; > h(x'), x’ € Bl (x)} N Bg(x0),
dD N Bg(xg) = {x € RN : x; = h(x'), x’ € B} (x)} N Bg(xq).

Here Bg(xg) = {x € RN : |x — x| < B}

Example 1.
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(1) IfQis a bounded domain or an exterior domain in RN, N > 2, whose boundary is of class
C3, then Qisa uniform C3 domain.

(2)  Lethy(x')and h_(x'), x" = (x1,...,xN_1) be of class C® and have compact supports with
1he g rv-1) < 1/2. Then

O={(x,xn): X eRNL, —14+h () <xy <1+h (x)}
becomes a uniform C3 domain with boundary T's U Tp, where
Ip={(x,xn): ¥ € RN L, xy = —14+h_(x)},

Ts={(x,xn): ¥ e RN xy =1+ 1 (X))}

Let Q be a uniform C® domain and let C%!(Q) be the Banach space of all bounded
and uniformly Lipschitz continuous functions on QO = Q UTp U 's with the norm:

f(x) = f)l
$¥re) = o + su 0. 1 -
£ llcoriy = £ Lo x/yenﬂ#y |x — v

Remark 1. It follows from [20] (Theorem 3.14) that CO1(Q)) = HL (Q). This fact is often used
throughout this paper.

Let T > 0or T = oo, and let p,q € (1, 0). Define
Kj,qr = Hy((0,T), Hy(Q)) N Ly((0,T), Hy (Q2)),
||P||1<,17/q;T = HPHH%((O/T),H‘}(Q)) + ||pHLp((O,T),H[3I(Q))/
and also
K3 o = Hy((0,T), Ly()N) N L,y((0, T), Hy (Q)N),
||u||1<§,ﬂ = ”u”H},((O,T),Lq(Q)N) + ||u||Lp((o,T),Hg(Q)N)-
Furthermore,
oK} 0 = oH3((0,T), HI(Q)) N Ly((0, T), H3 (),
0K3 o = 0Hp((0,T), Le(Q)N) N Ly ((0, T), H3 (Q)N).
We now set
Zpgr = Zy g X Zyor for Z € {K, oK}
and
o)l = lelly,, + 1wz, -

Let L > 0. Then, oK}, ;,7(L) is defined by

0Kp7(L) = {(o,u) € oKp g1 : [I(0,9) Ik, < L}

pgT —
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3.2. Main Result

To state our main result for (1), we write (1) as an equivalent system in what follows.
We replace p by p 4 peo in (1) in order to obtain

0tp + div((p + peo)u) =0 inQx (0,7),
(p + poo) (O +u - Vu) = Div(S(u) + K(p + poo) — P(p + peo)T)
+ (04 poo)b in Q x (0,T), W
n-Vop=0, u=0 onTp x (0,T),
n-Vp=0, (D(un)r=0, u-n=0 onTs x (0,T),
(o, ) i=0 = (o, o) in Q.

Let us define

po(x) = p(x, t)|i=0, vo(x) =v(x,t)|i=0,
ko(x) = x(x,t)|=0, 710(x) = po(x) + oo,
So(u) = po(x)D(u) + (vo(x) — po(x)) divul. 5)

The first equation of (4) is then written as
oip+rodivua = —u-Vp — (p—pg) divu =: D(p, u).
We next consider the second equation of (4). Recalling (3), we observe that

K(p+1) = (x —x0)(p +1)ApI +xo(p — po) ApI + KoroApl

|Vo|?

+K2

I-xVp® Vp.
The second equation of (4) is thus written as

rodsu — Div(Sg(u) + xoroApI)
= —(p—po)oru— (0 + poo)u- Vu+ Div(S(u) — Sp(u))

—P'(p + peo) Vp + Div ((K —%0) (0 + peo) ApI + K0 (0 — p0) ApI

+ K@I ~KVp ® Vp) + (p + peo)b
=:F(p,w), ©)

where P'(p) = (dP/dp)(p). Furthermore, since

Div(So(u) + xoroApl)

= o Div(xy 'So(u) + roApI) + (x5 'So(u) + roApI) Vo,
(6) is reduced to

dru — 7y ' Div(xy 'So (u) + roApl)

= rg 'Flp, ) + 1y (155 " So(u) + roApI) Vg =: F(p, u).

Summing up the above calculations, we have achieved the following equivalent
system of (1):
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dip +rodivu =D(p,u) inQx(0,T),
dru — o 'xg Div(y 'So(u) + roApI) = F(p,u) inQ x (0,T),

n-Vo=0, u=0 onTp x (0,T), ?)

IIVP:O, (D(u)n)T:O, u-n=20 Onl"s % (O,T),
(p,u)]t=0 = (po,up) in Q.

We further reduce (7) to some system with (pg, ug) = (0,0). Let (g, d) be a unique
solution to the following linear system:

op+rodivi =0 inQx(0,7T),

04l — 1y 1o Div(y 1S (W) + roAPT) = 0 inQ x (0,T),
n-Vp=0, u=0 onTp x (0,T), (8)

n-Vp=0, (D(@n);=0, G-n=0 onTg x (0,T),

(0, 0)]t=0 = (po,up) inQ,

see Section 5.1 below for more details on (p, ). Replace (p, u) by (p + p, u+ @) in (7), and
the resultant system becomes

op+rodivu=D(p+p,u+u) inQx(0,7T),
dru — 1y 1o Div(xy 'S (u) + roApl) = F(p+p,u+14) inQx (0,T),

n-Vp=0, u=0 onTp x (0,T), 9)
n-Vp=0, (D(ujn);=0, u-n=0 onTs x (0,T),
(p,u)[t=0 = (0,0) in Q.

Our main result of this paper is then stated as follows.

Theorem 1. Let N > 2 and Q be a uniform C® domain in RN. Let p € (1,00) and q € (N, o).
Suppose that R, R1, Ry, Ty, and p are positive constants with Ry < Rp. Then, there exist
constants L > 1and T € (0, To| such that (9) admits a unique solution (p,u) in oK, 5.7 (L) if po,
ug, b, P, u, v, and « satisfy the following conditions:

(a) (po,ug) € Dg,p(Q2) with ||(po, up) HDW(Q) < R, where D,,,(Q)) is given by Section 5.1,
below, as well as a subspace of B;—pz/ () x BZ;,Z/ ()N,
(b) 70 = Po + P € CON(Q)) with lIoll co @) < Rand

%o <ro(x) <200 (x€Q);

©  beLy((0,Tp) Lo(Q)N) with IBllL, ((0,10) L, ()N) < R

(d)  PisaC! function on [peo /4, 40c0) with P! € C¥1([0eo /4, 40e0]) and P11 0t ([peo /4 4000]) <
R, where P'(s) = (dP/ds)(s);

()  u,v,x€C([0,Ty,CO¥NQY)) with

sup [|p(t)llcorig) <R sup [[v(t)lcorm) < R
t€[0,To] te[0,To)

sup [|k(t)[lcormy < R;

tE[O,To]

() po(x) = pu(x,t)|i=0, vo(x) = v(x,t)|t=0, and xo(x) = x(x,t)|1=o satisfy

Ry <uo(x) <Ry, Ry < pg(x) +1vp(x) < Ry,
R < Ko(X) <Ry (X S ﬁ)
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Remark 2.

(1) Ifp, qsatisfy2/p+ N/q < 2 additionally, then B;’,;Z/p(Q) is continuously embedded
into HY (Q)), which is equivalent to Co(QY), as stated in Remark 1; see, e.g., Remark 1
(b) of Subsection 2.8.1 in [21]. In this case, the additional reqularity of the initial density,
ie., rg € COY(Q)), may be removed.

(2)  Our linear theory requires that ro belongs to C%' (Q)); see Section 5 below for more details.

4. R-Solvers for Resolvent Problems

In this section, we consider resolvent problems and prove the existence of R-bounded
solution operator families, also called R-solvers, for the resolvent problems. The main
result of this section, as shown in Theorem 2 below, gives us a generation of an analytic
Co-semigroup and maximal regularity for the linearized system of (9) in the next section.

4.1. R-Solver in the Whole Space

Let us first introduce the definition of R-boundedness.

Definition 2. Let X and Y be Banach spaces, and let r,(t) be the Rademacher functions on
[0,1],1i.e.,
ru(t) = sign (sin(2"7t)) (n € N,0<t<1).

A family of operators T C L(X,Y) is called R-bounded on L(X,Y), if there exist constants
p € [1,00) and C > 0 such that the following assertion holds: for each m € N, {T;}1*; C T,

and {f]}}”:l C X,
P 1/p 1 p 1/p
dt) < c(/ dt) .
Y 0 X

(4

The smallest such C is called R-bound of T on L(X,Y) and denoted by R z(x,y)(T).

m

Y ri(O)Tif;

j=1

m

G

j=1

Remark 3.

(1) The constant C in Definition 2 may depend on p.

(2) It is known that T is R-bounded for any p € [1,00), provided that T is R-bounded for
some p € [1,00). This fact follows from Kahane's inequality; see, e.g., [22] (Theorem 2.4).

(3)  The R-boundedness implies the uniform boundedness. In fact, taking m = 1 in the definition
of the R-boundedness yields that | Tf||y < C||f||x forany T € T and f € X.

This subsection considers the following resolvent problem in the whole space:

Ap+v1divu =d inRY,
{/\u — 7, ' Div(72(D(u) + (73 — 72) divul + 1140I) = f in RV, {10
Let g € (1,00). For the right member (d, f) of (10), we set
X,}(RN) _ H;(RN) x Ly(RN)N, i;(RN) = L, (RN)N+1+N
and set for F! = (d,f) € X,}(RN) and A € C\ (—o0,0]
FAF! = (Vd, A'%d, f) € X5(RY).
On the other hand, for the solution (p, u) of (10), we set

3 2
AN(G) = Ly(G)N NN 800 = (V3p, AV/2V20, AV, A%/ %p),

B,(G) = Ly(G)N NN Tiu = (V2u, A2V, Au), (11)
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where G is a domain in RV. The following lemma then holds.
Lemma 1. Let g € (1, 00) and let 7y1, 72, 7v3, and 4 be constants satisfying
>0 (i=1,24), 72+7;3>0. (12)

Then, the following assertions hold.
(1)  Forany A € Cy there exist operators A (M), BY(A), with

Al (M) € Hol(Cy, L(%(RY), H (RV))),

B'(A) € Hol(Cy, £(%,(RY), Hf (RM)Y)),

such that for any F' = (d,f) € X{}(RN)
(p,u) = (AY(A)FLF, BY(A) FLF)

is a unique solution to (10).
(2)  There exists a positive constant C = C(N,q,v1,Y2, Y3, Y4), such that forn = 0,1

d n
RL(%}I(RN),ng(RN)) ({ (Ad)t> (8/(\)./41(}\)) A€ C+}) < C,

d n
Rﬁ(x},(RN),%q(RN)) <{ (/\d/\) (7}81()\)) tAE C+}> <C,

where ﬂg(RN), B,(RN), 8%, and T, are given by (11) with G = RN.

Proof. The proof is similar to [23] (Theorem 2.1), so that the detailed proof may be
omitted. [

4.2. R-Solver in the Half Space

Let us first consider the following resolvent problem with the Dirichlet boundary
condition for the fluid velocity:

Ap+71divu=d inRY,
Au — 75 ' Div(72(D(w) + (73 — 72) divul + 11801) = £ inRY, (13)
n-Vp=g, u=h onR(Z)V,

where

RY = {(¥/,xn) : &' = (x1,...,xn_1) € RN xy > 0},

R(I)\] = (xllxN) : xl = (xlr- -‘/xN—l) S RN_lrxN - O}
Let g € (1, 00). For the right member (d, £, g, h), we set
X2(RY) = Hy (RY) x Lg(RY)N x HF (RY) x Hy(RY)N,
2 3 2
xé(RIX) — Lq(RIX)(N+1)+N+(N +N+1)+(N°+N=+N)

and set for F* = (d,f,¢,h) € AZ(RY) and A € C\ (—oo,0]

FRF? = (Vd,AV%d, £,V%g, A1 /2Vg, Ag, V?h, AV/2Vh, Ah) € X(RY).

The following lemma then holds.
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Lemma 2. Let g € (1,00) and y; (i = 1,2,3,4) be constants satisfying (12). Then, the following
assertions hold.

(1) Forany A € C.., there exist operators A%(A), B2(A), with

A2(1) € Hol(Cy, L(x3(RY), HI(RY)),

B%(A) € Hol(Cy, L(XF(RY), HY (RY)N)),
such that for any F> = (d,f,g,h) € qu(Rf)
(p,u) = (A(A) FRF?, B2 (A) FAF?)

is a unique solution to (13).
(2)  There exists a positive constant C = C(N, q,v1, Y2, Y3, Ya) such that for n = 0,1

d n

Ry, ag(rY)) ({ (AM> (SXAZ(A)) tA€ C+}> <C,
d\" ) _

R (x3®Y),3,(RY)) <{ (/\d/\) (TAB (A)> tAe C+}> <C,

where ng(Rf), B,(RY), 8, and T, are given by (11) with G = RY.

Proof. This lemma was proved by [24] (Theorem 1.4) when h = 0 and 7; (i=1,2,3,4) are
positive constants. Define

XZ(RY) = Hy(RY) x Lg(RY)N x HF (RY),
~ 2
x%(Rﬁ) _ Lq(RIJ\r])(N-‘rl)-ﬁ-N-i-(N +N+1)I
and set for F2 = (d,f,g) € /'?qz(Rf) and A € C\ (—o0,0]
FiF2 = (Vd,AV2d, £, V%5, \/2Vg, Ag) € X5(G).

Then, ref. [24] (Theorem 1.4) can be extended to the case where h = 0and v; (i = 1,2,3,4)
are constants satisfying (12) by slightly modifying its proof, i.e., for any A € C.. there exist
operators A%(A), B2(A), with

(1) € Hol(Cy, L(R2(RY), HY(RY))),
B2(A) € Hol(C.., L(RA(RY), HZ(RY)V)),

such that for any F? = (d,f,g) € f;(Rf)
(0,v) = (AN FFF?, B2 (M) F3F?)

is a unique solution to
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Ac+y1dive =d inRY,
AV — 9, ' Div(72(D(v) + (73 — 72) divvI+ 11AcT) = £ inRY,
n-Vo=g, v=0 onRY,

where v; (i = 1,2,3,4) are constants satisfying (12). In addition, forn = 0,1,

a\" o
Re(@my) agmy) ({ (Am) (SM2()) 1€ C+}) <G

d\" .
R my) m,(®Y) <{ (%Q (TABZ(M) WS C+}) <C, (14)

with a positive constant C = C(N, q, 71,72, 73, Y4)-
Let us now consider

{Au —Au=0 inRY, 5)

u=nh onRé\].

It is well-known that (15) admits an R-solver, i.e., there exists an operator
2
U(A) € Hol(C., £(Ly(RY)N N1, 2(RY)))

such that u = U(A)T h, h € Hg(Rﬂ) is a solution to (15) and

d n
Ry (w2 ({ <A(M> (TAUA) = A € C+}) <cC

for n = 0,1 with a positive constant C = C(N, q). This enables us to define
3 2
V(A) € Hol(Cy, L(Ly(RE)NFNTHN), HERT)N)

by V(A)Tah = (UA)Tahy, ..., UA)Thhy) forh = (hy,...,hy)T, and then

d n
RL(Lq(Rf)N3+N2+N) <{ (/\d/\) (TAV(A)) s A e C+}) <C (16)

for n = 0,1 with a positive constant C = C(N, gq).
Letu = w+ V(A)T h in (13). Then, (13) is reduced to

Ap+mdivw=d inRY,
AW — 1, 1 Div(12(D(w) + (73 — 72) divwl + 91ApI) = f  inRY,
n-Vo=g, w=0 onRY,

together with

d=d— vy divV(A)T;h,
f=f-AVA)Thh+ 9, (12AV(A) Tah + 3V div V(A) Thh),

where one has used the fact that

Div(12D(V(A)Tah) + (73 — 72) div V(A) TyhI)
= 12AV(A)Thh + 13V div V(A) Thh.

From this viewpoint, we set for H = (Hy,..., Hy) € %g(RI}r] )

A%(A)H = A*(A)(Hy — 71V div V(A)(Hy, Hs, Ho),
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H, — A2 divV(A)(Hy, Hs, Ho),
Hs — AV(A)(Hz, Hg, Ho) + 7 '72AV(A) (Hy, Hs, Ho)
+ 75 '3V div V(A) (Hy7, Hs, Hy), Hy, Hs, Hg),
B*(A)H = B*(A)(H;y — 11V div V(A)(Hy, Hg, Ho),
Hy — 11AY2div V(M) (Hy, Hg, Hy),
H; — AV(A)(Hy, Hs, Ho) + 7, ' 728V (1) (Hy, Hs, Ho)
+ 7, '3V div V(A)(Hy, Hs, Ho), Hy, Hs, He)
+V(MA)(Hy, Hg, Hy),
where Hy, Hy, H3, Hy, H5, and Hg, H7, Hg, and Hg are, respectively, corresponding to
vd, AV24, f, Vzg, A1/2Vg, Ag, V2h, A1/2Vh, and Ah. It is then clear that (p,u) =

(A%(A)FRF?, B2(A)F;F?) is a solution to (13) for F> = (d,f,g,h) € X7(RY) and that
(14), (16), and the definition of the R-boundedness give us forn =0, 1

d n
R ®y) a9®rY)) ({ (Ad)\) (SRAZ(/\» A e C+}) <C,

d\" 5

with a positive constant C = C(N, g, 1,2, Y3, v4)- This completes the proof of Lemma 2. [

We next consider the following resolvent problem with the slip boundary condition
for the fluid velocity:

Ap+y1diva=d inRY,
A= 7, Div(12(D(u) + (73 — 72) divul + 9,801) = f  inRY, (17)
n-Vo=g, (D(un);=k;, u-n=I onRy.

Let g € (1, 00). For the right member (4, £, g, k, ), we set
RRY) = HYRY) x L (RY)N x HE(RY) x H)RY)Y x HE(RY),
2 2 2
xs(Rﬁ) — Lq(RIJ\r])(N—l—l)-&-N-&-(N +N+1)+(N*+N)+(N“+N+1)

and set for F® = (d,f,¢,k,1) € X;’(R{\J) and A € C\ (—o0,0]

FiF = (Vd,\'/2d, £,V?g, A2V g, Ag, Vk, AV2k, V21, AV2V1,Al) € %3(RY).

The following lemma then holds.

Lemma 3. Let g € (1,00) and «y; (i = 1,2,3,4) be constants satisfying (12). Then, the following
assertions hold.

(1)  Forany A € Cy there exist operators A3(A), B3(\), with

A3(1) € Hol(Cy, £(X3(RY), H(RY)),

B()) € Hol(C, L(E(RY), HARY)N)),

such that for any B> = (d, £, ¢,k,1) € X7 (RY)

(p,u) = (V) FF, B (M) F{F°)

is a unique solution to (17).
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(2)  There exists a positive constant C = C(N, q, 1, Y2, Y3, va) such that forn = 0,1

d n
R (23 (RY),20(RN)) ({ ()‘M> (82A3()\)) tAe C+}> <C,

d n
R L3 ®Y),3,(RY)) ({ (Ad/\) (7}33()\)) RS C+}> <C
where ng(Rf), B,(RY), 8, and T, are given by (11) with G = RY.

Proof. Letg = o/91,d = d/v,and § = g/7v1. Then, (17) is equivalent to

Ap+divu=d inRY,
A — pAu—vVdivu —xVAp =f inRY, (18)
n-Vo=g, (D(un)r=k; u-n=I onR(I)\],
where )
Y E P}
T4 T4 74
By [25] (Theorem 1.3), we observe that (18) admits R-solvers satisfying the desired proper-
ties under the condition that y, v, and «x are positive constants satisfying

2
(T) —%7&0 and x # uv.

H

This result can be extended to the case where i, v, and « are any constants satisfying u > 0,
u—+v >0,and x > 0 by direct calculations in the same manner as in [24]. The uniqueness
of solutions follows from the existence of solutions; see, e.g., ([3] Subsection 3.3). This
completes the proof of Lemma 3. O

4.3. R-Solver in a General Domain

This subsection considers the resolvent problem in a uniform C3 domain Q:

Ap+mdivv=d inQ,
A — 7, ' Div(12(D(u) + (73 — 72) divul + 11A0I) = £ inQ, (19)
n-Vo=gp, u=h onlp,
n-Vp=gs, (D(un)r=k;, u-n=I[ onTs.
We introduce an assumption about the coefficients 1, 2, 73, and 4.

Assumption 1. The coefficients v; = v;(x), i = 1,2,3,4, are real valued uniformly Lipschitz
continuous functions on O = QUTp UTs, ie., there exists a positive constant vy, such that
l7i(x) = vi(y)| < vLlx —y| forany x,y € Qand fori = 1,2,3,4. In addition, there exist positive
constants vy, v*, such that v. < y;(x) < v* (i = 1,2,4) and v« < 72(x) + 73(x) < 4* for
any x € Q.

Let g € (1,00). For the right member (d, £, gp, h, gs, k, 1) of (19), we set
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X, (Q) = Hy(Q) x Ly()N x H7 (Q) x Hy ()N x HF (Q) x Hy(Q)N x HZ(Q)
20(Q) = Ly(Q)WHDFN NN (VNN (NEENAT) +(NZEN)F (NN )

and set for F = (d,f,¢p,h,gs,k,1) € &;(Q)) and A € C\ (—09,0]
FIF = (Vd, AY2d,£,V2gp, A2V gp, Agp, V?h, AY/2Vh, Ah,
V2gs, A2V gs, Ags, Vh, AY?h, V21, A2V, Al) € X5(Q).

By Lemmas 1-3, we can prove the following proposition on the basis of the standard
localization technique; see, e.g., [3].

Proposition 1. Let Q be a uniform C® domain in RN. Let q € (1,00) and suppose that
Assumption 1 holds. Then, there exists a constant Ay > 1, depending solely on N, q, yL, Y+,
and «y*, such that the following assertions hold.

(1)  Forany A € Cy y,, there exist operators A°(A), BY(A), with

A(A) € Hol(C.p, L(X(0), H3(Q)),
B(A) € Hol(Cy,, L(X(Q), HA(Q)N)),

such that for any F = (d,£,gp,h, gs, k1) € A;(Q)
(o, u) = (A°(A)FJE, BY(A) FJF)

is a unique solution to (19).
(2) There exists a positive constant C, depending solely on N, q, yr, v+, and «v*, such that for
n=20,1

d n
Rg(aeg(n),mg(n)) <{ (Ad/\) (S/({AO(A)) tA € C+,A1}> <C,
a\" 0
Re@sos,on | Aar (ms (A)) tAeCip ) <G
where 9‘2(0), B,(Q), S, and T, are given by (11) with G = Q.

Proposition 1 is not enough to obtain our linear theory in the next section due to A3/%p
and A1/2d. To eliminate these terms, we construct another R-solver for (19) based on A%(A),
BY(A) in what follows. We start with

AR+0;divU=D inRY, 20)
AU — 6,1 Div(6,D(U) + (63 — 6,) divUIL + 6;ARI) =F  inR".
Let us define for g € (1,00) and A € C\ (—o0,0]
3 2
(G) = Le(GN TN X HI(G), Spp = (V30,A2V?p, Ap), (21)

where G is a domain in RN. The following proposition follows from [23] (Theorem 2.1) and
the standard localization technique; see also [3] (Theorem 7.1).
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Proposition 2. Let g € (1,00), and let 6; = 6;(x) (i = 1,2,3,4) be real valued uniformly
Lipschitz continuous functions on RN, i.e., there exists a positive constant 0p, such that |0;(x) —
0:(y)| < O|x —y| for any x,y € RN and for i = 1,2,3,4. Assume that there exist positive
constants 0, and 0%, such that for any x € RN

0. <0;(x) <O° (i=1,24), 0,<0(x)+05x) < 0"

Then, there exists Ay > 1, depending on at most N, g, 01, 0., and 6%, such that the following
assertions hold.

(1)  Forany A € C, ,,, there exist operators ®(A) and ¥ (A), with

D(A) € L(Cyp,, LIHIHRY) x Lo(RN)N, H(RN))),

q q
Y(A) € L(Cp,, LIHG(RY) x Ly(RM)N, HY(RM)N)),

such that for any (D, F) € H{}(RN) x Lg(RN)N
(R,U) = (®(A)(D,F), ¥(A)(D, F))

is a unique solution to (20).
(2)  There exists a positive constant C, depending on at most N, q, 61, 6, and 6*, such that for
n=20,1

d n
TR (B RY) L, (RN)N 21, (RN)) ({ ()‘m) (Sx®(A)): A € CMZ}) =G

d n
R £(HI (RN) Ly (RN)N %5, (RN)) ({ (Ad/\> (TA¥(A)) : A € sz}) <C

Here, 2,(RN) and S, are given by (21) for G = RN, while B4(RN) and T, are given by
(11) for G = RN.

To use Proposition 2, we extend the coefficients ; (i = 1,2,3,4) satisfying Assumption 1
to ones defined on RY by the following lemma.

Lemma 4. Let Q) be a uniform C® domain in RN, and let f be a real valued uniformly Lipschitz
continuous function on Q, i.e., there exists a positive constant L, such that |f(x) — f(y)| <
L|x —y| for any x,y € Q. Assume that there exist positive constants c, and c*, such that
cx < f(x) < c* for any x € Q. Then, there exists a real valued uniformly Lipschitz continuous
function F on RN and a positive constant M, depending solely on c* and L, such that the following
assertions hold.

(1)  F(x) = f(x) forany x € Q.
(2)  [F(x) = F(y)| < (M +(c+/2))|x — y| for any x,y € RN.
(3)  cx/2 < F(x) < M+ (c./2) forany x € RN,

Proof. See [3] (Lemma 7.2 and Appendix A). O
Let us define

%,(Q) = Hl(Q) % Lq(Q)N % Lq(Q)(N2+N+1)+(N3+N2+N)+(N2+N+l)+(N2+N)+(N2+N+1)
q
and set for F = (d,f,¢p,h,gs,k,1) € &;(Q)) and A € C\ (—o9,0]

FoF = (d,£,V?¢p, A\V2V¢p, Agp, V?h,AY/2Vh, Ah,
V2gs, M2V g5, Ags, Vh,AY2h, V21, AV2V1,AL) € %,4(Q).

We are now in a position to construct a new R-solver for (19).
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Theorem 2. Let Q) be a uniform C* domain in RN. Let q € (1,00) and suppose that Assumption 1
holds. Then, there exists a constant Az > 1, depending solely on N, q, yr, Y+, and v*, such that the
following assertions hold.

(1)  Forany A € C ,,, there exist operators A(A) and B(A), with

A(A) € HOI(C+,A3r£(3€q(Q)/H3(Q) ),

B(1) € Hol(C, , £(%,(0), HA(Q)N)),
such that for any F = (d,f,gp, h, g5, k,1) € &;(Q)
(o,u) = (A(X)FAF, B(A)F\F)

is a unique solution to (19).
(2)  There exists a positive constant C, depending solely on N, q, yr, v+, and *, such that for
n=0,1

d n
Re(xy(0),2,(0)) ({ (AM> (SaA(A)) 1A € Cw}) <C,

d n
Re(x4(0),3,(0)) ({ (AM) (TAB(A)) = A € C+,/\3}> <C.

Here, A,;(Q)) and S, are given by (21) for G = Q, while B,(Q) and T) are given by (11)
for G = Q.

Proof. Define 6(x) = 72(x) + 3(x). By Lemma 4, we extend 7;(x) (i = 1,2,4) and 4(x)
on Q to 7;(x) (i = 1,2,4) and é(x) on RV, respectively. They are real valued uniformly
Lipschitz continuous functions on RN and satisfy

2

%g%(x) §M+% (i=1,2,4), %SE(X)SM-F%

for any x € RN with a positive constant M = M(v*, ). Define ¥3(x) = 5(x) — Ao (x).
This shows that ¥3(x) = y3(x) for x € Q) and that 3(x) is a real valued uniformly Lipschitz
continuous function on RN with

% < Ja(x) + 73(x) §M+% for any x € RY.

Furthermore, the Lipschitz constants of 1, 72, 3, and 74 are bounded above by 2(M + 7. /2).

We use Proposition 2 with 6; = 7; fori = 1,2,3,4. Let (d,f,¢p,h, gs, k, 1) € A;(Q) in
what follows. Let E be an extension operator from H, ; (Q) to H; (RN), while Eof is the zero
extension of f, i.e., Eof = fin Q and Eof = 0 in RN \ Q). We define

(R,U) = (®()N)(Ed, Eof), ¥ (A)(Ed, Eof)).
Then, (R, U) satisfies

AR+ 7, divU=Ed inRV,
AU — 3, ' Div(7,D(U) + (73 — 72) div UL + 7;ARI) = Eof in RN,

Setting p = R + ¢ in (19) yields
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Ar+yidivu=d inQ,
Au— ')/4_1 Div(1:D(u) 4 (73 — 72) divul + 11 AcT) = £ in Q,

- (22)
n-Vo=gp, u=h onIp,

n-Vo=gs, (D(u))r=k;, u-n=1 onTlg,

where

d=71divU, f=AU— 9, Div(12D(U) + (73 — 72) div UI),
§p =8p—n-VR, gg=gs—mn-VR.

Notice that 7 is an extension of n with i € HZ (RN), see [26] (Corollary A.3) for more
details. From (22) and Proposition 1, we observe that the solution (p, u) of (19) can be
written as

0 =R+ 0 =®(\)(Ed, Eof) + A°(A\) FUd, 1,8p,h, 35, Kk, 1),
u=B"N)F)(d £ 3p,hgs K1) (23)

Let us recall
]:)(S(J,EQVD/ hrgvSrk/l)

= (Vd,AY?d,£,V?gp, AV 2V gp, Agp, VZh, AV/2Vh, Ah,
V255, A2V 35, Ags, Vk, AV 2k, V21, AV2V1,AL.

In view of this formula, for H = (Hj, ..., His) € %4(Q) and (Z,Z) € {(A,A),(B,B)},
we set

Z()H = 2°()) (v (7 div¥(A)(EHy, EoH)),
AY2q1 div¥ (M) (EH:, EoHy),
AY¥(A)(EHy, EoHy) — ;" Div (72D(¥(A)(EHy, EoHy))
+ (13— 72) diV‘{'()L)(EHl,Eon)I),
Hs — V2 (ﬁ - V®(A)(EH,, EOHQ)),
Hy— Al/zv(ﬁ - VO(A)(EH;, EOHZ)),
Hs — A(ﬁ - V®(A)(EH,, EOHZ)),
He, Hy, Hg,
Ho — V2 (ﬁ - V(M) (EH], EOHZ)),
Hyo — A2V (ﬁ . V®(A)(EH,, EOHZ)),

Hy — )\(ﬁ - VO(A)(EH;, E0H2)>/
Hio, Hi3, Hi4, Hs, Hl6> .

We also set for H = (Hy, ..., Hig) € X,(Q))

A(A)H = ®(A)(EHy, EoHy) + A(MH, B(A)H = B(A)H.
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It then follows from (23) that (p, u) = (A(A)F,F, B(A)F,F). In addition, A(A) and B(A)
satisfy the desired estimates from the definition of the R-boundedness and
Propositions 1 and 2. The uniqueness of solutions is already discussed in Proposition 1.
This completes the proof of Theorem 2. []

5. Linear Theory

This section considers the following time-dependent linear system:

op+r1divu=d inQ xRy,
dru — 5 ' Div(12D(u) + (713 — 72) divul + 11 A01) = £ in Q x Ry,
n-Vo=0, u=0 onIp xRy, (24)
n-Vop=0, (D(un):=0, u-n=0 onlsxRy,
(p,w)|t=0 = (po,uo) inQ),

where the coefficients 7; = 7v;(x), i = 1,2,3,4, satisfy Assumption 1. In the following
subsections, we first introduce an analytic Cy-semigroup associated with (24), and then we
state the maximal regularity for (24) with (pg, ug) = (0,0).

5.1. An Analytic Cy-Semigroup
Let us define for g € (1,0)

Xy = HI(Q) x L)Y, (o w)lx, = o]0y + Il )

Furthermore, the operator A, is defined by

Ay (p,u) = (—y1divu, 'y;l Div(7;D(u) + (773 — 772) divul 4+ y1ApI))

with the domain

D(Ag) = {(pw) € H0) x HA()N :n-Vp =0, 4= 0onTp,
n-Vp=0, (D(un); =0,u-n=00nTs}.

Noting Remark 3(3) and following [3] (Remark 2.10 (1)), we observe from Theorem 2 that
A4 generates an analytic Cp-semigroup (e9t) >0 on Xy, as follows.

Proposition 3. Suppose that Q) is a uniform C3 domain in RN, and Assumption 1 holds. Let
q € (1,00). Then, the following assertions hold.

1 Ay is a densely defined closed operator on X,,.
q y P q
(2) A generates an analytic Co-semigroup (e41")i=q on X,. In addition, there exist constants

0 =01(N,q,vr, 7+, 7v*) > 1and C = C(N,q, v, v+, Y*) > 0, such that for any t > 0
ller* (po, o) || x, < Cel®/2!| (po, uo) | x, ((po, wo) € Xy),
19re” (po, wo) [[x, < Cel/2! | (po, wo)|lx, ((po,w0) € Xy),
19¢e™" (0o, w0) | x, < Cel®/" [ (0o, w0)Ip(a,)  ((p0,u0) € D(Ay)),

where || - [|p( A, denotes the graph norm of Ay,

Let (-, )9, be the real interpolation functor for 6 € (0,1) and p € (1,); see, e.g., [27]
(Definition 1.37). We set

Dg,p(Q) = (Xg, D(Ag))1-1/p,p-

Then D,,(Q)) C B;/_pz/ P(Q) x B;/_pz/ P(Q)N. The next proposition immediately follows
from Proposition 3 in the same manner as in [28] (Theorem 3.9).
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Proposition 4. Suppose that Q is a uniform C3 domain in RN and Assumption 1 holds. Let
p,q € (1,00). Then, for any (po,ug) € Dg,(Q), (o, u) = e’ (pg, ug) is a unique solution to
(24) with (d, f) = (0,0) and satisfies

iy =0
le™® 0wl k. ey + e el v mc)
_5 -
e 0l ey om) + ™l ko))

< Cll(po, wo)lIp, , (0)

where &1 is given by Proposition 3 and C = C(N, p,q, v, ¥+, Y*) is a positive constant.

Let us now consider (8). Recall that So(u), 1o, Vo, ko, and rg are given by (5). Define

0 1) 0 0+ Poco
T1:="%o=pPo +Poo/ T2 = &/ V3= V4= = u

2
Ko L] L) Ko @)

We assume that r, jo, vo, and g satisfy the conditions (b), (e), and (f) of Theorem 1. Then,
Y1, Y2, ¥3, and 4 satisfy Assumption 1, and y;, ¥+, and 7* in Assumption 1 become
constants depending only on R, Ry, and Rp. We therefore obtain the following corollary of
Proposition 4.

Corollary 1. Let Q be a uniform C3 domain in RN. Let p,q € (1,00) and let R, Ry, Ry, and peo
be positive constants with Ry < Rp. Suppose that (oo, ug) € Dg,p(Q) and that ro = po + peo,
Ho, Vo, and kg satisfy (b), (e), and (f) of Theorem 1. Then, (8) admits a unique solution (p,u),
which satisfies

—1tn ~ —mts
e 0Bl r, iz + 1™ Plln, w3 00)
e 08 L w v F e L r N

< Cll(po,wo)llp, , ()
with positive constants 11 = 71(N, q, R, R1, Ry, peo) and C = C(N, p, 4, R, Ry, Ry, poo)-

5.2. Maximal Regularity

From Proposition 5 to Corollary 2 below, we discuss the maximal regularity for (24)
with (pp,ug) = (0,0). Concerning the theory of maximal regularity in Ly-in-time and
Lg-in-space settings, we refer to [29] (Chapter 3), written by Shibata.

Combining Theorem 2 with the operator-valued Fourier multiplier theorem introduced
by Weis [30] yields the following proposition.

Proposition 5. Suppose that Q) is a uniform C3 domain in RN and Assumption 1 holds. Let

p,q € (1,00). Then, there exists a constant oy = 52(N, q, v, v+, 7v*) > 1, such that the following

assertions hold.

(1)  Foranye %'d € LP(R+,H;(Q)) and e=2'f € L,(Ry, Lo(Q)N), (24) with (pg, ug) =
(0,0) admits a unique solution (p, u) with

1
Y € Hp,loc

1
uc leloc

(Ry, Hy(Q)) N Ly joc (R, H (V)
(Ry, Ly()N) N Ly 1oc(Ry, Hy()N).

(2)  The solution (p,u) satisfies
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.y -0
e ztatplle(R+,Hq1(Q))+|\e ztpHLp(m,H»?(Q))

+ Hei{btafu||Lp(R+,Lq(Q)N) + ||‘37§2t“||L,,(R+,H§(Q)N)
_5 -0
< C(He 2td||Lp(R+,H[}(Q)) + lle 2tf||L,,(R+,Lq(Q)I\1))
for some positive constant C = C(N, p, 4, YL, Y+, ")

Proof. See [29] (Subsection 3.4.6) for the proof of the existence of solutions satisfying the
desired estimate.

Let us prove the uniqueness of solutions in what follows. Let (p, u) satisfy the regular-
ity stated in (1) and the following homogeneous system:

op+vr1divu=0 inQ xRy,
dru — 7, ' Div(712D(u) + (73 — 72) divul + 118pI) =0 in Q x Ry,
n-Vp=0, u=0 onIp xRy, (26)
n-Vp=0, (D(un);=0, u-n=0 onlsxRy,,
(o,u)|t=0 = (0,0) in Q.

Let ¢ € C(Q x Ry)N, where C°(Q x Ry) is the set of all C* functions whose
supports are compact and contained in () x R. Let T be a positive constant such that
suppge C Q x (0,T) and define ¢7(x,t) = ¢(x,T —t). Then, supper C Q x (0,T)
and g1 € Ly (Ry, Ly(Q)N) for p’ = p/(p—1) and g’ = q/(9 — 1). Thus, there exists
(o,v), with

re Hlla’,loc(R-&-rH;’(Q)) N Lp’,loc(R+/ Hgl(Q))r

ve Hila’,loc(R-&-r L ’(Q)N) N Lp’,loc(R+/ H?,(Q)N>,

q

such that

dt0 + y1divv =0 in xRy,

v — 75 ' Div(12D(v) + (73 — 72) divvI+71801) = 7, or  inQ x Ry,
n-Vo=0, v=0 onI'p xRy, (27)

n-Vo=0, (D(v)n);=0, v-n=0 onTs xRy,

(0,v)|t=0 = (0,0) in Q.

Leta = (al(x),...,aN(x))T, b = (b1(x),...,
(Bij(x))lgi,jgN. Define

b (x))T, A = (Aj(x))1<ij<y, and B =

andsetforI'=Tporl =Tg
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where dS is the surface element of I'. In addition, for f = f(x,t), ¢ = g(x,t), f =
(Fi(x,t), ..o, fin(e, T, g = (g1(x,8),...,en(x, )T, F = (Fij(x,t))1<ij<n, and G =
(Gij(x,t))1<ij<N;

(f,8)axor) = /OT/Qf(x,t)g(x, t) dxdt,
N T
(£, g)Qx(O,T) = E/O /ij(x,t)gj(x, t) dxdt,

(FGQXOT Z/ / l]xt Z/xt)dxdt

ij=1

Let M = (M;;(x))1<ij<n With MT = M. Integration by parts then shows

1
) M’ D(a))Q + (Mn/ a)FDuFSr

(DiVM, a)Q = 2(

which, combined with
Mn = (Mn); +n(n-Mn),

furnishes

(DivM,a)q = —3 (M, D(a))a + (Mn,a)r,

+ ((Mn),a)r; + (n-Mn,a-n)r,. (28)
Let us define for (x,t) € Q x (0, T)
T(x,t) =0(x, T—t), w(xt)=v(x,T—t).
It then follows from the second equation of (27) that for (x,t) € Q x (0, T)

740tW + Div(712D(w) + (73 — 72) div wl + 11 A7)
= —{740:v — Div(12D(v) + (73 — 72) div vI+ 11 AcT) }(x, T — t)
= —g(x1). @9

Since u|;—¢ = 0 and w|;—7 = 0, one observes by integration by parts that
(7401w, W)y (0,7) = — (W, 7401W) oy (0,7)- (30)

Together with the boundary condition of (26) and (27), we use (28) with a = w and
M = 1,D(u) + (73 — 72) divul + 1 Apl in order to obtain

(Div(72D(u) + (713 — 72) divul + 11801), W) (0,1
— 5 (D (w) + (75 — 72) div ul + 71801 D(w) ) 07 @)
It holds that
(713 = 712) divul, D(W))qx (o,1) = (D(u), (73 — 72) divwl) g (0,7)- (32)
In addition,

(1AL, D(W))ax (o) = (B, 11divw)q o) =: (RHS)y,
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which, combined with 9;T = 71 div w, furnishes
(RHS)l = (Ap, atT)QX(O’T) = (RHS)2

Together with p|;—g = 0, T|;=1 = 0, and the boundary condition of (26) and (27), we observe
by integration by parts that
(RHS)2 = — (310, AT) e (0,1) = (M1 divw, AT) 0,1) = (D(u), 11T 01 (0,7)-
Thus
(1180L D(W))ax o) = (D(u), 118t (0,1)-
Summing up this Equations (31) and (32), we have

(Div(12D(u) + (73 — 72) divul + 11ApI), W) (0,1)

1

= —E(D(u),’YzD(W) + (73 — 72) divwl + 1At 0,7)-

Let us use (28) with a = wand M = 1,D(w) + (73 — 72) div wl + 711 ATI together
with the boundary condition of (26) and (27), and then

(Div(12D(w) + (73 — 72) divwl + 11ATI), u) (0,1

1 :
= —5(1D(W) + (73 — 72) div Wl + 11471, D(4)) o 0,7) -

The last two equations give us
(Div(712D(u) + (73 — 72) divul + 114pI), W) (0,1)
= (u, Div(72D(W) + (73 — 72) div wI + 11 ATI)) o 0,7)
which, combined with (29) and (30), and the second equation of (26), shows that
0 = (749ru — Div(12D(u) + (3 — 712) divul + 11 Ap1), W) (0,7)
= —(u, 740:W + Div (12D (W) + (73 — 72) div Wl + 11ATI) )y (0,7)

= (u, 4’)Qx(o,T) = (u, ¢)axRr,-

Thus, u = 0. It then follows from the first equation of (26) that d;p = 0, which, combined
with p|;—o = 0, furnishes for (x,t) € QO x R4

0= /Ot 9sp(x,s)ds = p(x,t) —p(x,0) = p(x,t).

Thus p = 0. This shows the uniqueness of solutions to (24) and completes the proof of
Proposition 5. [

Let T be a positive constant. We next consider the following time-dependent linear
system on (0, T):
op+rodivu=d inQx(0,7),
dru — 1y ko Div(xy 'So(u) +roApI) = £ inQ x (0,T),
n-Vo=0, u=0 onlpx(0,7T), (33)
n-Vp=0, (D(un):=0, u-n=0 onlgx(0,T),
(o, u)|t=0 = (0,0) inQ,

where So(u), uo, vo, ko, and rq are given by (5). As a corollary of Proposition 5, we obtain
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Corollary 2. Let Q) be a uniform C3 domain in RN. Let p,q € (1,00) and let R, Ry, Ry, and peo
be positive constants with Ry < Ry. Let Ty € (0,00) and T € (0, Ty]. Suppose that ro = py + Poo,
Mo, Vo, and kg satisfy (b), (e), and (f) of Theorem 1. Then, the following assertions hold.

(1)  Foranyd € Ly((0, T),H(}(Q)) and £ € Lp((0,T), Lg(Q)N), (33) admits a unique solu-
tion (p, w) with
pEc H;((O/ T)/ HL}(Q)) n LP((OI T)/ Hg(Q)),
u e Hy((0,T), Ly()N) N Ly((0,T), Hy (Q)").

(2)  The solution (p,u) satisfies

196l (0,m), 12 ) + IOllL, (0,1, 3 (02))

+ 9l 01,1, 000%) + 10l 01, 12000
<M (HdHLP((OIT),qu(Q)) + HfHLp((O,T),Lq(Q)N))

for some positive constant My = Mi(N,p,q,R,R1,Ra, Ty, pso). In particular, My is
independent of T.

Proof. We apply Proposition 5 with (25)—(33). Notice that Assumption 1 is satisfied by our
assumption about rg, o, vp, and xg.
Let d and f be the zero extensions of d and f, respectively, i.e.,

>~ Jd forte(0,T), - f forte (0,7),
0 forte (T,c0), 0 forte (T,0).
Then B N
e ?'d e L,(Ry, Hy(Q)), e 2'feL,(Ry,Ly(QN),

where ¢, is given by Proposition 5, which yields the solution (p, 1) to

p+rodivi=d inQ xRy,
91t — 1y o Div(xy 'So(®) + roAPI) = f  in Q x Ry,
n-Vo=0, u=0 onIp xRy,
n-Vp=0, (D(u)n):=0, u-n=0 onlgxRy,
(0, 4)[t=0 = (0,0) inQ.

In addition, (p, u) satisfies
_5 ~ —ot
le™*20upll, r. 130y + e 2Pl (v 12 (0
+ ||eﬁ&2tatﬁ‘|LP(R+,L,7(Q)N) + Heiéztﬁ||Lp(R+,H,%(Q)N)
e —oot'g
< (el r, mpen) + e m iy )-
Combining this inequality with
le™**dll ., 1)) < Nl 0,1, 0300
le™ "1, (. Ly ™) < Nl (01) 2y (0)M)

shows that
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—5 ~ —0pt~
le™ 0Pl L, 1)) + e Pl v, 12
+lle™ 0L, (k. ) + el w  r2i0))
< C(”d”LP((O,T),H%(Q)) + ||f||Lp((0rT)/L¢I(Q>N))’ (34)

where C is a positive constant independent of T.
Let (p, u) be the restriction of (g, u) to (0, T). Then, (p, u) becomes a solution to (33).
In addition, since
1201, (0, 3000y IOl (0.1 3000
6T (] ,—0 -5
< 7 (e aupll, 0113000y + e "0l 0153000 )

< o (||3_52t3tﬁ||Lp(R+,H%(O)) + ||e_52tﬁ”Lp(R+'H3(Q>))'

(34) gives us

HatPHL,, (0T),H}(Q +||P||L,, 0,T),H3 ()
< cet (Hdlmuo,nﬂ;m» el om0

Analogously,

||at“||L,,( (0,1),Ly(Q)N) + ||u||L,, ((0,7),HA(Q)N)
< Ce®2To (||d||Lp((o,T),H;(Q)) + HfHLp((O,T),Lq(Q)N))'

The last two estimates demonstrate that (p, u) satisfies the desired estimate. The uniqueness
of solutions can be proved in the same manner as in Proposition 5. This completes the
proof of Corollary 2. [

6. Local Solvability of the Nonlinear Problem

This section proves our main result of this paper, i.e., Theorem 1. To this end, we first
introduce several embedding properties. We next estimate nonlinear terms. Finally, we
prove Theorem 1. Throughout this section, we assume that Q) is a uniform C3 domain in
RN for N > 2.

6.1. Embedding Properties

Recall that (-, -)g , is the real interpolation functor for 6 € (0,1) and p € (1,0). We
then have the following lemma; see, e.g., [20] (Section 1.4).

Lemma 5. Let p € (1,00). Let X, Y be Banach spaces so that Y is a dense subspace of X and Y is
continuously embedded into X. Then,

Hy (R, X) N Ly(Ry,Y) C C([0,00), (X,Y)1-1/p,)

and

1/p
590 17Ol 1y < (g, 0+ 191, 0, 0)

forany f € H’},(RJF,X) NLy(Ry,Y).
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Let us recall

(HNQ), H3(Q))1-1/,,, = By, (Q),

2-2/
(Lq(Q)ng(Q))l—l/P,P = Bq,p p(Q)~
Lemma 5 gives us

Lemma 6. Let p,q € (1,00). Then, the following assertions hold.
(1) There holds

H)(R+, H}(Q)) N Ly(R+, H3(Q)) € C([0,00), By, /7 (Q0))
and

sup ||f(t)|\33’—p2/p(0) < C<|\f||H,1,(R+,H;(Q)) + Hf||L,,(R+,Hg(Q)))

te[0,00)

forany f € H,lj(R+, H; (Q))NLy(Ry, H;(Q)) with a positive constant C.
(2)  There holds

Hy(R+, Lg(€) N Ly(R+, H}(Q)) € C([0,00), By, P(02))
and
210 0]z 2 < (I, yc + 1L, 2
forany f € H},(R+, Ly(Q)) NLy(Ry, H,%(Q)) with a positive constant C.

We next prove.

Lemma 7. Let p € (1,00) and g € (N, o0). Suppose that T > 0 or T = co. Then L,((0,T),
Hy(Q)) € Ly((0,T), Leo(Q?)) and

1£11L,(0,7), Lo ()
;
< C(va”Lp((O’T),Lq(Q))||f||Lp((0,T)’Lq(Q)) + ||fHLp((O,T),Lq(Q))>

forany f € L,((0,T), Ht} (Q))), where C is a positive constant independent of T.

Proof. Since g > N, it holds that Hy (Q0) C Leo(Q2) and

1-N
Fleaien < COITAL Iy + 1)

forany f € Ht} (Q)). This inequality shows that for6 = N/gq € (0,1)

12, oy iy = [ IFOIL o
<c( [T IV ||f()||p<19dt+/ £ 0 )

On the other hand, Holder’s inequality gives us
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LA g 01 a

<([ IIVf(t)IZq(Q)f(/O ||f<t>|§qm)dt)1_9.

Summing up the last two inequalities, we have
p
AL, (0,1 Loo(2))

< C(IVAIL (om0 I oy + 11 omigcan )

This yields the desired inequality and completes the proof of Lemma 7. [

Let us next prove:
Lemma 8. Suppose that T > 0 or T = oco. Then, the following assertions hold.
(1) Letp,q € (1,00). Then, for any f € Ly((0,T), H3(Q2))
! :
1A, ommn = CIAIL om0 UL 0y 000
where C is a positive constant independent of T.

(2) Letpe (1,00)and g€ (N, oo). Then, for any f € Ly((0, T),Hg(Q))

1AL, (1), L) <C||f” p((0.T),H2 ()

< (A1 o Ao o+ WA omyian)

where C is a positive constant independent of T.

Proof. (1) Let [+, -]o be the complex interpolation functor for 6 € (0,1); see, e.g., [27] (Defini-
tion 1.38). It follows from Remark 2 (d) of Subsection 2.4.2 in [21] that [L,((), Hg(ﬂ)]l /2 =

H,;(Q), which, combined with Theorem 1.9.3 (f) in [21], demonstrates that for any g €
HZ ()
q

1 1
||g||H%(Q) < C||g||12{5(0)||8||fq(0)

Using this inequality, we observe that

A2 comympin =, 1FOI
<cf' ||f<t)||,§qz(0)IIf(t>||Zq<Q)df

<c( [ 1A 0 ) % ([ 1701 o) g

This yields the desired inequality.
(2) Let us first consider 9;f forj =1,...,N. Lemma 7 gives us
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10 f I, ((0,7), Leo(2))
<c(||va]f||L om0 oy + 133 Iy 0 240
q 17%
< (I} omrzce ))anLp((o,T),H%m)ﬁ||f||L,,(<0,T),H;(Q)>),
which, combined with (1), demonstrates
19if 1L, ((07),Lo(2))

3(1-5) }
< C”sz OT HZ (||f||2‘7 OT HZ HfHLp( OT) Lq( + ||f||ip((O,T),Lq(Q))>.

This estimate holds with [|9;f]|1,((0,7),L..(00)) Teplaced by [[fl|L,((0,T) L. (q2))- The desired
estimate thus holds. This completes the proof of Lemma 8 O

From Lemma 8, we obtain

Lemma 9. Let p € (1,00) and q € (N,00), and let T € (0,00). Then there exists a positive
constant C, independent of T, such that the following assertions hold.

(1) Forany f € OH;((O, T),La(Q2)) N Lyp((0, T)rHt%(Q))

11 ot < CT2 (I Ly omyy e + 1L, om 200 )-

(2)  Forany f € oHy((0,T), Ly(€2)) N Ly((0, T), HF(CY))

1(1_N 1
HfHLp((O,T),HgO(Q)) < C(T2< q) + TZ)
x (HfHHrl?((O/T),Lq(Q)) + ||f||Lp((O,T),H§(Q))>'

(8)  Forany g € oHy((0,T), Hy () N Lp((0,T), Hy(Q2))

1
I8l om0 < CT2 (I8l 0,10, m3 00y + 181, 0.1, 1300) )-

(4) Forany g € OH%,((O, T), H;(Q)) N Lp((o/ T)/ H;’(Q))
1(_N 1
Hg”L,,((O,T),Hgo(Q)) < C(TZ( '7) +Tz>

X (”g”H;((o,T),H;(o)) + ||8”Lp<<o,T>,H;<0>>)~

Proof. (1) Let f € oH,((0, T), Ly(Q2)) N Ly((0, T), H7 (Q2)). Since

I£IlL, (01)Lg @) < TPUF I La0,1),L5(2))-

Lemma 8(1) shows that

1
HfHLp((O,T)/H%(Q)) T ”f”Z p((0,7),H2(Q2) )HfHLoo ((0,7),Lg(Q))"

On the other hand, f|;— = 0 gives us

t
flet) = [ 0cf(x,5)ds (35)
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which implies

T /
£z, L0 (0)) < /0 18s£ () 1,0 ds < T fl gy (0,11, (2)) (36)

for p" = p/(p —1). Combining this with the last estimate of || f|| Ly ((0,7),H! () yields the
desired inequality.

(2) The desired inequality follows from Lemma 8(2) in the same manner as in the
proof of (1), so that the detailed proof may be omitted.

(3), 4) Letj = 1,...,N. Since 9;,¢ € oH,((0,T), Ly(Q)) N Ly((0,T), H(?)), the
desired inequalities of (3) and (4) immediately follow from (1) and (2), respectively. This
completes the proof of Lemma 9. O

Recall K 4,7 = K;:,q;T X wa;T and oKy g7 = OK}J,q;T X OK;Zy,q;T given by Subsection 3.1.
We then have

Proposition 6. Let p € (1,00), g € (N,c0), and T € (0,00). Then, there exists a positive
constant C, independent of T, such that the following assertions hold.

W) el om),m@) < CT1/2||P||K;,q;Tf07 any p € oK, 1.

(2) ||P||Lp((o,T),H§O(Q)) < C(TU-N/9)/2 4 T1/2)||PH1<’17/WTf07’ any p € OK;;,;,;T-
G) el o ) < CTl*l/p||P||1<}la,q;Tf07 any p € oK, ;1.

4) el (o,1),Le(0)) < CTl*l/pHPHK;/q;T forany p € OK;la,q;T'

(5) Nl o) < CTYullge  foranyu €0k} q.

6) Il (0,1, mL ) < C(TA-N/9)/2 | T1/2)||u||K%’q;Tfor anyu € oK .
(7) ||u||Lw((O,T),Lq(Q)N) < CTl—l/P ||u||K;27,q;T fOT’ any u € OK;,q;T'

Proof. The desired inequalities of (1), (2), (5), and (6) follow from Lemma 9 immediately.
The proofs of (3) and (7) are similar to (35) and (36), so that the detailed proof may be
omitted. Since H; (Q)) is continuously embedded into Lo ((2) by the assumption g > N, the
desired inequality of (4) follows from (3). This completes the proof of Proposition 6. [

Let Ty € (0,00) and T € (0, Tp). Since
T2 < TV2, T(-N/g)/2 < Tél_N/q)/z, T1-1/p < Té—l/p
for p € (1,00) and g € (N, 0), the next proposition follows from Proposition 6 immediately.

Proposition 7. Let p € (1,00) and g € (N, ). Let Ty € (0,00) and T € (0, Ty]. Then, there
exists a positive constant Cr, depending on Ty, but independent of T, such that the following
assertions hold.

1) ”pHLp((O,T),HgQ(Q)) < CTOHP”K;/L];TfO” any p € OK;),q;T'
2)  llellgom my) < Cnllellx . forany p € 0K}, g1

(

(2)

3 leliw(o,1),Le(0)) < CT0||P||1<;M for any p € oK, 1.
(4)

(5)

5

2
||u||L,,((0,T),HgO(Q)N) < CTOHHHK;WT forany u € oK, .q.

lullea o)Ly < Crllullge  foranyu e oK3 o1
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We finally introduce embedding properties for the solution (g, i) of (8).

Proposition 8. Let p € (1,00) and q € (N,00), and let R, Ry, Ry, and poo be positive constants
with Ry < Ry. Let Ty € (0,00) and T € (0, To]. Suppose that (po,ug) € Dy p(QY) and that
T0 = P0 + Poo, Ho, Vo, and K satisfy (b), (e), and (f) of Theorem 1. Then, there exists a positive
constant Ct, depending on N, p, q, R, Ry, Ry, Ty, and p, but independent of T, such that the
following assertions hold.

1) e @)k, < Cryll(po, wo)llp, , (c0)-

@) M@, o8 320 () B2 ()N vy < Cryll (po, wo) b, )
@) lEu )HLOO (1), H Q) xL,()N) < Cnoll (00, w0) [l D, (02)-

@) @, 0,12 <HLE@N) < Crill(0,w0) Dy, (00)-

) MPllLw(0,1), L)) < Cryll(p0,w0) I, ,(02)-

(6) ||5_P0||Lm ((0,1), H[}(Q)) < Cr, T 1/pH(PO/uO)HDM,

(7) 10— PO”L00 ((0,7), H[}(Q)) < Cr, Il (po, uO)HDW(Q)'

®) 18— polla(o1),Lo@)) < Cr TPl (00,w0) I, , ()

) o= polle(o1) L)) < Croll (00, w0) D, , (02)-

Proof. (1), (2) The desired inequalities follow from Corollary 1 and Lemma 6 in the same
manner as in the proof of Corollary 2.

(3) Since B3 sad(e) (Q) and 32 2/p (Q)) are continuously embedded into H;(Q) and
Ly (QY), respectlvely, the desired 1nequa11ty follows from (2).
(4), (5) By the assumption g > N, we observe for m € N that Hj'(Q)) is continuously

embedded into HZ~1(Q). Thus, the desired inequality of (4) follows from (1), while one of
(5) follows from (3).
(6) Since

P61~ polx) = [ :p(x,s) ds

we observe by Holder’s inequality that

16 poleoomy e < [ 12006y 4
<71 l/p||atto||Lp((o,T),H;(Q))-

Combining this inequality with (1) demonstrates the desired inequality.

(7) Since T' /7 < Tgfl/ P, the desired inequality follows from (6) immediately.

(8) and (9) Since H,; (Q)) is continuously embedded into L« (Q2) as mentioned above,
the desired inequalities of (8) and (9) follow from (6) and (7), respectively. This completes
the proof of Proposition 8. [

6.2. Estimates of Nonlinear Terms

This subsection estimates the nonlinear terms D(p, u) and F(p, u) given by Section 3.2.
Throughout this subsection, we assume

Assumption 2. Let p € (1,00), g € (N,00), and Ty € (0,00). Let R, Ry, Ry, and poo be
positive constants with Ry < Ry. Suppose that (oo, ug) € Dg,p(Q)) and that (b), (e), and (f) of
Theorem 1 hold.

Let us define for T € (0, Tp]
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1 N
o(T) = =% 41t f7s,
(1) = sup (1ln(t) = poll gy + Iv(E) = voll g e
t€[0,T]
+ () = xoll gy )- (37)
We then observe that

lim ¢(T) =0, lim (T) =0, (38)

0 0
where we note Remark 1.

Let us decompose the nonlinear terms into the lower order terms and the the highest
order terms. Define

Di(p,u) =u-Vp, Da(p,u)= (p—po)divu.

One then sees that
D(p,u) = —D1(p,u) — D2(p, u),

where D1(p, u) and D, (p, u) are corresponding to the lower order and the highest order,
respectively.
We next consider F(p, u). Let us observe that

Div(S(u) — So(u)) = (g — po)Au+ (v —vg)Vdivu + D(u)V (it — po)
+ (divu)V((v —vo) — (4 — po))

and that
e B Vel
Div ( (& — x0)(p + peo) ApI + K0 (0 — po) ApI + & > I-xVp® Vp
= (V(x —x0))(p + poo) Ao + (1 — 0) (Vo) Ap + (K — K0) (0 + peo) VAP
+ (Vxo) (o — po)Ap +x0(V (e — po))dp + xo(p — po) VAP
2
+ (Vk) |V2p| — (Vp® Vp)Vk —x(Vp)Ap.
Define

Fi(p,u) = (p+ poo)u- Vu+D(u) V(i — po) + (divu) V((v — vo) — (# — o))
+ (V(x = %0)) (0 + peo) Ap + (k — 10) (V) Ap
+ (Vo) (p = po)Ap +x0(V (o — po)) Ap
[Vel® _
2
+ (0 + poo)b + (Ko_l(vo — po) divul + roApI) Vg

+ (Vk) (Vo® Vp)Vk —x(Vp)Ap

and

Fa(p,u) = —(p — po)oru+ (4 — po)Au+ (v — 1) Vdivu
+ (k — %0) (P + poo) VAP + K0 (p — po) VAp.

These give us
F(o,u) = 15 'Fi(o,u) + 75 'Fa(o, ) — 15 P (0 + peo) Vi,

where F1(p,u) and F,(p, u) are corresponding to the lower order and the highest order,
respectively.
Let us now estimate Dy (p, u).
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Lemma 10. Suppose that Assumption 2 holds. Then, there exists a positive constant C =
C(N,p,q,R, Ry, Ry, Ty, poo), such that for any T € (0, To] and (o', u*) € oKp g1, i = 1,2,

ID1 (0" +p,u' + 1) — D1 (0* + p, u* + 1) ||L,,((0,T),H;(Q))
< Co(M(p* o', —u!) [k,

X (||(P1ru1)||Kp,[,;T +11(0% ) [k, ¢ + Il (00, uO)”Dq,p(Q))'
Proof. Let us write
Di(p" +p,u' + 1) — D1 (0* +p, u* + 1)
= (u' —u?)- V(o' +p) + (v’ +1)- V(o' —p?)
= 11 + Iz.
Fork=1,...,N
Ol = 9 (u' —u?)- V(o' +p) + (u! —u?) -9V (p' +p),
which gives us
19ch L, (0,7),L,(02))
< [19x(u’ = )l (0,1, L) I V(O + ) | Lo (0,7, L, (0N
+ ! =l 0.1, 196V (0" + )1, (07, L ()N
< Jlu' - u2||Lp((o,T),Hgo(Q)N) lo" + ﬁHLm((o,T),HL;(Q))
+lut = om, Lo let + Il om0

By Propositions 68, we observe that

19kT1 [, ((0,1),L,(02))

< 12 1
< Co(lu' =l (o'l + (oo, w0)llp, (0 )-
Analogously, we obtain from Propositions 6-8

Il (0,1),L,(00)

< Co(D)u' =l (0"l + o090} [, cr)).
11211, ((0,7),L,(0)

<Co()lo" =l (Ilz, . + 1100, w0)llp, 00 )
102l (0,7),L,(02))

<Co(Dlo' =l (I¥lxz, + 110, w0) I (00 )-

Summing up the above estimates of Iy, I, dxl1, and dilr, we complete the proof of
Lemma 10. [
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In the same manner as in Lemma 10, we have
Lemma 11. Suppose that Assumption 2 holds. Then, for any T € (0, Tp]
ID1(p, )HL ((0,1),H}(€2)) < CH(PO/UO)H%M(Q)I
where C = C(N, p,q,R, Ry, Ry, Ty, peo) i a positive constant independent of T.
We next consider F1(p, u).

Lemma 12. Suppose that Assumption 2 holds and b € L, ((0, Tg), Ly(Q)N). Then, there exists a
positive constant C = C(N, p,q, R, Ry, Ry, Ty, poo), such that for any T € (0, To] and (o', u’) €
OKp,q;T/ i=1,2,

IF1(e" +p,u' + @) = F1(p® +p,u* + @) |, (0,11, ()N

< Co(T)||(0* — p",u* —u') |I<,,,q;T{ IBIlL, ((0,70),Ly()N)
2 1.1 2 2 J
+§wa%JWmmWwwwmw).
]:
Proof. Notice that the quadratic terms of F1(p, u):
u-Vu, (V(k —x0))pdp,  (x—x0)(Vp)Ap,

2
(V;c)| 2p| , (VpeVp)Vk, x(Vp)Ap

can be treated in the same manner as in the proof of Lemma 10. In this proof, we focus on
estimating the following terms:

Fi(u) =D(u)V(p — o), Fa(u) = (diva)V((v—ro) — (4 — o)),
F3(p) = (V(k—x0))Ap,  Fualp) = (Vxo) (o — po)Dp,
Fs(p) = x0(V(p —p0))Ap, Fe(p) = (0 + peo)b,

and also
Fr(p,u) = (x5 (vo — po) divul + roApI) Vg,  Fg(p,u) = pu- Vu.
Let us first consider F7 (u). It can be written as
Fi(u' +1) - Fi(u® +1@) = D(u' —u?)V(p— po).
It thus follows from Proposition 6 that
11 (ut @) = Fi(u? +8) 0,1, )
< (I o1yt ey + 0z o ) 10 = w2l oy,
< Co(T)|Ju’ ~ 112||1<2
Analogously,
1F2(u’ +8) = Fo(w® + )1, 0,1,1,)n) < Co(T)|u’ — u2\|K§’q;Tr

130" +2) = Falp® + )L, (01),L,00™) < Co(T)lp" — Pz||1<;,q;Tf
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and

1F7(p" +p,ul + 1) — F7 (0> +p, 0 + @) |, (0,1),1,()N)
< Co(T)||(p" = o u' —u?) |k, -
We next consider F4(p). It can be written as
Falp' +p) = Falp® +p)
= (Vo) (" = p*)A(p" +p) + (Vo) (0* + 0 — po) Alp" — p°)
=: Il —+ 12.

Propositions 6-8 show that
Il (0,1),Ly())
< Vol L@y l0" = 0%l 01,1y ) 18 (0" + B 1L, ((07), Loo(2))
< Co(m)le' =l (o'l + 110, w0) I, c0))-
11211, ((0,1), L))
< [|Voll Lo () (HPZHLOO((O,T),Lq(Q)) + o — pOHLw((O,T),Lq(Q)))
x [[AG0" = 0*)IL,((0,1) Lo )
< Co(D)lo" =l (1071, , + 1100, w0) I, (00 )-

Thus

1Fa(p" +2) = Falp® +0) L, (01),L,0™)

< CoMlie" =l (', + ek, + 1100, w0) 1o, 00))-
Analogously,

175 (0" + ) = Fs(0® + )1, ((0,7),L, ()

< CoMlie" =l (', + ek, + 100,80} 1oy, c0))-

We next consider Fg(p). Since
Folp' +P) = Fo(p* +p) = (o' = p*)b,
it follows from Proposition 6 that
1F6 (0" + ) — Fo(® +0) 1, (0,7, ()
< lo" - P2HL00((O,T),LOO(Q)) IBIlL, ((0,70),Ly()N)
< Co(T)|lp" - pZHK;”q;THbHLP((O,TO),Lq(Q)N)'
We finally consider Fg(p, u). It can be written as
Fs(o' +p,ul +1d) — Fg(o? +p,u* +d)
= (p' =) (u' +8) - V(' +8) + (p* +p) (' —u?) - V(u' +7)

+ (0* +0)(u* 4+ 1) - V(u! —u?)
=L+ 14+ Is.



Mathematics 2023, 11, 2368

34 of 41

By Propositions 68, we observe that
155l v < o' =07 [u' + 4] N
p((0.T),Ly()N) = Leo((0,T),Leo (€2)) Leo((0,T),Lg()N)
||V (u' + @)L, (0,1 LoV
2
< Co(D)llo" =l (Iu'llxz, + (o0, w0) I (00)
Analogously,
Hallz, ((0,1),L,()™)
< Co(M) '~ (10?50, + Il(o0,90) [, 0
1
< (Ilu'llxa . + 110 w0)lp,, 00
1511, ((0,1), L, ()
< Co(D)llu* =l (ol + (o0 90) I, c0))
2
< (1l + 100, 90) [, 0 )-
It thus holds that

1Fs (o +p,u' + 1) — Fs(o® +p,u> +8) 1, (0,1),L,(0M)
< Co(T)|(p" = p* u' —u?)

||Kp,q;T
2
< (10" ) iy r + 1107 0 i + 1100, 90) Iy 1))

Summing up the above estimates of the quadratic terms and 7, ..., Fg, we have
obtained the desired inequality. This completes the proof of Lemma 12. O

In the same manner as in Lemma 12, we have

Lemma 13. Suppose that Assumption 2 holds and b € L,((0, Tp), Ly(Q)N). Then, for any
T € (0, To]

IF1 (@ WL, ((0,7),L, ()N

3 .
< cf (160, w0l 00+ 1) 1Bl 0730 + X e w0 }

where C = C(N, p,q,R, Ry, Ry, Ty, peo) i a positive constant independent of T.
We next consider the highest order terms D;(p, u) and F;(p, u).

Lemma 14. Suppose that Assumption 2 holds. Then, there exists a positive constant C =
C(N,p,q,R, Ry, Ry, Ty, poo), such that for any T € (0, To] and (o', u’) € oKp g1, i = 1,2,
ID2(p" + @, u' + @) — Da(0* + ,u* + ) ”LP((O,T),H,}(Q))
< Co(T)[|(0* — o' u* —ul) Ik, ;
< (110" 0" Ik + 1102 ) i+ N0, 90) 13, 01 )
IF2(0" +p,u’ + 1) — F2(0* + p,u* + 1) ||Lp((0,T),Lq(Q)N)

< CW(T) + @(T))(p* — o', u? —u) k.o
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1 |

)

% 3 (110" w1k + 10% 4 1k, + 1100, w0) 1, (1))
j=0

Proof. Let us first consider Dy (p, u). It can be written as
Da(o" +p,u' + 1) — Da(0” + p,u” + 1)
= (o' = p*) div(u' + 1) + (0 +p — po) div(u' —u?).

Since H; (Q) is a Banach algebra by the assumption g > N, we observe that

ID2(p" +p,u' +8) — Da(p® + 6, u* + Q) |, 0,1, 13 (00

< c{lle" = Pl o g | AV + D o) i)
+ (Hp2||Lw((O,T),H;(Q)) + o — PO||L0°((0,T),H,;(Q)))

x| div(a! = )|y oy a5 ) -

Combining this inequality with Propositions 6 and 8 demonstrates the desired inequality
of Da(p, u).
We next consider F,(p, u). To this end, we set

Gi(p,u) = (0 — po)oru, Ga(u) = (1 — po)Au,
G3(u) = (v —1)Vdivu, Gy(p) = (k —x)pVAp,
Gs(p) = (k —xo)VAp, Gs(p) = xo(p — po) VAp.

We observe that
Gi(p' +pu' +8) — Gi(p® + 5,0 +T)
= (p" = p?)3(u' +@) + (p? +p — po)dr(u' —u?),
which yields
1G1(p" + 5,0 +8) = Gi(p? +p, v + )|l (0,1, (M)
<|lp" - szLw((O,T),Loo(Q)) [0 (u' + WllL,((01),L,)N)
+ (”PZHLOQ((O,T),LOO(Q)) +p— pO||Loo((O,T),Loo(Q)))
19 (u = u?)ll ((07),1,()N)-
Combining this inequality with Propositions 6 and 8 shows
1G1 (" + 2,0 +8) — Gi(p* +p,v® + )|l (07, (M)
< Co(T)|[(p" = * u" = )|k, .x
< (llu'llez,  + 10k + 10, 90) [, c0)-

Analogously, we have for j = 4,6

1Gi(0* +8) = Gi(0* + D) I, ((0,7),L, ()N
1 2 1 2
< Co(M)lp" =l (', +110*lxr,+ 11 Coo, o), c0)-
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On the other hand, it is clear that for j = 2,3
1G;(u! +1) = Gj(w? +8)|L,,((07),1,()~) < CY(T)[[u’ — u2||1<’27,q;T/
1G5 (0" +6) — G5(0* + D) I, (01,1, ™) < CP(T)llp" — szK;q;T'

Summing up the above inequalities of Gy, ..., Gg, we have obtained the desired in-
equality of F;(p, u). This completes the proof of Lemma 14. [

In the same manner as in Lemma 14, we have
Lemma 15. Suppose that Assumption 2 holds. Then for any T € (0, To]
ID2(p, G)HLP((O,T),H%(Q)) < Cl[(po, uO)”qu/p(Q)’

2 .
IF2(0, WL, ((0,7),L,()N) < C}; [ (o, uo)H]Dq’p(Q)’

where C = C(N, p,q,R, Ry, Ry, Ty, peo) i a positive constant independent of T.
The pressure term is next estimated.

Lemma 16. Suppose that Assumption 2 and (d) of Theorem 1 hold. Let ||(po, ug) ||qu(0) <R
Then, there exists a positive constant Ty € (0, Ty|, depending on N, p, q, R, Ry, Ry, Ty, and peo,
such that forany T € (0, Ty]

IP'(f + poo) VO L, (0,1, L, %) < Cll (00, w0) D, ,(0)
where C = C(N, p,q,R, Ry, Ry, Ty, peo) i a positive constant independent of T.
Proof. Since p + poo = p — po + po + Peo, it holds that

100 + Pooll Lo () = 10— 0l oo (0,7, Lo ()
<10+ Pool Lo ((0,7), Lo (0))
< [lpo + pooll Lo () + 10— 00l Lo ((0,7), Lo ()

which, combined with (b) of Theorem 1 and Propositions 8, furnishes
%o — O T YPR <9+ ool L (0,1, 100 () < 2000 + CT VPR

for any T € (0, Tp] with positive constants C; and C; depending on N, p, g, R, Ry, Ry, Tp,
and poo, but independent of T. Choosing T; € (0, Tp] so small that

1-1/ o 1-1/
T VPR < %, CT PR < po,
we obtain for any T € (0, T1]
3 R _
gl <P, 1) + Poo < 3000 (x,) € QA x [0, T].
It thus holds for any T € (0, T;] that

IP"(0+ peo) VOIIL, ((0,1), L)) < NP I La(low/2.8000)) VAL, (0,7),L, ()N

which, combined with Propositions 8, furnishes the desired inequality. This completes the
proof of Lemma 16. O
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Summing up Lemmas 11, 13, 15 and 16, we obtain

Proposition 9. Suppose that all the assumptions of Theorem 1 hold. Let Ty be the positive constant
given by Lemma 16. Then there exists a positive constant L, depending on N, p, q, R, R1, Ry, To,

and peo, such that for any T € (0, Ty
L L

D@ W)L, (0,1, H1 () < M, IF(@, @)l (0,1),L, (V) < M,

where M is the positive constant given by Corollary 2.

We continue to estimate the pressure term.

Lemma 17. Suppose that Assumption 2 and (d) of Theorem 1 hold. Let ||(po, uo)|[p, ) < R
Let Ty and L be the positive constants given by Lemma 16 and Proposition 9, respectively. Then, the

following assertions hold.
(1)  There exists a constant Ty = To(N, p,q, R, Ry, Ry, Ty, po, L) € (0, T1] such that for any
T e (0,Ty]andp € OK;WT with ||p||K}11,q;T <L

Poo p(x,t) +p(x,t) + poo < 4poo for (x,t) € Q x [0, T].

(2)  Forany T € (0,T»] and p' € OK;,q;T’ i=1,2, with HpiHK}m;T <L

IP"(p" + 6+ poo) V(0" + ) — P'(0% +p + poa) V(0 + D)1, (0,11, ()N

1
J
< CoMlle* =l 1= (o'l + 10%1lka, + (oo, w)llp )
a2 el .

where C = C(N, p,q,R, Ry, Ry, Ty, peo) i a positive constant independent of T.
Proof. (1) The proof is similar to one of Lemma 16; thus, the detailed proof may be omitted.
(2) Let us write

P'(p' + P+ poo) V(0" +0) — P'(0* + P+ poo) V(0> +P)
) = P (0% + P+ peo)) V(0" +P) + P'(0* + P+ peo) V(o — p?)

It holds by (1) that for any T € (0, T,]
[P (0" + B + poo) — P (0% + B + poo) | 1 ((0,7), L (2))

<P o1 (fpura a0 10" = 07l Les (0,1, Lo ()

which, combined with Propositions 6 and 8, demonstrates

Iz, (0,1), Ly )
< 1P llcon o rasoup 10" = 00 o) 1V (01 + DI, 0.1, 00M)

< Co(D)le" =, (o', , + 100, w0) I, (00 )-
On the other hand, (1) and Proposition 6 shows that for any T € (0, T»]

120z 0,1),2,0N) < NP (o a0 |V (01 = )L, (019, 00N

<Co(Mle’ =0l -
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The desired inequality thus holds. This completes the proof of Lemma 17. [

From Lemmas 10, 12, 14 and 17, we obtain the following proposition.

Proposition 10. Suppose that all the assumptions of Theorem 1 hold. Let L and T, be the positive
constants given by Proposition 9 and Lemma 17, respectively. Then, there exist a positive constant
My, depending on N, p, q, R, Ry, Ry, Ty, peo, and L, such that for any T € (0, Tp] the following
assertions hold.

(1) Forany (o', u’) € oKy gr(L),i=1,2,

ID(p" + p,u’ + @) — D(p* + p, u? +ﬁ)\|L,,((o,T),H;(Q))
< Ma(o(T) + ¢(T)) | (0" = %, u' —u?) [k, 1.
IF(p" +p,u" + @) = F(o? + 0,9 +0) 1, (0,11, )N
< Ma(@(T) +9(T)) || (0" = p* u' —u?) |k, -

(2)  Forany (p,u) € oKp41(L)

—~ ~ L
ID(e + P, u+ Wl 0,1y () < M2(@(T) + TN 0: W kg + g3

SO L
IFo+ P a+ Dl (01150004 < Ma@(T) + $(T) ol s + 537

where My is the positive constant given by Corollary 2.

Proof. (1) The desired inequalities follow from Lemmas 10, 12, 14 and 17, immediately.
(2) The desired inequalities follow from (1) and Proposition 9 immediately. This
completes the proof of Proposition 10.

6.3. Proof of Theorem 1

Throughout this subsection, we assume that all the assumptions of Theorem 1 hold.
Let M; be the positive constant given by Corollary 2. In addition, L, T, and M are the
same positive constants as in the previous subsection. Recall that ¢(T) and (T satisfy
(37) and (38).

Let us choose T so small that

N

My Ma(9(T) +¢(T)) <
Let (o, u) € oK;4,7(L). We consider

o0 +rpdivv=D(p+p,u+u) inQx(0,7),
orv — 1y 1o Div(xy 'So(V) + roAcT) = F(p +p,u+d) inQx (0,T),

n-Vo=0, v=0 onTp x (0,T), (39)
n-Vo=0, (D(v)n)r=0, v-n=0 onTg x (0,T),
(0,v)]i=0 = (0,0) in Q.

By Proposition 10(2), we observe that
D(p+p,u+1d) € Ly((0,T), Hy (), Flo+pu+1) € Ly((0,T),Ly(W)")

and that

~ By L
ID(p+p,u—+ u)HLP((O,T),H‘}(Q)) < 27]\/11'
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F 0, u < L
IFGe 4o, u+Wlle, 0,11, 0% < 537,

This enables us to apply Corollary 2 to (39), and then there exists a solution (o, v) € oK 41
of (39) such that

L L
< s Toaag ) =L
(CAN (le * le> :

Thus the mapping @ : (K, 4,7(L) — 0Kp,4,7(L) can be defined by ®(p, u) := (o, v).
From now on, we prove that ® is a contraction mapping on oK, 4,7(L). Let (o', ul) €
0Kp,qr(L) fori = 1,2 and set (o, v!) = ®(p', u'). Define

T=0l—0?, w=v —v%

Then (7, w) satisfies

0T +rodivw = D(p' +p,u! + 1)
—D(p* +p,u®+1) inQx(0,T),
9w — 1y 1o Div(xy 'So(w) + roATI) = F(p! +p,u' + @)

~F(p*+p,u*+4d) inQx(0,T), (40)
n-Vr=0 w=0 onTp x (0,T),
n-Vr=0, (D(w)n);=0, w-n=0 onTg x (0,T),
(T, w)|t=0 = (0,0) in Q.

By Proposition 10(1), we observe that
1,50l 5 2,502 =
ID(p” +p,u” + 1) —D(p” +p,u +u)||Lp((o,T),H,}(Q))

1
< (" = p*u! —u?)|[k, 0

— 4M;q
1, ~ 1, = 2, A2, ~

IF(o" +p,u” + 1) = F(o™ + 0, u” + W) [, ((0,1),L,())
1

< m”(f?l —p%ul - “2)||K,,,q;r

Applying Corollary 2 to (40) shows that

1

1
0l < M (g + g ) 160" =020t =)k,

1
< 5le" —p*ut —u?)g,, -

This guarantees that @ is a contraction mapping on oK, ;.7 (L). The contraction mapping
theorem thus yields a unique fixed point (p., ux) of ® in oK, 47(L), ie., P(ps,us) =
(0s,ux) € 0Kpgr(L). Then, (o, ux) becomes a unique solution of (9) in oK} 4,r(L). This
completes the proof of Theorem 1.

7. Conclusions and Future Works

In this paper, we have proved in Theorem 1 the local existence of strong solutions
for the Navier-Stokes—Korteweg system in a general domain with the Dirichlet boundary
condition or the slip boundary condition in an Ly-in-time and Lg-in-space setting, where p €
(1,00) and g € (N, 00), based on the theory of maximal regularity. Our result demonstrates
an extension of Kotschote [16] in view of domains and boundary conditions, and also
extends the exponents p and g.
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We will consider time periodic solutions of the Navier-Stokes—Korteweg system in a
forthcoming paper by means of results of the present paper.
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