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Abstract: We study a joint model where logistic regression is applied to binary longitudinal data with
a mismeasured time-varying covariate that is modeled using a mechanistic nonlinear model. Multiple
random effects are necessary to characterize the trajectories of the covariate and the response variable,
leading to a high dimensional integral in the likelihood. To account for the computational challenge,
we propose a stochastic expectation-maximization (StEM) algorithm with a Gibbs sampler coupled
with Metropolis—-Hastings sampling for the inference. In contrast with previous developments, this
algorithm uses single imputation of the missing data during the Monte Carlo procedure, substantially
increasing the computing speed. Through simulation, we assess the algorithm’s convergence and
compare the algorithm with more classical approaches for handling measurement errors. We also
conduct a real-world data analysis to gain insights into the association between CD4 count and viral
load during HIV treatment.

Keywords: logistic regression; longitudinal binary data; measurement error; time-varying covariate;
mechanistc nonelinear model; stochastic EM; random effects; Gibbs sampler; Metropolis—Hastings
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1. Introduction

In medical and public health studies, binary data are frequently employed to capture
disease status, treatment endpoints, and other dichotomous outcomes. When data are
clustered, e.g., in longitudinal studies, the correlation among the repeatedly measured
outcomes must be accounted for to avoid biased inference [1]. Logistic regression with
random effects is a flexible analytic approach to analyze correlated binary data [2]. A po-
tential difficulty in making inferences in such models is that the likelihood analysis is
burdened by intractable integration. When the dimension of the random effects is high,
numerical methods, e.g., Gauss-Hermite Quadrature [3], can be prohibitively intensive for
the computation.

Another common problem in analyzing correlated data is the presence of covariates
subject to measurement error [4]. Measurement error with independent observations
has been extensively reviewed in the literature [5]. The random effects logistic regression
model with time-constant covariates subject to measurement error has been also studied
(see, e.g., [4]). Ref. [6] tackled the problem when one mismeasured covariate is time-
varying. The authors proposed a maximum likelihood (ML) approach where a joint
model framework was used to simultaneously infer the covariate and response processes.
Motivated by the real-world example, a mechanistic nonlinear mixed effects model was
used for the measurement error model. The Monte Carlo expectation and maximization
(MCEM) implementation was based on samples from the conditional density, requiring
Markov chain Monte Carlo (MCMC) procedures [7]. However, the choice of replicate
size is the central issue in guaranteeing convergence, and this remains an open problem.
In addition, the algorithm is very slow to converge. These issues can be even more severe
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for the type of joint model we are considering as the structure of random effects can be
complex, leading to a high dimensional integral.

As an alternative to address both the point-wise convergence and the computational
problems related to MCEM, we consider the stochastic EM (StEM) algorithm [8]. The al-
gorithm replaces the E-step by approximating the expectation with only one realization
of the missing data at each iteration, thereby significantly reducing the computational
burden. Recently, the algorithm has been expanded to the standard joint model focusing
on time-to-event outcomes with mismeasured covariates [9]. The algorithm’s feasibility
and performance in our joint model have yet to be established.

The first objective of the present paper (Section 2) is, thus, to extend the StEM algo-
rithm for the joint model of random effects logistic regression and mechanistic nonlinear
random effects model. We use the Gibbs sampler to alternatively simulate the (lower
dimension) full conditionals of the random effects structure. We approximate the full condi-
tionals with instrumental distributions by carefully implementing the Metropolis—-Hastings
sampling. The second objective of this paper (Section 3) is to assess the convergence of
the StEM algorithm and compare the algorithm with more classical approaches to handle
measurement error, such as the two-step method. We also illustrate the algorithm with a
real-world study in HIV dynamics where we explore, e.g., the relationship between CD4
count and viral load during antiretroviral treatment (Section 4).

2. Joint Model of Logistic Regression and Mechanistic Nonlinear Model with
Random Effects

2.1. Model Specification

For individual i,i = 1,...,n, consider two longitudinal processes x; and y,, measured
att;jj = 1,...,n; for the covariate and response, respectively. We assume that x; are
continuous and y; are discrete (e.g., binary) measurements.

We consider a mechanistic nonlinear random effects model for the covariate process
such that

xi]- = h(i’i]', a,‘) + eij = x;‘]- + El‘]', EZ‘]' ~ N(O, 0'2), a; ~ N(IX, A), (1)

where /(+) is a known nonlinear function, 4; is a p x 1 vector of random effects centered at
« (the fixed effects), A is the variance—covariance matrix, and eij’ s are measurement errors.
Note that this specification may be viewed as a classical measurement error model where
xf = (x3,..., xl’»‘ni)T is the unobserved true value of the error-prone covariate x;.

For the response process, we consider random effects logistic regression as

E(yij) = g(xjj, tij, bi), bi~ N(B,B), @)

where g(-) is the inverse of the logit link function, b; is a g x 1 vector of random effects
centered at B, and B is a variance—covariance matrix. For simplicity, we suppress the
error-free covariates in the model since no distributional assumptions are needed for
these covariates. We assume that conditioning on the random effects a; and b;, yij’ s are
independent and follow a Bernoulli distribution. Model (2) extends the standard random
effects logistic regression in the sense of including the unknown quantities x;‘]- in the
regressors. We let x;; be the current covariate value for individual i at measurement j,
but the model can be easily extended to the case where x;; is a summary of the covariate
history values up to measurement j, such as a cumulative average.

For the joint model of (1) and (2), letting 6 be the collection of all parameters {«, B, a2,
A, B}, we have the joint log-likelihood for the observed data {(x;,y;),i =1,...,n} as

(@) = tom{ [ [ Flulsi b0 lvise)f i, A) (0B BYdadb ) O
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where
. y )i-
fyilxi, o) = [T f (il 02) Hu” — i) Y,
=1

(with p;; = E(y;;) asin (2)),

n; 1
2o

f(xi|x;‘;az):Hf<xij|x;;-;az> exp{— [x” /o,
= j=

flag e, A) = (2m)"P?|A| 1/ZGXP{ (a; —2)TA™(a; —a)/2},
f(bi; B,B) = (271)"?[B| 1/ exp{—(b; — B)"B " (b; — B)/2}.

This likelihood function does not have a closed-form expression since the functions in
the integral can be nonlinear in both the random effects a; and b;. Direct maximization of
the likelihood is challenging as it will require numerical evaluation of an integral whose
dimension is equal to the dimension of the random effects dim(a;) + dim(b;) = p + 4.
We resort to the EM algorithms by considering the unobserved random effects (a;, b;) as

“missing data”. For the “complete data” {(x,«, y;, a;, b),i=1,..., n}, we have the complete

data likelihood function for individual i as

L (8](a; b)) = f(y;|x7,bis B) x f(xilx1;0%) x f(a;A) x f(b; B). @)

2.2. Estimation Procedure

The EM algorithm introduced by [10] is a classical approach to estimate parame-
ters of models with non-observed or incomplete data. Let us briefly cover the prin-
ciple. Denote z as the vector of non-observed data, (y,z) as the complete data and
L.(y,z;0) as the log-likelihood of the complete data; the EM algorithm maximizes the
Q(6|0') = E(Lc(y,z;0)]y;#) function in two steps. At the k' iteration, the E-step is
the evaluation of Q%) (0) = Q(68]6%~1)), where the M-step updates 8%~V by maximiz-
ing Q) (0).

For cases where the E-step has no analytic form, Ref. [7] introduced the MCEM
algorithm, which calculates the conditional expectations at the E-step via many simulations
within each iteration and, hence, is quite computationally intensive. The choice of replicate
size is the central issue in guaranteeing convergence. Ref. [8] introduced a stochastic version
of the EM algorithm, namely, the StEM, which replaces the E-step with a single imputation
of the complete data and then averages the last batch of M estimates in the Markov chain
iterative sequence to obtain the point estimate of the parameters. The imputed data z*)
at the k" iteration are a random draw from the conditional distribution of the missing
data given the observed data and the estimated parameter values at the (k — 1)”’ iteration,
F(zW]y,81)). As zK) only depends on z*~1), {z(K)}, is a Markov chain. Assuming
that z(%) takes values in a compact space and the kernel of the Markov chain is positive
continuous for a Lebesgue measure, the Markov chain is ergodic, and that ensures the
existence of a unique stationary distribution (see, e.g., [11,12]).

We will now describe the estimation procedure for our joint model. For the imputation
step in StEM, we use the Gibbs sampler to break down our joint model’s high dimension
random effects structure into lower dimension full conditionals. Sampling from the full
conditionals of the random effects can be accomplished using a multivariate rejection
algorithm (see, e.g., [13,14]). The samples are independent and identically distributed;
however, the computation can be intensive. For example, a large size of simulations within
each iteration may be required to obtain an accepted sample, especially for individuals
whose random effects distribution is skewed.
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To avoid simulation from the full conditional distributions directly, we use a hybrid
Gibbs sampler, also called “Metropolis-within-Gibbs”, which consists of substituting simu-
lations from the full conditional distributions of a Gibbs sampler with simulations from
an instrumental distribution. Ref. [15] discussed such a method in the context of complete
data nonlinear mixed models, which can be extended to our models as follows.

Regarding the proposal distribution for the full conditionals under the Metropolis—

Hastings (M-H) sampling, we consider a marginal distribution. Specifically, at the k",
(k)

k=1,...,iteration, we update a; "’ as follows (bfk) is updated similarly in the alternative

step under the Gibbs sampler):

Step 1: simulate a} ~ N(a*~1), A(k=1)) and, independently, sample 7 from the uniform
(0, 1) distribution;

0 (04| (arbl "))

(0" o))

(k)

i

Step 2: calculate p =

) _

by a;; otherwise, a; (k=1)

a;

Step 3: if 5 < p, we update a

Note that part of the samples from the k" iteration are re-used, avoiding the within-
iteration simulation as in a multivariate rejection sampling. On the other hand, such
property of the sampling requires close monitoring on the acceptance rate during Monte
Carlo runs. ‘

The M-step maximizes [T} ; LEI) (6|(aj, b;)) for parameters {«, 8,02, A,B}. As (a;, b;)
are considered data, the complete log-likelihood no longer involves integrals, substantially
simplifying the maximization. Solving the score function for the variance components
yields the following equations:

2 11 o L %12
T b B
A=Y (a0 w) ®
1
B = E(bi_ﬁ)T(bi_ﬂ)-

A Nelder-Mead method can be used to search for the solution numerically to obtain
the MLE:s for (a, B) that appear in [T, LEI) (6](a;, b;)) (for example, R function “optim”).
Estimators for (02, A, B) and (&, B) can be solved iteratively between (5) and the optimiza-
tion. In general, increasing the number of random effects does not substantially increase
the complexity of the maximization step. However, the imputation step will be more
complicated as this increases the dimension of missing data that need to be imputed.

Determining convergence appears to be an open question for StEM. In the literature,
the commonly used approach for convergence diagnostics is through visual examination of
the trace plots (see, e.g., [16-18]). Recently, Ref. [19] proposed a Geweke-statistics-based
method. We adopt this approach in our implementation and claim that convergence is
achieved when the Geweke statistics are smaller than a designated threshold.

Specifically, once starting the Markov chain, as described in the section above with
the initial values, the stationarity is determined by using a batch procedure based on the
Geweke statistics [20]. Let batch size be M, which can be tuned for specific data. We use a
moving window for the Markov chain and compute the Geweke statistics at each increment
of w iterations, another tuning parameter. More precisely, the batch procedure goes in the
following steps:

1.  Initialization. Set ¢ = 0. Run the StEM algorithm to obtain the initial series of the
estimates {6(”’*5“), ..., Qwx+M) 1.
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2. Check stationarity. For each entry p in 6, we compute the Geweke statistic z,, from the

Markov chain {Géw*ﬁl), ey 9;(710*§+M)} based on the standardized mean difference

between the first ¢ portion and last i portion of the chain. We regard stationarity as
being reached when all |z, s are sufficiently small, i.e.,

o 2
Z zy < oP,
p=1

where P is the total number of parameters and ¢ is a tuning parameter.
3. Update. If stationarity is not reached, execute w additional runs of the chain, increase
the number & by 1, and then repeat Step 2.

The Fisher information matrix of our joint model has no closed-form solution due to
the nonlinearity. Approximations to the Fisher information matrix by linearization have
been proposed in the optimal design context by Mentre and others [21,22] for the nonlinear
mixed effects model. In this paper, we compute the Fisher information matrix by linearizing
the function /(-) and g(-) around the fixed effects and the conditional expectation of the
individual random effects {«, B, a;,b;}. The models are approximated using first order
Taylor expansions to arrive at a bivariate linear mixed effects model. The Fisher information
matrix is proven to be asymptotically consistent [23]. Alternatively, the Louis principle
could be used to compute the Fisher information matrix based on the complete data
likelihood where the second derivatives of the likelihood are involved [24].

3. A Simulation Study

We conducted a simulation study to evaluate the StEM algorithm for a finite sample.
We chose the same covariate model as in the data analysis section,

xij = logyo{e™i + "™~} + ey = xj +ey, ey~ N(0,07),

T T
a; = (ayj,a;,a3;)" ~ N((ar,a2,a3)", A).
The response model was also chosen to be the same as in the real-data analysis,

logit(E(yij)) = bui + bai * xj; + bsj * 1y,
b = (b, bai, b3i)" ~ N((B1, B2, B3)", B).

For comparison, we fit the response process data with the observed covariate, as-
suming no measurement error, also known as the naive approach. We also applied the
commonly used two-step method that fits the covariate model first and then plugs the
predicted covariate into a standard random effects logistic regression. The advantage of
the two-step method is that standard software can be used, but the drawback is that the
estimates can be biased [25]. We used R (4.1.0) for the entire implementation where the
saemix (3.1) package and the Ime4 (1.1-15) packages are used to fit the covariate model and
response model, respectively.

The convergence of the StEM algorithm was ensured under the ergodic assumption
of the Markov chain, which requires careful choices of the instrumental distributions
to approximate the full conditionals in the M-H sampling and multi-stage sampling.
Under the context of the nonlinear mixed effects model, Ref. [26] discussed a three-stage
sampling strategy which can be extended to our joint model. Specifically, besides the Stage 1

sampling described in Section 2, the following two additional stages are also implemented
(k)

to obtain a H

Stage 2: simulate from N( al(k_l), 11A*1) i e, a multivariate random walk as the candi-

date proposal for the M—H sampling.
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Stage 3: simulate a succession of dim(a;) uni-dimensional Gaussian random walk N (ag,kfl),

'yzdiag(A]E,k_l))) for each component of al(k_l).
In all three stages of the M—H sampling, the target distribution is the joint distribution
of (a;, b;) evaluated at the appropriate random effects and parameters. 7; and 7, are
scaling parameters chosen to ensure a sufficient acceptance rate. In implementing the StEM
algorithm, we tuned 71 and 7, as 0.4, leading to an acceptance rate between 20% and 40%.
Following [19], we tuned the Geweke-related parameters with M = 300, w = 10, ¢ = 0.1,
1 = 0.5, and 6 = 1.5. Such settings led to iterations before 2000 convergence on average.

We set the true parameter values from our data analysis of the motivating dataset.
Besides setting n = 388, the same as the real-data, we also simulated the scenario when
n =100 and n = 200. For simplicity, we set n; to be 8, simulating a scenario representing
an HIV trial in which the repeated measures are scheduled at weeks 0, 4, 8, 16, and every
eight weeks until week 72. For each sample size, we assessed the performance when the
measurement errors were at different levels 0> = 0.20 and ¢ = 0.40 where the former is
the estimated magnitude from the data.

We conducted 100 simulation runs for each scenario. Tables 1-3 show the simulation
results for the fixed effects where we compared the estimate (Est) (defined as 0=y0,/8,
where 0; is the estimate in the st replicate, S = 100), standard deviation (SD), standard
error (SE), and the coverage rate (CR). Across all three scenarios for n = 388, 100, and 200,
we see that for the naive (NAI) and two-step (TS) methods, the SEs are generally smaller
than the SDs, leading to poor coverage rates, especially for the parameters in the response
model. The CR can be as low as 72% (n = 100, o> = 0.20) for TS and 12% for NAI (n = 388,
02 = 0.40). On the other hand, the SEs and SDs are more agreeable under the StEM method.
As a result, the coverages on the true parameters are all around the nominal level.

Table 1. Simulation results on the performance of the naive (NAI), two-step (TS), and StEM methods
under different magnitudes of measurement error (n = 388).

0 o an a3 B1 B2 Bs
Method True 3.32 12.04 3.91 —0.48 —0.62 6.73
o2 =0.20
NAI Est —0.55 —0.60 6.12
SD 0.62 0.26 0.82
SE 0.51 0.09 0.76
CR 0.79 0.47 0.94
TS Est 3.32 12.04 3.91 —0.54 —0.61 6.11
SD 0.04 0.07 0.03 0.62 0.26 0.81
SE 0.04 0.07 0.03 0.54 0.13 0.75
CR 0.93 0.92 0.97 0.90 0.85 0.82
StEM Est 3.32 12.04 3.91 —045 —0.63 6.80
SD 0.04 0.08 0.04 0.57 0.14 0.94
SE 0.04 0.08 0.04 0.70 0.14 0.95
CR 0.99 0.94 0.96 1.00 0.98 0.96
o2 = 0.40
NAI Est —0.58 —0.59 6.14
SD 0.62 0.25 0.81
SE 0.49 0.08 0.76

CR 0.60 0.12 0.95
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Table 1. Cont.

0 a1 « o3 B1 B2 Bs
TS Est 3.32 12.04 3.91 —0.58 —0.59 6.14
SD 0.05 0.09 0.03 0.62 0.25 0.81
SE 0.04 0.08 0.04 0.54 0.13 0.75
CR 0.90 091 0.97 0.90 0.81 0.80
StEM Est 3.32 12.03 391 —0.48 —0.62 6.71
SD 0.05 0.09 0.03 0.63 0.12 1.00
SE 0.05 0.10 0.05 0.70 0.14 0.94
CR 0.96 0.96 0.99 0.99 0.96 0.95

Table 2. Simulation results on the performance of the naive (NAI), two-step (TS), and StEM methods
under different magnitudes of measurement error (n = 100).

0 o ap w3 B1 B2 Bs
Method True 3.32 12.04 3.91 —0.48 —0.62 6.73
0?2 =0.20
NAI Est —-0.17 —0.67 6.07
SD 0.82 0.34 1.34
SE 0.85 0.17 1.20
CR 0.96 0.81 0.87
TS Est 3.33 12.02 3.90 —-0.17 —0.67 6.07
SD 0.07 0.11 0.07 0.82 0.34 1.34
SE 0.07 0.13 0.07 0.80 0.33 1.12
CR 0.97 0.93 0.97 0.90 0.97 0.72
StEM Est 3.35 12.02 3.87 —0.36 —0.70 6.63
SD 0.07 0.10 0.08 0.94 0.45 1.40
SE 0.08 0.16 0.08 0.88 0.47 1.12
CR 0.99 0.83 0.99 1.00 0.83 0.99
0?2 =0.40
NAI Est —0.16 —0.72 6.12
SD 0.87 0.36 1.23
SE 0.91 0.16 1.32
CR 0.97 0.78 0.94
TS Est 3.33 12.01 3.91 —0.15 —0.72 6.12
SD 0.11 0.17 0.07 0.87 0.36 1.23
SE 0.08 0.14 0.07 0.80 0.36 1.14
CR 0.81 0.86 0.99 0.94 0.94 0.75
StEM Est 3.35 12.06 3.91 —0.24 —0.69 6.69
SD 0.10 0.13 0.07 0.95 0.37 1.38
SE 0.09 0.17 0.09 0.92 0.54 1.20
CR 0.99 0.98 0.99 0.99 0.99 0.80
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Table 3. Simulation results on the performance of the naive (NAI), two-step (TS)s and StEM methods
under different magnitudes of measurement error (n = 200).

0 ar as a3 B1 B2 B3
Method True 3.32 12.04 3.91 —0.48 —0.62 6.73
02 =020
NAI Est —0.39 —0.59 5.98
SD 0.73 0.21 0.99
SE 0.68 0.13 0.92
CR 0.92 0.77 0.92
TS Est 3.32 12.04 3.91 —0.30 —0.59 5.98
SD 0.06 0.10 0.05 0.72 0.21 1.00
SE 0.05 0.09 0.05 0.70 0.21 0.90
CR 0.90 0.93 0.93 0.94 0.89 0.79
StEM Est 3.33 12.04 391 —0.48 —0.64 6.74
SD 0.05 0.09 0.06 0.81 0.18 1.38
SE 0.06 0.11 0.06 0.85 0.21 1.02
CR 0.97 0.98 0.97 0.98 0.98 0.86
o2 =0.40
NAI Est —0.37 —0.59 6.03
SD 0.74 0.21 0.98
SE 0.66 0.12 0.93
CR 0.89 0.51 0.93
TS Est 3.33 12.03 391 —0.37 —0.59 6.03
SD 0.08 0.13 0.06 0.74 0.21 0.98
SE 0.06 0.11 0.05 0.71 0.17 0.91
CR 0.83 0.87 0.91 0.96 0.89 0.81
StEM Est 3.33 12.04 3.91 —0.37 —0.63 6.39
SD 0.07 0.11 0.06 0.73 0.20 1.19
SE 0.07 0.13 0.06 0.85 0.21 1.02
CR 0.92 0.96 0.95 0.99 0.94 0.87

To assess the accuracy of the methods, following [27], we also calculated the standard-
ized bias and root mean square error (RMSE) over the 100 replications for both the fixed
effects parameters and the dispersion parameters in the response model.

¥ (6, —0)" 2
s

A =2y 1/2
RMSE = {(59)2+w}

Standardized bias = (5 —0) {

S5—-1

where 6 is the true value for the parameter of interest. The standardized bias ranges from
—1 to 1. Figures 1-3 show the results. There, we see that there are no distinguishable
differences among the three methods in terms of the standardized bias and RMSE for 1
and B, across the three settings n = 388, 100, and 200. Significant biases and RMSEs can
be seen for B3 under the NAI and TS methods. For those two methods, estimates become

worse for the dispersion parameters. The severest case is at 0'1%11 for all three scenarios.

Furthermore, there are noticeable deviations from zero for 0%22 and 0'%33 where the StEM
outperforms the classical methods, especially for n = 388 and n = 200 cases.
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Figure 3. Simulation results of the standard biases and RMSEs for the parameters in the response
model of the three methods: naive (NAI), two-step (TS), and StEM for n = 200.

4. Application to ACTG Trial

This section analyzes the AIDS clinical trials group (ACTG) 388 dataset [28]. ACTG 388
was a randomized, open-label study comparing two different four-drug regimens with
a standard three-drug regimen for 512 subjects with no or limited previous experience
with antiretroviral therapy. The plasma HIV-1 RNA (viral load) was repeatedly quantified
at weeks 0, 4, 8, 16, and every eight weeks until week 72. The CD4 cell counts were also
measured throughout this study on a similar schedule. We removed subjects with fewer
than three viral load measurements and those who encountered viral rebound, leading
to analytic data with 388 individuals. There are 3019 total observations with a median of
7.0 visits, ranging from 3 to 13. Figure 4 shows the trajectories of viral load and CD4 count
in the analytic data.

We used regression models to investigate the association between viral load and CD4
restoration during the HIV treatment, accounting for the measurement errors in the time-
dependent viral load. Due to the lack of mechanistic models for CD4 data, we considered
empirical models for CD4. Since CD4 data are counts, it might be interesting to consider
Poisson models since they are typical choices for count data. In AIDS studies, it is also
interesting to see if CD4 values are above or below 200 cells/mm? and how the viral load
impacts such transition; thus, it is useful to model CD4 as binary data. Specifically, we
modeled CD4 with

Elyijlxi;] = g(b1i + baixjj + baitiy)

where g(-) is the inverse of the logit link function, y;; is the binary CD4 value of individual
i at time t;;, b; = (b, b, b3i)T is a vector of individual random effects, and x;‘j is the
unobserved true value of the observed viral load x;; which is measured with errors. We
assumed b; ~ N((B1, B2,B3)", B). We specified random intercept, random slope for viral
load, random slope for time, and defined a diagonal covariance matrix B as such a model
produced the smallest AIC in our preliminary data analysis.
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Figure 4. Trajectories of viral load and CD4 count after the initiation of HIV treatment in ACTG 388 data.

Since mechanistic nonlinear models are available and biologically justified for viral
load data, we chose a one-compartment mechanistic nonlinear model proposed by [29]
based on our preliminary analysis. Specifically, for x;;, the observed viral load (logy,
transformed) for individual i at time j, we have

— At .
xjj = logyo{P1; + Pose” "} +ejj = xj; + ey,

where log(Py;) = a1 + ay;, log(Py;) = ap + api, Aj = a3 + a3;. The individual-specific
random effects characterize viral trajectory where Py; is the baseline value, P; is the decay
slope, and Ay; is the decay rate. As usual, ¢;; is the measurement error with e;; ~ N(0, a?).
We assumed a; = (a1;,a;,a3;)7 ~ N(0,A) where A is unstructured to allow all possible
correlations among the random effects. To avoid minimal (large) estimates, which may be
unstable, we re-scaled the original time (range 0 to 504 days) to a range between 0 and 1.

Figure 5 displays the trace plot for all the parameters in the joint model when fitting
the StEM algorithm to the ACTG 388 data. Table 4 shows the estimates and standard
errors from the three approaches. Note that a value of —0.48, —0.51, and —0.60 is esti-
mated for B, from the naive and two-step methods and the StEM algorithm, respectively,
reflecting the negative association between viral load and CD4. In addition, the standard
errors are estimated larger in StEM method compared to the other methods. Furthermore,
higher variability is seen for the variance—covariance matrix of the response process by
the StEM algorithm, likely attributed to the fact that the joint model incorporates more
uncertainties due to the mismeasured covariate. We also calculated the deviance of the
response model using the conditional mode of the random effects upon convergence. There
is no improvement over the classical models, but this is understandable as a true version
of the covariate might not explain more variation of the response. Albeit, based on the
findings from simulation, we believe the results from the StEM model are more accurate
regarding the magnitude of the relationship between viral load and CD4 as well as the
associated uncertainty.
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Figure 5. Trace plots of all parameters in the joint model of random effects logistic regression and
mechanistic nonlinear random effects model for ACTG 388 data using StEM algorithm which stops
at iteration 3790.

Table 4. Estimates in fitting the naive (NAI), two-step (TS), and the StEM methods to the ACTG
388 data.

Method Parameter ®1 %3 a3 B1 B2 B3
NAI est —0.39 —0.48 5.50
se 0.49 0.09 0.59
TS est 3.32 12.04 3.89 —0.54 —0.51 5.66
se 0.03 0.07 0.03 0.49 0.10 0.59
StEM est 3.34 12.07 3.91 —0.48 —0.62 6.73
se 0.04 0.08 0.04 0.56 0.11 0.61
32.31 023 035 0.01
Estimates of the variance components: NAI: B : 0.01 :TS: 02 =020, A : 1.02 0420>
16.24 0.40

31.97 023 037 0.02 49.38
B: 0.01 ; StEM: 0% = 0.20, A : 1.07 010 | B: 0.01 .
16.39 0.40 26.33

5. Discussion

To analyze longitudinal binary data with mismeasured time-varying covariate, we
proposed an ML estimation method that may be preferred over methods classically used. We
extended the StEM algorithm proposed by [8] by including the Gibbs sampling step of the
StEM algorithm coupled with a three-stage M-H sampling strategy [26]. We adopted the
Geweke-statistics-based stopping criterion [19] and applied the linearization approach [23] at
the convergence to obtain the Fisher information matrix. We applied the StEM algorithm to
model the HIV viral load and CD4 count processes to assess their relationship. The simulation
study illustrates the precision and accuracy of our approach. We showed that the coverage
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rate, bias, and RMSE obtained by the StEM algorithm are highly satisfactory for all parameters,
outperforming the other two classical approaches in handling measurement error.

The one-compartment model we used is deduced from a differential equation model
proposed by [30] describing the HIV dynamics with both the viral load decrease and the
CD4+ increase under treatment. Ref. [29] showed that this differential system has an
analytic solution under the assumption that the non-infected CD4+ cell concentration is
constant. Because this assumption is valid before any viral rebound due to multiple virus
mutations, we only considered the subset of the ACTG 388 data without viral rebound.
The StEM algorithm could also be extended to cases with viral rebound (see, e.g., [17]),
but that is out of the scope of this paper.

To take into account the measurement error problem with longitudinal binary data,
Ref. [6] proposed an exact MCEM algorithm and emphasized computational problems,
such as slow or even no convergence, especially when the dimension of the random effects
is not small. The main problem of the MCEM is the simulation of large independent
samples of the random effects at each iteration. Our implementation of the StEM algorithm
is a more adapted tool to estimate joint models as it avoids the computational problem in
the E-step. Indeed, only one realization of the random effects simulated is needed at each
iteration with an incremental updating of the samples rather than generating an entire new
sample through rejection sampling, thereby side-stepping the computational problem of
the E-step of the MCEM. As an example, it takes 48 h for the exact MCRM algorithm to
converge when using the same viral load dynamic model and response model (i.e., a joint
model with a random effect vector of size p + q = 3 + 3), whereas the StEM algorithm
takes about 30 min to converge. The StEM, which is a true ML estimation method, is about
96 times faster than the MCEM algorithm.

We only focused on the measurement error problem in the context of viral load
observations as the single covariate for the dichotomous CD4 count which is concur-
rently measured, i.e., matched, with viral load. Still, StEM can be extended to multiple
time-varying covariates, other distributions of the response, e.g., Poisson, and other data
complexes such as mismatched data or left censoring which [6] included in the MCEM.
For example, when there is more than one error-prone covariate, the methods are similar:
we can assume a multivariate LME model [31] for the covariate processes and then proceed
in a similar way. When a covariate is missing at a certain time point, we could replace
it with a predicted value during implementation. A missing covariate with a response
variable can be more involved where we could expand the joint model by adding a missing
data model; a model, when missing, is non-ignorable [32]. Note that when the covariates
are time-independent and are measured with errors, replications or validation data are
needed to address measurement errors [4]. When the error-prone covariates are time-
dependent, however, statistical analysis can proceed without replications or validation
data if we assume that the true covariate value changes smoothly over time and model the
covariate process empirically as shown above since, in this case, we can view the repeated
measurements as replicates.

One additional note is on the choice of tuning parameters in our implementation of
the StEM algorithm. Following the guideline from [19], those values lead to satisfying
results although empirical in nature. Further research in this area is warranted.

In conclusion, our StEM algorithm combines the statistical properties of several meth-
ods together with computational efficiency, estimation accuracy, and precision. We thus
recommend using this method to model longitudinal binary data with mismeasured time-
varying covariates.
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