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Abstract


We extend our analysis on the Lie symmetries in fluid dynamics to the case of macroscopic traffic estimation models. In particular we study the Aw–Rascle–Zhang model for traffic estimation, which consists of two hyperbolic first-order partial differential equations. The Lie symmetries, the one-dimensional optimal system and the corresponding Lie invariants are determined. Specifically, we find that the admitted Lie symmetries form the four-dimensional Lie algebra   A  4 , 12   . The resulting one-dimensional optimal system is consisted by seven one-dimensional Lie algebras. Finally, we apply the Lie symmetries in order to define similarity transformations and derive new analytic solutions for the traffic model. The qualitative behaviour of the solutions is discussed.
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1. Introduction


Traffic flow theory is focused on the study of the conditions of movement of vehicles in traffic flows in a road network. The general knowledge of traffic flow theory is important for the general evaluation and improvement of the road network [1]. Traffic flow models can be classified in three large categories in a similar way to those of physical theories, that is, microscopic, mesoscopic and macroscopic models. The traffic flow in microscopic models is described by the individual particles, i.e., vehicles, the motion of which is governed by specific rules. For instance, the models of this category depend upon each independent driver’s behaviour and interaction, as well as on the vehicle type. For instance, the desired speed and the acceleration provided by the engine’s torque are parameters related to this kind of vehicle. Some microscopic models have been presented before, for instance, in [2,3,4]. On the other hand, mesoscopic traffic models provide a high modelling flexibility wherein the dynamics are described by groups of vehicles. Indeed, in mesoscopic models, the traffic flow is described with the use of probability distribution functions which are governed by the driver’s behaviour of the individual vehicle groups [5,6]. Finally, macroscopic traffic models use a fluid dynamics approach where the vehicles on the road are considered to describe a constant flow in a tube. Macroscopic traffic models focus on the study of the aggregate behaviour of the traffic flow. For a review, we refer the reader to [7].



Macroscopic traffic flow models are suitable for short-term forecasting in the context of traffic management because they can describe the most important properties of the traffic flow such as the formation and dissipation of queues and many other phenomena, e.g., shock waves, collisions, etc. The main novelty of these models is that the quantities which correspond to the properties of the flow are described by hyperbolic mathematical equations inspired by the physics of fluids. The Lighthill–Whitham–Richards (LWR) model describes the density of the traffic   ρ = ρ  t , x    with a flux function   Q = Q  ρ  t , x  , t , x  ,    [8,9]:


   ρ  , t   +  Q  , x   = 0 ,  



(1)




where t is the time and x is the position of the vehicles along the road. The simplest consideration for the flux term is   Q = ρ u  ρ   , where u is the velocity field of the vehicles. For the velocity term, it holds that for a maximum number of cars, that is,    ρ max  > 0  ,   u   ρ max   = 0  , which means that there is no motion. There is a plethora of flux functions Q which have been introduced into the literature phenomenologically in order to describe the traffic in various traffic states [10,11,12].



The LWR model comprises one differential equation, and that is why it is usually referred to as a first-order traffic model. There is a plethora of higher-order traffic models in the literature [13,14]. A second-order model which has drawn the attention of the scientific community is the Aw–Rascle–Zhang model (ARZ) proposed independently by Aw–Rascle [15] and Zhang [16].



The Aw–Rascle model [15] is described by the following set of the partial differential equations:


   ρ  , t   +   ρ u   , x   = 0 ,  



(2)






   u  , t   +  u − ρ  p  , ρ    ρ    u  , x   =   V  ρ  − u  τ  ,  



(3)




where   p ( ρ )   is the pressure component for the traffic flow, and the constant  τ  is the relaxation time which describes the drivers’ driving behaviour adapting to equilibrium density–velocity relation over time.   V  ρ    defines the equilibrium velocity–density relation and is a decreasing function, while for the pressure term is considered as   p  ρ  =  p 0   ρ γ   , where   γ > 0  .



On the other hand, the Zhang model is:


   ρ  , t   +   ρ u   , x   = 0 ,  



(4)






   u  , t   +  u + ρ  V  , ρ    ρ    u  , x   = 0 .  



(5)







The combination of these two models with the conditions    p  , ρ    ρ  = −  V  , ρ    ρ    and   p  0  = 0   gives   p  ρ  =  u f  − V  ρ   , where   u f   is the free flow velocity. Moreover, because in the maximum   ρ max  ,   V   ρ max   = 0  , it follows that   V  ρ  =  u f   1 −    ρ  ρ max    γ     and   p  ρ  =  u f     ρ  ρ max    γ   .



Hence, the ARZ model is expressed by the following set of partial differential equations:


   ρ  , t   +   ρ u   , x   = 0 ,  



(6)






   u  , t   +  u − γ A  ρ γ    u  , x   =  1 τ    u f  − u − A  ρ γ   ,  



(7)




where   A =   u f     ρ max   γ    .



From the second equation of the ARZ model, it is clear that, while the number of the cars is conserved, that is not true for the momentum, except in the case where the relaxation time becomes infinite such that the ARZ model is reduced to become homogeneous. In [17], the Riemann problem was studied for the ARZ model in the presence of junctions, while the Cauchy problem was investigated in [18]. An anisotropic traffic flow model with a nonconcave equilibrium flux was the subject of study in [19]. Global solutions were determined for the ARZ model in the presence of a finite relaxation time.



In this work, we focus on the existence of invariant functions for the ARZ model. In particular, we apply the theory of Lie symmetries of differential equations to determine one-parameter point transformations in the space of variables   t , x , ρ  t , x  , u  t , x   , which leave the differential equations invariant. Thus, a symmetry vector can be determined which provides a set of similarity transformations to determine invariant functions and similarity solutions by reducing the number of variables [20,21,22,23]. The novelty of Lie symmetry analysis is that invariant functions can be constructed in a simple and systematic approach. There exists a relation between Lie symmetries and conservation laws for differential equations [20].



The Lie symmetry classification problem was established by Ovsiannikov [24], and it has been used in various systems of mathematical physics and applied mathematics, see, for instance, [25,26,27,28,29,30,31,32,33,34]. In the context of fluid dynamics, Lie symmetry analysis has been used for the derivation of very important results, see the series of studies [35,36,37,38,39,40,41,42,43,44,45,46]. The structure of the paper is as follows.



In Section 2, we present the Lie symmetry analysis for the ARZ traffic model. Moreover, we derive the one-dimensional optimal system, which is important in order to perform a complete classification of the Lie invariants, and determine all the independent similarity solutions. In Section 3, we present for the first time the application of the Lie symmetries to the ARZ traffic model and we derive similarity solutions. Finally, in Section 4, we summarize our results and draw our conclusions.




2. Lie Symmetries and Invariants


In the following paragraphs, we briefly discuss the basic elements of the theory of Lie symmetries of differential equations.



Consider the function  Φ  as describing the map of a one-parameter point transformation   Φ  u  t , x   = u  t , x     with infinitesimal transformation [22]:


     t ′    =     t i  + ε  ξ t   t , x , u   ,     



(8)






     x ′    =     x i  + ε  ξ x   t , x , u   ,     



(9)






     u ′    =    u + ε η  t , x , u   .     



(10)







Parameter  ε  is the infinitesimal parameter, and    ε 2  → 0  .   t , x   are the independent variables, and   u  t , x    are the dependent variables of the dynamical system for the ARZ model   u  t , x  =  ρ  t , x  , u  t , x    .



The following vector field can be defined:


  X =  ξ t   ∂ t  +  ξ x   ∂ x  +   ∂ u   ∂ ε    ∂ u  ,  



(11)




where    ξ t  =   ∂  t ′    ∂ ε     and    ξ x  =   ∂  x ′    ∂ ε    . The vector field is called the generator of the transformation with map   Φ .  



The dynamical system   H  t , x , u ,  u  , t   ,  u  , x   , …  = 0   under the action of the map  Φ  becomes    H ′    t ′  ,  x ′  ,  u ′  ,  u  ,  t ′   ′  ,  u  ,  x ′   ′  , …  = Φ  H  t , x , u ,  u  , t   ,  u  , x   , …    . Hence, the dynamical system remains invariant under the action of the infinitesimal transformation if and only if the following is true [22]:


   lim  ε → 0      H ′    t ′  ,  x ′  ,  u ′  ,  u  ,  t ′   ′  ,  u  ,  x ′   ′  , …  − H  t , x , u ,  u  , t   ,  u  , x   , …   ε  = 0 .  



(12)







The latter expression is the definition of Lie derivative for the function   H  t , x , u ,  u  , t   ,  u  , x   , …    along the vector field   X  n   ; equivalently, the symmetry conditions becomes:


   X  n    H  t , x , u ,  u  , t   ,  u  , x   , …   = 0 ,  



(13)




where   X  n    is the nth-extension of   X    in the jet-space   t , x , u ,  u t  ,  u x  , … ,  u   i 1  , … ,  i n     . For the ARZ traffic model, the jet-space is   t , x , ρ , u ,  ρ  , t   ,  u  , t   ,  ρ  , x   ,  u  , x    .



The calculation of the Lie symmetries for a given system of differential equations is essential because there are many important results which can be inferred about the properties of the system. The simplest application of the Lie symmetries is the construction of invariant functions which are used to simplify a given differential equation by the method of reduction.



For each Lie symmetry vector  X , we define the associated Lagrange’s system:


    d t    ξ t   t , x , u    =   d x    ξ x   t , x , u    =   d u   η  t , x , u    .  



(14)







The solution of the latter system provides the so-called invariant functions    W 0   t , x , u  ,   which are used to reduce the number of independent variables of the differential equation and lead to the construction of similarity solutions. In the case of partial differential equations, the application of the Lie invariants reduces the number of the independent variables. The solutions which follow from the application of the Lie invariants are known as similarity solutions.



The similarity transformations determined by the admitted Lie symmetry vectors provide similarity solutions, which, however, are not all independent, and they are related to the Adjoint representation. In order to classify all the possible similarity transformations and solutions, the one-dimensional optimal system should be calculated [23].



Consider the  κ th-dimensional Lie algebra   G κ   with elements     X 1  ,   X 2  ,  …   X n      and structure constants   C  j k  i  ,   i , j , k = 1 , 2 , 3 … κ    and     X i  ,  X j   =  C  i j  k   X k  .   Assume now the two generic Lie symmetry vectors [23]:


  Z =  ∑  i = 1  κ   a i   X i   ,  W =  ∑  i = 1  κ   b i   X i   ,    



(15)




where    a i  ,   b i    are coefficient constants.



Thus, the vector field  Z  and  W  will be equivalent if and only if [23]:


  W =  ∏  i = 1  n  A d  exp   ϵ i   X i    Z ,  



(16)




or


  W = c Z  ,  c = c o n s t  that  is   b i  = c  a i  ,  



(17)




where   A d  exp   ϵ i   X i      is the Adjoint operator, expressed as:


  A d  exp  ϵ  X i     X j  =  X j  − ϵ   X i  ,  X j   +  1 2   ϵ 2    X i  ,   X i  ,  X j    + …  .  



(18)







The one-dimensional subalgebras of   G κ  , which are not related through the adjoint representation, form the one-dimensional optimal system. The determination of the one-dimensional system is essential in order to perform a complete classification of all the possible similarity transformations and solutions.



Lie Symmetries for the ARZ Model


In order to determine the admitted Lie symmetries of the ARZ model (6), (7), we should solve the Lie symmetry condition (13), which is the following system of partial differential equations:


   ξ  , u  t  = 0  ,   ξ  , ρ  t  = 0  ,   ξ  , t  t  = 0  ,   ξ  , x  t  = 0  



(19)






   ξ  , u  x  = 0  ,   ξ  , ρ  t  = 0  ,   ξ  , t t  x  = −  1 τ    ξ  , t  x  +  ξ  , x  x   u f    ,  



(20)






   ξ  , x x  x  = 0  ,   ξ  , t x  x  = 0  ,  



(21)






   η ρ  =  1 γ  ρ  ξ  , x  x   ,   η u  =  ξ  , x  x  u +  ξ  , u  x  .  



(22)




from where we find the following symmetry vectors:


     X 1    =     ∂ t  ,        X 2    =     ∂ x  ,       X 3    =     e  −  t τ     τ  ∂ x  −  ∂ u   ,       X 4    =     1 γ  ρ  ∂ ρ  +  x −  u f  t   ∂ x  +  u −  u f    ∂ u  ,     











The Lie symmetries form a four-dimensional Lie algebra, the   A  4 , 12    in the Patera et al. classification scheme [47].



In Table 1, the commutators of the admitted Lie symmetries are presented while the adjoint representation is given in Table 2. Hence, from these two tables, we can determine the one-dimensional optimal system.



Indeed, consider now the generic symmetry vector:


  Z =  α 1   X 1  +  α 2   X 2  +  α 3   X 3  +  α 4   X 4   











Then, by applying the operators   A d  exp   ε 1   X 1    A d  exp   ε 2   X 2    A d  exp   ε 3   X 3     , it follows:


   Z ′  =  α 1   X 1  +   α 2  +  ε 1  μ −  ε 2    X 2  +   α 3  −  ε 3    X 3  +  α 4   X 4   








Thus, for    ε 3  −  α 3  = 0   and    α 2  +  ε 1  μ −  ε 2  = 0  , the vector field   Z    is equivalent to the vector    Z ′  =  α 1   X 1  +  α 4   X 4   , where now, without loss of generality, we can select    α 1  = 1  .



In a similar way, we can construct the rest of the one-dimensional optimal system. Indeed, we determine the one-dimensional Lie algebras:


         X 1    ,    X 2    ,    X 3    ,    X 4    ,            X 1  + α  X 2    ,    X 3  + α  X 3    ,    X 1  + α  X 4   ,     








where  α  is a nonzero constant.



For each element of the one-dimensional optimal system, we derive the Lie invariants which are used to define similarity transformations in order to solve the dynamical system. The Lie Invariants are derived in Table 3





3. Similarity Transformations and Solutions


In this Section, we present the application of the Lie symmetries on the ARZ model for the construction of similarity solutions.



3.1. Reduction with    X 1   


The reduced system provides a static solution, that is:


    ρ u   , x   = 0 ,  



(23)






   u − γ A  ρ γ    u  , x   =  1 τ    u f  − u − A  ρ γ   .  



(24)







Hence,   u  x  =   u 0   ρ  x      and


   ρ  , x   = −    ρ 2    u 0  + A  ρ  γ + 1   −  u f  ρ     u 0  τ  γ A  ρ  γ + 1   −  u 0     ,  



(25)




with a constant solution   ρ  x  =     u f    1 + γ  A     1 γ    .



In Figure 1, we numerically solve the differential Equation (25) for various values of the free parameters from which we observe that there exists an attractor for the dynamical system in which the density of vehicles becomes constant. For the numerical simulations in the this work, we apply the use of the Runge–Kutta method. From the figure, we can observe that there exists a stationary point where   ρ  x    is constant. Near the stationary point, the traffic flow   u  x    becomes also constant, since   u  x  =   u 0   ρ  x     .




3.2. Reduction with    X 2   


The stationary solution is described by the dynamical system:


   ρ  , t   = 0 ,  



(26)






   u  , t   =  1 τ    u f  − u − A  ρ γ   ,  



(27)




that is,


  ρ  t  =  ρ 0   ,  u  t  =  e  t τ    u 0  −  A  ρ  0  γ  −  u f   .  



(28)







This solution states that for large values of t, and for   τ > 0  ,   u  t  ≃  e  t τ    , while the density of the flow is always constant.




3.3. Reduction with    X 3   


Reduction with the symmetry vector   X 3   provides the system of ordinary differential equations:


  τ  ρ  , t   − ρ = 0 ,  



(29)






  τ  u  , t   +  1 + γ  A  ρ γ  −  u f  = 0 ,  



(30)




with the closed-form solution:


  ρ  t  =  ρ 0   e  t τ   ,  



(31)






  u  t  =   u f  τ  t −   1 + γ  γ  A    ρ 0   e  t τ    γ  +  u 0  .  



(32)







For   τ > 0  , the density of the traffic flow increases exponentially while the momentum can reach a limit and become negative after it, that is, reverse direction for the vehicles.




3.4. Reduction with    X 4   


The Lie invariants provided by the vector field   X 4   give the reduced system:


    ρ ¯   , t   −  ρ ¯   u ¯  = 0 ,  



(33)






    u ¯   , t   −  u ¯   τ  u ¯  − 1  + A   ρ ¯  γ    u ¯  γ τ + 1  = 0 ,  



(34)




or


  τ   ρ ¯   , t t    ρ ¯  − 2 τ   ρ ¯   , t  2  +  γ A τ   ρ ¯  γ  + 1    ρ ¯  ξ  + A   ρ ¯   γ + 2   = 0 ,  



(35)




in which    ρ ¯  =   ρ  t      u f  t − x   1 γ      and    u ¯  =   u  t  −  u f     u f  t − x    .



The latter equation applies the Lie symmetry vector   ∂ ξ  , which indicates that the second-order differential equation can be reduced further into a first-order differential equation. Hence, by assuming the new invariants   ρ  t  = σ   and    ρ  , ξ   = Y  t  ,   we find that:


   Y  , σ   −  2 t  Y +  1 τ  +  A  τ Y    γ τ Y + t  = 0 ,  



(36)




which is an Abel’s equation of the second kind.



In Figure 2, we present numerical simulations for the energy density    ρ ¯   t    and for different values of the free parameter   γ .   We remark that for large values of time,    ρ ¯   t    vanishes and   u  t    becomes a constant.




3.5. Reduction with    X 1  + α  X 2   


Reduction with the vector field    X 1  + α  X 2    gives the reduced equation:


   ρ  , ξ   = −    ρ 2    u 0  + A  ρ  γ + 1   −   u f  − α  ρ     u 0  τ  γ A  ρ  γ + 1   −  u 0     ,  



(37)




where   u  ξ  = α +   u 0   ρ  ξ      and   ξ = x − α t  . Equation (37) is of the form of (25). Thus, the numerical solution of Figure 1 is valid. In this case, from Figure 1, we infer that the similarity solution describes a solution for the traffic density and the momentum.




3.6. Reduction with    X 2  + α  X 3   


From the vector field    X 2  + α  X 3   , we define   U  t  = u +   α x    e  t τ   + α τ     and   ρ = ρ  t    such that:


  ρ  t  =  ρ 0    e  t τ     e  t τ   + α τ   ,  








with


   U  , t   =    e  t τ    U + A  ρ γ  −  u f   + α τ  A  ρ γ   γ + 1  −  u f       e  t τ   + α τ  τ   .  



(38)







The later equation is linear and can be integrated. For large values of t, the asymptotic behaviour provides   ρ  t  ≃  ρ 0    and    U  , t   =  1 τ  U  . Thus,    U  , t   ≃  e  t τ    .




3.7. Reduction with    X 1  + α  X 4   


Finally, from the last element of the one-dimensional optimal system    X 1  + α  X 4   , we derive   λ =   α x −  u f   1 + α t   α   e  − α t   ,   R = ρ  e  −   α t  γ    ,   U =  u −  u f    e  − α t    , where the reduced system is:


  α  R − γ λ  R  , λ    +   R U   , λ   = 0 ,  



(39)




and


   U  , λ   −  1 τ     α τ + 1  U + A  R γ    α λ − U + γ A  R γ    = 0  



(40)




.



The latter system can be solved numerically.



From the numerical solutions presented in Figure 3, we observe that   R  λ    becomes constant and   U  λ    decreases. However, in the original variables, that means that  ρ  increases exponentially and u becomes constant.





4. Conclusions


In this study, we applied the theory of Lie symmetries for the investigation of the algebraic properties for the ARZ model of traffic estimation. The ARZ model is a system of two hyperbolic equations of the first-order with dependent variables, the density of the vehicles and the momentum. The master equations of the ARZ model have similarities with those of the fluid dynamics systems.



We applied the same approach for the study of the ARZ model as we did for a series of studies on fluid dynamics. Specifically, we determined the Lie point symmetries, the one-dimensional optimal system and the corresponding Lie invariants. This complete analysis of the group properties of the traffic flow system give us important information about the invariant of the evolution of the dynamical system, as well as information for the free parameters of the model.



Furthermore, we considered the Lie invariants in order to define the similarity transformations necessary for the derivation of similarity solutions or to simplify the ARZ model into a system of ordinary differential equations. We found that the one-dimensional optimal system is comprised of seven one-dimensional algebras; thus, we performed seven reductions of the ARZ hyperbolic system into ordinary differential equations. The reduced equations have been studied with analytical and numerical methods in order to determine the general evolution of the similarity solutions.



This is one of the few analyses in the literature on the application of the Lie symmetries in traffic control. The results are of special interest, and in a future study, we plan to investigate the application of the invariants in a real-world scenario. In addition, the Lie symmetries will be used for the derivation of conservation laws for the traffic estimation models.
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Figure 1. We numerically solve the differential Equation (25) for   A = 0.2 ,      u 0  = 1 ,      u f  = 1   and   τ = 0.5  . Solid line is for   γ = 1 ,   dashed line is for   γ = 1.1   and dotted line is for   γ = 1.3  . We observe that for these values and for initial condition   ρ  0  = 0.1  , there exists a stationary point for the differential Equation (25), which is an attractor. This means that, for these conditions, there exists a limit at which the traffic density and the momentum become constants. 
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Figure 2. We numerically solve the differential Equation (35) for   A = 0.2 ,   and   τ = 1  . Solid line is for   γ = 1 ,   dashed line is for   γ = 1.5   and dotted line is for   γ = 2  . We observe that for these values and for initial condition    ρ ¯   0  = 1   and     ρ ¯   , t    0  = − 1  , the traffic density becomes zero. We observe that for large values of   t ,      ρ ¯   t    vanishes, while from Equation (34), it follows that   u  t  →  1 τ   . 
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Figure 3. We numerically solve the dynamical system (39), (40) for various values of the free parameters. Plots are for   α = 1 ,     A = 1 ,  τ = 1   and   γ =  1 2    (solid lines),   γ = 2   (dashed lines) and   γ = 3   (dotted lines). Left figure is for the energy density   R  λ    and right figure for the momentum   U  λ   . From the numerical solution, we observe that   R  λ    becomes constant and U decreases. However, in the original variables, that means that  ρ  increases exponentially and u becomes constant. 
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Table 1. Commutators for the admitted Lie point symmetries of the ARZ traffic model.
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	     ,     
	    X 1    
	    X 2    
	    X 3    
	    X 4    





	   X 1   
	0
	0
	   −  1 τ   X 3    
	   −  u f   X 2    



	   X 2   
	0
	0
	0
	   X 2   



	   X 3   
	    1 τ   X 3    
	0
	0
	   X 3   



	   X 4   
	    u f   X 2    
	     f   X 2    
	   −  X 3    
	0










 





Table 2. Adjoint representation for the admitted Lie point symmetries of the ARZ traffic model.
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	    Ad   e  ε  X μ      X ν     
	    X 1    
	    X 2    
	    X 3    
	    X 4    





	   X 1   
	   X 1   
	   X 2   
	    e  ε τ    X 3    
	    X 4  + ε  u f   X 2    



	   X 2   
	   X 1   
	   X 2   
	   X 3   
	    X 4  − ε  X 2    



	   X 3   
	    X 1  −  ε τ   X 3    
	   X 2   
	   X 3   
	    X 4  − ε  X 3    



	   X 4   
	    X 1  −  u f    e ε  − 1   X 2    
	    e ε   X 2    
	    e ε   X 3    
	   X 4   










 





Table 3. Invariant functions for the one-dimensional optimal system of the ARZ traffic model.
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	Lie Symmetry
	Invariants





	    X 1    
	   x , ρ , u   



	    X 2    
	   t , ρ , u   



	    X 3    
	   t , ρ , u +  x τ    



	    X 4    
	   t ,  ρ    u f  t − x   1 γ    ,   u −  u f     u f  t − x     



	    X 1  + α  X 2    
	   x − α t , ρ , u   



	    X 2  + α  X 3    
	   t , u +   α x    e  t τ   + α τ     



	    X 1  + α  X 4    
	     α x −  u f   1 + α t   α   e  − α t   , ρ  e  −   α t  γ    ,  u −  u f    e  − α t     
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