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1. Introduction
The purpose of this paper is to investigate Liouville properties for semi-linear elliptic

equation with general nonlinearity

A 4 ( ):O, : RZnJrl,
{ Lu+ f(u in @

~% — g(u), ondRX1 {0},

where Ap is the generalized Greiner operator, and f, ¢ are nonnegative functions satisfying
some appropriate conditions, which will be given later. The notation 9R2"*! denotes the
boundary of set RZ"™! = {(x,y,t) € R?**1|t > 0}. It is well known that the role played
by the Liouville theorem is to establish a priori bounds for positive solutions of elliptic
equations in bounded domains via the blow-up method.

Han and Zhao [1] studied a class of semi-linear elliptic equations with the principal
part constructed by generalized Greiner vector fields, introducing the vector field method
in their work. As an application, they studied the Liouville property of the following
semi-linear equation:

Apu+h(&u? =0, ()

on the generalized Greiner vector fields.
There are analogous results in the Euclidean case. In the splendid paper [2], Gidas and
Spruck used the method of integral estimate to prove that, for 1 < p < Z—f%, the following

Equation (3) has no positive entire solution in the Euclidean space R":
—Au = ul. @)

Similar results first appear in [3] using the main tools of the method of moving planes.
Furthermore, the Liouville-type theorem for integral equation and system was established
in paper [4]. Other results can be found in [5-9].

Recently, some Liouville-type theorems were obtained even for nonlinear elliptic
equations with nonlinear boundary conditions in the Heisenberg group; see Theorem 1.1
in [10].
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In addition to using the method of moving planes, the vector field method was
also used to prove nonexistence results. Xu [11] obtained the nonexistence result on the
Heisenberg group for the following equation:

Agu+h(x)u? =0, in H", 4)

and, supposing that weight function h(x) satisfies some assumptions, then Equation (4)
possesses no positive solutions providing 1 < p <1+ 2nt1? . We note that the exponent
1+ (8"”;2 is smaller than 8'%

Yu [6] studied the following elliptic equation:

{ —Au = f(u), inRY,

—g—z = g(u), onoRY.

2n+l)

©)

He proved that this problem possess no positive solutions under some assumptions on
nonlinear terms.

In recent years, the comparison principle and Liouville-type theorems for degenerate
elliptic equations have been widely studied; see [12-16]. The Liouville-type theorem for
cylindrical viscosity solutions of fully nonlinear CR invariant equations on the Heisenberg
group were developed in [17]. As a by-product, the comparison principle with finite singu-
larities for viscosity solutions to more general fully nonlinear operators on the Heisenberg
group was obtained in [17].

The Hopf-type lemma and a CR type inversion for the generalized Greiner operator
was first and extensively established in [18] .

In this paper, we study problem (1); it is very well known that both the equation and
the boundary conditions are nonlinear. We are now ready to state the main result.

Theorem 1. Let u € C(R*'1) be a nonnegative cylindrical solution for problem (1), and f, g :
[0, +00) — [0, +00) are continuous functions satisfying
(i) f(t), g(¢) are nondecreasing in (0, +c0),
(i) h(t) = %,l(t) = % are nonincreasing in (0, +oc0),
02

t
(iii) either h or I is not a constant,
then u = c with f(c) = g(c) = 0 is the only solution of the problem (1).

The paper is organized as follows. In Section 2, we introduced some notations and
facts that will be followed throughout the work. Theorem 1 is finally proved in Section 3.
The disscussion is given in Section 4.

2. Preliminary Facts

The aim of this section is to introduce some notation and definitions about the general-
ized Greiner vector fields. We consider the Liouville property associated with generalized
Greiner operators

n
2 (XF+Y7),
where _
Xj = aax] + 2kyj|z|2k72%, (6)
Y = aay] - 2kxj|z|2k72%, @)

1
=1, nxyeR, teRz=x++/-1y,|z| = [ ?:1(x]2+y]2)} S k>1.
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A function u is said to be cylindrical in R?"*1 with respect to the operator Ay if for any

(x,y,t) e R" x R" x R, ithas u(x,y, t) = u(r,t),r = \/x2 + 2.
If we denote by A = (a;;) the (2n + 1) x (21 + 1) symmetric matrix given by a;; = J;;

ifi,j=1,--,2n, appy1j = 2kyj|z[* 24 j = 1, 0, appp1 0y = —2kxg|z[H20f j =
1,---,n,and az,11 2941 = 4Kk?|z|*~2. We note that the matrix A is related to Ay by the

formula
AL = le(AV),

where V and div denote the Euclidian gradient and Euclidian divergence operator of R?"+1,
respectively.
Moreover, if we consider a (211) x (2n + 1) matrix whose rows are the coordinates of

the vector field X, Y, that is
poo (In O 2kylzPE?
T\ 0 I, —2kx|z|*2 )

where I, is the identity n x n matrix, then the generalized gradient V1 of a function
¢ R Ris expressed by Vg = (X9, - -+, Xuh, Y19p, -, Yyp) = 0V, and

Ap = div(eToV).
The dilation is defined as
51 (&) = (Ax, Ay, A%),A > 0, ®)

and the integer Q = 2n + 2k is called the homogeneous dimension with respect to dilation.
Then, it is useful to consider the following homogeneous norm with respect to (8):

0(@) = [121%+ 2] ¥, ©)

and the associated quasi distance between two point ¢, 77 in R?"*1 by setting

d(@n) = [[21% + 2%+ (= 2], (10)

for ¢ = (z,t) € R?", y = (Z,') € R¥*1. We denote by By (&, R) the quasi ball with
center at ¢ and radius R associated with the distance (10), that is

BL(&,R) = {n € R**"|d(Z,) < R}. (11)

Note that for R > 0 sulfficiently large, if B(0, R) is the Euclidian ball of radius R centered at
the origin, then
B(0,R) C Br(0,R) C B(0,R?).

Denote by
vLu = (X]u, e /Xnu/ Ylu/ T /Ynu)/

and

n
Apu:=Y" iju + Y]-Zu
j_

< o%u 2k—2 o%u 2k—2 o%u
;—]2 y — + 4ky;|z| —at—4k xilz| av;ot
o2u
+ 47222, (12)

the generalized gradient and the generalized Greiner operator, respectively.
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Note that, when k = 1, the operator A; becomes the well know sub-Laplacian Ay
on the Heisenberg group H" (see Folland [19]). If k = 2,3, - - - , A is the Greiner operator
(see [20]). As is well known, the vector fields X1, X, -+, Xy, Y1, Ys, -+, Yy, in (6) do not
possess left translation invariance for k > 1 and, if k = 1,2,3,- - - , they do not meet the
Hormander condition [21].

As in [18], we introduce the CR inversion of a function u(x,y, t) in R?**1 as

1 [
v(x,y,t) = Fu(x,y,t), (13)

with ¥ = (&1, , %) and § = (41, - - -, ¥n), where

ot 2Py oyt — |z 1

% i , = —.
2%+2 7 2k+2 ak
2T 2T 0

Lemma 2. Suppose that u € C2(R¥"*1) N C(R¥"1) is a solution of (1), then v defined in (13)
satisfies

Ao = 35 f(u), in R,

’ (14)

_% — Wg(u), on aRi"“ \ {0}.

Proof. The first equation of this lemma has been proved in [18]. It remains to prove the
second equation. In fact,

_%%§:_g(}p9*2p of
1
= pQ+4k—Zg(u)' (15)
O

3. Proof of Theorem 1

The proof of Theorem 1 uses the moving plane argument. Note that the function v
might be singular at the origin and that

lim p9~20(r, t) = u(0). (16)
0—0

We have previously seen that v satisfies the equation

—ALo(x,y,t) = g f(e9 20 (x,y, 1), in R\ {0},
dv(x,y, _
— Gl — g (09 20(x,y, ) on IRPTI {0).

(17)

We define h(t) = {g(i)z L) = %, and we obtain
12 t Q-2

£(0%20) = h(pQ 20)p2+20 02,

and
Q-+4k—2
Q-2 ,

g(p9 %) = 1(p920)p% 2y

then, the above equation can also be written as
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{ —ALo(x,y,t) = h(pQ 20(x,y,£)o(x, 1, )82, in R\ {0}, )

_80(32%19) =1(0920v(x,y,t))v(x,y, t)%, on aR2+1\ {0}.

Let £, = {(x,y,t) € R*""t > u}, T, = 0%, = {(x,y,t) € R*"|t = u}, and
p" = (0,0,2u). We compare the values of the solution v on X, with those on its reflection.
Let

vu(x,y,t) = vu(ro, t) = o(ro,2u — t) = v(y, x,2u — t),

1
for any (x,y) such that (x> +y2)2 = r,. It is easy to see that v, satisfies the same equation
as v does, that is

_ Q+2 .
{ —Apvu(x,y,t) :h(pPQ, 2vﬂ(x,y,t))v},(x,y,t)Q*2, in RZ"+1\ {0}, 19)
v, (x,y,t _ Q+4k—2
— 2l (0@ 20, (x,y,8))ou(x,y,8) T2, on ARZHL\ {0}

If we define w, (¢) = v, (&) — v(&), then we can get the following key lemma.

Lemma 3. For any fixed y > 0, the function v,,v € L% (Zy) UL®(Z,) with 28 = %
Furthermore, there exists C,, > 0, which is nonincreasing in p, such that

[ACEEANE
k, 2 ;
<Gy [(/A 0%¢) "+ (, ) Q] ([ 19500 Pae ),

where Ay = {(x,y,t) € Zy|lv > v, }, By = {(x,y,t) € 0Xy|v > vy, t = 0}.

(20)

Proof. If 1 > 0, then there exists » > 0, such that X, C R?"+1\ B,(0); moreover, v is
continuous and strictly positive in R?*+1\ {0}, with a possible singularity at the origin, and

decays at infinity as u(0)p?~<, so that v € L¥n L*(Z,). Now, we give a cylinder cut-off
function 0 < 7. < 1, such that

1, if2e <|¢—pH| <1,
fle = . 2
0 if|g—pF[<eor|f—p'=

- e/

(21)

(Viie] < € fore < |¢— p#| < 2eand |Vpne| < Cefor L < |g—pH| < 2.
Next, 1 = 1¢(v — vy,) ™ can be used as a test function, and we denote ¢ = 72(v —v},)*;
then we have

_ o)t )
/Zz«ﬂ{Zegf’:—P"Sl} Vi(o—vu) e < /Zp [Veylodg
= /2# VL(U — Uy)+vL¢d€+ /2#[(0 _ vy)+}2|vL17€|2d€
(v —
- /A,l ~AL(0 = ) PdE + /By %wg’ + 1

Q+2 _ Q+2
= [ |12 200085 — o 20,082 | e
u

Q+4k—2 Q-+4k—2
+ . {l(szv)v o —l(pg_zvy)vy Q-2 }cpd@’—i—le, (22)
!
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where [ = f):], [(v = vu) TP Virge *de.
Due to the monotonicity of 1,1, p > p,, and v(&) > v,(¢) in Ay and B, we have

h(p9 %) < h(pF *vu), (23)

and
1(p920) < 1(p3 *0u), (24)

in Ay and By, respectively. Hence, we get

|Vi(v— vy)+|2d§

Q+2

</ yh(szv)[vgj — o 7 |gde

/Zw{2e<|§pﬂ|<i}

Q-+4k— Q+4k—2
+ [ 109 20) [0 T — 0,07 |pdc’ + 1. (25)
B,

Moreover, since u is positive and bounded, there exists 0 < a =4, < b = b, < +0o0
such that a < pR9~20(&) = u(&) < b,V¢,& € 2, \ B/(0), so that h(09?v(&)) < h(ay) =: C;;.
Finally, if 0 < v, < v, we conclude that

[ m2 )08 o igag < € [ 0020 - v)pa
4, Z N "

15

1
<C1/ (v —v,) " y2d
=~y A}l p4[( “I/l) ] 176 g
1 2 20 Q2
<[, g8 ([ [0—v)197ae) T, 26)
Ay P Ty
in the last inequality, we have used the Holder’s inequality.
Similarly, by the decay estimate of v, there exists Cﬁ > 0, which is nonincreasing in y,
so that

Qt4k—2 Qidk—2

2 ! A !
/. B A L [, 092 (0= 0,)pdz

13

1
< Cﬁ/ —xl(o— ou) T PPy2dg’
By p
<[ it [ (02,1 8%ag) % @)
- By p#Q Zy 8 '
Therefore, it follows from the above inequalities that

\V4 _ + Zd
/Zym{2€§|(:f—[7},§i}| L(v UH) | g

<Chf, st 8([ [0 =)0
v a
[ g8 (f | (0= 18a) T 4 29)
H #

We claim now that I, — 0 as € — 0. If we denote

1 2
Be={CeTule<|g—p'| <2eor_<|g—p'l <},
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then we get
[ Vineldz < c.

Hence, we infer from Holder’s inequality that

= ([ oo Pae)” ([ 190n0a) " < c( [ 10— Pae)” 0

as € — O because (v —v,)* € L (Zp)-

Finally, suppose for some € — 0 in Equation (28), and set C;, = C;,S + CﬁST with S
being the Sobolev constant and St being the Sobolev trace inequality constant, then we
obtain

JRACEEARE:
Zu

< (], it + ([ 2aen? (L wio—onPac). @9
O

We note that inequality (29) plays the same role as the maximum principle. If we
can prove

], 0+ Zmaend] <1

Ay P B

then we get v < v;, in X, the same conclusion as the maximum principle implies.
The next lemma shows that

wll(g) = Uﬂ(g) - U(C) >0, V‘:—f € Z;t- (30)

Lemma 4. Under the assumptions of Theorem 1, there exists some o > 0, such that v < vy, in
Xy forall yu > po.

Proof. By the decay behavior of v, see Equation (16), we can choose j large enough such

that
1 2

1 2 2 1
C / —d Q+/ B Q]<,
|, et () Zga0?] <3
then Equation (29) implies that
| 1Vi@=o* P = o,
oy
the assertion follows. [

We now decrease the value of i continuously, that is, we move the plane X, to the left
as long as inequality (30) holds. We show that by moving in this way, the plane will not
stop before hitting the origin. More precisely, let

p = inf{p|w, (&) = 0,¥C € g, ft > p}.
Lemma 5. If yiy > 0, then wy, (§) =0 forall§ € Xy,.

Proof. Arguing by contradiction, we claim that the plane ¥, can still be moved a small
distance to the left. More precisely, there exists a §y > 0, such that, for all 0 < § < Jy, we
have

w0y, 4(8) 2 0, € Ty, . (31)
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This would contradict with the definition of 1, and hence (30) holds. Now, we prove our
claim. Suppose that w,, (¢) # 0, then we infer from the continuity that w,, > 0. At the
same time, from f being nondecreasing and (ii) in Theorem 1, we have

h(pQ_Zv)v% _ f(p9?0) < f(920p) _ f(08 %oy, 35

Q+2 — Q+2 - Q42 M1
P P [pQ_zvﬂl] 02
Flof %0n) $3 02 .83
Sm% = h(pi, “0u 0w - (32)
PX" 0y, | =

The above inequality implies

—ALZJ < —ALZJM,

and, from the strong maximum principle in [18]

wy, > 0in the interior of &, (33)

. 1 1
Moreover, since 20 XA, — 0, pTQXB# — 0, almost everywhere as y — pq, and
1 1 1 1
20X A, < 20X%,, s 20XBy < 20X s for u € [u1 — 6, y1| for some & > 0, then from the
dominated convergence theorem, there holds

1
—_dE 0,
/A,, p*Q

and ,
——d& — 0,
/B;« P2kQ

as y — 1. In particular, there exists 6 > 0, such that

1 .\0 1 1
([, mate)"+ (f, o) ]Sz'

forall u € [y — 9, 1], it follows from Lemma 4 that v < v, for all u € [y — 6, p1]; this
contradicts the definition of y;. O

Qv

Cu

Lemma 6. Let f, g be as in Theorem 1 and assume also that u is positive. Let v be the CR inversion
of u centered at a point p = (0,0, ty); then v is symmetric with respect to Ty,.

Proof. We use the method of moving planes to prove this lemma. If 31 > t, then we know
from Lemma 5 that v is symmetric with respect to T},,. On the other hand, the symmetry
together with Equations (18) and (19) imply that |, | = |¢|. By the assumption, either /1 or !
is not a constant, which is impossible, hence we get y1; < t(. Similarly, we can also move the
plane from the left and find a corresponding p} > to. Finally, we infer from v, () > v({)
and Oy, < v({) that uy = pj = to, thatis, v hence u is symmetric with respect to T,. [

The following result from [6] plays a role in our proof.

Theorem 7. Let u € C° (@) be a nonnegative solution of problem (5), where f,g : [0, +00) —
[0, +00) are continuous functions with the properties
(i) f(t), g(t) are nondecreasing in (0, c0).

(ii) h(t) = J;,(i)z Jk(t) = Lls) are nonincreasing in (0, c0).
N2 N2

tN—2
Then u = c with f(c) = g(c) = 0.
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Proof of Theorem 1. By Lemma 6, we have that, for any ¢y € R, the CR inversion function
vofuatp = (0,0,ty) is symmetric with respect to Ty,. Since ¢ is arbitrary, then we have
that u is independent of ¢, that is, u is a solution of

—Au = f(u), inR?", o)
— % = ¢(u) ondR".
Since f, g is nondecreasing in (0, o), and
t f) Q+2_ 2n42
S S0 335, @)
f2n—2 102
and
t t) 4 _ _2n
) _ &) gh—sty (36)
f2n—2 tQ-2

is decreasing in t, then Theorem 7 implies that u = ¢ with f(c) = g(c) =0. O

4. Discussion

A useful tool for the study of symmetry for semi-linear equations with critical growth
in R" or in a ball is the moving planes method. This paper studied Liouville properties for
semi-linear elliptic equations with general nonlinearity; the moving planes method based
on integral inequalities was used to prove the Liouville theorem. As is known, when k =1,
A}, becomes the sub-Laplacian Ag» on the Heisenberg group H", the nonexistence results
for any positive of semi-linear or fully nonlinear equations in the Heisenberg group need
further study.
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