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Abstract: In this paper, we consider the batch arrival of customers to a transport station. Customers
belonging to each category is considered as a single entity according to a BMMAP. An Erlang clock
of order m starts ticking when the transport vessel reaches the station. When the Lth stage of the
clock is reached, an order for the next vessel is placed. The lead time for arrival of the vessel follows
exponential distribution. There are two types of rooms in this system: the waiting rooms and the
service rooms for customers in the transport station and in the vessel, respectively. The waiting room
capacity for customers of type 1 is infinite whereas those for customer of type 2,. .., k are of finite
capacities. The service room capacity C; for customer type j,j = 1,2,...,k is finite. Upon arrival,
customers of category j occupy seats designated for that category in the vessel, provided there is
at least one vacancy belonging to that category. The total number of vessels with the operator is /™.
The service time of each vessel follows exponential distribution with parameter u. Each group of
customers belong to category j searches independently for customers of this category to mobilize
passengers when the Erlang clock reaches L; where L1 < L. The search time for customers of
category j follows exponential distribution with parameter A;. The stability condition is derived.
Some performance measures are estimated.

Keywords: batch marked markovian arrival process; batch arrival; Erlang clock; batch service; matrix
analytic method

MSC: 60K25; 60K30

1. Introduction

In the literature on queueing inventory, there are some studies that have focused on
queueing inventory in transport problems. Shajin et al. [1] studied a queueing-inventory
problem in passenger transport system. In their study, there were two types of customers:
high priority and low priority. High priority customers have a finite buffer to wait but low
priority customers to wait have an finite capacity queue. The arrival of customers forms a
marked Poisson process. Service time follows exponential distribution for each customer.
Melikov and Molchanov [2] studied stock optimization in transportation/storage systems.
Sigman and Simchi [3] studied light traffic heuristic for an M/G/1 queue with limited in-
ventory. Neuts [4] introduced the general bulk service (GBS) rule: customers can be served
in batches between the minimum and maximum batch sizes. Krishnamoorthy et al. [5]
analyzed a queueing system with k stages of services. Customers can join a service from
the beginning of any of the stages. The customer arrives at the first node according to MAP.
At all other nodes, the customer arrives according to a distinct Poisson process. The service
at each stage relies on the stage and the number of customers served in a batch. In their
study, they gave some real examples in our life, such as elevators and transport systems. A
public transport system serves customers from different locations in the city.
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Besides this, many studies have focused on transport systems based on queueing
theory, such as [6-9]. In [8], the authors studied the optimization model of the buses
number on the route based on queueing theory in a smart city.

In the case of classical queues, Neuts and Ramalhoto [10] introduced the concept
of search by server in their study. In the retrial queueing set up, the concept of search
was introduced by Artalejo et.al [11]. This study has been extended to more general
cases by D’Apice and Manzo [12], Sekar et al. [13], and Ayyappan and Udayageetha [14].
Sekar et al. [13] studied a single server retrial queueing system with orbit search under
Erlang-K service. D’ Apice and Manzo [12] studied a single server queueing system with
search for customers in a finite capacity.

In this paper, we consider the batch Marked Markovian arrival process (BMMAP)
of customers to a transport station. Customers belonging to category j in each batch as
a single entity and so even though there are j customers in the batch, we consider it as a
single unit for our most of the purposes, where j = 1,2,..., k. Customer category j arrives
to the transport station according to batch Marked Markovian arrival process (BMMAP)
with representation (Dy, Dy, ..., Di) where the D; s’ are each of order m;.

There are two types of rooms in this system: the waiting rooms and the service rooms
for customers type j are in the transport station and in the vessel, respectively. The waiting
room capacity for category 1 customers is infinite, whereas those for category j customers
are of finite capacities, which is denoted by W;, j = 2,...,k. The service room capacity
C]- for category j customers j = 1,2,. ..,k is finite. Category j customer batch, on arrival,
occupies seats designated for that category in the vessel, provided that there is at least one
of the required size vacancy belonging to that category; a vacant seat for category j means
that there are j seats. We call such a “unit of seats” as one single entity.

An Erlang clock of order m starts when a transport vessel reaches the station. The
Erlang clock moves from phase m’ to phase (m’ + 1) with parameter ¢.

When the Erlang clock reaches the Lth phase, we place an order for the next vessel.
The lead time for arrival of vessels follow exponential distribution with parameter 6. If the
current vessel is in the transport station and a new vessel arrives to the station, the former
leaves the station immediately. In the same time, an Erlang clock for the new vessel starts.

The total number of vessels in this queueing inventory system is denoted by /*. The
number of vessels, which are in operation to drop off passengers, is denoted by /. The
service time of transport vessel follows exponential distribution with parameter y. Each
group of customers belonging to category j searches independently for customers of this
category to mobilize passengers belonging to that category, provided there is vacancy.
The search for customers starts only when the Erlang clock reaches L; where L; < L and
service room for type j has customer type j less than C;. If the new arrival type j fills the
last seat in this service room, then the search for this type of customers is terminated for the
present vessel. The search time for category j customers follows exponential distribution
with parameter A;. If category 1 customers find that seats are not available in service room
for this category, they must wait in the waiting room for category 1 (infinite capacity).
Customers of category j(j = 2,3, ..., k) leave the system if their waiting room is full at the
time of arrival of this category.

The salient features of this paper are as follows:

e Transport problem with batch arrival of customers and reserved vessel of designated
capacity for each category is presented and discussed for the first time.

*  Search of customers to fill vacant seats belonging to each category, if any is done by
customers belonging to that category only.

*  An FErlang clock monitors the phase for starting search of customers for the current vehicle.

®  The next vehicle is ordered when the Erlang clock reaches stage L, which requires an
exponentially distributed amount of time to arrive at the station.

e The vehicle already present in the station leaves the moment given by min {realization
of the Erlang clock, arrival of next vehicle, all seats are filled }.
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This paper is arranged as follows. Section 2 discusses the mathematical modeling of
the problem under investigation. In Section 3, the stability of this system is investigated and
the stationary system state distribution is computed. Performance measures are elaborated
in Section 4. In Section 5, numerical investigation of the model is elaborated. Cost analysis
is shown in Section 6. Finally, we summarize with a concluding Section 7.

2. Mathematical Description of the Model

For the analysis of the model, we introduce the following notations:

Nj(t): the number of category j customers in the waiting room for this category at
time t where j =1,2,..., k.

Y (t): the phase of the arrival process.

I;(t): the number of category j customers in the service room for this category at time
twherej=1,2,... k.

B(t): the booking status for the transport vessel where

B(t) = 1 If already order for a new vessel,
0 Not booking

H(t): the number of vessels which (in operation) leave the station on the way to drop
off passengers at time ¢.

G(t): the phase of an Erlang clock of order m.

The Erlang clock only starts when a transport vessel is available at station.

(f) = 1 (On) If the transport vessel is available at a transport station,
=10 (Off) If it is not available at a transport station.

X(t) = {(N1(t),..., Nk(t),Y(t),B(t), H(t),y(t),G(t), [1(¢),..., L(t));t > 0} is a con-
tinuous time Markov Chain on the state space. Therefore, this model can be studied as a
level independent quasi-birth-death (LIQBD) process with state space is given by

QO=0;U0,U03UQ04UQ5UQOgUQy7; where

0O = {(n1,...,nk,y,b =1,hy=0):0< n1,0 <n <Wpl<y<mp;0<h< h*};

Qz—{( L0y b=0hy=1gi1,...,0): 1§ySm1,0§hS(h*—1);1§g§
(L=1);0<i; CV]#],z];éC,]—12 k};

03: 0 Oy,bflh'yflg,ll,..,ik):lgygml;Oghg(h*—l);Lg
ggm;ngjSC]-Vj#j/;ij/#Cj/;jzl,z,...,k};

4:{(Onz,...,nk,y,bzo,h,'y:1,g,i1,...,ik):1§y§m1;0§n]~§Wj;j7é
LO<h< (" —1;1<g<(L-15;0<i; < CVj # iy # Cpij = 1,2,...,k};

52{(0112,. nk,y,b—lh'y_lg,il,. ) 1<y<m1,0<n]<W]#—
1,0§h§(h*—1)L<g<m0<1]<CV]7é],z #C,]—12 . k};

O = {(n1,...,n,y,b = 0,h,y =1,8,Cy,....,0) : 1<]/<”111<”1,0<an

W]-];zéloghg(h*—l);lggg( —1)O<1]<CV];£],1 ;AC ;7=1,2,...,k};
Qy = {(ny,....,n,y,b =1L,h,y =1,8Cy,...,0) :1 <y < m1,1 < ny;0 g n; <

Wi;j #L0<h < (h*=1);L < g <m;0<i; <CVj # iy #Cpij=12,...,k};
With the following conditions (in case y = 1):

. If0§ij<Cjthenn]-:Oforjzl,z,...,k.

b If11:C1 then0§n1.

. Ifij:Cjthenognjgijorj:2,3,...,k.

* Ifi; = C; Vj, then the Erlang clock expires.

For category j customers, C; is the maximum capacity of their service room (in the
vessel) where j = 1,2,..., k, whereas W; is the maximum capacity of their waiting room (in
the transport station) where j = 2,3, ..., k. Regarding the service rooms, the total number
of individual seats is visualized in Figure 1 below.
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] Single seat category 1 (Total C, seats)

1
!

Kf

(Total CJ. such seats; Total number of individual
seats = j Cj forj=1,2,....k.)

\r\l\ﬁ 'L J seats for category j customers

Figure 1. The total number of individual seats in a specific service room.

The terms of transitions of the states are given in Tables 1-5.

Table 1. Arrival rates for a new vessel.

From (ny,...,n,y,b=1,h,9=0)
0<h<h*
To 0,...,0,y,b=0,h,vy=1,9=1,i1,...,0)
0<h<(h*-1)
Description nj < CjVj,' i]- < C]-,j =12,...,k
From (n1,...,m,y,b=1,h~y=0)
To 0,...,0,y,b=0,(h+1),7 =0)
Cj =n;vj
Description 0<h<(h*—-1)
From (n1,...,ng,y,1,h,9=0)
To (ny,...,n,y,1,(h+1),7y=0)
Description ﬂ;-C]=<”;1]—VJCj
From (ny,...,n,y,b=1,h*~v=0)
To ©,...,0,y,b=0,(h*—-1),y=1,9=1,i1,...,10)
nj < C;vj
Description Ifi; = C; Vj # j/, then 0 < iy < (Cy — 1)
From (ny,...,n,y,b=1h*~v=0)
To 0,...,0,y,b=1,h*,v=0)
Description Cj =n;vj
From (n1,...,np,y, Lh*, v =0)

To (n,...,n,y,1,h*,v=0)
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Table 1. Cont.

Cj < njvj
Description n;=n;—C;
From (ny,...,n,y,b=1,(k*=1),y=1,¢",11,...,i)
To (ny,...,n,yb, (W =1),y=1,¢=1,i},...,i)
Description begism ZI]f: Sjg%{liﬁeaijni %V];\;]j;j Frosm
From (ny,...,my,b=1nhy=1,9",i1,...,i)
To (O,...,O,y,b:O,(h—l—l),'y:1,g:1,ii...,i;()
Description n<C,L<g"<m0<h<(h*—1)
From (ny,...,my,b=1nhy=1,9",i1,...,i)
To (nf,...,m,y,b=0,(h+1),y=1¢=1,i,...,1)
L<¢"<m
Description Cj < n;vj, n]’. =n;—Cj
From (ny,...,n,y,b=1ny=1,9",i1,...,i)
To (nf,...,n,y,b=1,(h+1),y=0)
L<g'"<m
Description Cj < n;vj, n; =n;— (C; —ij)
Arrival rate for a new vessel Y

Table 2. Search rates.

From (ny,...,ney, Lhy=1,8i,...,i)
To (nl,...,nk,y,l,h,'y:1,g,...,Cj,...)
Ly<g<mlL; <LO0O<h<h*
Description 1< ij < Cj,j =12,...,k
Only one among iy, .. ., i
can be change with positive probability.
From (1’11,. ..,nk,y,b = 1,]1,’)/ = 1,g,C1,C1,.. .,,ij,...,Ck)
To (ny,...,n,y,b=1,(h+1),y=0)
Lq §g§m;L1§L,0§h<h*
Description 1< i]- < C]-,j =1,2,...,k

Search rate

iiA,j=12,...k

Table 3. Departure rate for vessel.

From (ny,...,mg,y,b,h,y=1,¢,i1,...,1i)
To (n1,...,n,y,b,(h—=1),vy=1,g,i1,...,i)
Description 1<h<h*,1<g<m
From (n1,...,n,y,b=1,h,v=0)
To (ny,...,n,y,b=1,(h—1),7=0)
Description 1<h<h*
rate hu
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Table 4. An Erlang distribution with m states and parameter ¢.

From (ny,...,n,y,b,h,y=1,¢,i1,...,i)
To (ny,...,me,y,b,h,y=1,(g+1),i1,...,10)
Description 1<h<h®,1<g<m
From (ny,...,n,y,b=1h9=1m,iy,..., i)
To (n1,...,n,y,b=1,(h+1),y=0)
Description 1<h<h*
rate ¢

Table 5. Arrival rate.

From (nl,...,nj,...,nk,y,b:1,h,'y:0)
To (ny,...,(nj+1),...,n,y",b=1,h,y=0)
Description 0<h<h*
Only one among ny, .. ., nj, ..., Mg can be change
with positive probability.
rate d;jy), wherej=1,2,...,k
From (nl,...,n]-,...,nk,y,l,h,'y:O)
To (nl,...,nj,...,nk,y’,l,h,'y:0)
Description 0<h<h*
rate d;(;),
From (n1,...,0,...,1n,y,b,hy= 1,g,C1,...,ij,...,Ck)
To (n1,...,0,...,m,y,b,h,y=1,8,Cy, ..., (i +1),...,Ci)
Description 1<g<m1<h<h*
Only one among i1, 1y, . .., i, can be change
with positive probability.
rate d](/jy)/ wherej=1,2,...,k
From (n1,...,0,...,n5,y,b,h,v= 1,g,C1,...,ij,...,Ck)
To (n1,...,0,...,n5,y,b,h,y = 1,8Cyeerijye, Cr)
Description 1<g¢g<ml1<h<h*
rate d;(;),
From (n1,...,0,...,n5,y,b,h,y= l,g,Cl,...,(Cj -1),...,C)
To (n1,...,0,...,n5,y,b=1,(h+1),y=0)
Description 1<g<ml1<h<h*
rate d;jy), wherej=1,2,...,k
From (n1,...,0,...,n5,y,b,h,v= l,g,Cl,...,(Cj -1),...,C)
To (n,...,0,...,m,y,b,h,y=1,8,Cy,...,(Cj—1),...,C)
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Table 5. Cont.

Description 1<g<ml1<h<h*
(0)
rate dyy,
From (n1,...,0,...,n5,y,b=0,h,v= 1,g,C1,...,(C]~—1),...,Ck)
To (ny,...,0,...,n5,y,b=1,(h+1),7y=0)
Description 1<¢<(L-1;1<h<h*

Only one among (C; —1),(C2 —1),...,(Cy—1)
can be change with positive probability.

rate d)) + ¢, where j=1,2,.... k.
From (n1,...,0,...,n6,y,b=0,h,v = 1,m,C1,...,(C]- -1),...,C)
To (n1,...,0,...,n,y,b=0,h,v= 1,m,Cy, ..., (C=1),...,C)
Description 1<h<h*
rate 4

vy’

The infinitesimal generator Q of the level independent quasi-birth-death (LIQBD)
process with state space is of the form

Boo  Bor
Bio Ar Ao
Q= Ay Ay Ao ; where
Ay A Ao
Eoo En Ep Eo(k-1) Eo1y O O
E1o En Ep Eqi(k-1) Eqx @ O
Boo = Exo Ep Ex Exk-1) |, By = Eyx1y O O
Ex-10 Ex-11 E@x-12 Ek—1)(k-1) Ex-nxy O O
Exipo O O Ey Ey O O
Egao O o) O F E O o)
Bo=| Ewso O O|la=|0 0 FE B O o |,
: : S 0]
Ewcyo O o) o o0 o .. o E
E, O O O O O O . O
O E, O O @) O O O . O
Ay = O O E, O O s Ap = O O O . O ;
N N O) S o}
O O O ... ... E Eh O O . O

where all sub-matrices (the zero matrices, Eg, E; and E;) are matrices of same order.
For example, we fix k = 3,C; = 3;L; = 2 and L = 3. We get the following matrices as
in Appendix A.
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3. Steady-State Analysis
3.1. Stability Condition

Theorem 1. The queueing inventory system generated by Q is stable if and only if
C
7l'C1E0 ey < Z 1T Er e
i=1
where 71T; is sub vector of order 1 X ry fori =1,2,...,C1. Eg = (I(L*) ® D1) where Iirs is an
Wll ml

S . P o L . !
identity matrix of order s Where 5 is a positive integer number. ey is column vector of 1’s.

Proof. Let A = Ay + A1 4+ Ap. We can notice that A is an irreducible matrix. Thus, the
stationary vector 7t of A exists such that

TA =0

me=1.

The Markov chain with the infinitesimal generator Q of the level independent quasi-
birth-death (LIQBD) is stable if and only if

wTApe < A e.

O O O 0]
O O O (0]
Recall, Ay is a square matrix and Ay = O O O o Eo=(I () ®
my
: o O
Epb, O O (0]

D;) where I r y is an identity matrix of order = where 2= is a positive integer number.
( mq ) my nmy

tAge = (1, T2, TO2,. .., ncl)Ao e; where 71, 7o, ..., 7T, are sub vectors of order
1 X ry.

[
€y
7TA08 = (ﬂ'clEo,0,0,...,O) . ;
[
= 7. Epex

E, O O O
O E, O O O
Recall that Aj; is a square matrix and Ay = O O E O O
O
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TAze = (111, 702, T2, -, n'Cl)Az e; where 7y, m0o,..., 7T, are sub vectors of order

1 X 7.
€x
[
7TA2 e = ( 7T1E2, 7T2E2, 7T3E2,.. .y 7'L'C1 Ez) . ;
€x
= mkEyes+ mEye,.+---+ 7TC1E2 [
C
= Z 7T,'E2 €y
i=1
Then

G
7TA2 e = Z 71','E2 (%
i=1
Since wApe = m. Epesand m Ay e = ZiC:ll 1r;Ey e then the queueing inventory
system is stable if and only if

Cy
7TC1E0 ey < Z 7T E> ey
i=1
O

3.2. Stationary Distribution
The stationary distribution of the Markov chain under consideration can obtained by
solving the set of Equations (1) and (2).

XQ=0; 1)
Xe = 1. ()

Let X be decomposed with Q as following:

X= (Xo, Xl/ Xz, . ), where X, = (chr—C1+1/ZC1r—C1+21 . ,chr);l’ =12,... where

Xo = (XOO, XOnk/ XOn(k_1>/ ceey XOnz) where

Xoo = (Xooo, Xois Xoi_y/ - - - » Xoip» Xoiy ) where

X000 = (X0...01(b=1)(y=0)7 X0..02(b=1)1(7=0)7 - - - » X0...0m; (b=1)h(y=0) ); Where h = 0,1,2, ...,
h*;

Xoip = (Xo. 0y (h=0)h(y=1)g'0...01,” X0..0y(b=1)h(y=1)g"0..03 ); Where iy = 0,1,2,..., Ci; y =
1,2, m;h=01,2..., (" —1);¢ =1,2,...,(L—1);¢" =L, (L+1),...,m;

Xoig 1) = (XO...Oy(b:O)h('y:l)g,O...Oi(k,l)ik’XO---Oy(bzl)hW:l)8//0---0i(k—1)ik);Wherey =12..,
mih =012, (h"=1;¢ =12,...,(L=1);¢" =L (L+1),...,mi,=0,1,2,...,Cg;

i(k*l) = 1, 2, .. '/C(kfl);

Xoi; = (XO...Oy(sz)h('yzl)g/0...ij...ik’XO---Oy(bzl)h('yzl)g//o---ij---ik); where y = 1,2,...,my;

h=012... (" -1);¢ =12...,(L-1);¢ =L (L+1),...,mi=012..,Cg
l] :1/21/(:]/]:1/2//]{/

Xoi, = (Xo...Oy(b:O)h(yzl)g’iliz...ik'X0~~-0y(b:1)h(721)g”i1iz~~ik)" wherey =1,2,...,mi; h =
0,1,2....(h"=1);8 =1,2,...,(L—1);¢" = L(L+1),...,m i1 = 1,2,...,Cy; ij =
0,1,2,...,Cij=23,...k
Xoomr Xo0m, Cyr X00nyi gy, - - -+ X00mginCpr Xoonyiy ) where me = 1,2, Wi
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Xoom, = (Xo...m1 (0=1)1(y=0)r X0...2(b=1)h(7=0)7 - - - » X0...0g1m; (b=1)h(7—0) ); Where h = 0,1,
2,...,hy=12,...,my;

Xoomcy, = (XOOnky(bzo)h('y:l)g,O...OCk’Xoonky(b:1)h('Y:l)g//0~~-OCk); whereny =1,2,..., Wi;
y=1,2,...,m;h=0,12,...,(h*-1);¢ =1,2,...,(L=1);¢" =L, (L+1),...,m;

Xoonyiy 1) G = (XOOnky(b:O)h(’yzl)g’O...Oi(k,l)Ck’XOO”ky(bzl)h(7:1)8”0---0i(k—1)Ck);Where M =

1,2, Wey=12...m;h=012..,(*-1);¢ =12,...,(L-1);¢" =L, (L+
1),...,711; i(k—l) = 1/2/--~1C(k—1);

Xoonyi, ¢, = (XOOnky(b:O)h(vzl)g/Oizig,...i(k,l)Ck’ X00m,y(5=1)1(7=1)g"Oiis...i(_1)Ci ); Where iz =

1L,2,...,C4 :0,1,2,...,C]-;j:3,4,...,k;h:O,1,2,...,(h*—1);

Xoomir ¢ = (XOOnky(b:O)h(yzl)g’ili2i3...i(k,])Ck’XOO"ky(bil)h(’Yzl)g”il1'21'3--~i<k71)Ck); where
iz = 1,2, ...,Cz,‘ l] = 0,1,2,...,C]';j = 3,4,...,k;

XOn(k_l) = (XOOn(k_l) 7 XOO”(kfl)C(kfl)ik’ xOOn(k,l)iU(,z) C(k*])/ xOOn(k,l)i<k,3> C(k*])/ cecy
XOOn(k,l)iZC(k,l)/ XOOn(kfl)liC(k,])) Where n(k*l) = 1/ 2/ sy W(k*l)’

Xoon 4, = (Xo...n(k,l)nkl(h:1)h(y:0)r X0,y m2(b=1)h(y=0)7 - - -1

XO...n(k_l)l’lkml(b:1)h(’)/:0)); Where h = O, 1, 2,. . ,h*, y = 1, 2,. .., M, n(k,l) = 1,2, .. .,Wk;

Xoon 1) Cie-1y;, = (XO---O"@A)"ky(bZO)hw:l)g'O---OCocfl)ik’ Xo...0m 4y (6=1)h(7=1)g"0...0Cs 1)
ik);Wherenk = 0r1/2/~- -er;y = 1/2r. . .,ml;h = 0,1,2,.. ,(h* *1),8/ = 1,2,. ,(L*l),
§'=L(L+1),.... mng_1)=1,2,..., Wy_1;

Xoon1)inCy1) = (XO“-O”(k—l)”ky(bzo)h('Y:l)g/i1i2---c(k—1)ik'
XO---Oﬂ(k,l)”k]/(bil)h(’Y:l)g”ill'z---C(k,l)ik); where ny = 0, 1, 2, cesy Wk} fy = 1,2, oo, my; h =
0,1,2,...,(h*=1);8 =1,2,...,(L=1);8" =L (L+1),...,mng_1)=12,...,Wy_1;

Xon, = (XOOHZIXOOnZOCZO...OikzXOOnZOCZO...Oi(k_l)ik/- : -,X00n20c2i3“.i(k_1)ik); wheren, = 1,2,

sy WZ/

XOOH2 = (X0n2n3..,nk1(b:1)h(7:0)/ X0n2n3...nk2(b:1)h(’y:O)/ ccy xOnan...nkml (b:1)h(’}‘:0) )/
whereh =0,1,2,...,h*;y=1,2,...,my;ny =1,2,..., Wy,

Xo0nyi1 Co007 = (XOnzna...nky(bZO)h(7:1)8/i1C20~-~0ik’XO”2"3~-”ky(b:1)h(’Y:l)g"ilC20-~0ik);Where

ny =12, , Wy y =1,2...,m;h=012..,(—-1);¢ =1,2,...,(L-1); ¢ =
L(L+1),...,m

Xo0m0Csis...iy = (X0n2n3...nky(bzo)h(ﬂy:l)g’OC2i3...ik’X0”2n3~~-nky(h:1)h(7:1)g”0C2i3...ik)/' where

ny=1,2,... Wy y=12...,m;h=0712..0-1);g =12,...,(L-1);¢" =
L(L+1),...,m;
Z"] = (anool Zl’llor Zl’llnk/ ann(k—l)" . -/annz),' where 0 < nq,

Zn100 = (annz...nkl(bzl)h('y=0)r annz...nkZ(bzl)h('y:O)/ s annz...nkml(b=1)h('y=0)); where
h=0,12,...,hy=12,...,m;0 <ny;

Z10 = (Zy0_ 0y (b=0)h(y=1)g Cyiz..i? Zm0..0y(b=1)h(y=1)g"Cyiy...i,); Where h = 0,1,2,.....,
(h*=1)y=1,2,...,my;

Loy = (ano...nky(bzo)h(yzl)g’cliz...ckfZm0~~nky(b:1)h(v:1)g”C1iz~~Ck);
where h = 0,1,2,...,
(h*—=1)y=1,2,...,my;

ann(k—l) = (Zi’llo...fl(kfl)nky(b:O)h(’)/Zl)g/C1i2...C(k71)l‘k'

zZ ;whereh =0,1,2,...,(h* —=1);y=1,2,...,my;

m0..ng_pymy(b=1)h(y=1)g" Criz...C(x_1)ix )
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Zims = (Zy gy (5=0)h(r=1)g G Caisiy? Zrmmzemiy(b=1)h(y=1)g" C1 Cais.iy )i Where =
012,...,
(h* — 1);]/ = 1,2,...,7111;1’12 = 1,2,...,Wk;
Note: incase (y=1):
* Ifi; = C;Vj, then Erlang clock expires.
i Ifl]:C],thenOSn]gW],]:2,3,,k
° Ifi1:C1,then0<n1
e Ifi;<Cjthenn; =0;j=12,... k.
From Equation (1), we obtain the following equations.
XoBoo + X1B19 = 0; (©)
XoBo1 + X1 A1 + XA, =0; (4)
X1Ap + X2A1 + X342 = 0; ©)
Xj71A0 + XjAl + X]‘+1A2 =0forj=23,... 6)

Then there' exists a matrix R such that
Xj = X1R(1’1) for j = 2,3,.... For more details, we can see Stewart [15].

4. Performance Measures
We obtain some performance measures of the system under steady state as following;:

1.  Expected number of type 1 customers in the waiting room for type 1
E[Ni] = ) mZye.

nq =1

2. Expected number of type j customers in waiting room type j forj = 2,...,k.

W W/+1 W, mq h*
Z Yoo 2 2 X i Xonng ey (b=1)h(1=0)@
Mj=1 M(jit1)=0  Mk=0y=1h=0
W Wi Wi my (*=1) (L—1) Gy
+ Z Y X Z Z Z Z n;X 0t 1) -y (b=0)h (7=1)g'0C}0...0i, ©
Ti=1M(j+1)=0  "k=0Yy= =1 k=
W W]+] Wk mq —1) m
+ Z Z Z Z Z Z Z n]XOnnH_l) iy (b=1)h(y=1)g"0C;0.. 0i €
nj=11(j+1)=0 M=o y=1 h=0 g"=Li=0
+...
W, Wy my (B*—1) Ci-1 S
+ ) Z ) Z )y Z Y. Lo Z
Np—=1 N3—0 Ng— oy= h=0 g—l l( 1)= Ol(’+1) =0
1 Xon » b=0 1)g'0C C; €
213ty (b=0)h(y=1)g' 0Cp..i(j_1) Cyij 1) -ix
Wy Ws Wi my (F"—=1) m Cij+1)
+Y Y Z Y. L E Y. - Z
n2=1 N3=0 M=o y=1 h=0 g"=Li¢;_1y=0i3,1)=0
1 X0nns...y (b=1)h(y=1)g"0C;.. -1y Ci(j1) ik €
0o W W W]+1 Wi mqy h*

+2 )Y Z Z X 1 Y oy o=1)n(y=0)®

np=1mn=1 Mj=1 1 (j41)= k=0 y=1h=0
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W Wit Wi my (h*=1)(L—1) C3 Cr

[ee] W2
YL Y RSP BED BPBELD S
np=1mn2=1 nj=11(j4+1)=0 M=o y=1 h=0 g*l i3=0 =0

]Zn1n2n3 I’l l’lky(b 0) (’y:l)g/C1C213C]lke

00 W; W}+1 Wi my (W=1) m Cs Ck

+ ) Z Ty oy LY X > L
np=1n2=1 Mj=11(j1+1)=0 =0 y=1 h=0 g"=Liz=0
njznln2n3...n]-...nky(b:1)h('yzl)g”C1C2i3...C]-...ike

Probability that the service room j isidle for j = 1,2,... k.

Ci-1 Civ

K1) (L-1) ¢
b = Z Z Z Z Z Z ZXO Oy(b=0)(v=1)g"iy.. (i=0)...i

=1 =0 g*l 11 =0 (] 1)~ Ol(]+1) =0 lkf

my m Cy C+n)
+Z Z ZZ Y ¥ Zxoowlw 1. 5j=0)..i¢®
:1 =0 g// L11 0 (] 1)~ 01<]+1) =0 Zk 0
W Wijt1) Wi m Cij+1)
) Z XL Z Z Z Z Z X Z
=0 m=0y=1 h=0 g*l 1= (] )= Ol(]+1) =0

mp=1 " n(1)=0n(y)
nzn(j_l)n(]+1>nky(bzo)h('yzl)g/z](zj:())zke
Wy Wiy Wi m (K1) m Ci-1 C
PR ZZZEZ“'

=0 np= Oy h=0 g” L11

e

mp=1 " n;_1)=0nq) i(j—1)=01(j41)=0

an...n(]-fl)n(jH)...nky(bzl)h('yzl)g”il...(ij:0)...ike

my (h*=1) (L=1) ¢ Ci-1 St

SIS DRI o ol DA SIS DRREI SN0 oY

ny= 0]/ h=0 g =1 1n 0 1(1;1):01(/4]) 0

e

Yllzl <] 1= OTl(]+1) =0

nyna. (g -y (b=0)h(y=1)g i1...(;j=0)...iy €

o0 Wiy Wi m Ci-n Cgr Cx
Y ) ZZZZZ'-;Z,Z Py
Vl1:1 (] 1H= 071(]+1) =0 np= Oy 1 =0 g” Lll 0 l(];l):Ol(]-Jr]):O lk:()
Zy .. Aoy n(j) -y (b=1)h(y=1)g" i1 ..(ij=0)...i, €
4.  Probability that the service room j is busy forj =1,2,...,k.
o140
bj =1—b;
5. Expected number of vessels, which are in operation to drop off passengers
h* my
=Y X Xo_oy(p=1)n(y=0)
=0y=1
(h*=1) my (L-1)

. Ce
h;) Y X Z 0..0y(b=0)h(y=1)g"0...0i

]/Zlgf



Mathematics 2023, 11, 225 13 of 36

-1) m

(n* m  Cg
+ Z Z Z ZhXO...Oy(b:l)h(yzl)g”o.uoike

h=0 y=1g"=Li=0

(h*=1) my (L-1) Cp-)

+ )Y X X Z ZhXOOyhO('yO)gOOz

k-1
h0y1g711<k1>01k0 ( )

(h*-1) Ci-1)

+ Z ZZ Z tho Oy(b=1)h(7=1)g"0...0i_y)i¢ @

=0 y= lg// Ll(k 1= Olk

+...

G
Z ZhXO Oy(b=0)h(y=1)g"i1iy.. lk
11 112

lk—

m G

1
+ Z Z ) Zl Y - tho Oy (b=1)h(y=1)g"irir...ix €
n=

hOylg”L 121 lk

romy (W*=1) my (L-1)

+ Z(]tho ny(b=1)h(y=0)€ T };} 2 2 hXOOnky(b =0)h(7y=1)g0..0C, €
y= y=1¢'=

1) my m
+ Z Z Z "Xo0my(b=1)n(7=1)g"0...0¢; @
h=0

y=1g"=L
+...
h*=1) my (L=1) C3 C4 Ck
+ X X ) Z Yk Xonans...ngy (b=0)(y=1)g" 0Csis..ix €
h=0 y=1 g1 i=lig=1 =0

C G

m
+ Z Z Z Z Z Z hXOI’le3 Hky(b l)”l(’)/ l)g”OC213 lk

h=0 y=1g"=Liz=1i4=1 i=0

Wy my h*

+ ) Z Y ZZthnz gy(b=1)h(=0)€

ny=1n=0 ng=0y=1h=0

[ee] myq L 1) CZ 3

+ 2 2 2 2 2 2 Z thlo Oy(b=0)h(y=1)g’ Ciiy.. lk
nj= ly 1 h=0 g_l 12 013 lk—
o my (h*=1)(L-1) C, Gz Cy

+ ) Z YoX XY Z hZ,, 0. 0y(b=0)i(v=1)g Cyin..i &
ny= 1y 1 h=0 8/71 12 013 0 lkf
oo My (h*—l) m C2 C3 Ck

Y)Y X X ) X Mo oye=1)h(r=1)g"Crin i ®

}’llzlyil h=0 g//:LiZZOiy,:O lk 0

o W m (W-1)(L-1) G G Cie-1)

XXX Y LYYk

hZ / . e
n10...ny(b=0)h(y=1)g Cyip...C
}’ll—l ne= 1]/ 1 h=0 g =1 12 013 0 i(kfl):o ! ky( ) (,y )g b k

o Wy my (h"=1) m C G Cie-1)
+X X Z Z Y Z L B0y (= 1h(y=1)g"Cri..C®
nm=1n=1y= =0 g'"=Li=0i3= l(k_l)zo
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my (h*=1) (L—1) G4 Cr

+ Z Z Z Z Z Z Z Zh gy (b=0)(v=1)g' C; Cyis.. zke

Yll—li’lz 1 np= 1y h=0 g*l 13 0 lkf

my (B*=1) m Ck

+ Z Z Z Z Z Z Z thnlflz ey (b=1)h(y=1)g"C1Cyis...ix €

ny= 17[2 1 ng= 1y h=0 g” Ll3 0 lk 0

6.  Expected number of type j customers in the service room type j forj =1,2,...,k
my (B-1)(L-1) G i Ck
= y:Z:1 };} Z:: Z::O. ' l;} Zkz_: l] 0..0y(b=0)h(y=1)g 11..41]...ike
my (h*=1) m G
+ Z Z Z Z Z l]XO Oy (b=1)h(y=1)g"iy...ij L0 €
y=1 h=0 g¢"=Li;=0 ij=0 ir=0
my (h*—1) (L—1) G
+ Z Z Z Z Z Z Z 1] 0...0ny (b=0)h(y=1)g’ 11...11...Ck
ng= 1y h=0 8_1 11 =0 Z] =0 lk_
We mp (W-1) m G G Ck
+ Z Z Z Z Z U e Z l]'XO...Onky(b:l)h(y:l)g”il...ij...Cke
m=1y=1 h=0 g¢"=Li1=0 i]'IO =0
+.
W W Wi my (h*=1)(L-1) G Cj Ce
+ Z o Z Z 2 Z Z Z leOnz...n/...nky(b:O)h('yzl)g'i1...ij...ike
ny=1 = m=1y=1 h=0 g’:1 i1=0 ij=0 ir=0
W, my (W*=1) m
+ Z Z Z Z Z Z Z Z XOnz...n/...nky(b Dh(y=1)g"i1...ij...i €
ny=1 nj=0 m=1y=1 h=0 g"=Lij= ij=
o my (h*=1) (L-1) G, C; Cr
*i:Z 2: ZE:Z oL SIS
m=1n=1 n;=0 me=1y=1 h=0 g ' —1 ip= ij=0 =0

(] w; mq m Ck

LE L Z 2:22322: Zmﬂ
n=1ny=1 n;j=0 m=1ly=1 h=0 g"=Li,= ij=

ijannz...n/...nky(bzl)h(7:1)g”Cliz...if...ike

7. Expected number of seats filled in the vessel that just left.
k
ZﬁH
8. Expected number of unoccupied seats in the vessel that just left.

k k
uj=)_jci— Y jElL]
=1 =1

5. Numerical Example

In order to illustrate the performance measures of the system numerically, we fix
k=3C = 3C=3CG=3W =3W,=30=10h = 4A =01, =02,
A3 =03,y =5m = 4L =2L=3and ¢ =3.

For (BMMAP) with representation (D, D1, Dy, D3) of order my, we fix m; = 3,
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148 1 2 03 5 05 1 02 2

DO—( 03 -213 4 ),D1—< 1 2 3 ),D2—<0.4 1.1 2.5)and
05 0 -215 12 15 2 7 08 1

03 05 2

D3—( 3 15 2.5).

1 35 3

5.1. The Effect of Parameter ¢ on Performance Measures

To analyse the effect of parameter ¢ on various performance measures, we use Tables 6-9 and
Figures 2—4 as following;:

1. From Figures 2 and 3, we can see that the expected number of type j customers in waiting room
j decreases as ¢ increases where j = 1,2,3.

2. Moreover, we can see from Figure 4 that the probability that service room j is idle increases as ¢
increases where j = 1,2, 3.

—#—EIN,]
45| ]

356 E

e Al Al
b —h—h—k
1 1

Expected number of type 1 customers in the W.R 1

D 1 1 1 1 1
2 4 6 8 10 12 14 16 18

Parameter ¢

Figure 2. Effect of ¢ on expected number of type 1 customers in waiting room 1.
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e
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Figure 3. Effect of ¢ on expected number of customers in the waiting room.
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Figure 4. Effect of ¢ on probability that the service room is idle.

Parameter ¢
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Table 6. Effect of ¢ on various performance measures (L = 3).
L=3
¢  E[N] E[N] E[Ns] b by b by by by
3 46332 04708 05592 0.0851 09149 0.1684 0.8316  0.1555  0.8445
4 1.9472 04197 04954 0.1406 0.8594 0.1916 0.8084 0.1799  0.8201
5 1.0924 0.3581 0.4232 0.1882 0.8118 0.2201 0.7799  0.2093  0.7907
6 0.7093 03023 03581 02291 0.7709 0.2493 0.7507 0.2393  0.7607
7 0.5060 0.2572  0.3050 0.2637 0.7363  0.2765  0.7235  0.2673  0.7327
8 0.3873  0.2227 02637 02923 07077 03005 0.6995 0.2921  0.7079
9 03137 01974 0.2327 0.3157 0.6843 03209 0.6791 0.3132  0.6868
10 0.2665 01793  0.2099 0.3345 0.6655 03377 0.6623  0.3308  0.6692
11 0.2356  0.1668 0.1934 0.3494 0.6506 03514 0.6486  0.3450  0.6550
12 0.2154 01586 0.1819 0.3611 0.6389 0.3623 0.6377  0.3565  0.6435
13 0.2023 0.1536 0.1741 03701 0.6299 0.3707 0.6293 0.3654 0.6346
14 0.1941 01510 0.1691 0.3769 0.6231 03771 0.6229  0.3722  0.6278
15 0.1893 0.1502 0.1662 0.3818 0.6182 0.3818 0.6182 0.3773  0.6227
16 0.1871  0.1508 0.1650 0.3852 0.6148 0.3850 0.6150 0.3809  0.6191
17 0.1867 0.1524 0.1651 03873 0.6127 03871 0.6129 0.3832  0.6168
Table 7. Effect of ¢ on various performance measures and ETC per unit time (L = 3).
L=3
¢ E[Nj] E[L] E[L] E[I3] E[P] E[u] ETC(1=3)
3 0.3907 2.0589 1.5158 1.6081 9.9149 8.0851 127.2037
4 0.4244 1.8016 1.4848 1.5689 9.4780 8.5220 102.6960
5 0.4639 1.6075 1.4144 1.4921 8.9127 9.0873 97.1599
6 0.5067 1.4511 1.3284 1.4003 8.3087 9.6913 96.9178
7 0.5507 1.3212 1.2397 1.3061 7.7191 10.2809 98.8133
8 0.5946 1.2117 1.1551 1.2164 7.1710 10.8290 101.6713
9 0.6374 1.1185 1.0775 1.1340 6.6753 11.3247 104.9368
10 0.6786 1.0387 1.0076 1.0597 6.2330 11.7670 108.3244
11 0.7180 0.9698 0.9453 0.9935 5.8410 12.1590 111.6826
12 0.7554 0.9101 0.8899 0.9347 5.4940 12.5060 114.9366
13 0.7908 0.8579 0.8407 0.8824 5.1865 12.8135 118.0396
14 0.8242 0.8119 0.7968 0.8358 4.9130 13.0870 120.9761
15 0.8557 0.7712 0.7576 0.7941 4.6688 13.3312 123.7429
16 0.8855 0.7348 0.7224 0.7567 4.4499 13.5501 126.3522
17 0.9136 0.7023 0.6906 0.7230 4.2525 13.7475 128.8058
Table 8. Effect of ¢ on various performance measures (L = 4).
L=4
o EN EN] EN B W 8w W B
4 10.7258  0.4823  0.5823 0.0454 09546 0.1537 0.8463 0.1398  0.8602
5 3.9734 0.4703 0.5589 0.0866 09134 0.1607 0.8393 0.1482  0.8518
6 21304 04370 05159 0.1218 0.8782 0.1730 0.8270 0.1616  0.8384
7 1.3526 03971 04674 0.1522 0.8478 0.1881 0.8119 0.1776  0.8224
8 0.9521 03584 0.4209 0.1786 0.8214 0.2041 0.7959 0.1944  0.8056
9 0.7204 0.3244 03799 0.2014 07986 0.2197 0.7803  0.2108  0.7892
10 0.5759 0.2962 0.3452  0.2209 0.7791 0.2343 0.7657 0.2261  0.7739
11 0.4810 02735 0.3169 0.2374 0.7626  0.2473  0.7527  0.2399  0.7601
12 0.4164 02557 0.2942 0.2513 0.7487 0.2587 0.7413 0.2519  0.7481
13 0.3713 02422 02763 0.2629 0.7371 02685 0.7315 0.2623  0.7377
14 0.3392 0.2321 02624 0.2724 0.7276 02768 0.7232  0.2712  0.7288
15 0.3162 0.2247  0.2517 0.2802 0.7198 0.2837 0.7163  0.2785  0.7215
16 0.2996 0.2195 0.2437 0.2866 0.7134 02893 0.7107 0.2846  0.7154
17 02877 02162 02377 02916 0.7084 0.2938 0.7062 0.2895  0.7105
18 0.2792 0.2142  0.2335 0.2956 0.7044 02974 0.7026  0.2935  0.7065
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Table 9. Effect of ¢ on various performance measures and ETC per unit time (L = 4).
L=4
¢ E[Np] E[L] E[L] E[I3] E[P] E[U] ETC(1—y)
4 0.3746 2.2301 1.4840 1.5856 9.9549 8.0451 187.4106
5 0.3933 1.9801 1.4898 1.5821 9.7058 8.2942 121.6603
6 0.4166 1.7851 1.4564 1.5415 9.3224 8.6776 105.2528
7 0.4431 1.6260 1.4003 1.4793 8.8644 9.1356 99.8471
8 0.4717 1.4921 1.3328 1.4063 8.3766 9.6234 98.5270
9 0.5016 1.3772 1.2615 1.3298 7.8897 10.1103 99.1191
10 0.5321 1.2774 1.1909 1.2544 7.4225 10.5775 100.7019
11 0.5626 1.1903 1.1235 1.1826 6.9852 11.0148 102.8096
12 0.5927 1.1136 1.0607 1.1157 6.5820 11.4180 105.1817
13 0.6223 1.0460 1.0028 1.0540 6.2137 11.7863 107.6789
14 0.6511 0.9859 0.9499 0.9977 5.8787 12.1213 110.2018
15 0.6791 0.9325 0.9016 0.9463 5.5746 12.4254 112.6978
16 0.7062 0.8846 0.8576 0.8995 5.2985 12.7015 115.1370
17 0.7323 0.8416 0.8176 0.8570 5.0476 12.9524 117.4941
18 0.7575 0.8027 0.7810 0.8181 4.8192 13.1808 119.7667

5.2. The Effect of A on Performance Measures Where j = 1,2,3

To analyze the effect of parameter A; on various performance measures, we use Table 10 and

Figures 5-7 as follows:

1.  From Figure 5, we can notice that the expected number of type 1 customers in waiting room 1
increases as Aq increases.

2. However, from Figure 6, we can see that the expected number of type j customers in waiting
room j decreases as A increases where j = 2, 3.

3. Moreover, we can see from Figure 7 that the probability that service room 1 is busy increases as
Aq increases but the probability that service room j, j = 2,3 is busy decreases as A1 increases.

5.3

Expected number of type 1 customers in WW.R 1

search rate Ay for type1 customers

3

4

5

6

7

Figure 5. Effect of A; on expected number of type 1 customers in waiting room 1.
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Table 10. Effect of A on various performance measures.

A E[N1]  E[N2]  E[N3] b? bi b) bl b3 b}

0.1 46332 04708 05592 0.0851 09149 0.1684 0.8316  0.1555  0.8445
11 47715 04594 05482 0.0800 09200 0.1706  0.8294  0.1575  0.8425
21 48781 04513 05403 00760 09240 0.1722 0.8278 0.1590  0.8410
31 49627 04453 05345 0.0729 09271 0.1734 0.8266  0.1602  0.8398
41 5.0312 04407 05300 0.0704 09296 0.1744 0.8256 0.1611  0.8389
55 5.0878 04371 05265 0.0683 09317 0.1752 0.8248 0.1618  0.8382
6.1 51354 04341 05236 0.0666 09334 0.1758 0.8242 0.1624  0.8376
71 51759 04317 05213 0.0651 09349 0.1763  0.8237 0.1628  0.8372
81 52107 04297 05194 0.0639 09361 0.1768  0.8232  0.1633  0.8367
91 52411 04281 05177 0.0628 09372 0.1771 0.8229  0.1636  0.8364

Figures 8-10 as following:

1.

To study the effect of parameter A, on various performance measures, we use Table 11 and

From Figure 8, we can notice that the expected number of type 1 customers in the waiting room
1 decreases as A, increases.
We can notice from Figure 9 that the expected number of type 3 customers in the waiting room
3 decreases as A, increases. However, the expected number of type 2 customers in the waiting
room 2 increases when A, increases.
Moreover, we can see from Figure 10 that the probability that service room 2 is busy increases
as Ay increases but the probability that service room j, j = 1,3 is busy decreases as A; increases.
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44+

Expected number of type 1 customers in W.R 1
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3

4

5

6

7

search rate )\2 for type2 customers

Figure 8. Effect of A, on expected number of type 1 customers in the waiting room 1.
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Table 11. Effect of A, on various performance measures.

A2 E[N1] E[N»]  E[N3] b? bl b) bl b3 b}

02 46332 04708 05592 0.0851 09149 0.1684 0.8316  0.1555  0.8445
12 40646 05029 05453 0.0920 09080 0.1619 0.8381  0.1580  0.8420
22 37008 05285 05352 0.0971 0.9029 0.1568  0.8432  0.1599  0.8401
32 34504 05493 05276 0.1010 0.8990 0.1526  0.8474 0.1615  0.8385
42 32688 05665 05217 0.1041 0.8959  0.1492 0.8508 0.1627  0.8373
52 31317 05810 05170  0.1066  0.8934  0.1463  0.8537  0.1637  0.8363
62 3.0249 05933 05131 01087 0.8913 0.1439 0.8561 0.1645  0.8355
72 2939 0.6040 05100 0.1104 0.8896  0.1418 0.8582  0.1652  0.8348
82 28701 0.6132 05073 01118 0.8882  0.1399  0.8601  0.1658  0.8342
92 28123 06213 05051 0.1131 0.8869 0.1384 0.8616  0.1663  0.8337

From Table 12 and Figures 11-13, we can notice the following;:

From Figure 11, we can notice that the expected number of type 1 customers in waiting room 3
decreases as A3 increases.
We can notice from Figure 12 that the expected number of type 2 customers in waiting room 2
decreases as A3 increases. However, the expected number of type 3 customers in waiting room
3 increases when A3 increases.
Moreover, we can see from Figure 13 that the probability that service room 3 is busy increases
as A3 increases but the probability that service room j, j = 1,2 is busy decreases as A3 increases.
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Figure 11. Effect of A3 on expected number of type 1 customers in waiting room 1.
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Figure 12. Effect of A3 on expected number of type 2,3 customers in waiting room 2, 3.
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Table 12. Effect of A3 on various performance measures.

As  E[N1] E[N»]  E[N3] b? bl b) bl b3 bl

03 46332 04708 05592 0.0851 09149 0.1684 0.8316 0.1555  0.8445
1.3 4218 04590 05873  0.0902 09098 0.1707  0.8293  0.1501  0.8499
23 39431 04502 0.6098  0.0940 0.9060 0.1725 0.8275 0.1458  0.8542
33 37483 04436  0.6281  0.0969 09031 0.1739  0.8261  0.1423  0.8577
43  3.6041 04384 0.6433  0.0992 09008 0.1751 0.8249  0.1394  0.8606
53 34936 04342 0.6560 0.1010 0.8990 0.1760  0.8240  0.1369  0.8631
6.3 34064 04308 0.6669 0.1026 0.8974 0.1768  0.8232  0.1348  0.8652
73 33359 04279 06764 0.1038 0.8962 0.1775 0.8225  0.1330  0.8670
83 32780 04255 0.6846 0.1049 0.8951 0.1780 0.8220  0.1315  0.8685
93 32296 04235 0.6918 0.1058 0.8942 0.1785 0.8215 0.1301  0.8699

6. Cost Analysis

Based on the above performance measures, we define the expected total cost (ETC) per unit
time as

where

Vi =

ETC=Y"

]

k k
ViEIN]] + Y VoibY* + V3E[Ny] + V4E[U]
=1 j=1

E[Nj] = Expected number of type j customers in waiting room j;j = 1,2,...k.

El
El

O __
b

= m;j:1,2,...k.

Nj] = Expected number of vessels, which are in operation to drop off passengers.
U] = Expected number of unoccupied seats in the vessel that just left.
b?* = Fraction of time seats for type j customers remain unoccupied, where

V1; = Holding cost/customer of type j/unit time in waiting room j; j = 1,2,.. . k.

Vaj = Idle time cost of service room j; j =1,2,...k..
V3 = Operating cost per vessel.
V4 = Cost per unoccupied seat.

@)

We fix k = 3, Vi1 = $10; Vi = $15; Vi3 = $20; Vo1 = $3; Vor = $6; Vo3 = $9; V3 = $50 and

$5.

Then, we compute ETC;—3 and ETC;—4 when L = 3 and L = 4, as mentioned in Table 7 and
Table 9, respectively. From Tables 6-9 and Figure 14, we can realize that the optimal value of the
expected total cost (ETCr_3) per unit time is ETCy_3 = $96.9178 when ¢ = 6 and the optimal value
of the expected total cost (ETCy_4) per unit time is ETC;_4 = $98.5270 when ¢ = 8 for these two
examples.
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Figure 14. Effect of ¢ on the expected total cost (ETC).

7. Conclusions

In this paper we study the batch Marked Markovian arrival process (BMMAP) of customers to
a transport station. Under steady state condition, various performance measures are estimated. We
study the effect of parameter ¢ of Erlang distribution and search rate for customers on performance
measures. Besides this, we compute the expected total cost per unit time.
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Appendix A

We fixk = 3,C; = 3; L1 =2 and L = 3 and we get the following matrices:

By = (

Ep =

Epg =

Ep =

520
o1

QO:

ONe)

Boo Boi
Bip A1 A
Ay A1 A
Ay A
;Bn=| Eiz O
O O
A= 0 O
Eyy O
@]
0]
Yo1
For—1)  Sownr—1)
0 o
(@]
O
: ;Ep =
O
O
0]
0]
Y11
Yiw-1) Siwe-1)
0 ¥,
(@]
(@]
(@]
O
: ;E1p =
O
O
Yo
Yom—1) Sone—1)

o) Yo

; where
Ag
(0] Ezp O O
O |;Bio=| Exo O O |;
0] Esp O O
(0] E;z O O
O |;A= O Egz O |;where
O 0] 0] Eg3
(0]
(0]
(0]
Y02
Son
Az O O (0]
O Az O (0]
(0] (0] O An
(0]
(0]
(0]
Y12
S
Iy 6o O O (0]
O Ty 619 O (0]
O O O Iy O
O O O Iy O
(0]
(0]
0]
Y22
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Ty 520 o O ... O
A ... O
O Ty 6o O ... O 2 A21 )
Exn=1 : oo B = . K
o o O Ty O ' '
O O ... 0Ty O O An
S Yz O 0 0
Y31 St Yan O o
O Yxn S» Y31 o
Ezz = : . . . ;
O O O lP3(h*—1) S3(h*—1) Y32
O 0 O o) Y. Sy
Az O O ... O Fgo 1‘530 50 8 8
O Ay O ... O 30 ©30
E3y = : . : ; Eso = : RV
; ' O O ... 0Ty O
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O Ty 69 O 0 O Tsy 655 O 0
Ey = : - |5 Eso : - S
O O .. 0Ty O O O ... OTs O
O O ... 0Ty O O O .. O Ty Ts
T 60 O O o)
O Tg b0 O (0] Y78 o o
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O
s = O M2

Y19 = dlag((elx((CZ-H )(Cr+1)-1) @
elxml) O)/

)

aooo

,—A3[1 : (C3 = 2)] ® e1xmy, 0),0, (—A3]1

=" ® (I(cyr1)(cary-1) @ A1 m)

)

. (C3 —2)] &

Y20 = ding((O, —A2[1: (C2 = 2)] ® €1 (¢ 11)my O), O, —A2[1 1 (C2 = 2)] ® ey (cy41)my - O);

Y21 = diag(0, —A[L: (C1 = 2)] @ ey (Cy41)(Cot1)my - O
Y28 = ( Pl((ca+1) (1) (Cot1)m—m) );

Y29 = Y27 — diag( 015 (C3+1)(Co+1) (Cr+1)my —my )Where

Son = So0 — b p diag (€15 (my +((C3+1)(Co+1)(Cy 4 1)y —my)m)) Where b =1,2, ... (h* = 2); S )

= So0 — h p diag ey (m, 4 ((C3+1)(Co+1)(Co+1)my—my)m)) + 7485
Son = ( (Do — I* pl () — 0ny)) >;
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Yo = ( Wl Olow) O )i
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Y3 O @)
Y77 = O rn ) ;Y63 = Y60 t Y61 + V62,
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(G) =759 Iich®D, O
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O Iy ®0, O
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155 O 0
O I, Hn®( ® ¢l
Y154 = ( 0 (m=1) “83) Plom)) );7159: ( O msr @ );
o @ I(m—Z) ® Y158
Y155 = ( Iic,y ® (Do — 01(y)) ); Y157 = Y155 + Y1565
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Y162 = Y160 + ( Iic,m) © diag((sum(D3,2)T)) );
_(© I(stl) ® (I(Clm) ®Ds) .,
Y164 = ( 0 0 ;
_( me O )
1173 ( 0 g )
Y166 = ( Iy ® (I((cy41)(ci+1)-1) @ D2) );
Y167 = ( Iowy) @ (Iicym) ® Da) );
Y168 = Y151 + ( L(((Cs+1) (Cr41)—1)m) @ diag((sum(Da,2)T)) )/’
7169 = Y165 + ( Iicymws) ® diag((sum(D,,2)T)) >;
o ( O O )
12 O 72 )’
Y124 :( Iwy)@( O 7123 Oy1z3 ) )Where
I,y ® I ® O
Y123 = ( (m)o b3 );§13 = ( (Cl)o fus )2514 = ( Ds );
Son = S20 = I p diag ey (W +1) Wy +(((Co+1) (Cy+1)my —my -+ ((Cy-+ 1)y —my )mW) Wa) )
whereh = 1,2,...,(h* —1); Sope = Y119 + Y206;
7204 O I,y ® 120 )
= ; = Iw,—1)® ; = s ;
7206 ( O 705 ) 7204 ( (Wp—1) © 7203 > 7203 ( 0 Y202
Y201 = Do = W* L,y = 01y Y202 = Do = B () — 01y, + diag (sum(D3,2)T);
Y205 = 1203 + ([ 1) © diag(sum(Da, 2)7));
Yon = h pt diag (€1 ((Wy+1)Wamy +(((Ca+1)(Cr+1)my —my Y+ ((Cy+1)my —my )W) Wa))

whereh =1,2,...,(h*

Yo = ( (Ws+1)Wy) ®h M) O >"

O O
Yy = where
2 < 7196 O )

(@)
719 = L(wy) ®( ’Ygg 105 );7195 = ( ARIE );C* =

€(m—3)x1® V194

Y194 = Y193 + Y192, Y192 = Y191 1 Y1895

= (w0 Jrrm= ()
191 = 190 71189 = ’
o) D1

7193 = (€c3x1 @ Pl );
Y182
Y186

mes = Cl5-< (m—3)x1® (71187 + 7186) O );

J15

Y187 = | € c3+1 (Cr+1)=1)x1 © QL) ); Y186 = Y182 + Y185,

,y 0]
183
o (10 )
= ; = ;Yo = ;
Y185 ;Y182 = 0 22 Y196

'7184 D;

0 I o W, @Dy O 0
A 5+1) where
a- ( o O Iiwy) @719

Y189
Y192
Y192
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7199 = ( m & 616 )
W,

(@] I ®1 (@]
= (Ws+1)Ws) © L(my) .
Ty ( 0 o 0 )

I21 = 7176 + d20;

520:( 0 © 0 );617:( Tz );
O Iw,y®%y O Y180

O
v O ) 7177—( €(C3+1)(Cr+1)(m—2)x1 @ Ol () );
O
@ Iw3®518)§18—( );

Y179

;Y226 = Y220 + V222 + Y225
0 O 7o O Y226 = Y220 + Y222 + Y225
) ) O 78

Iiwy) ® 7223 @) ) ’

(Wa) . _ I 4 D, 2 T .

@ (7223 + Y224) )’ V224 ( (Ws+1) @ iag(sum(D2,2)") )/
I(W3) ® (Do — 91("11)) o) .
o (Do — 01(y,)) ® diag(sum(D3,2)T)) )’

O 721 . .
o o )= ( L wy+1)wy) ®@ D2 ),

(Wp+1)) @ V219 );

O I ®D
= (W3) 3 M
Y219 ( 0 o) )/

Y244 = V242 + Y2435
_ (O w1 ®@dL(csr1)(Cottym—m) .
Y243 = ( o o ;

1231 O )

( O 7o ) );
O O o ®%u

Y241 = Y240 — 0Ly 1) (ot 1)y —mr)

Y240 = Y231 + Y234 + Y236 + Y238 + Y2395

Y230 = diag(0,[1: (G2 = 2)] ® [(elx(C3+1) ® —A2e1xm, )}/O);

Y38 = diag((e1xw, ® 71237),0, ([1: (C3 —2)] ® —Aze1xm, ), O);

O O
Iy @ Aol
Y236 = ( O 7235 );72352( [1:(C—2)]T® 19 );Cl9z< () 02( 2 );

=
=
(( Y226 O (@] (@)
(
[
(
= (

—~

Y242

O O
Iicy® O
_{ licy)y®7233 . _ .
Y234 ( 0 0 >,"7233 (O 73 );
(@]
rm=| 1:(CG-2)]" @Al |
0]

Y231 = 7230 + 1229 + (I((Cs41)(Co41)-1) @ D0) = PL((Cat1)(Cot 1)y — 1)
(@) ® Dy Iic)y® (0]
Y30 = ( ((C3+1)C2 1) );7229 _ < (C) ® 1227 >;

0 @) Y228
_ O I(Cg*l) ® D3 . _ .
Y228 = ( o 0 ;Y257 = Y255 + Y2565
O Iw, 1\"® )R (I ® D Iw._1\ ® O
Y56 = ( 0wy ((m)o (I(c,) ® Ds)) );%55 _ ( (-1 7253 );
Y254
Y253 = Y251 + Y2525
Y47 O @)
O I _
Y252 = ( 0 ¢ (szé(m ) );7251 = ( O 79 @) );
O O I ®7250

Y250 = Y249 — ( Iicy) @ 61y ); Y249 = Y247 F Y248;
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1,2,..

Yaag = diag([O, ([1: (C2 —2)] ® —Aze1xm, ), O));
Y247 = Y245 + Y2465 Y246 = ( Iic,) ® (Do = ¢ly)) >?

O I, _1\®D .
Y245 = ( (€-1) = =2 );7254 = 7253+< Licym) @ diag((sum(D3,2))T) );

O O
I\ ® O
_ (Wy—1) @ 7265 ) + where
268 ( @) (7265 + v266) 267
_ (O Iw,—1) @ (I(my® (I3y®D2)) .
Y267 = ( o o ;

Yao6 = (T @ (Iicy) @ diag((sum(D2,2))1) );
Y265 = Y263 T V264

O Iy @ (Iicyy @ ¢l
_ (m-1) ® (Icy) @PLimy)) .
Y264 ( 0 10 ’

Y59 O O
Y263 = O  ma o ;
O 0 w2 ®me
Y259 = Y258 + ( Iicy) ® (Do = @limy)) );
®

O 1 D
- (G-1) 3 ).
Y258 ( 0 0 )/

Y262 = Y261 + ( Iicy) ® =01 (y)) >;

Y261 = Y259 + Y2605

Y260 = diag([O, ([1: (C3 —2)] ® —Aze1xm, ), O]);
Y270 = ( 1269 O );

1 A ® {r1 ) 0] )
Y269 = ( Ity ® G0 >;Czo = ( <W)O ),521 = ( Ds )
Yoo =121 O);

o
1= (L @02 )il = ( lic;) ® D2 );

San = S30 — I p diag (e ((Ws+1) (Wa+1)my +((Cs-+1) (Cat 1)y —my -+ ComymWs -+ CymymWs) ) Where it =

L =1);
Sz = 7306 + 7307 + Y313; 1313 = Y311 + V3125
7312 = (Iwy 1 1) (Wo1) © (1 Ly — O );

Y311 = ( 7(3)09 oo ) 7310 = Y308+ (I, +1) © diag (sum(D2,2)T))
Y308 = ( Ties) @ Do . © );
) Dy + diag(sum(Ds3,2)T)
Y309 = ( T,y © 7308 );
Y, = I diag (€1 (W +1) (Wart 1) +((Ca-+1) (Co+1)my =1y m-+Comy mWs +CamymW) )

whereh =1,2,...,(h* —1);

Y :( Tws 1) (Wat1)) @ B ) O );
O (@]
Y279
Yar —
3 Y286
Y293 O

Y287 @)
7289 @)
Y289 @)
em-3)x1 ® 7201 O
Y291 = Y289 1 Y2905 Y290 = ( ey x1 ® Pl ); Y289 = Y287 + 72885
0 (0]
mss=| [1:(C2=2)]" @3l |i7287 = ( D; );
@]

Y286 = ( O Iiw,) ®7285 O );

8 ;7293 = ( O Iiw,) @729 );

’

Y292 =
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Y280
Y282 .
Y285 Tago ;
€(m—3)x1 @ Y284
Y284 = Y282 1 Y283; Y283 = ( ec,x1 ® ¢l ); Y282 = Y280 1 Y2815
(@]

(@]
yas1= | [1:(C2=2)]" @Al |5 7280 = ( D, );
0]
) Y274 @)
Y279 Y276 @)
Yar = ; = ;

32 Y286 7279 Y276 @)
Y293 em-3)x1 ® 71278 O

Y278 = Y276 t Y277; V277 = ( €((C3+1)(Ca4+1)—1)x1 @ ¢Im, )2
Y276 = Y274 T Y275,

O
O
[1:(C-2)]" @
@) D,
Y75 = OT ;3 = Aol = 5 |
[1:(C3=2)]" ©® A3l " Ds
0]
Ty = (O lwsnwarn) @0y O,
O (0] o )
I'31 = 7296 + 930;
0] (0] O @] O
5 _ 0] Y297 O 0] O .
% O O 799 O O )
0O O O 10 O
7297 = (( e(carnicrr-nim-2x1 © 0l
O
Y299 ( (W) ® L4 ) Co4 <7298
Y298 = ( €y (m—2)x1 @ Oim;) );
301 :( Iiw,) @ Cos );525: < 300 >17 = €C3(m—2)><1®91(m1) o );

( I((W3+1)(w2+1)) ® 91 (m1) 1e) )
< L ((W341) (Wat 1)+ ((C3+1) (Ca-+1) —1)m-+ComWs +C3mWs) );
A32 = < I((W3+1)<W2+1)) &® Dl >,

O 1 ® 01 O O O 0]
_ (Ws+1) (Wa+1)) @ Oy s .
Ty 0 0 0 ),540 < O 7 O ),

Y330
O (0]

7529 = ecy(m-2)x1 @0y O

>;”Y328:( O 737 O);

Y326
Y331 = | Y38 |30 = ( O Iiw,) ® 7329 );

@)
7327 = Lws) ® €26 >; b6 = < ecy(m—2)x1 © 0lim,) );
— O O .
a2 = ( €((Cs+1)(Cot1)—1) (m— 2))><1 @01y, O )
Ty = 7305 + 7332 Tap = ( Lws+1) Wy 1)) © 01y O );

(@) (@) I 1)y ®0I
I50 = ( 0 7(3)39 0 );7339 :( ((W3+1)(W2+8 b (1) );
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O O O O

6l,) O O O
d50 = 0 0 e O ;Y345 = ( 0 © o )
O O 7 O | O ecym-2)x1 @0,y O )

O O 7 O

O O 7us O

V344 = ( O Iw,1)®7r39 O );7343 =(0 717 O);

. ( O O >
Va2 e((C+1)(Co+1)-1)(m—2)x1 @ Ly O )7
O w1y Waw1)-1) @ Limyy O .

O (@) o )

I'sy =

_ o . _ [ 7353 .
Iﬂ53—(91(m1) ),1"60—( o )

_{ O Lws1ywot1)-1) @01y O |
7353—(0 o o)
O O
O

Y342
Y343
Y344
Y345

O I @61 o) O o0
_ (Wa+1)(Wat1)—1) @ Ol T — :
Y 0 o} o) )’r“ < 011, O )

;Te1 = Tgp + Je0;

QOO0 0OO0
OHONONORONE!
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