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1. Introduction

Vertex algebras were defined by Borcherds in the study of the monstrous moonshine [1].
Vertex algebras, while the product map is allowed to have a meromorphic singularity, are
analogous to unital commutative associative algebras with a group action [2,3]. Such an
algebra of quantum fields, known as the operator product expansion, was first studied in
physics [4,5], and the notion of vertex algebras gives a mathematical formulation of the
chiral algebras in two-dimensional conformal field theories [6,7].

Field algebras were introduced by Bakalov and Kac as an associative analogue of
vertex algebras [8], and similar notions were studied [9,10]. Examples of field algebras
include quantum vertex operator algebras [11] and the smash product of a vertex algebra
and its finite automorphism group [8]; they give some noncommutative generalizations of
vertex algebras.

We first introduce some notation and give a definition of a field algebra. Let V be a
vector space over C. Let V[[x]] and V((x)) be the vector spaces of formal power series and
the formal Laurent series in x with coefficients in V, respectively. Consider a bilinear map
V ×V → V((x)), denoted by (a, b) 7→ axb ∈ V((x)). In other words, for a, b ∈ V,

axb = ∑
n∈Z

x−1−na(n)b, with a(n)b ∈ V, (1)

where each map ·(n)· : V ×V → V is bilinear, and for each a, b ∈ V, a(n)b = 0 eventually
n→ ∞. By abuse of notation, a linear map is understood to act on a formal series by acting
on the coefficients. For example,

ax(byc) = ∑
m,n∈Z

x−1−my−1−na(m)(b(n)c) ∈ V((x))((y)),

(ax−yb)yc = ∑
m,n∈Z

(x− y)−1−my−1−n(a(m)b)(n)c ∈ V((y))((x− y)).

Note V((x))((y)) and V((y))((x− y)) are both modules over C[[x, y]] and contain a com-
mon submodule V[[x, y]]. If axb ∈ V[[x]] for some a, b ∈ V; then axb|x=0 ∈ V denotes the
evaluation at x = 0, namely, the constant term a(−1)b.

Definition 1. A field algebra is a vector space V over C with an identity 1 ∈ V and a bilinear
map V ×V → V((x)), (a, b) 7→ axb ∈ V((x)), satisfying the following properties:
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(i) (identity) For every a ∈ V, 1xa = a, and ax1 ∈ V[[x]] with ax1|x=0 = a.
(ii) (associativity) For every a, b, c ∈ V, there exists N ∈ N (depending on a, b, c), such that

the equality
(xy(x− y))N ax(byc) = (xy(x− y))N(ax−yb)yc

holds in V[[x, y]].

The notation is chosen so that it expresses the analogy between field algebras and the unital
associative algebras with a group action a 7→ ax, as first suggested by Borcherds for vertex
algebras. The fact that Definition 1 is equivalent to the definition in [8] is explained in [12].
We use Definition 1 in order to make the present article self contained.

We now give one aspect of the associativity of field algebras that differs from the
usual associative algebras: it is the general associative law. For example, consider replacing
condition (ii) in Definition 1 by condition

(ii′) (4-associativity) For every a, b, c, d ∈ V, the following elements

ax(by(czd)) ∈ V((x))((y))((z))

ax((by−zc)zd) ∈ V((x))((z))((y− z))

(ax−yb)y(czd) ∈ V((y))((x− y, z))

(ax−z(by−zc))zd ∈ V((z))((x− z))((y− z))

((ax−yb)y−zc)zd ∈ V((z))((y− z))((x− y)),

if multiplied by
(

xyz(x − y)(y− z)(x − z)
)N for sufficiently large N ∈ N, belong to the

subspace V[[x, y, z]] and are equal.

More generally, we can define

(ii′′) (n-associativity) For every a1, · · · , an ∈ V, the formal expressions corresponding to all binary
bracketings of a1, · · · , an satisfy the analogous condition.

We can define ∞-associativity” to mean that n-associativity holds for all n ≥ 3. If we let Fn
denote the class of field algebras that are n-associative, then we have

F3 ⊇ F4 ⊇ F5 ⊇ · · · with F∞ =
⋂

n≥3
Fn. (2)

For the usual associative algebras as well as vertex algebras, 3-associativity automatically
implies ∞-associativity. A natural question that arises in the case of field algebras is
whether the higher-order associativity conditions are strictly stronger for higher n. With
the restrictions imposed by the formal calculus, one may wonder whether requiring n-
associativity for high enough n implies ∞-associativity. Although Fn+1 is heuristically
stronger than Fn, no concrete example of field algebras showing their difference has been
rigorously written down.

The main result of this study is the formulation of n-associativity (Section 3) and the
construction of examples (Theorem 2) to show that unlike the ordinary associative algebras
or vertex algebras, we indeed have proper inclusions

Fn ) Fn+1

for all n ≥ 3.

2. Prefield Algebras

In this section, we fix notations and introduce some terminology.

Lemma 1. Let V be a field algebra. Then, there exists a linear map T : V → V, called the
translation operator, with the following properties for every a, b ∈ V.

(i) ax1 = exT a = ∑k≥0 xkT(k)a, with the notation T(k) = Tk/k!.
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(ii) (Ta)xb = ∂x(axb).
(iii) T(axb) = (Ta)xb + ax(Tb).

Proof. We define the map T : V → V by

Ta = ∂x(ax1)|x=0 = a(−2)1

when a(n)b is given by (1). In particular, T1 = 0. If (ii) and (iii) hold, then ax1 ∈ V[[x]]
should satisfy T(ax1) = ∂x(ax1) with ax1|x=0 = a, and thus (i) follows. Hence, it suffices to
show (ii) and (iii). Let a, b ∈ V. By Definition 1, there exists N ∈ N, such that

(tx(t + x))N(at1)xb = (tx(t + x))N at+x(1xb) = (tx(t + x))N at+xb (3)

in V[[t, x]] with (t + x)N at+xb ∈ V[[t + x]]. Hence, both sides of (3) belong to (tx)NV[[t, x]],
and we must have

(t + x)N(at1)xb = (t + x)N at+xb (4)

in V[[t, x]]. By applying (t + x)∂t to (4), we obtain

N(t + x)N(at1)xb + (t + x)N+1∂t(at1)xb = N(t + x)N at+xb + (t + x)N+1∂t(at+xb),

where the first terms cancel by (4). Hence,

(t + x)N+1∂t(at1)xb = (t + x)N+1∂t(at+xb),

and setting t = 0, we obtain xN+1(Ta)xb = xN+1∂t(at+xb)|t=0 = xN+1∂x(axb), and, there-
fore, (Ta)xb = ∂x(axb). Similarly, we have M ∈ N, such that

(tx(t + x))M(axb)t1 = (tx(t + x))Mat+x(bt1)

in V[[t, x]] with xMaxb ∈ V[[x]], and, thus, xM(axb)t1 ∈ V[[t, x]]. Hence,

xM(axb)t1 = xMat+x(bt1)

in V[[t, x]], and applying ∂t to both sides, we obtain

xM∂t((axb)t1) = xM∂t(at+x(bt1)) = xM(∂x(at+x(bt1)) + at+x∂t(bt1)
)
.

Setting t = 0, we have T(axb) = ∂x(axb) + ax(Tb) = (Ta)xb + ax(Tb).

We define the following notion for later convenience:

Definition 2. A prefield algebra is a vector space V over C with an identity 1 ∈ V, a translation
operator T : V → V, and a bilinear map ·x· : V ×V → V((x)) satisfying the following properties.

(i) (identity) For every a ∈ V, 1xa = a, and ax1 = exT a.
(ii) (translation covariance) For every a, b ∈ V,

(Ta)xb = T(axb)− ax(Tb) = ∂x(axb).

By Lemma 1, a field algebra is a prefield algebra. A prefield algebra is a field algebra if it
satisfies the associativity axiom in Definition 1.

3. n-Associativity

The associative axiom in Definition 1 can be generalized to the associativity of n
vectors. We define some notations that are used throughout the paper.
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3.1. Notation Bn

We denote by Bn the set of all binary bracketings of length n, for n ≥ 1. For example,
for n = 4, we have

•(•(••)), •((••)•), (••)(••), (•(••))•, ((••)•) • .

It is well known that the cardinality of Bn is given by the Catalan number Cn−1 [13]. For
B ∈ Bn, let B(x1, · · · , xn) denote the corresponding bracketing of the n letters x1, · · · , xn. For
example, if B = •((••)•), then B(x1, x2, x3, x4) = x1((x2x3)x4). We denote by Bn(x1, · · · , xn)
the set of B(x1, · · · , xn) for all B ∈ Bn.

If B(x1, · · · , xn) ∈ Bn(x1, · · · , xn), it can be represented by an ordered full binary
tree [14], which has n nodes (leaves) x1, · · · , xn having no children, and every other node
has both a left child and a right child. There exists a unique node (the root) that has no
parent, having the rest of the nodes as its descendants. (When n = 1, the single node is
both the root and a leaf.) We label the nodes as follows: When a node w has the left child u
and the right child v, we write

w = uv (5)

and say that u and v are siblings. Hence, every node is expressed as a product of leaves,
and this notation for a node coincides with the subtree spanned by the node and its
descendants. We identify the two concepts. For example, in x1((x2x3)x4) ∈ B4(x1, · · · , x4),
the node (x2x3)x4 having descendants x2x3, x2, x3, x4 can be considered as the subtree
(x2x3)x4 ∈ B3(x2, x3, x4). In particular, the root of a tree is considered to be the tree itself,
and we can regard (5) as defining the product w of two trees u and v having disjointed sets
of leaves.

Let B(x1, · · · , xn) ∈ Bn(x1, · · · , xn). Suppose we have a set of nodes u1, · · · , um in
B(x1, · · · , xn) that are disjoint as subtrees. The contraction of B(x1, · · · , xn) by the nodes
u1, · · · , um is the tree obtained by replacing each subtree uj by the last leaf xij of uj. For
example, the contraction of (x1x2)(x3(x4x5)) by the nodes x1x2 and x3(x4x5) is the tree
x2x5 ∈ B2(x2, x5). In defining the contraction, we do not lose any generality if we assume
that the leaves corresponding to u1, · · · , um give a partition of the set {x1, · · · , xn}, as we
can assume some of the uj are leaves themselves without affecting the contraction.

3.2. Maps XB and YB

Let V be a prefield algebra, and let B ∈ Bn. We now consider x1, · · · , xn as formal
variables, and define XB(x1,··· ,xn) and YB(x1,··· ,xn) as multilinear maps on V×n depending on
the formal variables x1, · · · , xn, with the following properties:

(i) For x1 ∈ B1(x1),
Xx1(a1) = a1

for all a1 ∈ V.

(ii) When the trees u and v have disjoint sets of leaves x1, · · · , xm and xm+1, · · · , xn, respec-
tively, then

Xuv(a1, · · · , an) = Xu(a1, · · · , am)
xm−xnXv(am+1, · · · , an) (6)

for all a1, · · · , an ∈ V, where xm and xn are the last leaves of u and v, respectively. Here,
we regard u ∈ Bm(x1, · · · , xm), v ∈ Bn−m(xm+1, · · · , xn) and uv ∈ Bn(x1, · · · , xn).

(iii) For a1, · · · , an ∈ V and B ∈ Bn, we define

YB(x1,··· ,xn)(a1, · · · , an) =
(
XB(x1,··· ,xn)(a1, · · · , an)

)xn 1

= exnT (XB(x1,··· ,xn)(a1, · · · , an)
)
.

(7)
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The result of setting xn = 0 in (7) is denoted by

YB(x1,··· ,xn−1,0)(a1, · · · , an) = XB(x1,··· ,xn−1,0)(a1, · · · , an).

Example 1. Let B = (••)(••). Let a1, · · · , a4 be vectors in a prefield algebra V. We have

Xx1(a1) = a1, · · · , Xx4(a4) = a4,

and by (6),

Xx1x2(a1, a2) = ax1−x2
1 a2

Xx3x4(a3, a4) = ax3−x4
3 a4,

and

X(x1x2)(x3x4)
(a1, a2, a3, a4) = (ax1−x2

1 a2)
x2−x4(ax3−x4

3 a4),

Y(x1x2)(x3x4)
(a1, a2, a3, a4) =

(
(ax1−x2

1 a2)
x2−x4(ax3−x4

3 a4)
)x41.

Setting x4 = 0, we have

Y(x1x2)(x30)(a1, a2, a3, a4) = (ax1−x2
1 a2)

x2(ax3
3 a4).

Proceeding in the same way for the other elements in B4, we obtain

Yx1(x2(x30))(a1, a2, a3, a4) = ax1
1 (ax2

2 (ax3
3 a4))

Yx1((x2x3)0)(a1, a2, a3, a4) = ax1
1 ((ax2−x3

2 a3)
x3 a4)

Y(x1(x2x3))0(a1, a2, a3, a4) = (ax1−x3
1 (ax2−x3

2 a3))
x3 a4

Y((x1x2)x3)0(a1, a2, a3, a4) = ((ax1−x2
1 a2)

x2−x3 a3)
x3 a4.

When n ≤ 2, we have Yx1(a1) = ax1
1 1 and Yx1x2(a1, a2) = (ax1−x2

1 a2)
x2 1, and thus Y0(a1) = a1

and Yx10(a1, a2) = ax1
1 a2.

The dependency ofXB(x1,··· ,xn)(a1, · · · , an) on the formal variables x1, · · · , xn is only through
their differences xi − xj for 1 ≤ i < j ≤ n, and we can thus recover XB(x1,··· ,xn)(a1, · · · , an)
from XB(x1,··· ,xn−1,0)(a1, · · · , an) by replacing xi with xi − xn for 1 ≤ i ≤ n− 1. We thus
write (7) in the form

YB(x1,··· ,xn)(a1, · · · , an) = exnT YB(x1−xn ,··· ,xn−1−xn ,0)(a1, · · · , an). (8)

Lemma 2. Let V be a prefield algebra. Let B ∈ Bn, and let u1, · · · , um be nodes in B(x1, · · · , xn)
whose leaves give a partition of {x1, · · · , xn}. Let xi1 , · · · , xim be the last leaves of u1, · · · , um, re-
spectively, with im = n. Let B̄(xi1 , · · · , xim) ∈ Bm(xi1 , · · · , xim) be the contraction of B(x1, · · · , xn)
by the nodes u1, · · · , um. Then, we have

XB(x1,··· ,xn)(a1, · · · , an) = XB̄(xi1
,··· ,xim )

(
Xu1(a1, · · · , ai1), · · · ,Xum(a(im−1+1), · · · , aim)

)
(9)

for all a1, · · · , an ∈ V.

Proof. We can recursively define any function f on the set of all nodes of an ordered
full binary tree by defining its values on the leaves and by defining the value f (w) on
a node w from the values f (u) and f (v) on its children u and v. Let a1, · · · , an ∈ V and
B ∈ Bn. We define a function F = (F1, F2) on the set of nodes of B(x1, · · · , xn) in such
a way. The value F(u) = (F1(u), F2(u)) on each node is a tuple, where F1(u) is some



Mathematics 2023, 11, 206 6 of 25

formal expression involving elements a1, · · · , an ∈ V, and F2(u) is always one of the formal
variables x1, · · · , xn. For one of the leaves, let

F(x1) = (a1, x1), · · · , F(xn) = (an, xn).

For every node w = uv with children u and v, if F(u) = (L, xl) and F(v) = (R, xr), let

F(w) = (Lxl−xr R, xr).

It follows that for every node w of B(x1, · · · , xn) with leaves {xj, · · · , xk}, we have
F1(w) = Xw(aj, · · · , ak), and F2(w) = xk. In particular, F1(o) = XB(x1,··· ,xn)(a1, · · · , an)
where o is the root of B(x1, · · · , xn). From the recursive definition, F1(o) is equivalently
computed starting from

F(u1) = (Xu1(a1, · · · , ai1), xi1), · · · , F(um) = (Xum(a(im−1+1), · · · , aim), xim)

on the new tree B̄(xi1 , · · · , xim) having xi1 , · · · , xim as leaves, and the lemma follows.

From Lemma 2, it follows that we have

YB(x1,··· ,xn)(a1, · · · , an) = YB̄(xi1
,··· ,xim )(Xu1(a1, · · · , ai1), · · · ,Xum(a(im−1+1), · · · , aim)) (10)

in the same notation, by applying (·)xn 1 on both sides of (9).
Let B(x1, · · · , xn) ∈ Bn(x1, · · · , xn) for n ≥ 2. Suppose leaves xl and xl+1 are siblings

for some 1 ≤ l ≤ n− 1. Let Bl(x1, · · · , x̂l , · · · , xn) be the contraction of B(x1, · · · , xn) by
the node xl xl+1, where x̂l means xl is omitted. By (9) and (10),

XB(x1,··· ,xn)(a1, · · · , an) = XBl(x1,··· ,x̂l ,··· ,xn)
(a1, · · · ,Xxl xl+1(al , al+1), · · · , an),

YB(x1,··· ,xn)(a1, · · · , an) = YBl(x1,··· ,x̂l ,··· ,xn)
(a1, · · · ,Xxl xl+1(al , al+1), · · · , an).

(11)

The relationships (11) give another recursive description of the maps XB and YB for B ∈ Bn
starting with Xx1(a1) = a1, Xx1x2(a1, a2) = ax1−x2

1 a2 and Yx1(a1) = ex1T a1 for all a1, a2 ∈ V,
because every tree B(x1, · · · , xn) ∈ Bn(x1, · · · , xn) for n ≥ 2 contains at least one pair of
leaves xl and xl+1, which are siblings.

For B ∈ Bn and a vector space V over C, let us define the vector spaces VB(x1,··· ,xn)

with the following properties:

(i) For x1 ∈ B1(x1), Vx1 = V.
(ii) For B(x1, · · · , xn) ∈ Bn(x1, · · · , xn), let {xl1,x(l1+1)}, · · · , {xlm , x(lm+1)} be all pairs of

siblings among the leaves of B(x1, · · · , xn). Let B̄(x1, · · · , x̂l1 , · · · , x̂lm , · · · , xn) be the
contraction of B(x1, · · · , xn) by the nodes xl1 x(l1+1), · · · , xlm x(lm+1). Then,

VB(x1,··· ,xn) = VB̄(x1,··· ,x̂l1
,··· ,x̂lm ,··· ,xn)((xl1 − x(l1+1), · · · , xlm − x(lm+1))).

It follows from Lemma 2 that we have

XB(x1,··· ,xn) : V×n → VB(x1,··· ,xn),

YB(x1,··· ,xn) : V×n → VB(x1,··· ,xn)[[xn]].

We can recursively verify that VB(x1,··· ,xn) contains V[[x1 − xn, x2 − xn, · · · , xn−1 − xn]] as a
subspace. In particular, CB(x1,··· ,xn) is an algebra over C[[x1 − xn, x2 − xn, · · · , xn−1 − xn]],
and VB(x1,··· ,xn) is a module overCB(x1,··· ,xn). Hence, VB(x1,··· ,xn)[[xn]] contains V[[x1, · · · , xn]]
as a subspace. It is a module over CB(x1,··· ,xn)[[xn]] that contains C[[x1, · · · , xn]] as
a subalgebra.
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Example 2. For a vector space V over C, we have Vx2x4 = V((x2 − x4)), and

V(x1x2)(x3x4)
= Vx2x4((x1 − x2, x3 − x4)) = V((x2 − x4))((x1 − x2, x3 − x4)).

Hence, V(x1x2)(x3x4)
contains V[[x2 − x4]][[x1 − x2, x3 − x4]] = V[[x1 − x4, x2 − x4, x3 − x4]],

and it is a module over C(x1x2)(x3x4)
= C((x2− x4))((x1− x2, x3− x4)). If V is a prefield algebra

and a1, a2, a3, a4 ∈ V,

X(x1x2)(x3x4)
(a1, a2, a3, a4) = (ax1−x2

1 a2)
x2−x4(ax3−x4

3 a4) ∈ V(x1x2)(x3x4)
,

Y(x1x2)(x3x4)
(a1, a2, a3, a4) ∈ V(x1x2)(x3x4)

[[x4]].

V(x1x2)(x3x4)
[[x4]] is a module over C(x1x2)(x3x4)

[[x4]] and contains

V[[x1 − x4, x2 − x4, x3 − x4]][[x4]] = V[[x1, x2, x3, x4]]

as a submodule over C[[x1, x2, x3, x4]].

3.3. Definition of n-Associativity

Definition 3. Let V be a prefield algebra. For n ≥ 1, we say that the vectors a1, · · · , an ∈ V are
n-associative if there exist Ψ(x1, · · · , xn) ∈ V[[x1, · · · , xn]] and N ∈ N such that(

∏
1≤i<j≤n

(xi − xj)
)N
YB(x1,··· ,xn)(a1, · · · , an) = Ψ(x1, · · · , xn) (12)

for all B ∈ Bn. We say that V is n-associative if every sequence of n vectors in V is n-associative.
V is called ∞-associative if it is n-associative for every n ≥ 3.

Every prefield algebra is automatically 1 and 2-associative. The reason that Definition 3
includes the cases n ≤ 2 is for later convenience. We use the notation sn(x1, · · · , xn)
to denote

sn(x1, · · · , xn) = ∏
1≤i<j≤n

(xi − xj)

with s1(x1) = 1 and any empty product is defined as 1. Then,

sn(x1, · · · , xn−1, 0) =
n−1

∏
k=1

xk ∏
1≤i<j≤n−1

(xi − xj),

and
sn(x1, · · · , xn) = sn(x1 − xn, · · · , xn−1 − xn, 0).

The following lemma shows that we can set xn = 0 in Definition 3 for simplicity.

Lemma 3. Let V be a prefield algebra. The vectors a1, · · · , an ∈ V, and n ≥ 1 are n-associative
if and only if there exist Φ(x1, · · · , xn−1) ∈ V[[x1, · · · , xn−1]] (Φ ∈ V if n = 1), and N ∈ N
such that

sn(x1, · · · , xn−1, 0)NYB(x1,··· ,xn−1,0)(a1, · · · , an) = Φ(x1, · · · , xn−1) (13)

for all B ∈ Bn.

Proof. If a1, · · · , an ∈ V are n-associative, Equation (13) holds by setting xn = 0 in (12).
Conversely, suppose (13) holds. By replacing xi with xi − xn for 1 ≤ i ≤ n− 1, we have

sn(x1, · · · , xn)
NYB(x1−xn ,··· ,xn−1−xn ,0)(a1, · · · , an) = Φ(x1 − xn, · · · , xn−1 − xn)

for all B ∈ Bn. By (8), we see that
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sn(x1, · · · , xn)
NYB(x1,··· ,xn)(a1, · · · , an)

= sn(x1, · · · , xn)
N exnT YB(x1−xn ,··· ,xn−1−xn ,0)(a1, · · · , an)

= exnT (sn(x1, · · · , xn)
NYB(x1−xn ,··· ,xn−1−xn ,0)(a1, · · · , an)

)
= exnT Φ(x1 − xn, · · · , xn−1 − xn)

for all B ∈ Bn, and (12) holds with Ψ(x1, · · · , xn) = exnT Φ(x1 − xn, · · · , xn−1 − xn).

Let V be a prefield algebra. The condition (13) in Lemma 3 with n = 3 is precisely the
associativity axiom in Definition 1, and (13) with n = 4 is the condition of 4-associativity
stated in Section 1.

Lemma 4. Let V be a prefield algebra. Suppose a1, · · · , an ∈ V, and n ≥ 2 are n-associative.
Then, for 1 ≤ l ≤ n− 1, the elements a1, · · · , al(m)al+1, · · · , an are (n− 1)-associative for each
m ∈ Z, where ·(m)· is given by (1).

Proof. For 1 ≤ l ≤ n− 1, letBn,l(x1, · · · , xn) be the set of all B(x1, · · · , xn) ∈ Bn(x1, · · · , xn)
such that the leaves xl and xl+1 are siblings. Let B(x1, · · · , xn) ∈ Bn,l(x1, · · · , xn). We have

Xxl xl+1(al , al+1) = axl−xl+1
l al+1 = ∑

m∈Z
(xl − xl+1)

−1−mal(m)al+1,

and by (11),

YB(x1,··· ,xn)(a1, · · · , an) = ∑
m∈Z

(xl − xl+1)
−1−mYBl(x1,··· ,x̂l ,··· ,xn)

(a1, · · · , al(m)al+1, · · · , an)

where Bl(x1, · · · , x̂l , · · · , xn) ∈ Bn−1(x1, · · · , x̂l , · · · , xn) is the contraction of B(x1, · · · , xn)
by xl xl+1. Suppose we have (12) for a1, · · · , an. We have Ψ(x1, · · · , xn) ∈ V[[x1, · · · , xn]]
and N ∈ N such that

Ψ(x1, · · · , xn) = sn(x1, · · · , xn)
NYB(x1,··· ,xn)(a1, · · · , an)

= ∑
m∈Z

(xl − xl+1)
N−1−m ∏

1≤i<l
(xi − xl)

N ∏
l+1<j≤n

(xl − xj)
N (14)

× sn−1(x1, · · · , x̂l , · · · , xn)
NYBl(x1,··· ,x̂l ,··· ,xn)

(a1, · · · , al(m)al+1, · · · , an)

for all B(x1, · · · , xn) ∈ Bn,l(x1, · · · , xn), where N − 1−m ≥ 0 in the sum. Let 1 ≤ i ≤ n
be such that i /∈ {l, l + 1}. The last line in (14) is independent of xl . By writing xl − xj =
(xl − xi) + (xi − xj) for j /∈ {i, l} in (14), we obtain an expansion of Ψ(x1, · · · , xn) ∈
V[[x1, · · · , xn]] in V[[x1, · · · , x̂l , · · · , xn]][[xl − xi]], which shows Ψ(x1, · · · , xn) ∈ (xl −
xi)

NV[[x1, · · · , xn]]. Hence, both sides of (14) as a power series in V[[x1, · · · , xn]] contain
the factor ∏1≤i<l(xi − xl)

N ∏l+1<j≤n(xl − xj)
N . By canceling this factor in (14), we obtain

Φ(x1, · · · , xn) = ∑
m∈Z

(xl − xl+1)
N−1−msn−1(x1, · · · , x̂l , · · · , xn)

N

×YBl(x1,··· ,x̂l ,··· ,xn)
(a1, · · · , al(m)al+1, · · · , an)

for some Φ(x1, · · · , xn) ∈ V[[x1, · · · , xn]]. Expanding

Φ(x1, · · · , xn) = ∑
k≥0

(xl − xl+1)
kΦk(x1, · · · , x̂l , · · · , xn)

for Φk(x1, · · · , x̂l , · · · , xn) ∈ V[[x1, · · · , x̂l , · · · , xn]], we have

sn−1(x1, · · · , x̂l , · · · , xn)
NYBl(x1,··· ,x̂l ,··· ,xn)

(a1, · · · , al(m)al+1, · · · , an)

= ΦN−1−m(x1, · · · , x̂l , · · · , xn)
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for all B(x1, · · · , xn) ∈ Bn,l(x1, · · · , xn), and the contractions Bl(x1, · · · , x̂l , · · · , xn) give all
elements of Bn−1(x1, · · · , x̂l , · · · , xn).

Lemma 5. Let V be a prefield algebra. Then,

YB(x1,··· ,xn)(a1, · · · , Tal , · · · , an) = ∂xlYB(x1,··· ,xn)(a1, · · · , an)

for a1, · · · , an ∈ V and B ∈ Bn with 1 ≤ l ≤ n and n ≥ 1.

Proof. Let us show the claim by induction on n. For n = 1, Yx1(Ta1) = (Ta1)
x11 =

∂x1(ax1
1 1) = ∂x1Yx1(a1). Consider the n > 1 case. If there exist siblings xi and xi+1 such that

l /∈ {i, i + 1}, by (11) and the inductive hypothesis,

YB(x1,··· ,xn)(a1, · · · ,Tal , · · · , an)

= YBi(x1,··· ,x̂i ,··· ,xn)
(a1, · · · ,Xxixi+1(ai, ai+1), · · · , Tal , · · · , an)

= ∂xlYBi(x1,··· ,x̂i ,··· ,xn)
(a1, · · · ,Xxixi+1(ai, ai+1), · · · , al , · · · , an)

= ∂xlYB(x1,··· ,xn)(a1, · · · , al , · · · , an).

It only remains to consider the case when xl has another leaf as a sibling. If xl and xl+1 are
siblings, by translation covariance,

YB(x1,··· ,xn)(a1, · · · , Tal , · · · , an) = YBl(x1,··· ,x̂l ,··· ,xn)
(a1, · · · , (Tal)

xl−xl+1 al+1, · · · , an)

= YBl(x1,··· ,x̂l ,··· ,xn)
(a1, · · · , ∂xl (al

xl−xl+1 al+1), · · · , an)

= ∂xlYBl(x1,··· ,x̂l ,··· ,xn)
(a1, · · · , al

xl−xl+1 al+1, · · · , an)

= ∂xlYB(x1,··· ,xn)(a1, · · · , al , · · · , an).

If xl−1 and xl are siblings, by the inductive hypothesis and translation covariance,

YB(x1,··· ,xn)(a1, · · · , Tal , · · · , an)

= YB(l−1)(x1,··· ,x̂l−1,xl ,··· ,xn)
(a1, · · · , al−1

xl−1−xl (Tal), · · · , an)

= YB(l−1)(x1,··· ,x̂l−1,xl ,··· ,xn)
(a1, · · · , (T − ∂xl−1)(al−1

xl−1−xl al), · · · , an)

= (∂tl − ∂xl−1)YB(l−1)(x1,··· ,x̂l−1,tl ,··· ,xn)
(a1, · · · , al−1

xl−1−xl al , · · · , an)
∣∣
tl=xl

= ∂xlYB(l−1)(x1,··· ,x̂l−1,xl ,··· ,xn)
(a1, · · · , al−1

xl−1−xl al , · · · , an)

= ∂xlYB(x1,··· ,xn)(a1, · · · , al , · · · , an),

and the lemma follows.

Lemma 6. Let V be a prefield algebra, and suppose a1, · · · , an ∈ V and n ≥ 1 are n-associative.
Then, a1, · · · , Tal , · · · , an are n-associative, for any 1 ≤ l ≤ n.

Proof. Suppose we have Ψ(x1, · · · , xn) ∈ V[[x1, · · · , xn]] and N ∈ N such that

Ψ(x1, · · · , xn) = sn(x1, · · · , xn)
NYB(x1,··· ,xn)(a1, · · · , an) (15)

for all B ∈ Bn. By applying sn(x1, · · · , xn)∂xl to both sides, we get

sn(x1, · · · , xn)∂xl Ψ(x1, · · · ,xn)

= N(∂xlsn(x1, · · · , xn))sn(x1, · · · , xn)
NYB(x1,··· ,xn)(a1, · · · , an)

+ sn(x1, · · · , xn)
N+1∂xlYB(x1,··· ,xn)(a1, · · · , an)

and by (15) and Lemma 5, we have
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sn(x1, · · · , xn)
N+1YB(x1,··· ,xn)(a1, · · · , Tal , · · · , an)

= sn(x1, · · · , xn)∂xl Ψ(x1, · · · , xn)− N(∂xlsn(x1, · · · , xn))Ψ(x1, · · · , xn)

for all B ∈ Bn.

Lemma 7. Let V be a prefield algebra, and suppose we have a1, · · · , an ∈ V, n ≥ 2, with ai = 1
for some 1 ≤ i ≤ n. Then, they are n-associative if and only if a1, · · · , âi, · · · , an are (n− 1)-
associative, where âi means that ai is omitted.

Proof. The direct implication follows from Lemma 4 because a(−1)1 = 1(−1)a = a for
any a ∈ V. Conversely, suppose a1, · · · , âi, · · · , an are (n − 1)-associative. We have
Ψ(x1, · · · , x̂i, · · · , xn) ∈ V[[x1, · · · , x̂i, · · · , xn]] and N ∈ N such that

sn−1(x1, · · · , x̂i, · · · , xn)
NYB(x1,··· ,x̂i ,··· ,xn)(a1, · · · , âi, · · · , an) = Ψ(x1, · · · , x̂i, · · · , xn) (16)

for all B ∈ Bn−1. Let C(x1, · · · , xn) ∈ Bn(x1, · · · , xn) and consider

sn−1(x1, · · · , x̂i, · · · , xn)
NYC(x1,··· ,xi ,··· ,xn)(a1, · · · , 1, · · · , an). (17)

Because n ≥ 2, xi is not the root in C(x1, · · · , xn); hence, it is either a left child or a right
child. If it is a left child, we have

w = xiv

for some nodes w, v in C(x1, · · · , xn), where v has leaves xi+1, · · · , xj. Let C̄(x1, · · · , xi−1, xj,
· · · , xn) be the contraction of C(x1, · · · , xi, · · · , xn) by w, and let

C∗(x1, · · · , x̂i, · · · , xn) ∈ Bn−1(x1, · · · , x̂i, · · · , xn)

be the tree obtained by replacing the subtree w by the subtree v in C(x1, · · · , xn). Because

Xw(ai, ai+1, · · · , aj) = 1xi−xjXv(ai+1, · · · , aj) = Xv(ai+1, · · · , aj),

by Lemma 2, we have

YC(x1,··· ,xi ,··· ,xn)(a1, · · · , 1, · · · , an)

= YC̄(x1,··· ,xi−1,xj ,··· ,xn)
(a1, · · · ,Xw(ai, ai+1, · · · , aj), · · · , an)

= YC̄(x1,··· ,xi−1,xj ,··· ,xn)
(a1, · · · ,Xv(ai+1, · · · , aj), · · · , an)

= YC∗(x1,··· ,x̂i ,··· ,xn)(a1, · · · , âi, · · · , an)

and, therefore, Equation (17) equals

sn−1(x1, · · · , x̂i, · · · , xn)
NYC∗(x1,··· ,x̂i ,··· ,xn)(a1, · · · , âi, · · · , an) = Ψ(x1, · · · , x̂i, · · · , xn)

by (16). If xi is a right child, then
w = uxi

for some nodes w, u in C(x1, · · · , xn), where u has leaves xk, · · · , xi−1. Let C̄(x1, · · · , xk−1, xi,
· · · , xn) be the contraction of C(x1, · · · , xi, · · · , xn) by w, and let C∗(x1, · · · , x̂i, · · · , xn) be
the tree obtained by replacing the subtree w by the subtree u in C(x1, · · · , xn). Because

Xw(ak, · · · , ai−1, ai) = Xu(ak, · · · , ai−1)
xi−1−xi 1 = e(xi−1−xi)T Xu(ak, · · · , ai−1),

we have, by Lemmas 2 and 5,
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YC(x1,··· ,xi ,··· ,xn)(a1, · · · , 1, · · · , an)

= YC̄(x1,··· ,xk−1,xi ,··· ,xn)
(a1, · · · ,Xw(ak, · · · , ai−1, ai), · · · , an)

= YC̄(x1,··· ,xk−1,xi ,··· ,xn)
(a1, · · · , e(xi−1−xi)T Xu(ak, · · · , ai−1), · · · , an)

= e(xi−1−xi)∂xi YC̄(x1,··· ,xk−1,xi ,··· ,xn)
(a1, · · · ,Xu(ak, · · · , ai−1), · · · , an).

Because u has leaves xk, · · · , xi−1, we obtain XC̄(x1,··· ,xk−1,xi ,··· ,xn)
(a1, · · · ,Xu(ak, · · · , ai−1),

· · · , an) from

XC̄(x1,··· ,xk−1,xi−1,··· ,xn)
(a1, · · · ,Xu(ak, · · · , ai−1), · · · , an)

= XC∗(x1,··· ,x̂i ,··· ,xn)(a1, · · · , âi, · · · , an)
(18)

by replacing xj − xi−1 to xj − xi when xj is not a leaf of u. The variables xj for k ≤ j < i− 1
only appear inside Xu(ak, · · · , ai−1) in (18). Hence, we can replace xj to xj + xi−1 − xi for
all j ∈ J = {j | j < k or j > i} in (18). For j, l ∈ J, xj − xi−1 becomes xj − xi, and xj − xl is
left-invariant. If n ∈ J, then

Y C̄(x1,··· ,xk−1,xi ,··· ,xn)
(a1, · · · ,Xu(ak, · · · , ai−1), · · · , an)

= exnT XC̄(x1,··· ,xk−1,xi ,··· ,xn)
(a1, · · · ,Xu(ak, · · · , ai−1), · · · , an)

= e(xi−xi−1)T
(
YC∗(x1,··· ,x̂i ,··· ,xn)(a1, · · · , âi, · · · , an)

∣∣
xj 7→xj+xi−1−xi , j∈J

)
,

(19)

and if n /∈ J (if i = n), e(xi−xi−1)T = e(xn−xn−1)T in (19). In both cases, we have

e(xi−1−xi)∂xiYC̄(x1,··· ,xk−1,xi ,··· ,xn)
(a1, · · · ,Xu(ak, · · · , ai−1), · · · , an)

= e(xi−1−xi)∂xi
(
YC∗(x1,··· ,x̂i ,··· ,xn)(a1, · · · , âi, · · · , an)

∣∣
xj 7→xj+xi−1−xi , j∈J

)
.

Because for any f (x1, · · · , x̂i, · · · , xn) ∈ V[[x1, · · · , x̂i, · · · , xn]],

e(xi−1−xi)∂xi
(

f (x1, · · · , x̂i, · · · , xn)
∣∣
xj 7→xj+xi−1−xi , j∈J

)
= f (x1, · · · , x̂i, · · · , xn),

Equation (17) also equals

sn−1(x1, · · · , x̂i, · · · , xn)
NYC(x1,··· ,xi ,··· ,xn)(a1, · · · , 1, · · · , an)

= e(xi−1−xi)∂xi

((
sn−1(x1, · · · , x̂i, · · · , xn)

N

×YC∗(x1,··· ,x̂i ,··· ,xn)(a1, · · · , âi, · · · , an)
)∣∣

xj 7→xj+xi−1−xi , j∈J

)
= e(xi−1−xi)∂xi

(
Ψ(x1, · · · , x̂i, · · · , xn)

∣∣
xj 7→xj+xi−1−xi , j∈J

)
= Ψ(x1, · · · , x̂i, · · · , xn)

and the lemma follows.

4. Fn ) Fn+1

Let Fn be the class of prefield algebras that are n-associative. We now construct an
example of a field algebra V belonging to Fn but not to Fn+1, n ≥ 3. It is a simple example
generated by a single element a.



Mathematics 2023, 11, 206 12 of 25

Theorem 1. Let n ≥ 3. Let C[T]a be a free C[T]-module generated by an element a. Let
A = T ∗(C[T]a) be the tensor algebra of C[T]a, a free associative C-algebra generated by C[T]a.
We define a grading on A by setting deg a = 1 and deg T = 0, so that

A =
⊕
k≥0

(
C[T]a

)⊗k

and each Ak =
(
C[T]a

)⊗k is a C[T]-module, where T acts as a derivation of A. Hence, C[T] acts
on Ak via the k-fold comultiplication map

∆k : C[T]→ C[T]⊗k

given by ∆k(T) = ∑k
i=1 Ti, with Ti = 1⊗ · · · ⊗ T⊗ · · · ⊗ 1 having T at the ith position, and T is

the zero map on A0 = C. We consider the ideal

I≥n+2 =
⊕

k≥n+2

Ak,

consisting of all elements of degree ≥ n + 2, which is closed under T, and define

V = A/I≥n+2.

V is naturally an associative C algebra with a derivation T. We define a prefield algebra structure
on V as follows: We have the grading on V given by

V =
n+1⊕
k=0

Vk

and each Vk is identified with
(
C[T]a

)⊗k. Choose any element

G1(x1, · · · , xn) ∈ Vn+1((x1))[[x2, · · · , xn]],

Gk(x1, · · · , xn) ∈ Vn+1((xk))[[x1 − xk, · · · , xk−1 − xk, xk+1, · · · , xn]]
(20)

for 2 ≤ k ≤ n. Let 1 ∈ C = V0 be the identity element of the prefield algebra. To give the map

·x· : V ×V → V((x)),

we define it for graded components of V. We have

(V ×V)k =
⊕

l+m=k

Vl ×Vm, 0 ≤ l, m ≤ n + 1.

(i) For (V ×V)k where k ≤ n, for all u ∈ Vl and v ∈ Vm with l + m ≤ n, we define

uxv = exT u⊗ v ∈ Vl+m((x)).

(ii) For (V ×V)k with k ≥ n + 2, we let ·x· : (V ×V)k → V((x)) be the zero map. Hence, when
the sum of the degrees exceeds n + 1, the product vanishes.

(iii) It now remains to specify ·x· on

(V ×V)n+1 = (V0 ×Vn+1)⊕ (V1 ×Vn)⊕ · · · ⊕ (Vn+1 ×V0).

For (1, v)∈ V0 ×Vn+1, let 1xv = v. For (u, 1) ∈ Vn+1 ×V0, let ux1 = exT u.
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(iv) For the rest of Vl × Vm with l + m = n + 1, l, m ≥ 1, we define the product on the follow-
ing C[T]-module generators and let it be generated by the relation (Ta)xb = ∂x(axb) and
ax(Tb) = (T − ∂x)(axb) to all of Vl ⊗Vm. Take

T(j1)a⊗ · · · ⊗ T(jk−1)a⊗ a

with j1, · · · , jk−1 ≥ 0 as generators of Vk. For V1 ⊗Vn, let

ax1
(
T(j1)a⊗ · · · ⊗ T(jn−1)a⊗ a

)
= c(1)j1···jn−1

(x1),

where c(1)j1···jn−1
(x1) is the coefficient of xj1

2 · · · x
jn−1
n in

G1(x1, · · · , xn) ∈ Vn+1((x1))[[x2, · · · , xn]].

(v) For Vk ×Vn−k+1 for 2 ≤ k ≤ n, we define(
T(j1)a⊗ · · · ⊗ T(jk−1)a⊗ a

)xk
(
T(jk)a⊗ · · · ⊗ T(jn−1)a⊗ a

)
= c(k)j1···jn−1

(xk)

where c(k)j1···jn−1
(xk) is the coefficient of (x1 − xk)

j1 · · · (xk−1 − xk)
jk−1 xjk

k+1 · · · x
jn−1
n in

Gk(x1, · · · , xn) ∈ Vn+1((xk))[[x1 − xk, · · · , xk−1 − xk, xk+1, · · · , xn]].

Then, V is a prefield algebra with the following properties:

(a) The map ·x· : V ×V → V((x)) is degree-preserving.

(b) If u1, · · · , uj ∈ V are such that ∑
j
i=1 deg ui ≤ n, then

XB(x1,··· ,xj)
(u1, u2, · · · , uj) = e(x1−xj)T u1 ⊗ e(x2−xj)T u2 ⊗ · · · ⊗ e(xj−1−xj)T uj−1 ⊗ uj,

YB(x1,··· ,xj)
(u1, u2, · · · , uj) = ex1T u1 ⊗ ex2T u2 ⊗ · · · ⊗ exjT uj

for all B ∈ Bj.

(c) If u1, · · · , uj ∈ V are such that ∑
j
i=1 deg ui ≥ n + 2, then

XB(x1,··· ,xj)
(u1, u2, · · · , uj) = YB(x1,··· ,xj)

(u1, u2, · · · , uj) = 0

for all B ∈ Bj.

Proof. We check that V is a prefield algebra. By (i) and (ii), the prefield algebra axioms in
Definition 2 are seen to hold on

(V ×V)k =
⊕

l+m=k

Vl ×Vm, 0 ≤ l, m ≤ n + 1,

for k ≤ n or k ≥ n + 2, and it follows from (i) and (ii) that (b) and (c) hold. On
(V × V)n+1 = (V0 × Vn+1) ⊕ (V1 × Vn) ⊕ · · · ⊕ (Vn+1 × V0), consider the most general
degree-preserving map ·x· : (V × V)n+1 → Vn+1((x)) that satisfies the prefield algebra
axioms. The product ·x· on V0 × Vn+1 and Vn+1 × V0 is dictated by the identity axiom,
and thus must be defined as above, as in (iii). Consider Vl ×Vm with l +m = n+ 1, l, m ≥ 1.
Because each Vl and Vm are free C[T]-modules, the translation covariance is satisfied if
we define ·x· on the generators ui of Vl and vj of Vm and let the translation covariance
determine ·x· uniquely on the rest of Vl ⊗Vm by the formula(

∑
i

fi(T)ui
)x(∑

j
gj(T)vj

)
= ∑

i,j
fi(∂x)gj(T − ∂x)(ux

i vj)
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for any fi(T), gj(T) ∈ C[T]. We take

T(j1)a⊗ · · · ⊗ T(jl−1)a⊗ a ∈ Vl

T(jl)a⊗ · · · ⊗ T(jn−1)a⊗ a ∈ Vm

for j1, · · · , jn−1 ≥ 0 as the generators of Vl and Vm, respectively, with l + m = n + 1 and
l, m ≥ 1. Hence, we are free to choose, for each T(j1)a⊗ · · · ⊗ T(jl−1)a⊗ a and T(jl)a⊗ · · · ⊗
T(jn−1)a⊗ a, an element

(T(j1)a⊗ · · · ⊗ T(jl−1)a⊗ a)x(T(jl)a⊗ · · · ⊗ T(jn−1)a⊗ a) ∈ Vn+1((x)).

The choices that we make are best organized by generating functions. For V1×Vn, replacing
x with x1, we let

G1(x1, · · · , xn) = ∑
j1,··· ,jn−1≥0

xj1
2 · · · x

jn−1
n ax1(T(j1)a⊗ · · · ⊗ T(jn−1)a⊗ a)

∈ Vn+1((x1))[[x2, · · · , xn]].

It also follows that

G1(x1, · · · , xn) = ax1
(

ex2T a⊗ · · · ⊗ exnT a⊗ a
)
= ax1(ax2(· · · (axn a))). (21)

For Vk ×Vn−k+1 for 2 ≤ k ≤ n, we collect the products into generating functions as

Gk(x1, · · · , xn) = ∑
j1,··· ,jn−1≥0

(x1 − xk)
j1 · · · (xk−1 − xk)

jk−1 xjk
k+1 · · · x

jn−1
n

× (T(j1)a⊗ · · · ⊗ T(jk−1)a⊗ a)xk (T(jk)a⊗ · · · ⊗ T(jn−1)a⊗ a)

∈ Vn+1((xk))[[x1 − xk, · · · , xk−1 − xk, xk+1, · · · , xn]].

Then we have

Gk(x1, · · · , xn) = (e(x1−xk)T a⊗ · · · ⊗ e(xk−1−xk)T a⊗ a)xk (exk+1T a⊗ · · · ⊗ exnT a⊗ a). (22)

In summary, these generating functions determine the product ·x· completely on the
generators, and we have freedom to choose any functions

G1(x1, · · · , xn) ∈ Vn+1((x1))[[x2, · · · , xn]]

Gk(x1, · · · , xn) ∈ Vn+1((xk))[[x1 − xk, · · · , xk−1 − xk, xk+1, · · · , xn]]

for 2 ≤ k ≤ n, so that the theorem holds.

Formal Expansion ι
y
x

For a formal expression f (x, y, z, · · · ), we use the notation ι
y
x to denote

ι
y
x f (x, y, z, · · · ) = e(x−y)∂t f (t, y, z, · · · )

∣∣
t=y

= ∑
j≥0

(x− y)j∂
(j)
t f (t, y, z, · · · )

∣∣
t=y ,

(23)

if the latter expression is well defined. Because the specific domain of the map ι
y
x varies

according to the given situation, it is convenient to have a general discussion first. The fol-
lowing properties hold when a suitable domain is specified.
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(i) If f (x, y, z, · · · ) is a power series in x, then it is invariant under ι
y
x, because

ι
y
x f (x, y, z, · · · ) = e(x−y)∂t f (t, y, z, · · · )

∣∣
t=y

= f (x− y + t, y, z, · · · )
∣∣
t=y = f (x, y, z, · · · )

if each step of the argument is well defined.

(ii) If the product f (x, y, z, · · · )g(x, y, z, · · · ) is defined, then ι
y
x respects the product, be-

cause

ι
y
x
(

f (x, y, z, · · · )g(x, y, z, · · · )
)
= e(x−y)∂t( f (t, y, z, · · · )g(t, y, z, · · · ))

∣∣
t=y

= e(x−y)∂t f (t, y, z, · · · )
∣∣
t=y e(x−y)∂t g(t, y, z, · · · )

∣∣
t=y

= ι
y
x f (x, y, z, · · · ) ι

y
xg(x, y, z, · · · ),

if each step of the argument is well defined.

(iii) If the compositions of the expansions are defined, then ιzyι
y
x = ιzx ιzy, because

ιzyι
y
x f (x, y, z, · · · ) = e(y−z)∂s

(
e(x−s)∂t f (t, s, z, · · · )

∣∣
t=s

)∣∣
s=z

= e(y−z)∂s
(

e(x−y)∂t f (t, s, z, · · · )
∣∣
t=s

)∣∣
s=z

=
(

e(y−z)(∂t+∂s) e(x−y)∂t f (t, s, z, · · · )
)∣∣

t=z,s=z

=
(

e(x−z)∂t e(y−z)∂s f (t, s, z, · · · )
)∣∣

t=z,s=z

= ιzx ιzy f (x, y, z, · · · ),

if each step of the argument is well defined. In particular, if f (x, y, z, · · · ) is a power
series in y, then we have

ιzyι
y
x f (x, y, z, · · · ) = ιzx f (x, y, z, · · · ). (24)

Example 3. The map
ι
y
x : C((x))→ C((y))((x− y))

gives a field map which is identity on the common subspace C[[x]]. In particular,

ι
y
x(x−1) = ∑

j≥0
(−1)jy−1−j(x− y)j

is the reciprocal of x = y + (x − y) in C((y))((x − y)), and it is the formal expansion of
x−1 = (y + (x − y))−1 in the domain |x − y| < |y| [15]. The image ι

y
xC((x)) is a subfield

of C((y))((x− y)) isomorphic to C((x)).

Lemma 8. Let V be a vector space over C. For m ≥ 0, we have a well-defined map

ι
y
x : V[[x, y, z1, · · · , zm]][x−1]→ V((y))[[x− y, z1 − y, · · · , zm − y]]

given by (23).

Proof. Suppose f (x, y, z1, · · · , zm) ∈ V[[x, y, z1, · · · , zm]][x−1]. Then,

f (x, y, z1, · · · , zm) = x−Nφ(x, y, z1, · · · , zm)

for φ(x, y, z1, · · · , zm) ∈ V[[x, y, z1, · · · , zm]]. Hence,

ι
y
x f (x, y, z, · · · ) = (e(x−y)∂y(y−N))φ(x, y, z1, · · · , zm). (25)
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By writing x = (x− y) + y and zi = (zi − y) + y for 1 ≤ i ≤ m, we see that φ(x, y, z1, · · · ,
zm) belongs to V[[x, y, z1, · · · , zm]] = V[[y, x− y, z1 − y, · · · , zm − y]], and (25) belongs to
V((y))[[x− y, z1 − y, · · · , zm − y]]. Equivalently, because

φ(x, y, z1, · · · , zm) = e(x−y)∂s e(z1−y)∂t1 · · · e(zm−y)∂tm φ(s, y, t1, · · · , tm)
∣∣
s=t1=···=tm=y ,

we can write

ι
y
x f (x, y, z, · · · ) = e(x−y)∂s e(z1−y)∂t1 · · · e(zm−y)∂tm f (s, y, t1, · · · , tm)

∣∣
s=t1=···=tm=y

which is clear in V((y))[[x− y, z1 − y, · · · , zm − y]].

Lemma 8 shows that we have a well-defined map

ι
y
x : V[[x, y, z1, · · · , zm]][x−1]→ V((y))[[x− y, z1 − y, · · · , zl − y, zl+1, · · · , zm]]

for 0 ≤ l ≤ m, because V[[x, y, z1, · · · , zm]][x−1] ⊆ V[[x, y, z1, · · · , zl ]][x−1][[zl+1, · · · , zm]].

Lemma 9. Let V be a vector space over C. Two elements

f (x, y, z1, · · · , zm) ∈ V[[x, y, z1, · · · , zm]][x−1],

g(x, y, z1, · · · , zm) ∈ V((y))[[x− y, z1 − y, · · · , zl − y, zl+1, · · · , zm]]

satisfy
xN f (x, y, z1, · · · , zm) = xN g(x, y, z1, · · · , zm)

for some N ∈ N if and only if

g(x, y, z1, · · · , zm) = ι
y
x f (x, y, z1, · · · , zm). (26)

Proof. V = V[[x, y, z1, · · · , zm]][x−1] andW = V((y))[[x− y, z1 − y, · · · , zl − y, zl+1, · · · ,
zm]] are vector spaces over C((x)) and ι

y
xC((x)), respectively. If

Ψ(x, y, z1 · · · , zm) = xN f (x, y, z1 · · · , zm) = xN g(x, y, z1 · · · , zm)

for Ψ(x, y, z1 · · · , zm) ∈ V[[x, y, z1 · · · , zm]], multiplying Ψ(x, y, z1, · · · , zm) = xN f (x, y, z1,
· · · , zm) by x−N in V gives

f (x, y, z1, · · · , zm) = x−NΨ(x, y, z1, · · · , zm).

Multiplying Ψ(x, y, z1, · · · , zm) = xN g(x, y, z1, · · · , zm) by ι
y
x(x−N) inW gives

g(x, y, z1, · · · , zm) = ι
y
x(x−N)Ψ(x, y, z1, · · · , zm)

and (26) follows. Conversely, if (26) holds, then writing

f (x, y, z1 · · · , zm) = x−NΨ(x, y, z1 · · · , zm)

for Ψ(x, y, z1 · · · , zm) ∈ V[[x, y, z1 · · · , zm]], we have

g(x, y, z1 · · · , zm) = ι
y
x(x−N)Ψ(x, y, z1 · · · , zm),

and multiplying by xN gives

xN g(x, y, z1 · · · , zm) = Ψ(x, y, z1 · · · , zm) = xN f (x, y, z1 · · · , zm)

and the lemma follows.
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Lemma 10. Let n ≥ 3. The prefield algebra V defined in Theorem 1 is n-associative if and only if
all of the following conditions are satisfied for the generating functions in (20).

(i) For 2 ≤ i ≤ n− 1,

G1(x1, · · · , xn) ∈
(
Vn+1[[x1, · · · , x̂i, · · · xn]][x−1

1 ]
)
[[xi − xi+1]],

G1(x1, · · · , xn) ∈
(
Vn+1[[x1, · · · , xn−1]][x−1

1 ]
)
[[xn]],

G2(x1, · · · , xn) ∈
(
Vn+1[[x2, · · · , xn]][x−1

2 ]
)
[[x1 − x2]].

(ii) For 2 ≤ k ≤ n,

Gk(x1, · · · , xn) = ι
xk
x1 G1(x1, · · · , xn).

(iii) For 3 ≤ k ≤ n,

Gk(x1, · · · , xn) = ι
xk
x2 G2(x1, · · · , xn).

where ι
xk
x1 and ι

xk
x2 are the maps given by the formula (23).

Proof. By Theorem 1, it is only nontrivial to check the n-associativity of the vectors in
V when the sum of the degrees is n + 1. By Lemma 6, it is enough to consider the n-
associativity of the generators of V as a C[T] module. We can take the generators to be

1, a, T(j1)a⊗ a, T(j1)a⊗ T(j2)a⊗ a, · · ·

with ji ≥ 0 and consider the cases where the sum of the degrees is n + 1. It is easy to see
that considering the n-associativity of the n vectors

a, · · · , a, T(j)a⊗ a, a, · · · , a (27)

suffices, where the element T(j)a⊗ a is at the ith position for 1 ≤ i ≤ n, j ≥ 0. Indeed, if (27)
are n-associative, then by Lemma 4, the n− 1 vectors given by

a, · · · , a, T(j1)a⊗ T(j2)a⊗ a, a, · · · , a, or

a, · · · , a, T(j1)a⊗ a, · · · , T(j2)a⊗ a, a, · · · , a

are (n− 1)-associative, and by Lemma 7, the n vectors

a, · · · , a, T(j1)a⊗ T(j2)a⊗ a, a, · · · , 1, · · · , a

a, · · · , a, T(j1)a⊗ a, · · · , T(j2)a⊗ a, a, · · · , 1, · · · , a

are n-associative. Continuing this way, we obtain all possible combinations of generators
whose degrees sum to n + 1 involving more 1s.

Let B(x1, · · · , xn) ∈ Bn(x1, · · · , xn). Let o always denote the root, with children u and
v. We have a partition of the set of leaves into {x1, · · · , xs} ∪ {xs+1, · · · , xn} consisting of
the leaves of u and v, respectively, for 1 ≤ s ≤ n− 1. In this case, we say that B splits at s.
We define Bn(s) to be the subset of Bn consisting of those that split at s. Hence, we have a
partition of Bn into

⋃
1≤s≤n−1 Bn(s).

Let i be the position of the vector T(j)a⊗ a in (27) for a fixed j ≥ 0. First, we consider
the case i = 1, namely, the n-associativity of

T(j)a⊗ a, a, · · · , a. (28)

For each j ≥ 0, the expression YB(x1,··· ,xn)(T
(j)a⊗ a, a, · · · , a) for B ∈ Bn only depends on

1 ≤ s ≤ n− 1 where B splits.
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(i) Case i = 1 and s = 1.

Suppose B splits at s = 1. Then, for o = uv in B(x1, · · · , xn), we have

Xu(T(j)a⊗ a) = T(j)a⊗ a,

Xv(a, · · · , a) = e(x2−xn)T a⊗ e(x3−xn)T a⊗ · · · ⊗ e(xn−1−xn)T a⊗ a,

and, therefore,

YB(x1,··· ,xn−1,0)(T
(j)a⊗ a, a, · · · , a) = (T(j)a⊗ a)x1(ex2T a⊗ ex3T a⊗ · · · ⊗ exn−1T a⊗ a).

By a change in variables,

YB(x2,··· ,xn ,0)(T
(j)a⊗ a, a, · · · , a) = (T(j)a⊗ a)x2(ex3T a⊗ ex4T a⊗ · · · ⊗ exnT a⊗ a).

By (22), this is the coefficient of (x1 − x2)
j of

G2(x1, x2, · · · , xn) = (e(x1−x2)T a⊗ a)x2(ex3T a⊗ ex4T a⊗ · · · ⊗ exnT a⊗ a)

which is an element in
Vn+1((x2))[[x1 − x2, x3, · · · , xn]].

Writing G2(x1, x2, · · · , xn) = ∑j≥0(x1 − x2)
jG2,j(x2, · · · , xn), we have

G2,j(x2, · · · , xn) ∈ Vn+1((x2))[[x3, · · · , xn]].

(ii) Case i = 1 and 2 ≤ s ≤ n− 1.

Suppose now B ∈ Bn(s) for 2 ≤ s ≤ n− 1. Let k = s + 1, 3 ≤ k ≤ n. For o = uv, we have

Xu(T(j)a⊗ a, a, · · · , a)

= e(x1−xk−1)T(T(j)a⊗ a)⊗ e(x2−xk−1)T a⊗ · · · ⊗ e(xk−2−xk−1)T a⊗ a,

Xv(a, · · · , a) = e(xk−xn)T a⊗ e(xk+1−xn)T a⊗ · · · ⊗ e(xn−1−xn)T a⊗ a.

Thus,

YB(x1,··· ,xn−1,0)(T
(j)a⊗ a, a, · · · , a)

= (e(x1−xk−1)T(T(j)a⊗ a)⊗ e(x2−xk−1)T a⊗ · · · ⊗ e(xk−2−xk−1)T a⊗ a)xk−1

× (exkT a⊗ exk+1T a⊗ · · · ⊗ exn−1T a⊗ a),

and with a change in variables,

YB(x2,··· ,xn ,0)(T
(j)a⊗ a,a, · · · , a)

= (e(x2−xk)T(T(j)a⊗ a)⊗ e(x3−xk)T a⊗ · · · ⊗ e(xk−1−xk)T a⊗ a)xk

× (exk+1T a⊗ exk+2T a⊗ · · · ⊗ exnT a⊗ a).

Hence, it is obtained as the (x1 − x2)
jcoefficient of

Gk(x1, x2 · · · , xn) = (e(x1−xk)T a⊗ e(x2−xk)T a⊗ · · · ⊗ e(xk−1−xk)T a⊗ a)xk

× (exk+1T a⊗ exk+2T a⊗ · · · ⊗ exnT a⊗ a)

= (e(x2−xk)T(e(x1−x2)T a⊗ a)⊗ e(x3−xk)T a⊗ · · · ⊗ e(xk−1−xk)T a⊗ a)xk

× (exk+1T a⊗ exk+2T a⊗ · · · ⊗ exnT a⊗ a)
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which belongs to

Vn+1((xk))[[x1 − xk, · · · , xk−1 − xk, xk+1, · · · , xn]]

= Vn+1((xk))[[x2 − xk, · · · , xk−1 − xk, xk+1, · · · , xn]][[x1 − x2]]

by writing x1− xk as (x1− x2)+ (x2− xk). Writing Gk(x1, · · · , xn) = ∑j≥0(x1− x2)
jGk,j(x2,

· · · , xn), we have

Gk,j(x2, · · · , xn) ∈ Vn+1((xk))[[x2 − xk, · · · , xk−1 − xk, xk+1, · · · , xn]]. (29)

We now combine the cases (i) and (ii). Suppose the vectors in (28) are n-associative. We
have Ψj(x2, · · · , xn) ∈ Vn+1[[x2, · · · , xn]] and Nj ∈ N such that

Ψj(x2, · · · , xn) = sn(x2, · · · , xn, 0)Nj Gk,j(x2, · · · , xn) (30)

for all 2 ≤ k ≤ n. Because G2,j(x2, · · · , xn) ∈ Vn+1((x2))[[x3, · · · , xn]], Ψj(x2, · · · , xn) must
have a factor (

x3 · · · xn ∏
3≤p<q≤n

(xp − xq)
)Nj

.

Because Gk,j(x2, · · · , xn) ∈ V((xk))[[x2 − xk, · · · , xk−1 − xk, xk+1, · · · , xn]], Ψj(x2, · · · , xn)

must also have a factor (x2 − xk)
Nj for all 3 ≤ k ≤ n. Canceling these factors in (30) for

k = 2, we conclude that

x
Nj
2 G2,j(x2, · · · , xn) ∈ Vn+1[[x2, · · · , xn]],

and thus
G2,j(x2, · · · , xn) ∈ Vn+1[[x2, · · · , xn]][x−1

2 ], (31)

and
x

Nj
2 G2,j(x2, · · · , xn) = x

Nj
2 Gk,j(x2, · · · , xn) (32)

for all 3 ≤ k ≤ n. Therefore, by Lemma 9, we must have

Gk,j(x2, · · · , xn) = ι
xk
x2 G2,j(x2, · · · , xn) (33)

for all 3 ≤ k ≤ n. Conversely, if (31) and (33) hold, it follows from Lemma 9 that (29)
and (32) hold, and the vectors in (28) are n-associative. The conditions for all j ≥ 0 can
equivalently be written as

G2(x1, · · · , xn) ∈
(
Vn+1[[x2, · · · , xn]][x−1

2 ]
)
[[x1 − x2]]

Gk(x1, · · · , xn) = ι
xk
x2 G2(x1, · · · , xn)

(34)

for all 3 ≤ k ≤ n.
Now consider the n-associativity of

a, · · · , a, T(j)a⊗ a, a, · · · , a

where T(j)a⊗ a is at the ith position, for a fixed 2 ≤ i ≤ n and j ≥ 0.

(iii) Case 2 ≤ i < n and s = 1.

Suppose B splits at s = 1. For o = uv,

Xu(a) = a,

Xv(a, · · · , T(j)a⊗ a, · · · , a)

= e(x2−xn)T a⊗ · · · ⊗ e(xi−xn)T(T(j)a⊗ a)⊗ · · · ⊗ e(xn−1−xn)T a⊗ a.
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By changing variables to x1, · · · , x̂i, · · · , xn, 0, we obtain

YB(x1,··· ,x̂i ,··· ,xn ,0)(a, · · · , a, T(j)a⊗ a, a, · · · , a)

= ax1(ex2T a⊗ · · · ⊗ exi−1T a⊗ exi+1T(T(j)a⊗ a)⊗ · · · ⊗ exnT a⊗ a).

We obtain this by taking (xi − xi+1)
j coefficient of

G1(x1, · · · , xn) = ax1(ex2T a⊗ · · · ⊗ exiT a⊗ exi+1T a⊗ · · · ⊗ exnT a⊗ a)

= ax1(ex2T a⊗ · · · ⊗ exi+1T(e(xi−xi+1)T a⊗ a)⊗ · · · ⊗ exnT a⊗ a)

∈ Vn+1((x1))[[x2, · · · , xn]]

where we have

Vn+1((x1))[[x2, · · · , xn]] = Vn+1((x1))[[x2, · · · , x̂i, · · · , xn]][[xi − xi+1]].

We write
G1(x1, · · · , xn) = ∑

j≥0
(xi − xi+1)

jG[i]
1,j(x1, · · · , x̂i, · · · , xn)

where
G[i]

1,j(x1, · · · , x̂i, · · · , xn) ∈ Vn+1((x1))[[x2, · · · , x̂i, · · · , xn]].

(iv) Case 3 ≤ i < n and 2 ≤ s ≤ i− 1.

Here, we have, for o = uv,

Xu(a, · · · , a) = e(x1−xs)T a⊗ · · · ⊗ e(xs−1−xs)T a⊗ a,

Xv(a, · · · , T(j)a⊗ a, · · · , a)

= e(xs+1−xn)T a⊗ · · · ⊗ e(xi−1−xn)T a⊗ e(xi−xn)T(T(j)a⊗ a)⊗

× · · · ⊗ e(xn−1−xn)T a⊗ a.

By a change in variables,

YB(x1,··· ,x̂i ,··· ,xn ,0)(a, · · · , a, T(j)a⊗ a, a, · · · , a)

= (e(x1−xs)T a⊗ · · · ⊗ e(xs−1−xs)T a⊗ a)xs

× (exs+1T a⊗ · · · ⊗ exi−1T a⊗ exi+1T(T(j)a⊗ a)⊗ · · · ⊗ exnT a⊗ a).

With k = s, this is obtained as the (xi − xi+1)
j coefficient of

Gk(x1, · · · , xn) = (e(x1−xk)T a⊗ · · · ⊗ e(xk−1−xk)T a⊗ a)xk (exk+1T a⊗ · · · ⊗ exnT a⊗ a)

= (e(x1−xk)T a⊗ · · · ⊗ e(xk−1−xk)T a⊗ a)xk

× (exk+1T a⊗ · · · ⊗ exi+1T(e(xi−xi+1)T a⊗ a)⊗ · · · ⊗ exnT a⊗ a)

which is in

Vn+1((xk))[[x1 − xk, · · · , xk−1 − xk, xk+1, · · · , xn]]

= Vn+1((xk))[[x1 − xk, · · · , xk−1 − xk, xk+1, · · · , x̂i, · · · , xn]][[xi − xi+1]].

Expanding Gk(x1, · · · , xn) = ∑j≥0(xi − xi+1)
jG[i]

k,j(x1, · · · , x̂i, · · · , xn), we have

G[i]
k,j(x1, · · · , x̂i, · · · , xn) ∈ Vn+1((xk))[[x1 − xk, · · · , xk−1 − xk, xk+1, · · · , x̂i, · · · , xn]].
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(v) Case i = n and 1 ≤ s ≤ i− 1.

Here, we have, for o = uv,

Xu(a, · · · , a) = e(x1−xs)T a⊗ · · · ⊗ e(xs−1−xs)T a⊗ a,

Xv(a, · · · , a, T(j)a⊗ a) = e(xs+1−xn)T a⊗ · · · ⊗ e(xn−1−xn)T a⊗ (T(j)a⊗ a).

By a change in variables to x1, · · · , x̂i, · · · , xn, 0, which is x1, · · · , xn−1, 0 because i = n,

YB(x1,··· ,xn−1,0)(a, · · · , a, T(j)a⊗ a) = (e(x1−xs)T a⊗ · · · ⊗ e(xs−1−xs)T a⊗ a)xs

× (exs+1T a⊗ · · · ⊗ exn−1T a⊗ (T(j)a⊗ a)).

With k = s, this is obtained as the xj
n coefficient of

Gk(x1, · · · , xn) = (e(x1−xk) a⊗ · · · ⊗ e(xk−1−xk)T a⊗ a)xk (exk+1T a⊗ · · · ⊗ exnT a⊗ a)

∈ Vn+1((xk))[[x1 − xk, · · · , xk−1 − xk, xk+1, · · · , xn]]

= Vn+1((xk))[[x1 − xk, · · · , xk−1 − xk, xk+1, · · · , xn−1]][[xn]].

Expanding Gk(x1, · · · , xn) = ∑j≥0 xj
nG[n]

k,j (x1, · · · , xn−1), we have

G[n]
k,j (x1, · · · , xn−1) ∈ Vn+1((xk))[[x1 − xk, · · · , xk−1 − xk, xk+1, · · · , xn−1]].

(vi) Case 2 ≤ i ≤ n− 1 and s = i.

In this case, for o = uv, we have

Xu(a, · · · , a, T(j)a⊗ a) = e(x1−xs)T a⊗ · · · ⊗ e(xs−1−xs)T a⊗ (T(j)a⊗ a),

Xv(a, · · · , a) = e(xs+1−xn)T a⊗ · · · ⊗ e(xn−1−xn)T a⊗ a.

By a change in variables,

YB(x1,··· ,x̂i ,··· ,xn ,0)(a, · · · , a, T(j)a⊗ a, a, · · · , a)

= (e(x1−xs+1)T a⊗ · · · ⊗ e(xs−1−xs+1)T a⊗ (T(j)a⊗ a))xs+1

× (exs+2T a⊗ · · · ⊗ exnT a⊗ a).

With k = s + 1 = i + 1, this is obtained as the (xi − xi+1)
j coefficient of

Gk(x1, · · · , xn) = (e(x1−xk)T a⊗ · · · ⊗ e(xk−1−xk)T a⊗ a)xk (exk+1T a⊗ · · · ⊗ exnT a⊗ a)

= (e(x1−xk)T a⊗ · · · ⊗ e(xi−xi+1)T a⊗ a)xk (exk+1T a⊗ · · · ⊗ exnT a⊗ a)

∈ Vn+1((xk))[[x1 − xk, · · · , xk−1 − xk, xk+1, · · · , xn]]

= Vn+1((xk))[[x1 − xk, · · · , xk−2 − xk, xk+1, · · · , xn]][[xi − xi+1]].

We write Gk(x1, · · · , xn) = ∑j≥0(xi − xi+1)
jG[i]

k,j(x1, · · · , x̂i, · · · , xn), with

G[i]
k,j(x1, · · · , x̂i, · · · , xn) ∈ Vn+1((xk))[[x1 − xk, · · · , xk−2 − xk, xk+1, · · · , xn]].

(vii) Case 2 ≤ i ≤ n− 2 and i + 1 ≤ s ≤ n− 1.
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In this case, for o = uv, we have

Xu(a, · · · , T(j)a⊗ a, · · · , a)

= e(x1−xs)T a⊗ · · · ⊗ e(xi−xs)T(T(j)a⊗ a)⊗ · · · ⊗ e(xs−1−xs)T a⊗ a,

Xv(a, · · · , a) = e(xs+1−xn)T a⊗ · · · ⊗ e(xn−1−xn)T a⊗ a.

By a change in variables,

YB(x1,··· ,x̂i ,··· ,xn ,0)(a, · · · , a, T(j)a⊗ a, a, · · · , a)

=
(

e(x1−xs+1)T a⊗ · · · ⊗ e(xi−1−xs+1)T a⊗ e(xi+1−xs+1)T(T(j)a⊗ a)⊗

· · · ⊗ e(xs−xs+1)T a⊗ a
)xs+1(exs+2T a⊗ · · · ⊗ exnT a⊗ a).

With k = s + 1, this is obtained as the (xi − xi+1)
j coefficient of

Gk(x1, · · · , xn)

= (e(x1−xk)T a⊗ · · · ⊗ e(xk−1−xk)T a⊗ a)xk (exk+1T a⊗ · · · ⊗ exnT a⊗ a)

= (e(x1−xk)T a⊗ · · · ⊗ e(xi+1−xk)T(e(xi−xi+1)T a⊗ a)⊗ · · · ⊗ e(xk−1−xk)T a⊗ a)xk

× (exk+1T a⊗ · · · ⊗ exnT a⊗ a)

∈ Vn+1((xk))[[x1 − xk, · · · , xk−1 − xk, xk+1, · · · , xn]]

= Vn+1((xk))[[x1 − xk, · · · , x̂i − xk, · · · , xk−1 − xk, xk+1, · · · , xn]][[xi − xi+1]].

We write Gk(x1, · · · , xn) = ∑j≥0(xi − xi+1)
jG[i]

k,j(x1, · · · , x̂i, · · · , xn), with

G[i]
k,j(x1, · · · , x̂i, · · · , xn) ∈ Vn+1((xk))[[x1 − xk, · · · , x̂i − xk, · · · , xk−1 − xk, xk+1, · · · , xn]].

Cases (iii)–(vii) cover all points in the rectangle 2 ≤ i ≤ n and 1 ≤ s ≤ n − 1. Cases
(iii)–(v) cover all the cases s < i; in this case, with k = s, YB(x1,··· ,x̂i ,··· ,xn ,0)(a, · · · , a, T(j)a⊗
a, a, · · · , a) is obtained from the (xi − xi+1)

j coefficient of Gk(x1, · · · , xn), with the under-
standing that xi − xi+1 = xn if i = n. Cases (vi) and (vii) cover all cases s ≥ i, and in this
case, the same is true except we should take k = s + 1. Hence, for a fixed 2 ≤ i ≤ n, we
have 1 ≤ k ≤ n with k 6= i.

Suppose (27) is n-associative for a fixed 2 ≤ i ≤ n and j ≥ 0. We have Ψij(x1, · · · , x̂i,
· · · , xn) ∈ Vn+1[[x1, · · · , x̂i, · · · , xn]] and Nij ∈ N such that

Ψij(x1, · · · , x̂i, · · · , xn) = sn(x1, · · · , x̂i, · · · , xn, 0)Nij G[i]
k,j(x1, · · · , x̂i, · · · , xn)

for all 1 ≤ k ≤ n with k 6= i. Because G[i]
1,j(x1, · · · , x̂i, · · · , xn) ∈ Vn+1((x1))[[x2, · · · , x̂i, · · · ,

xn]], Ψij(x1, · · · , x̂i, · · · , xn) must have a factor

(
x2 · · · x̂i · · · xn ∏

2≤p<q≤n
p,q 6=i

(xp − xq)
)Nij

.

Because G[i]
k,j(x1, · · · , x̂i, · · · , xn) belongs to Vn+1((xk))[[x1 − xk, · · · , x̂i − xk, · · · , xk−1 − xk,

xk+1, · · · , xn]] for k > i and to Vn+1((xk))[[x1 − xk, · · · , xk−1 − xk, xk+1, · · · , x̂i, · · · , xn]]
for k < i, we see that Ψij(x1, · · · , x̂i, · · · , xn) must also have a factor (x1 − xk)

Nij for all
2 ≤ k ≤ n, k 6= i. Canceling these factors for k = 1, we conclude that

x
Nij
1 G[i]

1,j(x1, · · · , x̂i, · · · , xn) ∈ Vn+1[[x1, · · · , x̂i, · · · , xn]] (35)
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and thus
G[i]

1,j(x1, · · · , x̂i, · · · , xn) ∈ Vn+1[[x1, · · · , x̂i, · · · , xn]][x−1
1 ] (36)

and
x

Nij
1 G[i]

1,j(x1, · · · , x̂i, · · · , xn) = x
Nij
1 G[i]

k,j(x1, · · · , x̂i, · · · , xn)

for all 2 ≤ k ≤ n, k 6= i. Therefore, by Lemma 9, we must have

G[i]
k,j(x1, · · · , x̂i, · · · , xn) = ι

xk
x1 G[i]

1,j(x1, · · · , x̂i, · · · , xn)

for all 2 ≤ k ≤ n, k 6= i. Conversely, if (35) and (36) hold, it also follows from Lemma 9
that (27) are n-associative. Because G[i]

1,j(x1, · · · , x̂i, · · · , xn) for j ≥ 0 are obtained as the

(xi − xi+1)
j coefficient of G1(x1, · · · , xn), the conditions for n-associativity for all j ≥ 0 can

be written as

G1(x1, · · · , xn) ∈
(
Vn+1[[x1, · · · , x̂i, · · · xn]][x−1

1 ]
)
[[xi − xi+1]]

Gk(x1, · · · , xn) = ι
xk
x1 G1(x1, · · · , xn) (37)

for all 2 ≤ k ≤ n with k 6= i, with xi − xi+1 = xn if i = n. Requiring these conditions
for all 2 ≤ i ≤ n implies that (37) should hold for all 2 ≤ k ≤ n. Combining with (34),
the lemma follows.

Theorem 2. Let n ≥ 3. Let V be a prefield algebra in Theorem 1 defined with the functions

G1(x1, · · · , xn) = exp
( (x1 − x2)(x2 − x3) · · · (xn−1 − xn)xn

x1

)
a⊗(n+1),

Gk(x1, · · · , xn) = ι
xk
x1 exp

( (x1 − x2)(x2 − x3) · · · (xn−1 − xn)xn

x1

)
a⊗(n+1)

for 2 ≤ k ≤ n. Then, V is n-associative, but it is not (n + 1)-associative. Hence, the condition of
(n + 1)-associativity is strictly stronger than n-associativity for all n ≥ 3.

Proof. We use the fact that for any commutative associative C-algebra A, if u(x1, · · · , xk) ∈
A[[x1, · · · , xk]] has the vanishing constant term, then for any f (x) ∈ C[[x]], the compo-
sition f (u(x1, · · · , xk)) is well defined as an element of A[[x1, · · · , xk]]. We verify that
Gk(x1, · · · , xn), 1 ≤ k ≤ n, satisfy the conditions for n-associativity of V given in Lemma 10.
Let

P(x1, · · · , xn) =
(x1 − x2)(x2 − x3) · · · (xn−1 − xn)xn

x1
.

With the understanding that xn+1 = 0, we have

P(x1, · · · , xn) =
(x1 − x2) · · ·

(
(xi−1 − xi+1)− (xi − xi+1)

)
(xi − xi+1) · · · (xn−1 − xn)xn

x1

∈
(
C[[x1, · · · , x̂i, · · · , xn]][x−1

1 ]
)
[[xi − xi+1]]

in the ideal generated by xi − xi+1 for all 2 ≤ i ≤ n. Hence,

G1(x1, · · · , xn) = (exp P(x1, · · · , xn))a⊗(n+1)

∈
(
Vn+1[[xi, · · · , x̂i, · · · xn]][x−1

1 ]
)
[[xi − xi+1]]

for all 2 ≤ i ≤ n, and the identities

Gk(x1, · · · , xn) = ι
xk
x1 G1(x1, · · · , xn)
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for all 2 ≤ k ≤ n in Lemma 10 are satisfied by definition. We also need to verify

G2(x1, · · · , xn) ∈
(
Vn+1[[x2, · · · , xn]][x−1

2 ]
)
[[x1 − x2]].

This follows because we have G2(x1, · · · , xn) = exp
(
ιx2
x1 P(x1, · · · , xn)

)
a⊗(n+1), where

ιx2
x1 P(x1, · · · , xn) =

(
∑
j≥0

(−1)jx−1−j
2 (x1 − x2)

j)(x1 − x2)(x2 − x3) · · · (xn−1 − xn)xn

which belongs to the ideal generated by x1 − x2 in
(
C[[x2, · · · xn]][x−1

2 ]
)
[[x1 − x2]]. Finally,

the identities
Gk(x1, · · · , xn) = ι

xk
x2 G2(x1, · · · , xn)

for 3 ≤ k ≤ n are the consequences of the fact that ι
xk
x2 ιx2

x1 P(x1, · · · , xn) = ι
xk
x1 P(x1, · · · , xn),

which holds by (24). Hence, V is n-associative. By (21), we have

G1(x1, · · · , xn) = ax1(ax2(· · · (axn a))) = Yx1(x2(···(xn0)))(a, a · · · , a)

for the n + 1 vectors a, a, · · · , a ∈ V. They do not satisfy (n + 1)-associativity because the
presence of an “essential singularity” along x1 in G1(x1, · · · , xn) shows

sn+1(x1, · · · , xn, 0)NYx1(x2(···(xn0)))(a, a · · · , a) /∈ V[[x1, · · · , xn]]

for any N ∈ N.

5. Conclusions

Vertex algebras are analogous to the commutative and associative algebras, and field
algebras generalize vertex algebras by only requiring the associative properties. We de-
fined the notion of higher-order associativity of field algebras. If Fn is the class of field
algebras that are n-associative, then by Theorem 2, the inclusions (2) can be written as
proper inclusions

F3 ) F4 ) F5 ) · · · ) F∞. (38)

We may phrase this phenomenon by saying that even if the product of every n fields is
associative and has only meromorphic operator product expansion, the product of more
fields may develop an essential singularity. One may wonder if this can be used to an
advantage to find some strange but interesting examples.

On the other hand, we may want to specify the class F∞ in an efficient way. We
can certainly require the ∞-associativity in Definition 3. The notion of meromorphic field
algebras was given in [12] with an equivalent definition as a formally rational deformation
operad. Whether there exists a simpler description remains a question.
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