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Abstract

:

An engineered fluid, called nanofluid, is expected to have better thermal conductivity than conventional working fluids. The superior heat transfer performance and various possible applications promote the analysis of nanofluids in different flow geometries. This paper studies the flow of non-Newtonian Burgers’ nanofluids over a permeable stretching/shrinking surface with a heat source/sink. In the current study, we highlight the use of the single-phase nanofluid model in studying the boundary layer flow. The basic partial differential equations are transformed into ordinary (similarity) differential equations. Then, the resulting equations and boundary conditions are solved numerically in MATLAB using the bvp4c package. Triple solutions are presented, and stability analysis certifies that the first solution is physically realizable in practice. It is found that the increment of the heat source parameter raised the temperature profile of the nanofluids. Al2O3/H2O and Cu/H2O nanofluids produced the highest skin friction coefficient in the flow over stretching and shrinking surfaces, respectively. Meanwhile, Cu/H2O nanofluid showed a better heat transfer performance when compared to Al2O3/H2O and TiO2/H2O nanofluids. The present study is novel and could serve as a reference to other researchers for further analysis of heat transfer performance and the rheological behavior of nanofluids.
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1. Introduction


Every fluid that obeys Newton’s law of viscosity, i.e., viscosity is independent of shear stress, is termed a Newtonian fluid. Meanwhile, fluids such as toothpaste, ketchup, polymers, colloids, and tars with variable viscosity depending on the shear rate and shear stress are called non-Newtonian fluids. The non-Newtonian fluids are further classified into three sub-categories: the differential-type, integral-type, and rate-type. Fluid models such as Maxwell, Oldroyd-B, and Burgers are proposed to represent the rate-type fluids, characterized by the fluid relaxation and retardation time phenomena [1]. Among these models, only the Burgers’ fluid model expresses relaxation and retardation time properties simultaneously, which is suitable for describing the rheological properties of assorted viscoelastic materials; for example, asphalt, soil, cheese, and polymeric liquids (see Hayat et al. [2]; Rashidi et al. [3]). However, the Burgers’ model is less popular among researchers due to its complex constitutive equations and mathematical formulation. Some of the studies on Burgers’ fluid are those by Alsaedi et al. [4], Hayat et al. [5,6,7,8], Ahmad et al. [9], Khan et al. [10], Imran et al. [11], Safdar et al. [12], Akram et al. [13], Jiang et al. [14], and Gangadhar et al. [15].



Rapid development in engineering applications and electronic devices demands a more efficient and advanced nanofluid to act as a coolant in removing excess heat from devices. Nanofluids are defined by Choi [16] as fluids containing particles with an average size of 10 nanometers (e.g., carbon nanotubes, carbides, metals, and oxides). These particles are dispersed in a conventional heat transfer fluid (e.g., water, oil, and ethylene glycol), called base fluid. The synthesis of nanofluids serves the purpose of finding superior heat transfer fluid with better performance than conventional fluids. Incorporating high thermal conductivity nanoparticles into the conventional fluids improves the heat transfer performance of the fluids (see Alghamdi [17]; Khan and Alzahrani [18]; Hayat et al. [19,20]; Iqbal et al. [21]). The processes of preparing nanofluids were elucidated by Xuan and Li [22], Das et al. [23], and Khattak et al. [24]. Due to various applications of nanofluids, for example, in manufacturing processes, microelectronics, biomedical field, food processing, nuclear cooling system, and computer processor, it is interesting to study the flow of different nanofluids over diverse physical geometries and conditions. It is worth mentioning that references to nanofluids can be found in the books by Das et al. [25], Nield and Bejan [26], Minkowycz et al. [27], and Shenoy et al. [28], and in the review papers by Manca et al. [29], Myers et al. [30], Mahian et al. [31,32,33], and others. Khan and Khan [34] discussed the forced convection flow of Burgers’ nanofluid over a stretching sheet. Whereas Khan and Khan [35] studied the free convection flow of Burgers’ nanofluid in the presence of heat generation/absorption. The effects of the heat generation parameter on the temperature profile were the opposite of the heat absorption parameter. Then, Hayat et al. [19] analyzed the flow of Burgers’ nanofluid with convective boundary condition and a magnetic field. The nanofluid velocity in hydromagnetic flow was shown to be slower than in the hydrodynamic flow due to the existence of Lorentz force. Meanwhile, the relaxation and retardation time parameters reduce and enhance the velocity of the nanofluid, respectively. The same results were reported by Hayat et al. [20] for mixed convection flow. The Buongiorno nanofluid model [36] was utilized in [19,20,34,35] with thermophoresis and Brownian motion considered in these studies. Rashidi et al. [3] found that the thermophoresis and Brownian motion parameters improve the molecular movement that raises the nanofluid temperature. However, the nanofluid concentration decreases with the increment of the Brownian motion parameter. The semi-analytical solution for Burgers’ nanofluid flow between parallel channels was presented by Muhammad et al. [37]. Meanwhile, the study by Khan et al. [38] and Khan et al. [1] revealed that the enhancement of thermal and concentration boundary layers was achieved through the increase of Burgers’ material parameter. However, the augmentation of this parameter impedes the nanofluid velocity. Other recent studies on Burgers’ nanofluid were carried out by Iqbal et al. [21], Khan et al. [39], Waqas et al. [40], Ramzan et al. [41], and Wang et al. [42].



The present study will combine the Burgers’ fluid model and the single-phase Tiwari and Das [43] nanofluid model to depict the flow of nanofluids over a stretching/shrinking surface with heat generation/absorption. Flow with such geometry and conditions may have applications for heat exchangers, cooling of devices, nuclear reactors, automobiles, extrusion of plastic sheets, and many others. A previous study on Burgers’ nanofluid, conducted by Khan and Khan [35], adopted the two-phase Buongiorno nanofluid model and only analyzed the stretching sheet case. Contrary to the Buongiorno model, the Tiwari and Das model considers the effects of nanoparticles volume fraction with the assumption of a no-slip condition between the nanoparticles and base fluid. The non-linear ordinary differential equations and boundary conditions will be solved numerically in MATLAB using the bvp4c package. The results, presented in tables and graphs, will be examined and discussed in detail. Through the authors’ knowledge, studies on Burgers’ fluid using the single-phase nanofluid model have not been carried out by other researchers. Thus, the current study is an original work to be added to the limited literature and provides new information to the researchers working in the area of nanofluids. Three different nanofluids are considered, namely Cu/H2O, Al2O3/H2O, and TiO2/H2O. It should be mentioned that we are able to generate triple solutions for the shrinking case (  λ < 0 )  , which doesn’t exist for many shrinking problems.




2. Mathematical Model


Consider the steady flow of Burgers’ fluid over a permeable stretching/shrinking surface (sheet) with heat source/sink, as shown in Figure 1.  x  and  y  are the Cartesian coordinates such that the   x  −axis runs along the surface of the sheet while the  y −axis is in the normal direction to the sheet with the flow being at   y ≥ 0  . As a thermal enhancement, three different nanoparticles, namely Cu, Al2O3, and TiO2, are diluted in a base fluid (water). Assumptions are made such that the velocity of the stretching/shrinking sheet is    U w   ( x )   , and the mass transfer is    v w    with    v w  < 0   for suction and    v w  > 0   for injection. The temperature of the sheet is constant    T w   , while the working fluid temperature is    T ∞   .



The equations governing the steady boundary layer flow of an incompressible Burgers’ nanofluid with a heat source/sink are written in Cartesian coordinates    (  x , y  )    as (see Khan and Khan [35]; Ejaz et al. [45]):


    ∂   u     ∂   x   +   ∂   v     ∂   y   = 0 ,  



(1)






        u     ∂   u   ∂   x   + v     ∂   u   ∂   y   +  λ 1   (   v 2       ∂ 2  u   ∂    y 2    + 2   u   v      ∂ 2  u   ∂   x   ∂   y    )  +        λ 2   [   v 3     ∂ 3  u   ∂    y 3    + 3      v 2   (    ∂   v   ∂   y        ∂ 2  u   ∂    y 2    +   ∂   u   ∂   y        ∂ 2  u   ∂   x   ∂   y    )  + 3   u    v 2     ∂  3     u   ∂   x   ∂    y 2    +         2   u v     ∂   v   ∂   y        ∂ 2  u   ∂   x   ∂   y    ]  =      μ n     ρ n       [         ∂ 2  u   ∂    y 2    +  λ 3     (  u      ∂ 3  u   ∂   x   ∂    y 2    + v      ∂ 3  u   ∂    y 3    −             ∂   u   ∂   x        ∂ 2  u   ∂    y 2    −   ∂   u   ∂   y        ∂ 2  v   ∂    y 2     )       ]  ,      }     



(2)






  u     ∂   T   ∂   x   + v     ∂ T   ∂   y   =    k n       (  ρ    C p   )   n         ∂ 2  T   ∂    y 2    +  Q     (  ρ    C p   )   n       (  T −  T ∞   )  ,    



(3)




along with the boundary conditions (see Hayat et al. [7])


              v =  v w  ,   u =  U w   ( x )    λ = a   x   λ ,   T =  T w    at   y = 0           u → 0 ,     ∂ u   ∂ y   → 0 ,   T →  T ∞    a s   y → ∞ .     ,  }   



(4)







Here,  u  and  v  represent the velocity components along   x −   and   y −  axes,  a  is a positive constant,  T  is the temperature,    λ 1    and    λ 3     (  ≤  λ 1   )    are the relaxation and retardation times, respectively,    λ 2    is the material parameter of the Burgers’ fluid,    Q 0    is the heat generation/absorption parameter, and  λ  is the constant stretching/shrinking parameter with   λ < 0   for the shrinking sheet,   λ = 0   for static sheet, and   λ > 0   for the stretching sheet.



Next,    ρ n    is the density,      (  ρ  C p   )   n    is the heat capacity,    μ n    is the dynamic viscosity, and    k n    is the thermal conductivity of the nanofluid, given by (see Ho et al. [46]; Sheremet et al. [47]):


         ρ n  =  (  1 − ϕ  )     ρ f  + ϕ    ρ s  ,          (  ρ  C p   )   n  =  (  1 − ϕ  )       (  ρ    C p   )   f  + ϕ      (  ρ    C p   )   s  ,          μ n     μ f    =  1     (  1 − ϕ  )    2.5     ,          k n     k f    =    k s  + 2    k f  − 2   ϕ    (   k f  −  k s   )     k s  + 2    k f  + 2   ϕ    (   k f  −  k s   )    .      }   



(5)







Here, the suffixes   f , n ,    and    s   describe the base fluid, nanofluid, and nanoparticle, respectively,  ϕ  is the nanoparticle volume fraction    (  ϕ = 0    correspond   to   a   regular   fluid   )   , and    C p    is the heat capacity at constant pressure. Table 1 describes the thermal and physical characteristics of base liquids and nanoparticles.



Guided by the boundary conditions (4), we introduce the following similarity variables:


  ψ =   a    ν f      x   f  ( η )  ,   θ  ( η )  =   T −  T ∞     T  w     −  T ∞    ,   η = y    a   ν f      ,  



(6)




where   ψ  (  x , y  )    is the Stokes stream function defined as   u = ∂ ψ / ∂ y   and   v = − ∂ ψ / ∂ x  . Thus, we have:


  u = a   x    f ′   ( η )  , v = −   a    ν f      f  ( η )  ,  



(7)




In addition,


   v w  = −   a    ν f      S ,  



(8)




where prime (′) denotes differentiation with respect to  η , and the mass flux parameter is  S  with   S < 0   for injection and   S > 0   for suction.



We obtain the following ordinary (similarity) differential equations after substituting (6) into Equations (2) and (3):


           μ n  /  μ f     ρ n  /  ρ f     f ‴  + f  f ″  −   f ′  2  +  β 1   (  2   f    f ′   f ″  −  f 2   f ‴   )  +        β 2     (   f 3     f  i v   − 2 f  f ″    f ′  2  − 3    f 2    f ″  2   )  +          μ n  /  μ f     ρ n  /  ρ f     β 3   (     f ″   2  − f    f  i v    )  = 0      }   



(9)






   1  P r      k n     k f       θ ″  +      (  ρ    C p   )   n       (  ρ    C p   )   f    f    θ ′  + K θ = 0  



(10)




along with the boundary conditions


                  f  ( 0 )  = S ,      f ′   ( 0 )  = λ ,           θ  ( 0 )  = 1            f ′   ( η )  → 0 ,          f ″   ( η )  → 0 ,           θ  ( η )  → 0         a s             η → ∞      }   



(11)







Here,   P r   is the Prandtl number,    β 1  ,    β 2    and    β 3    are the non-Newtonian parameters, and   K > 0   is the heat source and   K < 0   is the heat sink, which are defined as:


  P r =      (  μ    C p   )   f     k f    ,        β 1  = a    λ 1  ,        β 2  =  a 2     λ 2  ,        β 3  = a    λ 3  ,       K =    Q 0    a     ( ρ  C p  )  f     



(12)







The quantities of physical interest are the skin friction coefficient    (   C f   )    and the local Nusselt number    (  N  u x   )   :


   C f  =      μ n     ρ f     [   U w   ( x )   ]   2         (    ∂   u   ∂   y    )    y = 0   ,                 N  u x  =   x    k n     k f     (   T w  −  T ∞   )         (  −   ∂   T   ∂   y    )    y = 0   .  



(13)







Using (7) and (13), we acquire:


  R  e x  1 / 2    C f  =    μ n     μ f     f ″   ( 0 )  ,                     R  e x  − 1 / 2   N  u x  = −    k n     k f       θ ′   ( 0 )   



(14)







It is worth mentioning that for   ϕ = 0   (classical viscous fluid) and    β 1  =  β 2  =  β 3  = 0 ,   Equation (9) becomes identical with Equation (7) from the paper by Fang et al. [49], namely,


   f ‴  + f  f ″  −   f ′  2  = 0  



(15)




along with the boundary conditions,


      f  ( 0 )  = S ,      f ′   ( 0 )  = λ ,            f ′   ( η )  → 0         a s             η → ∞     .  



(16)







The exact solution of the boundary value problem (15,16) is given by Vajravelu and Rollings [50] or Cortell [51], as,


  f  ( η )  = S + α    (  1 −  e  − β   η    )  ,       β = S + α > 0  



(17)




where   α   β = λ  , from the boundary condition    f ′   ( 0 )  = λ  . The value β (>0) is given by the quadratic equation,


   β 2  − S   β − λ = 0  



(18)




and then,


  β =   S     ±        S 2  +   4   λ    2   



(19)







Thus, we have,


   f ″   ( 0 )  = −  λ 2     (  S ±      S 2  + 4   λ    )   



(20)




so that it gives, as it is expected,    λ c  = −  S 2  / 4 < 0  , where    λ c    is the critical value of   λ   ( < 0 )   for which the boundary value problem (15) and (16) has a physical realizable problem. Further, we notice that when   λ = 1   (stretching sheet) and   S = 0   (impermeable surface), we acquire from (20) that    f ″   ( 0 )  = − 1  , which is in agreement with the value first reported by Crane [52].




3. Stability Analysis


The multiple solutions to the boundary value problem (9)–(11) are classified as stable or unstable by performing a stability analysis. Weidman et al. [53] and Roşca and Pop [54] have shown in their respective studies that the lower branch solutions are unstable (not realizable physically), while the upper branch solutions are stable (physically realizable). The stability analysis of multiple solutions had also been conducted in the papers by Wahid et al. [55], Lund et al. [56], and Yahaya et al. [57]. As in Weidman et al. [53], we introduce a new dimensionless time variable   τ = a t   with  t  as time. The involvement of  τ  corresponds to an initial value problem and is suitable with the uncertainty of which solution is physically realizable. Numerical computations of boundary layer problem (9)–(11) may produce zero, unique, or multiple solutions. Therefore, the governing Equations (9) and (10) are replaced by unsteady boundary layer equations and new similarity variables containing a dimensionless time variable  τ . Then, we obtain:


     μ n  /  μ f     ρ n  /  ρ f         ∂ 3  f   ∂    η 3    + f    ∂ 2  f   ∂    η 2    −    (    ∂   f   ∂   η    )   2  +  β 1   [  2   f   ∂   f   ∂   η        ∂ 2  f   ∂    η 2    −  f 2     ∂ 3  f   ∂    η 3     ]  +  β 2   [   f 3     ∂ 4  f   ∂    η 4    −  3    f 2       (     ∂ 2  f   ∂    η 2     )   2    − 2   f    (    ∂   f   ∂   η    )   2     ∂ 2  f   ∂    η 2     ]  +    μ n  /  μ f     ρ n  /  ρ f       β 3   [     (     ∂ 2  f   ∂    η 2     )   2  − f    ∂ 4  f   ∂    η 4     ]  −    ∂ 2    f   ∂   η   ∂   τ   = 0 ,    



(21)






   1  P r        k n     k f         ∂ 2  θ   ∂    η 2    +      (  ρ    C p   )   n       (  ρ    C p   )   f      f     ∂   θ   ∂   η   + K   θ −      (  ρ    C p   )   n       (  ρ    C p   )   f        ∂   θ   ∂   τ   = 0 ,    



(22)






                                                                    f  (  0 , τ  )  = 0 ,             ∂   f   ∂   τ    (  0 , τ  )  = 0 ,           θ  (  0 , τ  )  = 0               ∂   f   ∂   η    (  η , τ  )  → 0 ,          ∂ 2  f   ∂    η 2     (  η , τ  )  → 0 ,         θ  (  η , τ  )  → 0       a s       η → ∞      }  .  



(23)







To test the stability of the steady flow solutions   f  ( η )  =  f 0   ( η )    and   θ  ( η )  =  θ 0   ( η )    satisfying the boundary-value problem (9)–(11), we can write (see Weidman et al. [53] and Roşca and Pop [54]),


        f  (  η , τ  )  =  f 0   ( η )  +  e  − γ τ     F  (  η , τ  )        θ  (  η , τ  )  =  θ 0   ( η )  +  e  − γ τ     G  (  η , τ  )       }   



(24)




where  γ  is an unknown eigenvalue parameter related to the growth and decay distributions of disturbance, and   f  ( η )  =  f 0   ( η )    and   θ  ( η )  =  θ 0   ( η )    with   F  (  η , τ  )  ≪  f 0   ( η )    and   G  (  η , τ  )  ≪  θ 0   ( η )   .



The stability of solutions is determined by detecting the presence of initial growth or decay of disturbance in the solutions. Thus, the value of  τ  is set to zero so that   F  ( η )  =  F 0   ( η )    and   G  ( η )  =  G 0   ( η )   , and the following linear eigenvalue problem is obtained:


     μ n  /  μ f     ρ n  /  ρ f       F 0  ‴   +  f 0     F 0  ″   +  F 0     f 0  ″   − 2    F 0 ′     f 0 ′  +  β 1     [  2    f 0     f 0 ′     F 0  ″   + 2    f 0     F 0 ′     f 0  ″   + 2    F 0     f 0 ′     f 0  ″      










  −  f 0 2     F 0  ‴     − 2    f 0     F 0     f 0  ‴    ]  +  β 2     [   f 0 3     F 0  ⁗   + 3    f 0 2     F 0     f 0  ⁗   − 6    f 0 2     f 0  ″      F 0  ″   − 6    f 0     F 0     f 0  ″     2     










  − 2    f 0     f 0 ′    2     F 0  ″     − 4    f 0     f 0 ′     f 0  ″      F 0 ′  − 2    F 0     f 0 ′    2     f 0  ″      ]  +    μ n  /  μ f     ρ n  /  ρ f       β 3     [  2    f 0  ″      F 0  ″   −  f 0     F 0  ⁗   −  F 0     f 0  ⁗    ]  + γ  F 0 ′  = 0 ,  



(25)






   1  P r        k n     k f       G 0  ″   +      (  ρ    C p   )   n       (  ρ    C p   )   f       [   f 0     G 0 ′  +  F 0     θ 0 ′   ]  + K    G 0  +      (  ρ    C p   )   n       (  ρ    C p   )   f        γ    G 0  = 0 ,    



(26)




with the linearized boundary conditions:


         F 0   ( 0 )  = 0 ,          F 0 ′   ( 0 )  = 0 ,          G 0   ( 0 )  = 0        F 0 ′   ( ∞ )  → 0 ,          F 0  ″    ( ∞ )  → 0 ,          G 0   ( ∞ )  → 0      }  .  



(27)







The free-stream boundary condition    F 0 ′   ( ∞ )  → 0   is relaxed so that a possible range of eigenvalues, with the smallest eigenvalue of    γ 1   , can be generated in the numerical computation (see Harris et al. [58] and Zainal et al. [59]). Hence, Equations (25) and (26) are solved numerically with a new set of boundary conditions:


         F 0   ( 0 )  = 0 ,          F 0 ′   ( 0 )  = 0 ,          F 0  ″    ( 0 )  = 1 ,          G 0   ( 0 )  = 0        F 0  ″    ( ∞ )  → 0 ,          G 0   ( ∞ )  → 0      }   



(28)








4. Results and Discussion


All numerical computations are conducted using the bvp4c package containing finite difference code that utilizes the three-stage Lobatto IIIa formula. Equations (9), (10), (25) and (26) with the boundary conditions (11) and (28) are converted into the bvp4c algorithm. The examples are shown by Khashi’ie et al. [60] and Yahaya et al. [61]. Most of the time, the controlling parameters are kept constant with values of   ϕ = 0.2 ,   λ = − 1 ,   S = 3 ,   K = 0.2 ,    β 1  = 0.4 ,    β 2  = 0.3   and    β 3  = 0.1  . The finite value for the free-stream boundary conditions (11) (i.e.,   η → ∞  ) is adjusted such that    η  max   = 7   to match the specified values of the controlling parameters. All profiles successfully achieve the free-stream condition (11) within the range of the stated    η  max    . Following Pantokratoras [62], the velocity and temperature profiles should reach the free-stream boundary condition with asymptotic behavior to satisfy the boundary layer flow. Thus, ensuring the correctness of the numerical computations and results. To be confident, we compared the present numerical results with a published study, as shown in Table 2. Again, the results show a good agreement.



At the value of   λ = − 1  , which denotes a shrinking sheet case, triple solutions are found and assigned as the first, second, and third solutions following the arrival of each to the free-stream boundary condition (11). The numerical results of the linear eigenvalue problem (25), (26), and (28) for the smallest eigenvalue,    γ 1   , are tabulated in Table 3. Based on these results, there is an initial decay of disturbance (i.e.,    γ 1  > 0  ) in the first solution, whereas an initial growth (i.e.,    γ 1  < 0  ) is detected in the second and third solutions (see Yahaya et al. [57]). Therefore, the first solution is stable, while the second and third solutions are unstable. The first solution will be meaningful and realizable in real-life applications. Hence, the discussion in this section will focus on the first solution. Nevertheless, the other solutions are still recorded due to their mathematical importance.



In this study, different nanoparticles are dispersed in a base fluid to form three different nanofluids, named Cu/H2O (copper-water), Al2O3/H2O (aluminum oxide-water), and TiO2/H2O (titanium dioxide-water) nanofluids. The skin friction coefficient (  R  e x  1 / 2    C f   ) and Nusselt number (  R  e x  − 1 / 2   N  u x   ) of these nanofluids are compared in Table 4. At the selected values of controlling parameters, the skin friction coefficient varies slightly between the nanofluids. However, Al2O3/H2O and Cu/H2O nanofluids are perceived to have the largest value of   R  e x  1 / 2    C f    in the stretching and shrinking cases, respectively. In addition to that, the skin friction coefficient is higher in the shrinking sheet case than in the stretching sheet case, and   R  e x  1 / 2    C f  > 0   indicates the fluid exerts a drag force on the sheet. Meanwhile, the Nusselt number, related to heat transfer rate, is enhanced significantly when Cu nanoparticle is used for the nanofluid. It is observed that Cu/H2O nanofluid has the highest value of   R  e x  − 1 / 2   N  u x    compared to other nanofluids, and the rate of heat transfer in the stretching sheet case is slightly higher than in the shrinking sheet case. The comparison of the Nusselt number produced by these nanoparticles when dispersed in a Newtonian base fluid (water) was performed by Rahman and Ariz [63] and Dawar et al. [64]. The combination Cu/H2O nanofluid also displays the highest Nusselt number in these studies. As tabulated in Table 1, Cu nanoparticles has the highest thermal conductivity ( k ), which explains the largest increment of   R  e x  − 1 / 2   N  u x   (  = −    k n     k f       θ ′   ( 0 )   )    occurred with the mixture of water and Cu nanoparticles. However, the combination of water and Cu nanoparticles augments the skin friction coefficient in the shrinking sheet case. Whereas Cu/H2O nanofluid produces the lowest skin friction coefficient in the stretching sheet case.



The velocity and temperature profiles of various nanofluids are presented in Figure 2 and Figure 3. From Figure 2, it is found that Al2O3/H2O and Cu/H2O have the highest and lowest velocity profiles, respectively. Meanwhile, the thermal boundary layer of Cu/H2O nanofluid is thicker than the other nanofluids, as depicted in Figure 3. The high thermal conductivity of Cu nanoparticles is enough to increase the Nusselt number of the nanofluid even with a small temperature gradient (  −  θ ′   ( 0 )   ).



Next, the effects of nanoparticle volume fraction ( ϕ ) are presented in Figure 4 and Figure 5. In both cases of stretching and shrinking sheets, the rise of  ϕ  improves the velocity and temperature profiles of the nanofluids. Physically, the addition of  ϕ  raises the collision of nanoparticles and base fluid which accelerates the nanofluid velocity [64]. As the value of  ϕ  increases, the momentum and thermal boundary layers enlarge. Then, the temperature gradient    (  −  θ ′   ( 0 )   )    decreases. However, the increment of nanoparticle volume fraction boosts the thermal conductivity of the nanofluids that augments the Nusselt number    (  R  e x  − 1 / 2   N  u x  = −    k n     k f       θ ′   ( 0 )   )    associated with the heat transfer rate.



The temperature profiles with various values of heat source/sink parameter ( K ) are shown in Figure 6. It is observed that the increment of heat source parameter (  K > 0 )   raises the temperature profiles of the nanofluids. The presence of a heat source yields extra heat to the nanofluids and raises the temperature. The thermal boundary layer thickness is also increased by   ( K > 0 )  . However, the enhancement in the heat sink parameter (  K < 0 )   reduces the temperature profiles and thermal boundary layer thickness. These agree with the results obtained by Khan and Khan [35].



Meanwhile, Figure 7, Figure 8, Figure 9, Figure 10, Figure 11 and Figure 12 show the effects of non-Newtonian parameters (   β 1  ,    β 2    and    β 3   ) on the velocity and temperature profiles of the nanofluids. The augmentation of the fluid relaxation time parameter (   β 1   ) reduces the velocity profile near the surface of the stretching sheet. The increase in    β 1   , which implies the rise in the ratio of relaxation to observation times, enhances the resistance between the fluid elements and diminishes the velocity profile. After some distance from the sheet, the velocity profile increases with    β 1   . Since resistance generates heat, the temperature profile rises with the increment of    β 1   . However, the opposite behaviors are observed for the shrinking sheet case illustrated in Figure 7b and Figure 8b. The Burgers’ fluid parameter (   β 2   ) exhibits the same effects as    β 1    on the velocity and temperature profiles of the nanofluids. According to Hayat et al. [6],    β 1    and    β 2    demonstrate both viscous and elastic effects, which give rise to tensile stress that reduces the velocity and momentum boundary layer thickness, as obtained in Figure 9a. Furthermore,    β 2    is also dependent on relaxation time which raises the temperature profile displayed in Figure 10a. In contrast, the profiles for the shrinking sheet case, in Figure 9b and Figure 10b, revealed different behaviors from the stretching sheet case. In Figure 11a and Figure 12a, the fluid retardation time parameter (   β 3   ) boosts the velocity profile of the nanofluids but lowers the temperature profile. Retardation time implies the specific time needed to build shear stress in the fluid (see Iqbal et al. [21]). Hence, the increase in    β 3    yields more shear stress and improves the fluid velocity. The thinning of the thermal boundary layer raises the temperature gradient for a better heat transfer rate. However, the opposite occurred for the shrinking sheet case in Figure 11b and Figure 12b.




5. Conclusions


The flow of various Burgers’ nanofluids over a stretching/shrinking sheet in the presence of a heat source/sink is studied. The effects of nanoparticle volume fraction on the nanofluid flow are investigated by incorporating the Tiwari and Das nanofluid model in the problem formulation. Then, a built-in bvp4c package in MATLAB is utilized for numerical computation of the flow problem. The following are the significant findings of this study:




	
A unique solution is found for the stretching sheet case, while triple solutions are generated for the shrinking sheet case.



	
Stability analysis of solutions determined that only the first solution is stable and realizable in practice.



	
Three different nanofluids are considered, and Cu/H2O nanofluid has the highest heat transfer rate compared to Al2O3/H2O and TiO2/H2O nanofluids.



	
The application of Al2O3/H2O and Cu/H2O nanofluids in the flow over stretching and shrinking surfaces yield the highest skin friction coefficient, respectively.



	
The inclusion of more nanoparticles into the base fluid boosts the velocity and temperature profiles of the nanofluids.



	
The temperature profile is also augmented by the increment of the heat source parameter but diminished with the heat sink parameter.



	
The non-Newtonian parameters related to Burgers’ fluid have different effects on the velocity and temperature profiles of the nanofluids for both cases of stretching and shrinking sheets.








This study can be extended to different flow geometries, such as Burgers’ nanofluids flow over a stretching cylinder or between a cone and disk, and other physical conditions, such as entropy generation, variable concentration, and chemical reaction. Furthermore, this study can be expanded to suit the current application of heat transfer fluid, for example, in double pipe heat exchangers. Since this is a theoretical study, the experimental investigation of this flow problem is also encouraged.
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Nomenclature








	  a  
	constant



	    C f    
	skin friction coefficient



	    C p    
	heat capacity (J/kg K)



	  f  
	dimensionless velocity



	  k  
	thermal conductivity (W/m·K)



	  K  
	heat source/sink parameter



	   N  u x    
	local Nusselt number



	   P r   
	Prandtl number



	    Q 0    
	heat generation/absorption



	   R  e x    
	local Reynolds number



	  S  
	mass flux parameter



	  t  
	time (s)



	  T  
	fluid temperature (K)



	   x , y   
	Cartesian coordinates along the sheet and normal to it, respectively (m)



	   u , v   
	velocity components along the  x -and  y -directions, respectively (m/s)



	    U w    
	velocity of the stretching/shrinking sheet (m/s)



	    v w    
	mass transfer velocity (m/s)



	Greek symbols
	



	    β 1  ,  β 2  ,  β 3    
	non-Newtonian parameters



	  λ  
	stretching/shrinking parameter



	    λ 1    
	relaxation time



	    λ 2    
	material parameter



	    λ 3    
	retardation time



	  γ  
	unknown eigenvalue



	  η  
	similarity variable



	  ρ  
	fluid density (kg/m3)



	  μ  
	dynamic viscosity (kg/m2s)



	  τ  
	dimensionless time variable



	  ν  
	kinematic viscosity (m2/s)



	  ψ  
	stream function



	  θ  
	dimensionless temperature



	  ϕ  
	nanoparticle volume fraction



	Superscript
	



	′
	differentiation with respect to  η 



	Subscripts
	



	  f  
	base fluid



	  n  
	nanofluid



	  s  
	nanoparticle



	  w  
	sheet surface



	  ∞  
	free stream
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Figure 1. Physical model for: (a) Stretching sheet (λ > 0); (b) Shrinking sheet (λ < 0) [44]. 
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Figure 2. Velocity profiles of different nanofluids for: (a) Stretching case; (b) Shrinking case. 
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Figure 3. Temperature profiles of different nanofluids for: (a) Stretching case; (b) Shrinking case. 
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Figure 4. Effect of nanoparticle volume fraction on velocity profiles for: (a) Stretching case; (b) Shrinking case. 
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Figure 5. Effect of nanoparticle volume fraction on temperature profiles for: (a) Stretching case; (b) Shrinking case. 
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Figure 6. Effect of heat source/sink parameter on temperature profiles for: (a) Stretching case; (b) Shrinking case. 
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Figure 7. Effect of fluid relaxation time parameter on velocity profile for: (a) Stretching case; (b) Shrinking case. 
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Figure 8. Effect of fluid relaxation time parameter on temperature profiles for: (a) Stretching case; (b) Shrinking case. 
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Figure 9. Effect of Burgers’ fluid parameter on velocity profiles for: (a) Stretching case; (b) Shrinking case. 
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Figure 10. Effect of Burgers’ fluid parameter on temperature profiles for: (a) Stretching case; (b) Shrinking case. 
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Figure 11. Effect of fluid retardation time parameter on velocity profiles for: (a) Stretching case; (b) Shrinking case. 
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Figure 12. Effect of fluid retardation time parameter on temperature profiles for: (a) Stretching case; (b) Shrinking case. 
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Table 1. Thermal and physical characteristics for nanoparticles (see Oztop and Abu Nada [48]).
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	Properties
	     ρ   (   kg/m3)
	    C p    ( J / kg   K )   
	   k   ( W / m   K )   
	    P r    





	Cu
	8933
	385
	400
	-



	Al2O3
	3970
	765
	40
	-



	TiO2
	4250
	686.2
	8.9538
	-



	H2O
	997.1
	4179
	0.613
	6.2
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Table 2. Comparison on the values of   − f  ″   ( 0 )    when   ϕ = 0 , λ = 1 ,   S = 0 ,   K = 0    and     β 2  =  β 3  = 0  .
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Present Study

	
Hayat et al. [8]






	
0

	
1.000000
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1.051889
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1.101903

	
1.101903
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Table 3. Values of    γ 1    for various nanofluid when   ϕ = 0.2 , λ = − 1 ,   S = 3 ,   K = 0.2 ,  β 1  = 0.4 ,  β 2  = 0.3   and    β 3  = 0.1  .






Table 3. Values of    γ 1    for various nanofluid when   ϕ = 0.2 , λ = − 1 ,   S = 3 ,   K = 0.2 ,  β 1  = 0.4 ,  β 2  = 0.3   and    β 3  = 0.1  .





	
Nanofluid

	


     γ 1     












	
First Solution

	
Second Solution

	
Third Solution






	
Cu/H2O

	
0.3009

	
−0.2486

	
−0.3246




	
Al2O3/H2O

	
0.5468

	
−0.1424

	
−0.4223




	
TiO2/H2O

	
0.5254

	
−0.1544

	
−0.3289
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Table 4. Values of   R  e x  1 / 2    C f    and   R  e x  − 1 / 2     N u  x    for various nanofluid when   ϕ = 0.2 , S = 3 ,   K = 0.2 ,  β 1  = 0.4 ,  β 2  = 0.3   and    β 3  = 0.1  .
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   λ   









	
Nanofluid

	


    R  e x  1 / 2    C f     









	


    R  e x  − 1 / 2   N  u x     












	

	

	
First

Solution

	
Second

Solution

	
Third

Solution

	
First

Solution

	
Second

Solution

	
Third

Solution






	
1

	
Cu/H2O

	
0.174834

	
-

	
-

	
18.530621

	
-

	
-




	
Al2O3/H2O

	
0.184990

	
-

	
-

	
18.148114

	
-

	
-




	
TiO2/H2O

	
0.184073

	
-

	
-

	
17.977145

	
-

	
-




	
−1

	
Cu/H2O

	
0.834006

	
0.813087

	
0.537593

	
16.965115

	
16.963347

	
16.939337




	
Al2O3/H2O

	
0.823040

	
0.800393

	
0.640871

	
16.639103

	
16.637469

	
16.625451




	
TiO2/H2O

	
0.820846

	
0.798131

	
0.628143

	
16.647590

	
16.646339

	
16.636665

















	
	
Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.











© 2022 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






media/file13.jpg
124

40506

e
bt /B0
1028 - 10
1025 o h0
osrn T
i
T— ra—

254






media/file4.png
1.2

— Cu / HQO
§06' L s AlgOg/HgO
PSR 0.864 '--::""‘-"-'...Z.."-- ............. T102 / HQO

£0.862 "-
g
04r " 086} |
08581 . ; :
02 2.358 2.36 2.362
n
0 ] ]
0 1 2 3 4 5 6
n
(a)
0.8 I ! ! I I I
T——— Cll/’ngo
06 -—- :UgO3,lH20
041 ‘,/:m:“?:\‘..
— First solution ” e
02 — Second solution L i
— Third solution 4 -
=~ 0r
;:/ 4 7 .r;::'"
3 '02 = .e"'!. 7 o
4 3 ’f:’ ;
04+ 557
06 J,.ef”'?f
,r"" < 2 !
08l L 38 4 4.2
1
R I ! ! 1 ! !
0 1 2 3 4 5 6
1






media/file18.png
1.2

S (n)

B> =0.2,0.3,0.35

— Cu/H,0
---- ALO3/H,0
------------ Ti0,/H,0

— Cu/H,0
-—— Alg O3/IH20

5, =02,03,035 __ 1,0, /H50

— First solution
— Second solution
— Third solution






media/file21.jpg
1561 15015
02 ..

05|

25

=002

T 2 3 O s 5

®





media/file3.jpg
s

42
a4
25
a8






media/file22.png
1.2

o
o
|

By =10.1,0.15,0.2

09 ..
U s cnind
Yy
= 0.985 — Cu/H,0
---- Al O3/H,50
0.4 T T Ti0,/H,0
1.56144 1.5615
0.2 n
0 l ] ] ]
0 1 2 3 4 S §
1
(a)
1 | | | I | |
0.5
4
:S 0F ':'J:/.
- : / S
; ';;""':?F =5 CU/HQO
‘ g&ﬁ*’gf; ---- AL, O3/H,0
.............. Ti0y/H,0
05
i —— First solution
',,;-;f.:ff;‘;?-‘f‘”' —— Second solution
o B =0.1,0.15,0.2 — Third solution
1 ! | | | | !
0 1 2 3 4 5 6






media/file19.jpg
oo 00w 003 00378

on)

$=02030%

"
—aumo
S0
T0,/10

(@
A
oo
Fooi
= 06164
osie
ooess
i
—amo
oo
Zromo
w6 oters — Ftuee
" — Thind soluson

05 05 07 08 0 1





media/file7.jpg
12
‘
Sos| .
[ Ti0u/B0
L 173174175
;
y
:
@
"
"
Lsi - ALO, H:0
o
021 Secondsouton
=
z 20304
02|
“ N
08) 3%5 397 3975
.






media/file10.png
8(n)

— Cu/H,0
- A1203/H20
-------------- Ti0,/H,0

(n)

— CU/HQO
L A1203/H20
.............. TiO,/H50

— First solution
—— Second solgtlon
— Third solution






media/file14.png
S (n)

1.2

04

0.2

1.028 |
=1.027}
1,026 FEzsiss

1.025

e

0.37394 0.3739440.373948

61 =04,0.5,0.6

— CU/HQO
- ALO3/H,0
Ti0, /H,0

-------------

0.5

_CH/HQO
R Aleg/HQO

— First solution
—— Second solution
— Third solution

.........

o -
A o
4 S
o 3
"
................ ",
P o s
...... - S %
f’:.' “'\"*'. t'&’
N 0
~, <,
BT e ——————,, < %,
K nnanans -
; ’ “'“;..;-". - - - ) t,‘
£/ e -~ e o
o -~ .
7 e SN«
o o N, ~-, S
7 o ~ % -
A & < <
» L2 % >
e < TN W
y 7 ps R %,

Tl ~"Qq~' "L

e
’_l'
& &
&L
& £F
gl
P
&
2 =
’ oy oo 2
2.5 - 2 E
ot s
- -,
'.'-y .F‘,:O-'s - :"‘#
- g T
e~
- .






media/file11.jpg
08,

06|

o0n)

04

02

01,0010203

0086008700880.089

0z 04 05

08






media/file6.png
o(n)

0(n)

08f ) 2
- 0.54
2052
> 0.5
7. -
| - AlgOg/H2O
""""""""" TiO, / H,0
04 :
02r
0 ! '
0 04 02 03 04 05 08 09
T |
R ClleHQO
- A1303/H2O
............ TiOz/HQO
— First solution
—— Second solution
—— Third solution
0.8 0.9






media/file15.jpg
oasess

oz otzm

[
5185
= o

o

.
—amo
S0
— Ti0:/H0
Cumom  —lmicue
b B

o 05 o8 07 o8






nav.xhtml


  mathematics-10-01580


  
    		
      mathematics-10-01580
    


  




  





media/file16.png
0(n)

0.8

0.6

0.4

0

0(n)

2

0.43645 |

0(n)

0.43644 |

0.43648 [~
{%‘. "“‘- \‘\ \\
% "-“ 'y \s“‘\ “‘
L S043646) ) x
S A ;
: % \‘\. *
\ 0.43644 e

f1=10.4,0.5,0.6

,,
.........
I'“\n~

Ll
MMMMMM
......
-------------
aun,

0.0898 0.089808

0.100585

0.1006
n

n
0.4365

&(n)

0.43645

e CU/Hgo
== ALO;/H,0
TiO, /H,0

0.10228  0.1023

0.9

0.8

0.6

0.4

0.2

0 46182
S 046178]
0.46176 %

1)

0.4619f
~0.46185

S
<

0.4618 |

1= 0.4,05,06 ™0

0.0932 0.09335

0.1058 0

U
0.462

0(n)

0.4618

0.1078 0.108

(b)

1

LT Ty

— Cu/H50
S Al203/H20
TiOy/Hy0

..............

— First solution
—— Second solution
— Third solution

0.7 0.8 0.9





media/file2.png
| .
|

T
Boundary layer

Sheet

Te Boundary layer






media/file20.png
a(n)

6(n)

1 T T | | I | | T |
0sl 0.73865 0.7387¢
5 < 073!
\ S 07386 =
LA 0.7385¢
0.6 0.73855 i —
0.0331 0.03315 0.037 0.0374 0.0378
n n
E — Cu/H,0
0.4 By =0.2,0.3,0.35 AlQ/of/Hgo
-------------- TiOy/H,0
0.2
) | | ! :
0 : 0.6 0.7 0.8 0.9
n
(a)
1 I I I I T I T T I
0.6163 0617f =
- _06168f =\
08} = 061625 =0.6166 /v/ \
- ©06164] L m
0.6162 0.6162 ".:.“ 3
0.6 - 0.058 0.05805 0.0656 0.066
T n
0.61624
04 = — Cu/H,0
Z061622 - AL O3 /H;0
------------ Ti0y /Hy0
0.6162
02F . —— First solution
B2=0.2,03,035 ™, o | AR Second solution
T —— Third solution
0 | | I . '
0 0.1 0.2 0.3 04 05 0.6 0.7 0.8 0.9
Uy

(b)






media/file23.jpg
o)

9
assrz assrans
o\ o P
g Sossra
= ossr
o oL
oy owrs 00510061
" "
—amo
b Sossms =i
¥ 0,0
02 o2
[=01,81502 oszz0e oosa0s
n

o oz 03 o4 05 05 07 08 08

)

0
@
"
0831
coms \ \\\| < ol
o) Sosues N
\ ¥ om \
prev ol
o5\ 0085 005506 00625
\ " "
h\ osste
af B0 Soms TS,
= aan) om0
ostes
02 — it
ommomoms L
N T
o

0 o1 02 03 o 05 05 07 08 08

®





media/file5.jpg
0 o
o
5
o pri
—amo
3 & o
= Zrom0
0
o)
o

—cmo
0,0
10,0

o(n)

— Fintsolsin
= Scomisin
— Tt

07 08 09





media/file24.png
1 T I | | I I I I T
. 0.657204 | 0.657205
08 o3 ~~ Cog ‘1 ‘l \
b, = [y 1 LN
< < 0.657204 /
0.657203 | B
- 0.657203 BRI
o 0.045793 0.0457945 0051333 0.051335
& n n
L)
0 4 - Py — Cu/H20
' £0.657205 ---- ALO3/H,0
> 0 U NN L e TlOz/HgO
0.2 0.6572
0.052204 0.052206
------------------------ N
0 I | G [ ! ! 1 l
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
M
(a)
1 T I I I I T I I
0.63195[%, =
. _ 06319f & ~ DG L4 O
0.6318} i
0.63175| 0631750 ™ ' '
06T 0055 0.05506 0.0625 [
= U h "7
=3 0.6318} |
— L ---- AlhU3/Hy
(2 06317 \ N TlOz/HzO
0.63165|
0.2F | —— First solution =
0.06360.06370.0638 __ Second solution
N — Third solution
O | | | | |
0 0.1 0.2 0.3 04 05 0.6 0.7 0.8 0.9 1
Ui

(b)






media/file1.jpg
To T,
Boundary layer -

Boundary layer






media/file12.png
0

0

o(n)

0(n)

0.4

0.2

0.8

0.6

04

0.2

8

6

L
HHH

.....

13344
R

-----

.....

0.05 0.055 0.06
U

— CH/HQO
---- AL O3 /H,0

K=-02-01,00.1,0203
-------------- TiO, /H,0

A\ K =-02,-0.1,0,0.1,0.2,03 — Cu/H,0

| | | | | | | | |
N | ossrps ik
= 0.5257 | = T |
< 0.52568 | 0525657 » u
B U sl :

0.076 0.077

. 0.0860.0870.0880.089

1

i AlgOg/H.‘ZO
.............. TiO,/H,0

— First solution
_ Seqond solqtlon
— Third solution

] | | | |

1.2 14 1.6 1.8






media/file9.jpg
o

o

—amo

=i

o6

06|

04

02

6=0203.04






media/file0.png





media/file8.png
f'(n)

1.2

0.4

0.2

0.8

0.6

04F

02F

0.975
0.971

7)

3 0.965
0.96

n

¢ =0.2,0.3,04

— Cu/H,0
---- Al,03/H,0
e TH04 [Hy O

(a)

I

_CU/HQO
---- AL,03/H,0
""""""" = TIOQ/HQO

— First solution
—— Second solution
— Third solution

¢0=0.2,0.3,0.4

e ——

T -y
-

- - 5
o Rl
5 e — R
‘9-"’., "_,..2”: ‘‘‘‘‘ ., b :N‘_'
4 - - - -~
- -"f' = el e <,
7 -4 - .,.-~-""“""'“‘_-':"""'"""""--.. = -.\‘~ - \-.,&
F Ly > oo e, 0 - O
VT =" - S S
JJ' - e, ™,
v " 2 - “""”« -~ .-'b.
&4 ‘-0" ek 8 e,
-
Lo L T
g, e,
i, -
- DTS A -
i
Y
<% 2 BTN
7, T e PN
oL Pl e
Ll o o - 1 -
o £ - L™
PR T %
2" Eey e M \N S e m T m I ITTrTmT T e e
o 2 S P
Iy Y~ N e ———
o o £
2 _‘"‘" e é":,“ g ,’_p ----------------------
b - ’
® e ey ’.ﬁ -

25" - . " el b e ammmmm - -

25 e e e =

P L ~

PRy -~

SR > S

~

g)

& e
K P

L ..»;"., .

- p"l -

o
a-":"'
25
-
e

3.97 3.975

n

6





media/file17.jpg
o

04

02

203,035

— a0
- M010
o0






