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Abstract: In this paper, we study left-invariant Einstein-like metrics on the compact Lie group G.
Assume that there exist two subgroups, H C K C G, such that G/K is a compact, connected,
irreducible, symmetric space, and the isotropy representation of G/ H has exactly two inequivalent,
irreducible summands. We prove that the left metric (-, -)4, 1, on G defined by the first equation, must
be an A-metric. Moreover, we prove that compact Lie groups do not admit non-naturally reductive
left-invariant B-metrics, such as (-, -)¢, t,-
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1. Introduction

The paper aims to discuss generalizations of Einstein metrics. Recall that the Einstein
manifold is a Riemannian manifold (M, g), satisfying Ric = Ag, where A is a constant
and Ric is the Ricci tensor. The metric g is called an Einstein metric. The Einstein metric
is very important both in mathematics and physics, but the existence of Einstein metrics
in general cases is still an open problem [1]. However, there has been some interesting
progress for homogeneous Einstein metrics [2]. For instance, Wolf classified non-symmetric
homogeneous spaces G/ H where H acts irreducibly [3]. Moreover, Wolf proved that there
is a unique G-invariant Riemannian metric which is an Einstein metric on G/H.

Let M = G/H be a simply connected homogeneous space, where G is a simple,
connected Lie group and H is a connected, closed subgroup. The homogeneous space M,
whose isotropy representation decomposed exactly into two irreducible summands, was
studied by Dickinson and Kerr [4]. Based on works of Dynkin, Wolf, and Kramer [3,5-7],
Dickinson and Kerr found a complete list of G/ H and completely determined whether there
is a G-invariant metric on the homogeneous space G/ H. Assuming there is an intermediate
subgroup H C K C G, they classified all the G-invariant Einstein metrics on G/ H.

In general, Bohm and Kerr proved that there is a G-invariant Einstein metric on each
simply connected homogeneous space G/ H, whose dimension is no more than 11 [8]. In
addition, Wang and Ziller proved this result is optimal. They found a 12-dimensional ho-
mogeneous space SU(4)/SU(2), which does not admit any homogeneous Einstein metrics.

As generalizations of the Einstein metric, Gray [9] proposed two classes of Riemannian
metrics, as follows:

e A Riemannian metric g is called an A-metric if (VxRic)(X, X) = 0 for any tangent
field X € TM;

e A Riemannian metric g is called a B-metric if (VxRic)(Y, Z) = (VyRic)(X, Z) for any
tangent fields X, Y, Z € TM;

where V denotes the covariant derivative of (M, g). Let £ and P be sets of all Einstein
manifolds and Ricci-parallel manifolds (i.e., (VxRic)(Y,Z) = O forall X,Y,Z € TM),
respectively. Then, Gray gave the following inclusions between various classes:

Mathematics 2022, 10, 1510. https:/ /doi.org/10.3390/math10091510

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math10091510
https://doi.org/10.3390/math10091510
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://doi.org/10.3390/math10091510
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10091510?type=check_update&version=2

Mathematics 2022, 10, 1510

20f18

ECP=ANBC A/ orB).

Hence, Einstein metrics must be A-metrics as well as B-metrics. On the contrary,
there are some examples of .A-metrics and B-metrics, which are not Einstein metrics [9].
It is worth mentioning that Tang and Yan [10] constructed compact, simply connected
manifolds with A-metrics, which are neither locally homogeneous nor locally isometric to
Riemannian products and have non-parallel Ricci tensor, to the Besse’s problem [1].

On the other hand, the classifications of .A-metrics and B-metrics are also unsolved,
even for homogeneous spaces. There exists a homogeneous space G/H, on which G-
invariant metrics are not always A-metrics [9,11]. For the B-metrics, there is no example
of a non-Ricci-parallel Riemannian manifold endowed with a B-metric by now, which
supports the following conjecture [12]:

Conjecture 1. Any homogeneous Riemannian manifold with a B-metric is Ricci-parallel.

This conjecture is true in several special cases [11-13], and one of our main results in
the present paper proving this conjecture is also true for some compact Lie groups with a
class of left-invariant metrics.

Let G be a compact simple Lie group. Yan and Deng studied left-invariant Einstein met-
rics on G [14]. Based on the works of Dickinson and Kerr, Wolf, D’ Atri, and Ziller [3,4,15],
Yan and Deng found a method to construct non-naturally reductive left-invariant Einstein
metrics on G. By this method, they found some new non-naturally reductive Einstein
metrics on compact simple Lie group. For examples, SO(2n) and Sp(2n) all admit non-
naturally reductive left-invariant Einstein metrics. Inspired by these results, we will study
the A-metrics and B-metrics on compact Lie groups.

Let G be a compact Lie group with subgroups H C K C G. In this paper, we
assume that G/K is a compact, connected, irreducible, symmetric space and the isotropy
representation m of G/H decomposes exactly into two summands denoted by m; and
my. Let B be the negative of the Killing form on the Lie algebra g of G, then we have a
decomposition of the Lie algebra with respect to B,

g=tPm =hHPm Gmy,

where h) and ¢ are Lie algebras of H and K, respectively. Since it is well known that there is
a one-to-one correspondence between left-invariant metrics on G and inner products on g,
we consider the following left-invariant metric on G,

<~, '>t1,t2 = B‘h &) tlB|m1 &) tzB|m2, where t1,t € RT. (1)
For A-metrics, we prove that

Theorem 1. With notations above, left-invariant metrics determined by Equation (1) on the
compact Lie group G must be A-metrics.

If G is simple and the left-invariant metric (-, - )¢, 1, is naturally reductive, then (-, ), s,
is always holonomy irreducible [15]. Hence, (-, )+, is a B-metric if—and only if—it
is an Einstein metric. For B-metrics, we consider them to be non-naturally reductive
left-invariant metrics, and we can prove this, as follows:

Theorem 2. Let (G, K, H) be a triple of Lie groups in Table 1. Then the compact Lie group G
admits no non-naturally reductive left-invariant B-metrics, such as Equation (1).

Remark 1. For each case in Table 1, the compact Lie group G admits no non-naturally reductive
left-invariant Einstein metrics, such as Equation (1) [14].
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Table 1. No non-naturally reductive left-invariant B-metrics, such as Equation (1) on G.

G K H Index
SU(4) Sp(2) SU(2)
SU(14) Sp(7) Sp(3)
so({L 1) so(17Y) SO(1) 7<1
SO(m?) SO(m? —1) SU(m) 3<m
SO(2n? +n+1) SO(2n% +n) Sp(n) 2<n
SO(15) SO(14) G,
SO(17) SO(16) Spin(9)
SO(43) SO(42) Sp(4)
S0(129) S0(128) Spin(16)
Spin(9) Spin(8) Spin(7)

The rest of this paper is organized as follows. In Section 2, we will introduce geometries
of the compact Lie group and prove Theorem 1. A useful proposition will be proposed in
the end of Section 2. In Section 3, we will prove Theorem 2.

2. Geometries of the Compact Lie Group

Let G be a compact Lie group endowed with a left-invariant metric (-, -). Then, for any
left-invariant fields X, Y € g, the function (X, Y) : G — R is constant. In fact, since (-, ), X
and Y are all left-invariant, for any ¢ € G, we have

(X,Y)g = (Xg, Vo) = ((dLg)eXe, (dLg)eYe) = (Xo, Yo) = (X, Y)..

On the contrary, fixing an inner product on g, we can define a left-invariant metric on
G by transformation. Moreover, the constant function (X, Y) on G implies X(Y,Z) = 0,
where X, Y, Z € g. Then, by straightforward application of Koszul’s formula [16], we obtain

2VxY,Z) = —(X,[Y,Z]) + (Y,[Z,X]) + (Z,[X,Y]) = 2(U(X,Y), Z) + (Z,[X, Y]).

Assume there are subgroups H C K C G, such that G/K is a compact, connected,
irreducible, symmetric space and the isotropy representation m of G/ H decomposes exactly
into two summands m; and my. Let b, £ and g be Lie algebras of H, K, and G, respectively.
We use By, By and B to denote negatives of Killing forms on corresponding Lie algebras.
Then, we have a decomposition of Lie algebras with respectto B, g = t & mp = h S my G my.
It is direct to check that Lie brackets have the following relations:

[h,m1] Cmy, [E,mp] Cmy, [my,mp] C& [h,h] Ch, [mymy] CEL

Furthermore, there is a one-to-one correspondence between inner products <~, e on g
and symmetric, positive, defined, linear maps P which is defined by (X, Y), := B(PX,Y)
forany X,Y € g. We consider the left-invariant metric on G defined by Equation (1), which
corresponds to P = Id |y @ t11d|m, @ t21d|m, on g.

For convenience, define B4 : g x g — gby B+ (X,Y) := %([X, PY] ¥ [PX,Y]) for any
X,Y € g[17] and recall that U : g x g — g is defined by 2(U(X,Y),Z) := ([Z,X],Y) +
(X,[Z,Y]) forall X, Y, Z € g[1]. Then, U(X,Y) = P~'B, (X, Y), and by direct calculations,
we obtain the following:

e forXehandY eh:B_(X,Y)=[X,Y],B+(X,Y)=0,U(X,Y)=0;
o forXehandYemy:B_(X,Y)="7XY], Bi(X,Y) = L2 [X,Y],
U(X,Y) = %2 [X,Y);
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o forXehandY €my: B_(X,Y)= 21X, Y], By(X,Y) = 271X, Y],

U(X,Y) =51X,Y]);
o forXemandY em:B_(X,Y)=H[X Y],Bs(X,Y) =0 UXY)=0;
e forXemandY em: B (X,Y)=2[XY] B (XY)=2"1[XY],

ty—t

U(X,Y) = 21X, Y];
o forXemandY €my B_(X,Y)=h[X,Y],Bs(X,Y)=0,UX,Y)=0.

Hence, the covariant derivative is VxY = 1[X,Y] + U(X,Y) = c[X, Y], where the
value of ¢ is showed in Table 2.

Table 2. VxY = c[X, Y].

X e b b) b) my my mq my my mp
Y€ b my my b my my b my mp
c 1 4.1 -1 1 1 R h 1
2 25 25 25 2 b 2t 2t 2

Next, we summarize formulae of the curvature tensor R and the Ricci curvature tensor
Ric on the compact Lie group G.

Lemma 1 ([1]). Let G be a compact Lie group endowed with a left-invariant metric (-, -). Then, for
any X,Y € g, we have
o (RIXY)XY) = [UX,Y)P=(U(X, X),U(Y, Y))=3][X, Y] P AN IR
*  Ric(X,X) = —3 DIIX, Xi]]> + 3 XXX, Xil, X], Xi) + § 2AX, [XG, Xi])?,

i i ij

where { X;} is an orthonormal basis of g with respect to (-, -).

For p = 1 or 2, define Cyy, := *Z(adhi oady,) \mp called Casimir operators [14], where

1
{h;} is a B-orthonormal basis of b. It is not difficult to check the action of Casimir operator
Cmp onmy is Ayld, where A, is a constant number. Then, formulae of the Ricci curvature
tensor can be rewritten as follows:

Proposition 1 ([14]). Let G be a compact Lie group and (-, -)¢, 1, be the left-invariant metric on G
defined by Equation (1). Assume h € bh,u € my and p € my, then

e Ric(hh) = (* 4t2)Bh<h h) + (4t2 - 4t2)BE(h h) + 4123(}1 h);

o Ric(uu) =g S B(u,u) + (- 4t2)BE(“ 1) + (3 = 27 )B(Cny (1), u);

e Ric(pp)=(}- )B(p,p) + (2?2 31;)B(Cuny (p), p);
e Ric(h,u) =Ric(h, p) = Ric(u,p) = 0.

If there are constants cy,cy > 0, such that By = ¢1B|¢ and By = cyB|y, then the formulae
above are reduced to

o Ric(hh) = (% + 452 ny 5B h);

e Ric(u,u) = (=D — LA+ 9 4 1A B(u,u);
4 412 2151 1

o Ric(p,p)=((3A2— D& — 2522+ 3)B(p.p)-
By the proposition, it follows a corollary directly.
Corollary 1 ([14]). Let G be a compact Lie group. If (-, )¢, 1, is the left-invariant metric on G

defined by Equation (1), then (-, ), +, is an Einstein metric if—and only if—the following system
of equations has a real solution.
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where A is a constant number. Moreover, if 1 = 1 or t1 = t or by is a ideal of &, then (-, )y, ¢, is
naturally reductive.

Now, we can introduce algebraic characterizations of A-metric and B-metric. Firstly,
there are equivalent descriptions of .A-metrics and B-metrics.

Proposition 2 ([1,11]). Assume the notations as above.

(1) A left-invariant metric (-,-) on G is an A-metric if—and only if—the following stands:
Ric(U(X, X),X) = 0 foreach X € g.
(2) A left-invariant metric (-, -) on G is a B-metric if—and only if—the following stands:

%Ric([Z, X],Y) — %Ric([Y, X],Z) + Ric(X, [Z,Y])

+Ric(U(Z,X),Y) —Ric(U(Y,X),Z) = 0,
forany X, Y, Z € g.

Because in this paper, the Lie algebra g can be decomposed as g = h ® m; & my.
Assume dimensions of g and summands on the right hand are dim g = [/, dim h = m,
dim m; = n and dim my = | — m — n, respectively. Then, let {e,|]1 < a < I} be an
orthonormal basis of g with respect to B, such that h = spanp{e;|]1 < i < m}, my =
spang{ep|m +1 < p < m+n} and my = spang{es|m +n+1 < a < I}. Hence, the Lie
bracket has three parts,

m-+n
ea, ep] Z e+ ) cﬂhep + Z % e,
p=m+1 a=m+n+1
where CZb are called structure constants satisfied cgb = —cg , with1 <a,b, d <. Since B is

an Ad(G)-invariant inner product on g, we have B(ad(Z)X,Y) = —B(X,ad(Z)Y) for any
X,Y,Z ¢ g,i.e.,cgb = —c dforanyl <ab,d<lI.
With notations above, we can prove Theorem 1.

Proof of Theorem 1. By Proposition 2(1), the metric (-, )¢, 1, on G is an A-metric if—and
only if—the following stands:

Ric(U(Eq, Ep), E3) + Ric(U(Ey, E3), E1) + Ric(U(E3, E1),E2) =0
for any Eq, Ep, E3 belonging to the orthonormal basis,
{e;, fe,,, e,xll <i<mm+1l1<p<m+nm+n+1<a<lI},

of g with respect to (-, -)¢, +,. For convenience, set A; = {¢;|1 <i <m}, Ay = {\Fep|m +

1<p<m+n} A= {\Fe,x|m—|—n—|—1<1x<l}and

W(E1,E2, Eg) = RIC(U(El,Ez),Eg,) -+ RiC(U(Ez, E3), El) + RiC(U(Eg,, El),Ez).

Then, we need to check whether W(E;, E, E3) = 0 case by case, and by symmetries
there are just 3 cases.
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e for Ey,Ep E3 € Ay or Ap or As, since U(h, ), U(my, my) and U(my, my) are all 0, we
obtain W(Ey, Ep, E3> =0.

e forEE; € Ayand E3 € As (1 < r # s < 3), it is direct to check by formulae
of U and Proposition 1 that W(E, Ep, E3) = 0. For example, take Eq,E; € A; and
E3 € Aj. Because structure constants satisfy ¢, + CZ ; = 0, then W(Ey, Ep, E3) =
Ric( % ![Ey, Es), E1) + Ric( % [y, B3], E2) = 0.

e forE, G A(r=1,2,3), by formulae of U, we obtain

W(E],Ez, E3) RlC( [El, Ez] E3) +RIC( 2 tl [Ez, E3] E1> +RIC< [E3, El] Ez)

Recall Lie bracket relations [h, my] C m; and [¢, mp] C my. Then, by Proposition 1, we
have W(El, Ez, Eg) =0.
O

Considering B-metrics, we have the following result:

Proposition 3. Let G be a compact Lie group, H be a closed subgroup, and K be an intermediate
subgroup. Assume the triple (G, K, H) satisfied G/K is a connected, compact, irreducible, sym-
metric space and the isotropy representation m of G/ H decomposes exactly into two inequivalent
irreducible summands wmy and wy. If the decomposition of the Lie algebra, g = h © my G my,
satisfies that

o thereare u;, v € mpand up, vy € my such that [u1,v1]m, 7 0and [us,v3]y # 0,

e orthereare u;,v1 € my and up, vy € my such that [u1,v1]y # 0and [uy,vp]y # 0,

e orthereare u;,v1 € my and uy, vy € my such that [uy, v1]y # 0and [u2, V2], # 0,

then the left-invariant metric (-, )1, ¢, on G is a B-metric if—and only if—there is an Einstein metric.

Proof. Itis sufficient to prove the metric (-, -)¢, +, is a B-metric, then it must be an Einstein
metric. Recall that the Lie algebra g has an orthonormal basis

{el,\ﬁep, ea|1<1<mm—|—1<p<m+nm+n+1<a<l}

with respect to (-, ), +,.- Then, by Proposition 2(2), the condition of being a B-metric implies

forany X, Y, Z € g there must be

IRic([Z,X],Y) — iRic([Y, X], Z) + Ric(X, [Z, Y]) + Ric(U(Z, X), Y) — Ric(U(Y, X), Z) = 0.
Limited by space, here we just check the first case and other cases are similar. If

uy,v1 € my satisfy [u3, v1]m, 7# 0, then there must be a structure constant CZ Br such that

05,3 #Oform+1<p<m+nandm+n+1<a, B <I Hence,wecantake Z =¢,, X = ep

and Y = ey, and directly

1 m+n
§R1c anﬁel—l- ) caﬁeq,ep) + Z {-= Rlc( pﬁey,e,x)
i=1 qg=m+1 y=m+n+1

. th —t
+ Rlc(eﬁ,CZpew) Ric( 20 . Z‘Be’}’/ ex)} =0,
which can be reduced to

t
RIC(EP, ep) — éRiC(e‘“, e“).

' Similarly, if up, vy € my satisfy [up, v2]y # 0, then there must be a structure constant
cfxﬁ, suchthatcfxﬁ #Oforl <i<mandm+n+1<a B <[ TakingZ =¢,, X = ep and
Y = ¢;, we obtain
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1 j m—+n . 1 1 y
ERIC(Z: Cupti t+ Z CopCps )+ Z {—§R1c(cpﬁev,e,x)
j=1 p=m+1 y=m+n+1
th —1
. 02 . 2 01 o
+ Ric(eg, capey) — Rlc(iﬂ2 Cpplys ex)} =0,

which can be reduced to

1
Ric(e;, e;) = gRic(e,X, ey)-

In conclusion, the left-invariant metric (-, -)¢, +, is an Einstein metric. [

3. No Non-Naturally Reductive Left-Invariant B-Metrics

In this section, we will prove Theorem 2. For each triple (G, K, H) in Table 1, there is a
Lie algebra decomposition g = £ G my = h & m; & my, where m; and m; are inequivalent
and irreducible. In each case, the compact Lie group G carries no non-naturally reductive
left-invariant Einstein metrics [14], and each G/K is a connected, compact, irreducible,
symmetric space. The proof of Theorem 2 is based on Proposition 3. To be precise, we will
find vectors uy,v1, up, v which satisfy the condition of Proposition 3 and every specific
example in Table 1 will be discussed case by case. In this section, E;; denotes the matrix
whose (i, j)-entry is 1 and others are 0, and we define Gjj:= Ejj— Ejjand F;; := E;; + Ej;.

3.1. The (SU(4),Sp(2),SU(2)) Case

The current case corresponds to a 12-dimensional homogeneous space SU(4) /SU(2)
which is proposed firstly by Wang and Ziller in [18] as the lowest dimensional example with-
out SU(4)-invariant homogenous Einstein metrics. In this case, SU(4) /Sp(2) is a compact,
connected, irreducible, symmetric space and the isotropy representation of Sp(2) /SU(2) is
irreducible. Moreover, we embed SU(2) into SU(4) by an irreducible complex representa-
tion of SU(2) with the highest weight A = 3 [3,4,18]. It is well known [19] that the highest
weight A € N* determines the finite dimensional irreducible complex representation of
SU(2). Then, we will construct the representation with respect to A = 3 precisely.

Let V = C? be the standard complex representation of SU(2) with a standard complex
basis {ej,e;}. The nth symmetric power of V and the symmetrization of the n-tensor
(®e1) ® (®"ez) (1 < i < n) are denoted by Sym"(V) and ee} ", respectively. For
instance, take n = 2 and i = 1, then eje; = %(61 ® ey + ey ® e1). For the highest weight
A = 3, the corresponding irreducible complex representation of SU(2) is Sym*(V) =
span(c{ei’, e%ez,. .. ,ele%,e%} [19]. Denoting the standard Hermitian inner product on V
by (-,-)v, we define a Hermitian inner product on the tensor space ®>V by (x; ® - - - ®
B,YR - ® y3>®3 v = (x1,¥1)v - - - {x3,y3)v, which induces a Hermitian inner product on

Sym®(V). Hence, there is a unitary basis of Sym> (V') with respect to the induced Hermitian
inner product, i.e., {e:'l;, \@e%ez, \@eleg, eg}.
Recall that the Lie algebra

ﬁu(2)2{< f;; Z)

where Im(C) is the set of all purely imaginary numbers. According to the construction
above, the irreducible complex representation Sym? (V') also induces an irreducible complex
representation of Lie algebra su(2), which is also denoted by Sym>(V'). Up to a conjugation
in su(4), the embedding ¢ of su(2) into su(4) is given as follows:

a€Im(C),be C},

3a 0 0 +/3b
[ a b 0 —a  3b -2b
‘P‘(—E a)H 0 V3 -31 0

—/3b  2b 0 a
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Recall that quaternions form a 4-dimensional algebra over the field of real numbers
with basis 1,1, j, k, and any element X of Lie algebra sp(2) can be decomposed uniquely
as X = C+ jD, where C,D € M,,(C) satisfied C' = —C and D' = D, which induces an

embedding i of sp(2) into su(4) by p(X) = ( g _CD ) [20]. Furthermore, it is direct to

check ¢(su(2)) C P(sp(2)).

In this paper, we use tr(A) to denote the trace of the matrix A. Then, the negative
of the Killing form of su(4) is B(X,Y) = —8tr(XY) with X, Y € su(4). Hence, there is an
orthonormal basis of su(4) with respect to B( )

I = Y2 (3Er — Exp — 333 + Eas), Iy =

I = Y2 (V3Fi4 + V/3Fs3 + 2Fa4), 1y =

Uy = %(Glz + Gag), uz = Q(Hz — Fa4), us = $Gi3, us = \/?11:13;

Uup = %(@GMJréGzaJrGM),W— 2 (T Fis + 2 F — Fu),

p1 = Y2(Gia — Ga), p2 = Y52 (Fia + Faa), Ps Y2(Gyy — G3),

ps = Q(PM —B3), p5 = @(*En + Ex — E33 + Egg).

Then, the decomposition of Lie algebra is su(4) = su(2) @ my; @ my, where su(2) =
spang{h;|1 < i < 3}, my = spang{y;|1 < q <7} and my = spang{ps|1 < a < 5}. Lie
bracket relations can be calculated directly,

(\[Gm + V3G — 2Ga),
( 11+ 3Ex — E33 — 3Ew),

T“ ~=\o
g

o [mym]Cm@h:

my, my] C my B bh:

01, 1) = —%80us, w1, us] = Yf0us, [, 4] = *pus, [uy, us) = —iuy,
(1, 116) = — Y u7 + Y8 hs, ur, u7] = % Wug — Yy, [up, u3] = —Y0uy + Y10p,,
[ug, ug] = ZL% - \ﬁhz, [ug, us] = —2£00M7 - @ h3, [ua, ug] = gu4 + 1hy,
(2, u7]) = Y0us — Lhs, [z, 1a) = Y Ruz + Yhs, [u3, us| = — 310y \ﬁhz,
[us, ug] = ZL + +hs, [us, uz] = ‘Fu4 + 2hy, [ug, us) = ‘gw + 3\Fhl/
1y, U] = —\/Euzl [uil/ry] = YW0us, us, ug) = —%Xus, [us,uz] = —%uz,
g, uy] = — %10y, + V10, .
. %mél,ni] C m22:0 l 1
[u, p1] = —sz, [u1, p2] = \é; ,ur, pa] = 1£00P4, [u1, pa] = —1£00P3,
(11, ps] = 0, [uz, p1] = O, [z, pa] = = 2ps, [u2, pa] = 0, [z, ps] =0,
(12, ps) = “Zpa, [u3, p1] = % P 13 p2] =0, [, ps] = 0 s, pa) =,
[uz, ps] = —%m, (g, p1] = — 53, (g, 2] = 1pa, (14, p3] = P10,
(g, pa] = —3p2, [a, ps] = 0, [u5,p1] —1Pa, [us, pa) = —1p3, [us, p3] = 1p2,
[us, pa] = 1pu, s, ps] = 0, [ue, pr) = — 2 ps, [tts, pa] = — 52 pa, [ue, pa) = “B2p1,
(g, ps) = 2 pa— Y2 ps, [ug, ps) = Y2 pa, 1z, p1] = 52 pa, luz, pa] = — 4B ps,
Fl% p3) = 2£05P2 + 1£05P5/ [u7, pa] = —2£05P1, [uz, ps] = —‘1/735;73;
[p1,p2) = — Y 0u; + Y%, [p1, ps] = —us — YWug + YVn,,
[p1,pa] = —Jus + \Qw s, [p1, ps) = i [sz p3) = —bus— By 4+ Yl0ps,
(P2, pa] = Jug — Yug + th [p2, ps] = i 2, [p3, pal = ¥u; + Ylon,,
[p3, ps] = Youz + Y2hs, [pa, ps) = — Lue — \ﬁhzr

Proof of Theorem 2 for the (SU4), Sp(2), SU(2)) Case. By calculations above, we find
[p1, 2] = ru + ‘/7h1 Take u; = up = p; and v; = vp = py. Obviously, we
have [ul,vl]m] ;é 0 and [up,v2]p # 0. Then, by Proposition 3, the left-invariant metric
(,*)t,,1, on compact Lie group SU(4) is a B-metric if—and only if—it is an Einstein
metric. Since there is no non-naturally reductive left-invariant Einstein metric such as
Equation (1) on SU(4) [14], compact Lie group SU(4) admits no non-naturally reductive
left-invariant B-metric, such as Equation (1). O
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3.2. The (SU(14),Sp(7),Sp(3)) Case
Recall that the Lie algebra of Sp(3) is

sp(n) = {( g *CD )‘c‘fz —C,D*:Dforc,DeMn,n(C)}.

Let t,, be a Cartan subalgebra of sp(n) defined by t,, := {diag(61,- - ,6n, —61, -, —6x)
|6s € Im(C),1 <'s < n}. Then, define a complex linear functional L on t, by

Ls(diag(91,~ .. ,971, —91/' Tty _Gn)) == 95/

where 1 < s < n. In the present case, the Lie algebra sp(3) is embedded into su(14) by
the irreducible complex representation of sp(3) with the highest weight L1 + L + L3 [3,4].
Next, we will introduce how to construct this representation [19,21].

In fact, consider the standard representation p : 5p(3) x C® — C®, which induces a
representation /\3 p on /\3 C®, i.e., the 3th exterior power of C®. Then the highest weight of
N> pis Ly + Ly + L3 [19,21]. However, A3 o is not an irreducible representation. Actually,
define a contraction map @3 : A3 C® — C° by

@3(v1 Ava Av3) = bo(v1,v2)v3 — bo(v1,v3)v2 + by (v, v3)01,

0 —Ids
Ids O
that the kernel W of the map ¢j3 is exactly the irreducible complex representation of sp(3)
with the highest weight L; 4 Ly + L3 [19,21]. To give a unitary basis of the representation
space W, let {e;,- - - ,es} be a standard basis of C® and set

where by(-, ) is a bilinear form on C° that corresponds to | = ( ) . It follows

N1 = e1eze3, N = egeseq, N3 = —ejezes, Ny = —eqexes,
1 1
N5 = —5(e1eaeq + exezes), Ng = 5 (—eqeqes + e2eses),
1
N7 = 5 (e1eze5 — e1ezeq), Ng = eseseq, No = —eqeseq,

1
N10 — €2€46€¢, N11 — €3€4¢€s5, N12 = 5(61(3465 + 636’566),

1 1
Ni3 = 5(—erezes + exeses), Nig = 5 (—epeses + ezeqeq),

where we omit the symbol A for convenience. Then, the representation space is given by
W = span{N,|1 < a < 14}.

On the other side, the irreducible complex representation W is a symplectic type [21].
More precisely, define a complex linear map ¢ : W — W by

o forl <k<7 then ¢(Ny) = —Ni,7,
o for8 <k <14, then ¢(Ny) = Ny_7.

14 14 _
Moreover, define the conjugate map y on Wby y( ¥ AzN;) = Y. A;N,, where A, € C
a=1 a=1
and A, is the conjugate of A,. Since > = —1, the structure map F = —p o of W satisfies
Fr=-1.
There is a natural Hermitian inner product (-, -) on W induced by the standard
Hermitian inner product on ®3 C®. Hence, we can find a unitary basis

{V6Nu, 23N, V6F (Nu),2V3F(Np)|1 <m < 4,5< p <7}

of W with respect to (-, -)w. In fact, by the representation W, we identify sp(3) with a Lie
subalgebra, which is also denoted by sp(3), in sp(7). Particularly, the vector Gy4 € sp(3)
corresponds to

w1 = —(Gi2 + Ggo) — (G311 + Ga10) — Gr14 € 5p(7).
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Recall that the negative of the Killing form of su(14) is B(X,Y) = —28tr(XY), where
X,Y € su(14). Then, we obtain the Lie algebra decomposition

su(14) = sp(7) ®my = sp(3) Bmy G my,

where my is the orthogonal complement of sp(3) in sp(7) and m; has a basis

{Gij = Gryiz+jy V=UEFj+ Fryiz4j), Gigyj — Gjzvis V=1UF 74 — Fi74i),
v _1(E11 - qu + Esg — E7+q,7+q)

Proof of Theorem 2 for the (SU(14), Sp(7), Sp(3)) Case. Take u; = up = Gy3 — Gg 19 € my,
v1 =0y = Gp3 — Go 19 € mp and wy = (Gip + Gg9) — (G311 + Ga10) € my. Itis not difficult
to check B([u,v1],w2) # 0 and B([u1,v1],w1) # 0. Hence, by Proposition 3, the left-
invariant metric (-, -)¢, +, on SU(14) is a B-metric if—and only if—it is an Einstein metric.
Since SU(14) admits no non-naturally reductive left-invariant Einstein-like metric such
as Equation (1) [4], there is no non-naturally reductive left-invariant B-metric, such as
Equation (1) on SU(14). O

3.3. The (SO("2 +1),50(11),50(1)) Case

For 7 < I, the Lie algebra so(/) is embedded into 50(1(1_1)) by its adjoint represen-

tation. In fact, according to the adjoint representation of so(l), we identify so(!) with
( 1

a Lie subalgebra, which is also denoted by so(I), in SO(
Gos € s0(l) corresponds to

). Particularly, the vector

I(1-1)

).

l
w1 = G2+ Y Giip_3214p—6 € 50(
p=4
On the other hand, the negative of the Killing form of so( ( L 1)is B(X,Y) =

_ (M — D)tr(XY), where X, Y € so( 10— - D4 +1). Then, there is a L1e algebra decomposi-
tion with respect to B(, -),

so({1 +1) = so(") & my = so(1) @ my @ my,

where my is the orthogonal complement of so(!) in so( l(lgl) ) and m; = spanR{G y)

a <l

1<

4l

Proof of Theorem 2 for the (SO(l(l_l) + 1),80(@),50(1)) Case. Take u; = up =
G 11— 1)_~_1 € My, U1 = Uy = G 10— 1)+1 € mp and wy, = Gy — Gry101—2 € my. Itis not
dlfflcult to check that B([uy,v1], w2) # 0 and B([uy, v2], w1) # 0. Hence, by Proposition 3,
the left-invariant metric (-, ), +, on SO( ( L 1) is a B-metric if—and only if—it is an

Einstein metric. Since SO( (12 U 1) adrmts no non-naturally reductive left-invariant
Einstein-like metric such as Equation (1) [14], there is no non-naturally reductive left-

invariant B-metric, such as Equation (1) on SO( l(l Uy 1). O

3.4. The (SO(m?),S0O(m? —1),SU(m)) Case

For 3 < m, the Lie algebra su(m) is embedded into so(m? — 1) by its adjoint represen-
tation. In fact, according to the adjoint representation of su(m), we identify su(m) with
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a Lie subalgebra, which is also denoted by su(m), in so(m? — 1). Particularly, the vector
Gas € su(m) corresponds to

G12+pz Gm+p 32m+p— 6+Gm m 1) +1 mm 1) + Z Gm2+m+P 3,,,2+3,n+p 6

+ sz;"’,mz—mﬂ - \/§G,,122+,,,,mz_mJr2 € so(m?* — 1).

On the other hand, the negative of the Killing form of so(m?) is B(X,Y) = —(m? —
2)tr(XY), where X, Y € so(m?). Then, we have a Lie algebra decomposition with respect
to B(-, ),

so(m?) = so(m? — 1) @my = su(m) ®my G my,
where m is the orthogonal complement of su(m) in so(m?
a<m?—1}.

—1) and mp = spang{G, 2|1 <

Proof of Theorem 2 for the (SO(m?), SO(m* —1),SU(m)) case. Take u; = uy = Gy
€ mp,v1 =0y = Gy 2 € mpyand wy = G2 — Gyp10m—2 € mMy. It is not difficult to check
B([u1,v1],wp) # 0 and B([up, v2],w1) # 0. Hence, by Proposition 3, the left-invariant
metric (-, )¢, +, on compact Lie group SO(m?) is a B-metric if—and only if—it is an Einstein
metric. Since SO(m?) admits no non-naturally reductive left-invariant Einstein-like metric
such as Equation (1) [14], there is no non-naturally reductive left-invariant B-metric, such
as Equation (1) on SO(m?). O

3.5. The (SO(2n? +n +1),50(2n2 + n),Sp(n)) Case
P

For 2 < n, the Lie algebra sp(n) is embedded into so(21n% + 1) by its adjoint repre-
sentation. In fact, according to the adjoint representation of sp(n), we identify sp(n) with
a Lie subalgebra, which is also denoted by sp(n), in so(2n? + n). Particularly, the vector
Go3 + Gyiont3 € sp(n) corresponds to

n
wy =— G — Z Gn+p73,2n+p76 -G ( )+1 n( + \fG ’H'l 2n(n—1)+1
p=4
n
_ \[ZGMQH(”—U‘H - rgcn(n;l)_,rp_?’,nbzrsn p6 - Gn(ﬂ—l)-‘rl,n(ﬂ—l)-‘rZ

+ \/EGnZ,2n2—n+2 - ﬁGnZ,an—n—% Z an—l—p 3n2+n+p—6 — Gy ” 1 +1,3"("2*1)+2

=
+12G,,» —V2G,

2
3n —n 2n 2+3 G3n22—n+p73’3n22+n +P*6 € 50(271 + 7’1).

3n —71 21 2+2

On the other hand, the negative of the Killing form of so(2n? +n + 1) is B(X,Y) =
—(2n? +n — 1)tr(XY), where X, Y € s0(2n% +n + 1). Then, we have a Lie algebra decom-
position with respect to B(-, -),

s0(2n2 +n+1) = s0(2n2 +n) @ my = sp(n) Smy O my,

where m; is the orthogonal complement of sp () in so(2n? +n) and my = spang{G, 2,21
11 <a<2n®+n}.

Proof of Theorem 2 for the (SO(2n? + n +1),SO(2n* + n),Sp(n)) Case. Take u; =
Uy = G1,2n2+n+1 € my, 0] = Uy = G2,2n2+n+1 € my and wy, = Gy — Gn+1,2n—2 € my.
It is not difficult to check B([u,v1],w2) # 0 and B([up,v2],w1) # 0. Hence, by Propo-
sition 3, the left-invariant metric (-, )¢, +, on SO(2n? + n + 1) is a B-metric if—and only
if—it is an Einstein metric. Since SO(2n2 + n + 1) admits no non-naturally reductive left-
invariant Einstein-like metric, such as Equation (1) [14], there is no non-naturally reductive
left-invariant B-metric, such as Equation (1) on SO(2n% +n+1). O
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3.6. The (SO(15),50(14), G,) Case

It is well known that the Lie algebra g, can be embedded into so0(7) [13,22]. In fact,
any X € g is a linear combination of the following elements:

x1Go3 + B1Gus + 71Gre, 22Gz1 + B2Gas + 12Gs7, a3Gro + B3Gay + v3Ges,

u4Gs1 + BaGer + 14Gr3, a5G1a + BsGro + 15Gae, a6Gr1 + BeGan + v6Gss,
a7Gg1 + B7Gos + v7Gsza, where Xp + ,Bp +Yp = Ofor1 <p<7.

Let Q(X,Y) = —4tr(XY), where X,Y € s0(7). Then, we can take an orthonormal

basis {N;|1 < a < 14} of g with respect to Q. Precisely, let (ay, Ba, va) = (%, —@,0)

forl <a <7and (a;-7,Ba—7,Ya—7) = (%, %,—é) for 8 < a < 14. Moreover, by the
adjoint representation of g, we identify g, with a Lie subalgebra, which is also denoted
by gy, in s0(14). Particularly, vectors N3, Njg € gp correspond to vectors in so0(14) as

follows, respectively,

V2 V6 V6 V2 V2 V2

N3 —= w1 = —TGlz - TG19 + TGZS + TG89 - 7G47 + 7(311,14 — V2Gs;
V6 V2 V2 5v6 V6 V6 V6
Nig — wy — TGIZ + TG19 - TGZS - ﬁGw - 7G47 - ?Gn,m + 7G12,13~

Recall that the negative of the Killing form of s0(15) is B(X,Y) = —13tr(XY), where
X,Y € gp. Then, there is a Lie algebra decomposition with respect to B(-, -),

50(15) = s0(14) ®my = gp Bmy D my,
where my is the orthogonal complement of g, in s0(14) and my = spanp{G,15|1 < a < 14}.

Proof of Theorem 2 for the (SO(15),S0(14), G2) Case. Takeu; = up = Gy 15,01 = vp =

Gy15 and w3 = —Gpp + %Glg + Ggg € my. It is not difficult to check B([uq,v1],w3) # 0
and B([uy,vp],w1) # 0. Hence, by Proposition 2, the left-invariant metric (-, )¢, on
SO(15) is a B-metric if—and only if—it is an Einstein metric. Since SO(15) admits no
non-naturally reductive left-invariant Einstein-like metric such as Equation (1) [4], there is
no non-naturally reductive left-invariant B-metric, such as Equation (1) on SO(15). O

3.7. The (SO(17),S0(16), Spin(9) ) Case

Let V = R’ with inner product (-,-)y and {e;,---,e9} be an orthonormal basis
of V with respect to (-,-)y. Denote the Clifford algebra over V with (-,-)y by CI(R?)
and recall that the products in Cl(R9) are determined by e% = —1 and e;es = —eqe, for
1 <r# s <9[23]. Then, it is well known that spin(9) = spang{eres|1 <7 <s < 9}. We
must point out that a Clifford algebra CI(U, g) of a vector space U over a general field
F with a quadratic form g is also called geometric algebra [24]. Moreover, for arbitrary
vectors x,y the product in the geometric algebra can be calculated by xy = x -y +x Ay,
where - is the dot product and A is the outer product. For more results of the geometric
algebra and its application, one can refer to [24-26]. In this case, the Lie algebra spin(9) is
embedded into s0(16) by a special observation [11].

Let Ca be the Cayley algebra which is isomorphic to H @ H as a vector space, i.e.,
any Cayley number can be expressed as an ordered pair of quaternions. Then, the
multiplication and the conjugate of Cayley numbers are defined by (q1,42)(9},95) =
(@191 = T292, 9201 + 9271) and (q1,42) = (91, —q2), respectively, where 71,4y and ; are
conjugates of quaternions. Consider a vector space R® endowed with an inner product
(-, -)ps and take the standard basis of R8 denoted by €1, - -, e€g. Naturally, there is an iso-
morphism between Ca and R8, defined by mapping (1,0), (i,0),-- -, (0,k) toeq, €, - - - , €3,
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respectively. Consequently, Ca & Ca is isomorphic to R! as a vector space and the inner
product (-, -)r,, on Ryg is induced by (-, -)gs.
There is an action of the Cayley algebra on Ca @ Ca,

p:Cax (Ca@Ca) = CadCa, p(z)(x,y) = (yz, —2%),

and it is not difficult to prove that p(z)? = —1. Let CI(IR®) be the Clifford algebra over R®
with (-, -)y|gs, where R8 is a subspace of V spanned by {ej,- - ,eg}. Then, p induces a
representation of CI(IR?),

o' : CI(R®) x (Ca@® Ca) — (Ca®Ca), p'(ea ---ea;)(x,y) = plewy) - - - plew,) (X,),

where 1 < oy < -+ < a4 < 8. Consider a subalgebra of Clifford algebra CI(R%) de-

fined by CI(R%)y = spanR{ H eslrs =0or1, H 7 is even} and observe that CI(R8) is
=1

isomorphic to CI(R?)q with the isomorphic map 47 CI(R3) — CI(R%)y which is defined by
¢lea, --.en;) =€q ...eq fortisevenand ¢(ey, ...ex) = €q, ... €q,e9 for t is odd. Directly,
there is a representation of CI(R?)q on the vector space Ca @ (Ca,

p" : CI(R%)y x (Ca® Ca) — Ca® Ca,

P (eay ... a;) = p'(eny - -€a,) and p” (en; - .. €x,9) = p'(ay - - - €a;)-

Recall the definition of Spin(9) [23], and the restriction of p” to Spin(9) is a 16-dimensional
representation of Spin(9) which induces a 16-dimensional representation p of spin(9) on
Ca ® Ca. The representation p is determined by p(exep)(x,y) = p(ex)p(ep)(x,y) and
plexes)(x,y) = p(eq)(x,y), where 1 < a < B < 8. In fact,

° ﬁ(eaeﬁ)(sm,sn) = (—(sméﬁ)sa, —sa(eﬁsn)),where 1<a<pf<8andl <m,n<§;
o p(eweo)(em, €n) = (En€a, —€aEm), wherel < a < 8and 1< m,n <8.

Denote N; = (g;,0) for1 < a <8and N, = (0,¢,_g) for9 < a < 16, then {N,|1 < a < 16}
is an orthonormal basis of R!® with respect to (-, )g1s. Under the representation § we
identify the Lie algebra spin(9) with a Lie subalgebra, which is also denoted by spin(9),
in s0(16). Particularly, vectors ejey, e3e4, e5e¢, e7eg € spin(9) correspond to the vectors in
50(16) as follows, respectively,

er1ey — w1 = Gip — Gag — Gsg + Grs + Go10 + G11,12 + G131 — G15,165
eseq — wy = —G1o + Gag — Gsg + Grg + Go10 + G11,12 — G1314 + Gi5,165
esee — w3 = —G1a — Gaa + Gse + Grg + Go,10 — G11,12 + G1314 + Gi5,165
ezeg — Wy = Gip + Gza + Gsg + Grg — Go 10 + Gi1,12 + G13,14 + G15,16-

On the other side, the negative of the Killing form of s0(17) is B(X,Y) = —15tr(XY),
where X,Y € s0(17). Then, we have the Lie algebra decomposition, with respect to B(, ),

50(17) = s0(16) B my = spin(9) B my S my,

where m; is the orthogonal complement of spin(9) in s0(16) and my = spang{G,17|1 <
a<16}.

Proof of Theorem 2 for the (SO(17),S0(16), Spin(9)) Case. Take 1 = uy = %G, 17 €

mp, U1 = Uy = @GQ,U € my and ws = Gy + Gz + Gsg — Gyg + 2G9,10 € my. It is not
difficult to check B([u1,v1], ws) # 0 and B([up, v2], w1) # 0. Hence, by Proposition 3, the
left-invariant metric (-, )+, on SO(17) is a B-metric if—and only if—it is an Einstein
metric. Since SO(17) admits no non-naturally reductive left-invariant Einstein-like metric,
such as Equation (1) [4], there is no non-naturally reductive left-invariant B-metric, such as
Equation (1) on SO(17). O
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3.8. The (SO(43),50(42),Sp(4)) Case

In this case, the Lie algebra sp(4) is embedded into s0(42) by its irreducible represen-
tation with the highest weight A = L1 + L, + L3 + L4 [3,4]. Consider the standard represen-
tation p of sp(4) and the highest weight of A*pis Ly + Lo + Lz + Ly [19,21]. However, A*p
is not an irreducible representation. In fact, define a contraction map ¢3 : A*C® — A2 C®
as follows

@4(v1 Nvg Avg Avy) = bo(v1,v2)v3 Avg — bo(v1,03)v2 A vy + by(v1,v4) 02 A U3
+ bo(v2,v3)v1 A vy — bo(v2,04)01 A 03 + bo(v3,04)01 A D2,

0 —Idg
Idy O
that the kernel W of the map ¢4 is exactly the irreducible complex representation of sp(4)
with the highest weight Ly + Ly + L3 + L4 [19,21]. Let {ey, - - - , e} be a standard basis of
C8, and set

where by (-, -) is a bilinear form on C?® that corresponds to | = ( ) . It follows

Ny = ejepesey, Ny = epeseqes, N3 = ejeseseq, Ny = eqepeqey,

N5 = e1epeseg, Ng = eseqeseq, N7 = epeqese7, Ng = epeseses,

Ng = e1epe3e7 — e1exe4e8, N1g = exezese; — exeqeses, N1p = —ejepeqeq + eresegey,

Nip = —exeqeseq + eseqese7, N3 = —ejepeseq — e1eseqes, N1y = —ezeseses — ezeqeses,
Ni5 = erexezes — epezeqes, Nig = e1eseseq — ezeqeqes, N1y = erepeqes + epeseqey,

Nig = ereqe5e6 + e3e4e667, N1g = e1e3eqe5 — exezeses, Noo = ejesesey — epeseqey,

Np1 = e1exes5e6 — e1eq4es5e8 — €xe3€6€7 + e3eqezes,

Npp = ejexeseq — e1€3e5€7 — e2e4€6e8 + e3eqezes,

No3
Np7 = eqeseqe7, Nog = eqezezes, Nog = erezeqes, N3p = e1eseqey,

esegezes, Noy = eqesezeg, Nos = exesezeg, Nog = e3eseqes,

N31 = —eqeseqes + ezeseqe7, N3p = —ejeqeqes + ereseqey, N33 = esesezeg — exeseqes,
N3y = erezezes — e1eaeqs, N3s = —egeseyes — exesegey, Nag = —e1e4e7€s — €1€286€7,
N37 = —eqeqezes + e1e5e6e7, N3g = —epeqezes + eezesez, Nag = e3eqe7es + e16566¢s,
Nyo = exezezes + ereaeses, Nyg = —exegeyes + ejeseyes, Nap = —exe3eqes + e1e3eses,

where we omit the symbol A for convenience. Then, the kernel of the map ¢4 is given by
W = spanc{N,|1 < a < 42}.

On the other hand, the complex representation W is a real type [19,21]. To see this,
define a complex linear map ¢ : W — W by (N;) = Nj1 22, P(Np) = Ny and ¢(Ny,) = N,—p»,
where1 <] < 20 21<m < 22 and 23 < n < 42. Moreover, the conjugate map y on W is

defined by ’y( Z AgNg) = Z AaNa, where A, € C and A, is the conjugate of A,. Then, W

is a real type w1th the structure map F = o v and the real form W of the representation
W is fixed by F. Induce a Hermitian inner product (-, -) v on W by the standard Hermitian
inner product on ®* C8 and set the following:

e N;=2V6(N;+ Nyy;), N =2v6(v/—1IN; — /—1Np_;) for1 <i < 8;
e Nj=2V3(N;+ Np,j), N =2V3(v/—1IN; — vV=1Np ) for 9 < j < 20.

Then there is an orthonormal basis of the real form Wy, namely { N,, V6N, V6N, N/,
|1 < a < 20}. By the representation Wy, the Lie algebra sp(4) is identified with a Lie

subalgebra, which is also denoted by sp(4), in s0(42). Particularly, vector G5 € sp(4)
corresponds to

_ !/ ! ! ! / ! !/
w1 = Gy — Gz — Gyy — Ggg — Go 19 — Gl 10 — Glza € 50(42).

Recall that the negative of the Killing form of s0(43) is B(X,Y) = —41tr(XY), where
X,Y € s0(43). Then, there is a Lie algebra decomposition with respect to B(-, -),
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50(43) = 50(42) ®my = sp(4) G my Bmy,
where m; is the orthogonal complement of sp(4) in s0(42) and my = spang{G,43|1 < a < 42}.

Proof of Theorem 2 for the (SO(43),S0(42),Sp(4)) Case. Take 17 = up = Gyq3 € my,
v1 = vy = Gpa3 € mp and wy = G + G3¢ € my. Itis not difficult to check B([u1, v1], wy) #
0 and B([up,v2],w1) # 0. Hence, by Proposition 3, the left-invariant metric (-, )¢, +, on
SO(43) is a B-metric if—and only if—it is an Einstein metric. Since SO(43) admits no
non-naturally reductive left-invariant Einstein-like metric such as Equation (1) [14], there is
no non-naturally reductive left-invariant B-metric, such as Equation (1) on SO(43). [

3.9. The (SO(129),50(128), Spin(16)) Case

In the this case, the Lie algebra spin(16) is embedded into s0(128) by its half-spin
representation AT. Now, we recall the construction of AT first [23]. Let {e1,--- ,e16}
be the standard basis of R'® with respect to an inner product (-, -)gis and CI(R!®) be
the corresponding Clifford algebra over R!°. It is well known that products in CI(R®)
are determined by e% = —land e;es = —ese, for 1 < r # s < 16, and the Lie algebra

16
spin(16) = spang{eres|1 < r < s < 16}. Moreover, there is a basis { [] e*|rs = 0 or 1} of
s=1

CI(R'®), and considering the subalgebra CI(R!®)o, spanned by elements in which ¥ is

s

even, of CI(R!®). Directly, take a subgroup,
16 16
Eo={x]]elrs=00r1, ) riiseven},
s=1 s=1

of CI(R'®), and let F C Ej be the subgroup generated by {e>,_1¢2y|1 < p < 8}. Then, we
will begin with a one-dimensional complex representation W of F to construct the half-spin
representation A of spin(16).

Consider the complexification of CI(R'), i.e., CI(C'®) = CI(R'®) @z C. One can
check that CI(C®) is a Clifford algebra over C'® with the dot product [20]. Moreover,
products in CI(C'®) are induced by those in CI(R'®). Define a one-dimensional complex
vector space W := {Aw|A € C}, where

w = Z (_ \% _1)q(62p1—1€2p1) e (62pq—162pq) € Cl((clé)'
0<g<8
1<p1<--<pg<8

Then there is a one-dimensional complex representation p of F on W induced by products
in CI(C'6), and it is easy to check p(ezp_1e2p)w = v/ —lwfor 1 < p <8.

For any o € Ey/F, we use ¢W to denote the one-dimensional complex vector space
generated by gw, where ¢ € ¢ and gw is the product of g, w in CI(C!®). One can check
that cW does not depend on the choice of g. Hence, we can construct a 128-dimensional
complex vector space directly,

At = @ oW,
o€Ey/F
and any element of Eg permutes {cW|o € Eg/F} by products of CI(C'®). As a consequence,
we obtain a 128-dimensional complex representation p’ of Eg on A™.
Recall that the group ring of Ej over R is defined by R(Ep) := {}_ A X¢| A+ € R, X; € Ep}.
t

We obtain a complex representation pf, (Eo) of R(Ep) on AT by extending the representation

o' from Eq to R(Ey). To avoid confusion, we write y for —1 € CI(R!®)q and ] for the ideal of
R(Ep) generated by u + 1. By the definition CI(R'®)g = R(Ey)/], there is a representation
p" of CI(R'®)g on AT induced by p]’R(EO). Finally, we obtain a 128-dimensional complex rep-
resentation of Spin(16) on A™ by the restriction p”’ |Spm(16) which induces a 128-dimensional
complex representation g of spin(16) on A" called the half-spin representation of spin(16).
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In detail, for any X € spin(16) and u € A", p(X)u = Xu, where Xu is the product of X and
u in CI(C1).

Then, we illustrate the real form AJ, which is fixed by the structure map F, of the
representation space A*. Denote eje3 - - - e15 by e acting on A* by products in CI(C'®)
and set

V = spanc{w, ez, 1e05- 1w, e1€0i 1€0j 12 qw[1 < p < g <8,2<i<j<k <8}

By the discussions above, the representation space A" is isomorphic to V & eV. More
precisely, organize basis vectors of V in the lexicographical order and let N, be the ath basis
vector. Then, define Ngg, = eN, for 1 < a < 64, and we obtain AT = span-{N;|1 < a <128}

On the other hand, the representation A™ is a real representation with the structure

128 128 _
map F = e o v, where v is the conjugate map defined by v( Y A;N;) = ¥ AgN,, with
a=1 =

a=1
Ae € C, and A, is the conjugate of A, [21]. Set N, = % and N, = %,

where 1 < & < 64. Tt is not difficult to check that N, and N/, are fixed by F. Hence, the real
form A7 is spanned by {N,, N;|1 < « < 64} with an inner product (-, -) ag on A defined

by assuming {N,, N4|1 < a < 64} is orthonormal.

In fact, by the half-spin representation of spin(16) on A, we identify spin(16) with a
Lie subalgebra, which is also denoted by spin(16), in s0(128). Particularly, the vector e;e3
corresponds to w; = Gyp + Gag + (*) € s0(128), where () denotes other terms which do
not include Gy, or Gsg.

Recall the negative of the Killing form of s0(129) is B(X,Y) = —127tr(XY), where
X,Y € 50(129). Then, there is a Lie algebra decomposition,

50(129) = 50(128) ® my = spin(16) @ my D my,

where m; is the orthogonal complement of spin(16) in s0(128) and my = spang{ G, 129|1 <
a < 128}.

Proof of Theorem 2 for the (SO(129),SO(128), Spin(16)) Case. Take 1y = up = Gy 129 €
mp, 01 = Up = G2,129 € mp and wy, = Gip — Gz9 € my. It is not difficult to check
B([u1,v1],wp) # 0 and B([uy, 2], w1) # 0. Hence, by Proposition 3, the left-invariant
metric (-, -)¢, 1, on SO(129) is a B-metric if—and only if—it is an Einstein metric. Since
SO(129) admits no non-naturally reductive left-invariant Einstein-like metric, such as Equa-
tion (1) [14], there is no non-naturally reductive left-invariant 3-metric, such as Equation (1)
on SO(129). O

3.10. The (Spin(9), Spin(8), Spin(7)) Case

In this case, we refer [22] for the embedding of spin(7) into spin(8). In fact, any
X € spin(7) is a linear combination of the following elements: a1Ga3 + B1Ges + 71Grs +
01Ga1, a2Gog + B2Grs + 12Gse + 02Ga1, a3Gsp + B3Gss + ¥3Ge7 + 903Gy, a4Gog + PaGa7 +
Y4Gag + 04Gs1, a5Gsp + B5Gas + 15Gra + 05Ge1, a6Gsz + BeGss + 16Gas + 06Gr1, a7Goz +
BrGe3 + v7Gsa + 07Gg1, where a; + B; + v; + 0; = 0 for (i =1,--- ,7).

On the other hand, the negative of the Killing form of spin(9) is B(X,Y) = —7tr(XY),
where X, Y € spin(9). Moreover, there is an orthonormal basis of spin(9) with respect to
B(-,-) as follows,
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hy = 2G3r—Gss—Gey hy = Gsa—Gey hy = —G32—G54—Ge7+3G1o
2v/21 ’ 2V7 7 2\/42 ’
hy = 2G13—Ges—Gys hs = Ges—Gys he = —G13—Ges—Gr5+3Goo
2v/21 ’ 2V7 7 242 ’
_ 2Gn—Gya—Gse _ Gza—Gsg _ =Gn—-Gnu-— G56+3G30
7 TR R v i
_ 2G15=Gp6—Gay _ Gos—Gay _ =Gi15=Gpe— G37+3G40
h1o N AL W
_ 2G4 —Gy7—Ge3 _ Gy—Gegs _ =G —Gyy— G63+3G50
hiz = e =, s = W
— 2Gn—Gap—Gss _ Gu—Gss _ =Gn—Gup— G35+3G60
h16 2\/ﬁ h17 2\[ h18 2\/@
_ 2G16—G5—Gus _ Gs—=Gus _ =G16=G52—Gu3+3Gyo
hig = ool oo = 2R, oy = o ,
U = Ga2+Gs4+Ger+Gio Uy = G13+Gea+Gyr5+Gog Uy = Go1+Gra+Gs6+Gao
2+/14 ’ 214 ’ 2+/14 !
s — G151Ga6+Gar+Gag U5 = Ga1+Go7+Ge3+Gsp Ug = G71+Gap+G35+Gep
4 2V14 ’ 214 ’ 214 ’
Uy = Gi16+Gsp+Guz+Gro for0<a<7.

2\/ﬁ /tx—\/*/

In addition, we have a Lie algebra decomposition with respect to B(-, -),
spin(9) = spin(8) B my = spin(7) & my S my,

where spin(7) = span{h;|1 <i <21}, my = span{u,|1 <r <7} and my = span{p,|0 <
a <7}

Proof of Theorem 2 for the (Spin(9), Spin(8), Spin(7)) Case. Calculated directly, we find

[p1, p2] = \ﬁh + \é;ul Then, taking u; = uy = p; and v; = v, = p,, we obtain
[U1,01)m, # 0 and [uz,v2]p # 0. Hence, by Proposition 3, the left-invariant metric (-, ), ¢,
on Spin(9) is a B-metric if—and only if—it is an Einstein metric. Since Spin(9) admits no
non-naturally reductive left-invariant Einstein-like metric, such as Equation (1) [14], there
is no non-naturally reductive left-invariant B-metric, such as Equation (1) on Spin(9). O

4. Conclusions

In the current paper, we study left-invariant Einstein-like metrics on compact Lie
groups. Now, we summarize our main results and remaining questions, as follows:

e  We prove in Theorem 1 that any left-invariant metric (-, -)¢, ¢, defined by Equation (1)
on the compact Lie group G must be an A-metric. Recall that a Riemannian metric
g is simultaneously A-metric and B-metric if—and only if—it is Ricci-parallel. Then,
the left-invariant metric (-, )4, 1, on G is a B-metric if—and only if—it is Ricci-parallel.
In other words, we prove that Conjecture 1.1 is true for the compact Lie group G
endowed with the left-invariant metric (-, ), ¢,.

e  We prove in Theorem 2 that any compact Lie group G in Table 1 admits no non-
naturally reductive left-invariant B-metric, such as Equation (1). Moreover, we find
Proposition 3, which can help us to avoid cumbersome calculations, and every case in
Table 1 is discussed.

e In the future, we will focus on the compact Lie group G, in which G/K is not an
irreducible symmetric space any more. Hence, Lie bracket relations are more complex,
so it is difficult to prove Conjecture 1.1. On the other hand, it will also be interesting if
we can find some counter-examples of Conjecture 1.1.
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