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Abstract: In this paper, we study the periods of interval exchange transformations. First, we
characterize the periods of interval exchange transformations with one discontinuity. In particular,
we prove that there is no forcing between periods of maps with two branches of continuity. This
characterization is a partial solution to a problem by Misiurewicz. In particular, a periodic structure
is not possible for a family of the maps with one point of discontinuity in which the monotonicity
changes. Second, we study a similar problem for interval exchange transformations with two
discontinuities. Here we classify these maps in several classes such that two maps in the same class
have the same periods. Finally, we study the set of periods for two categories, obtaining partial
results that prove that the characterization of the periods in each class is not an easy problem.
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1. Introduction and Basic Results

lclr:’%:tfeo; This paper deals with periods of maps called interval exchange transformations. Given
Citation: Canovas, J.S.; Linero Bas, amap f : X — X onaspace X, as usual f0 =1d, and for any integer m € N = {1,2,3,...}
A.; Soler Lopez, G. On Periods of weset fl = f, f" = fo fm 1. We say that x € X is periodic if there is m € N such that
Interval Exchange Transformations. f™(x) = xand f i(x) # x for all 0 < i < m. In that case m is the period of x. Whenm =1
Mathematics 2022, 10,1487. https:// we have fixed points. By Per(f) we denote the set of all the periods of periodic points of f.
doi.org/10.3390/math10091487 Since Keane’s paper [1], interval exchange transformations are an active area of re-

search. We will denote an interval exchange transformation by the acronym IET. First, the
interest was focused on oriented IETs without flips. However, later on, Nogueira, among
Received: 4 April 2022 others, studied IETs with flips [2].
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iations. According to [4], a polygonal billiard is a connected open set U in the plane (not
necessarily simply connected), whose boundary oU is the union of finitely many rectilinear
segments. This billiard is called a rational polygonal billiard when the angle of the directions
- of two whatsoever segments which form dU is a rational multiple of 7. To this respect, let
us mention that the main result in [6] establishes that, for rational polygons, periodic orbits
are dense in the phase space of the billiard flow. In this direction, our study clarifies the
value of the minimal periods for these dense orbits when we relate rational billiards with
IETs. To relate polygonal billiards and oriented IETs, the reader interested can consult, for
instance, ref. [7], where, from a polygonal billiard, the authors construct an oriented IET in
which the discontinuity points correspond to the vertices of the original polygon suitably
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normalized. Furthermore, the construction of flipped IETs from polygonal billiards can be
consulted in [2].

When the shape of the bounded region is allowed to have an arbitrary boundary, we
face the subject of dynamical billiards, an active area of research at the present day. In this
sense, concerning the mechanical applications of dynamical billiards, we can mention [8],
where the author gives a general scope about the relationship between chaos and quantum
mechanics and the connection of the chaotic motion with billiards through the dynamics
of light rays for certain types of laser cavities. The dynamics of general billiards is also
applied to modelling the movement of particles inside some nanodevices as p-n junctions,
which is a structure of electronic components or semiconductor materials having different
type (p-type, n-type). These components allow the movement of electrons through the
junction between the two types of semiconductor materials (for some models, consult [9]
and references therein; to obtain basic information on p-n junctions, the reader is referred,
for instance, to [10]).

Let N be the set of natural numbers and n € N. An n-IET is an injective map T : D C
(0,1) — (0,1) such that:

1. D is the union of n pairwise disjoint open intervals, D = ! ;I;. Moreover,
I = (a;,0i41),0 =01 <ap <az < - <ap1 =1
2. T|1]. is an affine map of constant slope equalstolor —1,i =1,2,...,n.

In what follows we will always assume that [ = 1, although notice that we may also
assume D C [0, 1] when necessary.

We say that an IET T has flips if there are k subintervals where the slope is —1.
Otherwise, we say that T has no flips. We will write (1,k)-IET to denote an IET with k-flips
and n discontinuities. When T has no flips we say that it is an oriented interval exchange
transformation of n intervals. If there are not fake discontinuities we say that T is a proper
IET. Note that a discontinuity a € [0, 1] is fake when the map is in fact continuous in a. For
instance, the identity map on [0, 1] can be regarded as a 2-IET with permutation (1,2) and a
fake discontinuity at any point a € [0, 1]. The notions of circle exchange transformation of n
intervals with k flips or circle exchange transformation of n intervals without flips are obtained
by replacing [0,1] with S' = [0,1]/ =, (0 = 1). We will denote this map by the acronym
(n,k)-CET or simply CET.

IETs and CETs are easily related by means of the universal standard covering e : R —
S! given by e(x) = ¢™*. For a given proper (n,k)-IET defined on D C [0,1], T, we can
define a unique (n, k)-CET, T¢, such that the diagram

Dco1] & R
el le
pecst oS!
commutes (see e.g., [11] for more information on the standard covering of the circle).
Although the discontinuities of T° become discontinuities of T using e, T can have two
extra discontinuities. If there is a point of continuity of T¢, w = 2™ with t € [0, 1], such
that T¢(w) = e2 then t is a discontinuity of T. In addition, if ¢2™ is in an interval of
continuity of T¢, let us say I¢, then ¢! (I]C) decomposes into two intervals of continuity of
T. Then:

Remark 1.
e If T® is a proper (n,k)-CET, then T is a proper (n',k')-IET for some n < n' < n+2,
k<K <k+2

e Conversely, if T is a proper (n,k)-IET , then T¢ is a proper (n',k')-IET for some n — 2 <
n<nk-2<k <k
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For example, any (6,4)-IET with permutation (—3,5, —1, —6,2, —4) becomes a (4, 2)-
CET while the (4,2)—IET associate to (—4,2,1, —3) continues being a (4,2)-CET.
The orbit of x € (0,1) is given by

Or(x) := {T"(x) :n € Zand T" '(x) € Dom(T)}.

Moreover, we also define the orbits Or(0) = {0} U Or(lim,_,o+ T(x)) and Or(1) =
{1} U Or(lim,_,;- T(x)). Similarly, the right and left orbits at discontinuity points can be
defined. T is said to be minimal if O7(x) is dense in [0, 1] for any x € [0,1]. Transitivity is a
weaker condition; namely, T is said to be transitive if there exists some x € [0, 1] such that
Or(x)is densein [0,1]. An n-IET is said to be uniquely ergodic if it only admits the Lebesgue
measure and its multiples as invariant measures (recall that a probabilistic measure y is
invariant by T if u(A) = u(T~1(A)) for all Borel sets A).

The simplest IETs, oriented 2-IETs T with slope 1 on their two pieces of continuity,
show that a dichotomic behavior exists. T is either a rational or non-rational rotation.
Thus, either T is minimal or all the points, except for the ones in the orbit of the point of
discontinuity, are periodic of the same period (see, e.g., [11]). The behavior of oriented and
non-oriented, i.e., with flips, IETs differs. Roughly speaking, almost all oriented n-IETs are
minimal while almost all (1, k)-IETs with k > 1 have at least one periodic point and are not
minimal. To precise these facts, we will introduce the way of codifying IETs in Section 1.1.

We are motivated by the longstanding problem of obtaining the set of periods of
functions defined on one interval into itself. It is known that the celebrated Sharkovsky’s
Theorem gives the solution when the map is continuous [12,13]. Many works in this
direction have appeared by changing the phase space or by considering non-autonomous
dynamical systems. A wide review on this subject can be found in [14]. This paper aims to
advance the study of the periodic structure of IETs. We will give a complete classification
of the periods of 2-IETs, introduce a framework to study the periodicity of general IETs and,
as an application, analyze the periods of a particular case of 3-IETs. Of course, there is a
lot of work to be done to characterize the periods of this family of maps. It is important to
highlight that in [15], in the open problems session of the conference “Thirty Years after
Sharkovskii’s Theorem: New Perspectives” (Murcia, 1994), M. Misiurewicz proposed the
following question: “Characterize all possible sets of periods of periodic orbits of interval
maps f : [0,3) U (3,1] — [0,1] such that f is continuous and strictly increasing on [0, §)
and is continuous and strictly decreasing on (%, 1]”. Our results on (2,1)-IETs give a partial
solution to this problem that was also studied in [16].

The next subsections present well-known facts on IETs and prove some interesting
properties on Poincaré maps of IETs. In Section 2 we characterize completely the periods of
2-IETs. In Section 3 we present the general framework to study the periods of IETs which is
applied to a case study of 3-IETs in Section 4. The next section contains two case studies for
two fixed permutations that show that characterizing the periods of general IETs is not an
easy task. A section of conclusions ends the paper.

1.1. Coordinates in the Set of IETs

A signed permutation is an injective map
n:N,={1,2,...,n} > N; ={-n—-mn-1),...,-1,1,2,...,n}

such that |7t| : N, — N, is bijective, that is, a standard permutation. Let 5% be the set of signed
permutations. A non standard permutation will be a signed permutation 77 whenever 77(i) < 0
for some i. We represent 7t by (7t(1), 1(2),...,7(n)) € (Ng)". A permutations is irreducible
if |m({1,2,...t})| # {1,2,...,t} forany 1 < t < n. The set of irreducible permutations is
denoted by Si*. The subset S5'* of standard permutations 7 with | 77| (1) # n will play an
important role. Observe that Sj* C S5,
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Fix R = (0,00), A" = R’,.. We establish a one to one map between the set of n-IETs
and C, = A" xS LetT: D = UjL; I; C (0,1) — (0,1) be an n-IET. Then its associated
coordinates in (A, 1) € Cy, are defined by:

. A =ajy1 —a; foralli € N,,.
e (i) is positive (resp. negative) if T|;, has slope 1 (resp. —1). Moreover |7(i)| is the

position of the interval T(I;) in the set {T(I;)}?_; with the usual order in R.

These coordinates allow us to identify T = (A, 7r). For a fixed permutation 77 we
can consider the Lebesgue measure of the cone A" on the set of n-IETs having associated
permutation /7. Then we can state the following result.

Theorem 1. Let 7 : N, — Ny, be an irreducible permutation. Then:

e If ris standard, then almost all (with respect to the Lebesgue measure induced on A") n-IETs
of the form (A, 7t) are minimal. Moreover if T = (A, 1) is oriented, 7t irreducible and the
components of A are rationally independent then T is minimal (Keane [1]).

e Ifmwis standard, then almost all n-IETS of the form (A, 7) are uniquely ergodic (Masur [17]
and Veech [18]).

e Ifrtis not standard, then almost all (n,k)-IETs, k > 1, of the form (A, 7t) have periodic orbits
(Nogueira [2]).

Remark 2. Assume that 7t is reducible, T = (A, 7t) and t < n satisfying |7t|(N;) = Ny. Then,
the dynamics of T decomposes in the (independent) dynamics of Ty = T\Ul¢=1 jand Ty = T|U§Lt+1 I
which are IETs of less than n intervals and Per(T) = Per(T;) U Per(T,). Moreover, if T is
transitive then 7t is irreducible.

It is well known that IETs decompose into periodic and minimal components [2,19-21].
This decomposition is essential to analyze the set of periods. Each periodic component
has either two or one associated periodic orbits depending on whether it reverses the
orientation or not. An open interval | is said to be rigid if all positive iterates T are
defined; that is, these iterates do not contain discontinuity points. When a rigid interval |
does not admit any other rigid interval containing it, then we say that | is a maximal rigid
interval. Observe that for any maximal rigid interval | there is a minimal positive integer m
such that T (]) = J and then all points in | have either period 2m or m. Both periods exist
when (T")'(x) = —1 for any x € ], and only m if (T™)’(x) = 1 forany x € J.

Let ] be a maximal rigid interval and let m be positive as above. Then U}"Z_Ol T/(J]) is said
to be a periodic component of T. A minimal component of T is a non-empty set M C Dom(T)
such that M = CI(Or(x)) for any x € M having either full forward or full backward orbit
(here, CI(A) denotes the topological closure of the set A). Similarly, a transitive interval is
defined. The next result has an obvious relevance for us (see [22], Th. A).

Theorem 2 (Nogueira, Pires, Troubetzkoy). The numbers nper of periodic components and npyin
of minimal components of an n-I1ET satisfy the inequality nper + 2nyran < 1.

Also, the Main Theorem in [23] gives an important information.

Theorem 3 (Gutierrez, Lloyd, Pires, Zhuzhoma). Given n > k > 1, there exists a transitive
proper (n,k)-CET if and only if n + k > 5.

It is also remarkable the next result from [24].

Theorem 4 (Linero, Soler). Given n > k > 1, with n > 4, there exist proper minimal uniquely
ergodic (n, k)-IETs.

Combining Theorems 2 and 3, since transitive components of (2, k)-CET are related
to transitive components of an (n,k")-IETs with n < 2 and k' < k. Observe that T has
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transitive components if and only if T¢ also has transitive components and any periodic
orbit of T is mapped by e to a periodic orbit of T°. Then, we have the following corollary.

Corollary 1. Letk € {1,2} and let be T a (2,k)-IET. Then T does not admit transitive components,
and the number of periodic components is bounded by two.

Proof. Any (2,k)-IET can be seen as a (n’,k')-CET, T¢, with 1 < n’ < 2. Moreover
1<k <k<2andn' +k <4, then T* is not transitive by Theorem 3 and so is not T.

Also, by Theorem 2, the number of transitive components, 7itran, satisfies nper +
2ngran < 1 = 2. Then either nper = 0 and 71yran = 1 (which is not possible by the above
paragraph), or niper > 1 and figran = 0. 1

Remark 3. There exist 3-IETs with flips and transitive components. For instance take T = (A, 7r)
with m = (2,1, —3). Then the dynamics of T decomposes independently in the dynamics of T|p,j,
and the dynamics of T|1,. Observe that I is a periodic component with points of periods 1 and 2. In
addition, for appropriate values of Ay and Ay T|y,y, is a non rational rotation and then Iy UL is a
transitive component.

To investigate the notion of minimality only irreducible permutations must be are con-
sidered. However, for this paper we have to take into account all the IETs with associated
permutation in Sj;. Observe that an IET, T, associated to a permutation in SI\S7" decom-
poses into two IETs: one without discontinuities, T) = T|j,, and the other one, T, = T|U,?:11 I

having one less discontinuity than T. Observe that, then, Per(T) = Per(T;) U Per(T,) and
Per(T;) = 1or Per(T;) = {1,2} depending on whether T; is oriented or not. In particular,
if T = (A, ) is a2-IET then Per(T) = {1,2} forany 7w € {(—1,2),(1,-2),(—1,-2)}.

1.2. Poincaré Map

Let T = (A, 7) be an n-IETswith 7w € Sy and A, = Alz|-1(n)- Then we can define
the Poincaré map in the set I\I,, Ty such that Ty (x) = T(x) if x € I\(Iy Ul -1(,)) and
Ti(x) = T?(x)ifx € 1 \7|-1(n)- Figures 1 and 2 show the graphs of 3-IETs and their Poincaré
maps. This map T; has less discontinuities than T but the set of periods is different. In
particular, any periodic orbit of T; of period p intersecting I|;|-1(,, becomes (adding some
points) a periodic orbit of T of period p + 1, where 1, denotes the times that the orbit visits
I (or equivalently I -1(,). A similar reasoning can be made when Ay = A -1(7). We
obtain the following results.

1 1 1 I 1 L L 1 ! H
0.0 02 0.4 0.6 0.8 10 0.0 0.1 0.4 0.6 0.8 1.0

Figure 1. Graph of a (3,1)-IET with permutation (3,1, —2) and a = 0.3 (left). On the (right), the
graph of the Poincaré map.
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Figure 2. The graph of a (3,3)-IET with permutation (—3, —1, —2) and a = 0.25 (left). On the (right),
the graph of its Poincaré map.

Proposition 1. Let T = (A, ), t € Sy and assume that A, = A\z|-1(n)- Let Ty be the Poincaré
map of T on I\I,, let x € I 7 -1(ny and assume that x is a periodic point of Ty of period p. Then x is
a periodic point of T of period p + np, where ny is the cardinality of Or, (x) NI z-1(,).-

Proposition 2. Let T = (A, 7), w € S, [7t|(1) # 1 and assume that Ay = A -1(q). Let Ty be
the Poincaré map of T on I\I, x € I 11y and assume that x is a periodic point of Ty of period p.
Then x is a periodic point of T of period p + np, where ny is the cardinality of Or, (x) NV 1|1 (1)

These results allow us to analyze the set of periods of some 3-IETs as we show in
Section 4.

1.3. Inverse and Conjugate

To simplify the characterization of the set of periods of (1, k)-IETs we will study how
this set behaves under conjugation and inverse.

Letus fix an (n,k)-IET, T = (A, 7r), and consider its inverse T-1= (/\i, 7'ci). In addition,
we introduce the homeomorphism & : [0,1] — [0,1], k(x) = 1 — x, which holds h? = Id.
We define the conjugated map of T by means of i, T", by T" := ho T o h~!. T" is also an
IET(since & is an isometry), and T" = (A", ).

Theorem 5. Let T = (A, 7t) bea (n,k)-IET. Then:

(@) T~ = (N, 7") with AL = Ay and 72 (j) = o (|01 (7) 7] 7 (7).

(b) T"= (A", 7 with A]}»‘ = Ay_jand 7' (j) = o(n(n— ) (n — |7t|(n —j)).
(c) Per(T) = Per(T!) = Per(T").

Proof. (a) Assume that the intervals of continuity of T are {Ij}?:l and the interval of
. . _1 _ _ 7 .
continuity of T~ are {Lj};‘zl. Then T(I;) = L|(j) and A; = Ai”\(]’) forany 1 <j <, also
. — 1
Lj = Tz and Ay = A1,
|7'|(j) denotes the position of the interval L; after applying T-!, observe that
T‘l(Lj) = T_l(T(I‘n|_1(j))) = Ijz1(j)- Hence |7 (j) = |7t|~1(j). Moreover, the slope

of T~y coincides with the one of T|; , therefore 7t (j) = o(|7e=1(j)) ||~ (j).

=)

(b) For T" = ho T o h, we name the interval of continuity by {L; };‘:1 and the interval of
continuity of T are {Ij};lzl. Observe that {h(I;) 1= {Lj}7:1r moreover L; = h(l,_;) and
/\;-1 = Au_j. Now we are going to see the order of the intervals Th(L]-) =hoToh(h(l,—}))

and hoT o (I,_;), observe that the interval I,,_; is placed by T in the position |7|(n — f)

=]
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and then / carries it to the position 1 — |7t|(n — j). Moreover the slope of T"| L, is the same
that the one of T|;, ;. Thus: 7'(j) = o(m(n—j))(n — |7t|(n —j)).

(c) It is immediate to see that x is a periodic point of T of period p if and only if TP ! (x)
is a periodic point of T~!. Therefore, Per(T) = Per(T~!). On the other hand, taking into
account that (Th)¥ = (ho Toh)k = ho TKoh for any k € N, it is easily seen that x is a

periodic point of T" of order p if and only if /() is a periodic point of T, and consequently
Per(T) = Per(T"). O

We finish this introductory section with the following corollary.

Corollary 2. Let T = (A, ) with T = (2,—1) and A = (A, Ay). Then T-1 = (A, 7t) with
mt = (—=2,1) and A = (A, A1) and Per(T) = Per(T1).

2. Set of Periods of 2-IETs

Thorough this section we will assume that any IET is a 2-IET. The possible generalized
permutations are 1y = (1,2), mp = (—1,2), 13 = (1,-2) and 1y = (—1,—2) for the
reducible case and 75 = (2,1), 1g = (—2,1), 17 = (2,—1) and 71§ = (—2, —1). Of course,
there are some trivial cases here. If T is an IET with generalized permutation 771, then
it is the identity and hence Per(T;) = {1}. Similarly, the IET Tg with permutation 7g is
in fact the map 1 — x, with periods Per(Ts) = {1,2}. For an IET T; with permutation 7t;,
i = 2,3,4, note that they have one invariant subinterval where the map is 1 — x and then
{1,2} C Per(T;). Since the maps are the identity or again 1 — x on the other subinterval,
we conclude that {1,2} = Per(T;), i = 2,3,4.

Now, we set a = Ay. For an IET T5 with permutation 715, note that it can be identified
with a rotation on the circle S!. It is well-known, see e.g., [11], that in this case, if T5(x) =
x+1—aonl0,a)and T5(x) = x —a on (a,1], then Per(T5) = @ if a is not a rational number,
and Per(T5) = {n} ifa = m/n, withm < n, ged(n,m) = 1.

So, the difficult case appears when T; is an IET with associated generalized permutation
m;, with i = 6,7. Taking into account that A1 = a, the 2-IET for 717 is given by

_ +1- f E[O, )r
T”(x)_{xl—xa zf ie(a,i].

Next result simplifies the problem.

Lemma 1. The map ¢(x) = 1 — x is a conjugacy between suitable IETs Ty = T, and Ty = T,
witha € (0,1).

Proof. Let : )
~ B —x+1 if xe€|0,1—a),
T”(x)_{x—l—l-a if xe(l-a1],

be an IET with associated permutation 77¢. It is a straightforward computation that

) = (poToog)m = { *71L7 0 TSN

which concludes the proof. O

The above lemma yields that Per(T,) = Per(T,). Next result characterizes the periods
of T, with associated generalized permutation 7t7.

Theorem 6. Let To(x) = 1 — x and for a given a € (0,1) let

_J x+1—-a if x€[0,a),
Tﬂ(")—{x1—xa i xe(adl
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Then:
(a) Ifa= ;g forsomen € NU{0}, then Per(T,) = {n+1,2(n +1)}.

(b) Ifa€ (ap,ag), witha, = "L and ag = g for some n € N, then Per(T,) = Per(T, ) U
Per(Tay), that is, Per(T,) = {n,2n,n+1,2(n+1)}.

Proof. (a) For n = 0 the result is trivial. Let n > 1 and notice that 1 —a = %ﬂ Define the
subintervals
e (i1 _ . _ _ j o j+1 .
Ii:=(j(1—a),(j+1)(1—a)) = (n—i—l' n—i—l)’ i=0,1,...,n
Note that '
IN{T;*(a):i >0} = U;’:OI]-. 1)

Figure 3 shows an example a map with a = %

(L3

o4

', \
il L g b 4

0.0 0.2 0.4 0.6 0.8 1.0

Figure 3. Graph of T, witha = % The displayed grid is made with the endpoints of the intervals I,
i=1,...,12

Then, it is easy to check that Ta(lj) =l forj=0,1,...,n—1,and Ta(Ly) = Iy. As
a consequence, we have that Tg“(Ij) = Ijforj =0,1,...,n. Moreover, (T,;’“h}_)(x) =
(2j+1)(1 —a) — x for x € I;. The fact that Per(Tg‘th,) ={1,2} forj=0,1,...,n, jointly
with the property that the intervals I; are periodic with period 7 + 1 allow us to conclude
that Per(T,) = {n+1,2(n+1)}.

(b) Define the subintervals

bj:=(j(1=a),=n)(1-a)+1),

bi1:=((—n)(1-a)+1,(G+1)1-a)),
forj=0,1,...,n—1and
Iy = (n(1—a),1).
Note that ‘
INAT,(a) 1 i = 0} = UiLohy;. ()

We have that To(Ipj) = Ipjt1) forj = 0,1,...,n — 1 and Ta(l4) = Ip. In addition,
(Taz”+2|12],)(x) = x forx € hjforj = 0,1,...,n. Reasoning as in part (a), we have
that {n +1,2(n + 1)} C Per(T,). Similarly, To(Lj1) = Ip(j+1)+1 and (T§”|12],+1)(x) =x
for x € Djq forj =0,1,...,n—1. Then {n,2n} C Per(T,). By (2) we conclude that
Per(T,) = {n,2n,n+1,2(n + 1)}, and the proof concludes. [J
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Remark 4. It is important to realize the next fact. Following the proof of Theorem 6 we can see that
any periodic orbit of T, of period n + 1 in (0,a) contains n elements from (0, a) and just one from
(a,1). If the periodic orbit has 2n + 2 elements, then only two of them are in (a,1). It is easy to see
from the conjugacy that the opposite situation happens with the conjugate map T,, that is, a periodic
orbit of period n + 1 has one element in (0,1 — a), and two when the period is 2n + 2.

Remark 5. Fixa = ;'4, n > 0. If we denote by T, (resp. T,") the left continuous (resp. right
continuous) by defining T, (a) = limy_,qx<a Ta(x) (resp. T,F (a) = limy_yqx>q Ta(x)), then it
is easy to see that a is a periodic point of period n + 2 for T, (resp. n for T,"). The periodic orbit of
a under T, is

{2,1,0,1—-4a,2(1—a),...,n(1 —a)}

while under T, is
{8,1-a,2(1—a),...,n(1—a)}.

Then, we conclude that Per(T, ) = Per(T,) U {n + 2} and Per(T,") = Per(T,) U {n}.

Remark 6. Now, fix a € (ar,ag), with ap = "1 and ag = 1 for some n € N. Defining T,
and T;" as in the previous remark, we check that the periodic orbit of a under T, is

{4,1,0,1—-4,2(1—a),...,n(1—a),1-n(1—a),1—(n—1)(1—a),...,1-2(1—a)}
and T, is
{a,1-a,2(1—a),...,n(1—a),1—n(1—a),1—(n—1)(1—a),...,1—-2(1—a)}.
Then, we conclude that Per(T, ) = Per(T,) U {2n + 4} and Per(T,") = Per(T,).

Remark 7. Theorem 6 partially solves a question posed by M. Misiurewicz in [15]. The question
reads as follows: assume a map f which is increasing and continuous on [0,1/2) and decreasing and
continuous on (1/2,1]. Characterize the periods of f. Theorem 6 proves that no forcing relationship
similar to, e.g., that of Sharkovsky’s theorem, is possible. To check this, note that the conjugacy

4711(9() = { x+%%72a z:; i 2 E?lelﬁi

2(1-a)
takes the map T, into the map ¢, o T, o ¢; ! fulfilling the hypothesis of the question.

Remark 8. As we mentioned before, in [16] the Misiurewicz’s problem is studied under some
hypothesis. Our results state that there will not be a forcing theorem of periods in general. Still, it is
unclear whether the situation with IETs with permutation (2, —1) is analogous to continuous circle
maps in the following sense. Rotations of the circle can also be seen as IETs with permutation (2,1)
that establish that a forcing relationship is not possible for circle maps. However, the set of periods
and the cases where forcing relationships exist are well-known for circle maps [11].

We finish this section by summarizing the periods for 2-IETs in Table 1 and Theorem 7.

Theorem 7. Let n > 0 be an integer and let A be one of the following sets: {n +1,2(n +1)},
{n,2n,n+1,2(n+1)}, Dor {n+1}. Then:

e IfTisa2-IET we have Per(T) = A for some of the above sets.
e Conwversely, given a set A there exists a 2-IET, T, with Per(T) = A.
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Table 1. For 0 < a < 1, n € N, and the 2-IET T, with discontinuity at 4, it is summarized the set of
periods according to the permutation 7.

s Per(T,) s Per(T,)

(—1,-2)  {1,2} 2,1) {%} if =2, with pand n coprime naturals,

if a is not rational,
{n+1,2(n+1)} if a=
(-1,2) 1.2} (2 -1) {n,2n,n+1,2(n+1)} if ”Tfl <a< iy,
1

{n+1,2n+1)} if a= -,

. 1
{n2n,n+12(n+1)} if 5<a<

+

(=2,-1) {1,2} (=2,1)

=

3. An Advance of the 3-IETs Case

For 3-1ETs, the situation is more complex than in the 2-IET case. We have 48 possible
signed permutations jointly with their length vector A = (A1, A3, A3). As one can expect,
the set of periods of a 3-IET will be determined by its signed permutation and its length
vector. So, we denote a 3-IET T by (77, A). Below, we show how to simplify this problem.

First, we identify the reducible signed permutations 7r. Note that if || = (|7t|4, |7T|2,
|7)3), then 7t is reducible if either ||y = 1 or |7t|3 = 3. In this case, for i = 1, we have
that either T|(g »,)(x) = xand 1 € Per(T) or T[j ,,)(x) = Ay —xand 1,2 € Per(T). Note
that then [Aq, 1] is invariant by T, and hence it is a 2-IET on this interval, and therefore its
periods can be computed as in the 2-IET case. We obtain a similar result for the case i = 3.

Next, we check what permutations may have a fake discontinuity. For instance, the
permutation 7w = (2,3,1) gives us a 3-IET which can be defined continuously at A in such
a way that T|g 5, +,) is continuous. Then T can be seen as a 2-IET with permutation (2,1)
and length vector (A1 + A3, A3), and then its periods can be computed. A similar scenario is
found for the permutation 7 = (-3, —2,1). So, we can remove this kind of permutations.

Finally, for a fixed 3-IET T, note that its inverse T~ and its conjugate T" are also 3-IETs
which hold the relationship

Per(T) = Per(T~1) = Per(T").

So, in Tables 2-5, obtained by straightforward computations, we list the suitable 3-IETs
T = (7, A) and their inverses and conjugates. These are the permutations that have to be
considered to obtain the set of periods.

Table 2. 3-IETs without flips.

T T-1 T"
(3,2,1) (3,2,1) (3,2,1)
(A1, A2, A3) (A3, Az, A1) (A3, A2, A1)

If the signed permutation is fixed, as A3 = 1 — A — Ay, the set of periods must depend
on two parameters A and A;. First we assume that A1, A; € Q and such that A = %,
Ay = % and A3 = W, with k1 + ky < m, m, k1, ko € N. Note that k; and m need not

be relatively prime, for instance A = (%, %, %) Note also that one element of the triple

{k1, ko, m — ky — k} must be relatively prime with m, i.e, A = (2,2, 2) is not possible, it is

A= (%,%,%).Fixlj: (%,%),forjzl,...,m.
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Table 3. 3-IETs with one flip.

T T T"
(—3,2,1) (3,2,-1) (3,2,-1)
(A1, A2,A3) (A3, A2, Aq) (A3, Az, A1)
(3,-2,1) (3,-2,1) (3,-2,1)
(A1, A2, A3) (A3, A2, Av) (A3, A2, Aq)
(3,2,-1) (—3,2,1) (—3,2,1)
(M1, A2,A3) (A3, A2, Aq) (A3, A2, A1)
(3,-1,2) (—2,3,1) (2,-3,1)
(A1, A2, A3) (A2, A3, A1) (A3, A2, Aq)
(3,1,-2) 2,-3,1) (—2,3,1)
(A1, A2,A3) (A2, A3, A1) (A3, A2, A1)
(—2,3,1) (3,-1,2) (3,1,-2)
(A1, A2, A3) (A3, A1, A2) (A3, A2, Aq)
2,-3,1) (3,1,-2) (3,-1,2)
(A1, A2, A3) (A3, A1, A2) (A3, A2, A1)

Table 4. 3-IETs with two flips.

T T T"
(—3,2,-1) (—3,2,-1) (—3,2, 1)
(A1, A2,A3) (A3, A2, Aq) (A3, Az, A1)
(—3,-1,2) (—2,3,-1) (2,-3,-1)
(A1, A2, A3) (A2, A3, A1) (A3, A2, Aq)
(—3,1,-2) 2,-3,—1) (—2,3,-1)
(M1, A2,A3) (A2, A3, A1) (A3, A2, M)
(3,—1,—2) (—2, —3,1) (—2,—3,1)
(A1, A2, A3) (A2, A3, A1) (A3, A2, Aq)
(—2,-3,1) (3,-1,-2) (3,-1,-2)
(A1, A2, A3) (A3, A1, A2) (A3, A2, A1)
( 2,3, 1) (73,*1,2) (73,1,*2)
(A1, A2, A3) (A3, A1, A2) (A3, A2, Av)
(2, -3,-1) (=3,1,-2) (3,1, —2)
(A1, A2,A3) (A3, A1, A2) (A3, A2, A1)

Table 5. 3-IETs with three flips.

T T T"
(=3,~1,-2) (—2,-3,-1) (—2,-3,-1)
(M, A2,A3) (A2, A3, A1) (A3, A2, A1)
(—2,-3,-1) (—3,-1,-2) (—3,-1,-2)
(A1, A2, A3) (A3, A1, A2) (A3, A2, Aq)

Let A be the n x n matrix such that a;; = 1if T(I;) C I; and the slope in [; is positive,
a;j = —1if T(I;) C I; and the slope in I; is negative, and a;; = 0 otherwise. Note that there
is one no zero entry in each row (resp. column). It is easy to see that T" has associated
matrix A". The following facts are easy to check:

(P1) If aj; = 1 for some j € {1,...,n}, then 1 € Per(T).
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(P2) Ifaj; = —1forsomej € {1,...,n}, then1,2 € Per(T).
(P3) If ajj,1 = aj1j = —1forsomej € {1,...,n}, then1,2 € Per(T).

Hence, we can state the following algorithm to compute the periods of T. We find
the first integer n such that A" has entries holding one of the properties (P1)-(P3). Then,
either n or n and 2n are in Per(T). We repeat this process until we find n such that A" is a
diagonal matrix. In this process, we find all the periods of T.

The matrix A allows us to construct a directed graph as follows. The set of vertices is
{1,2,...,m} and there is an arrow from vertex i to vertex j (i — j) if T(I;) C I;, i.e., a;; # 0.
We add the sign = to the arrow to stress that the slope of T|}, is positive or negative. We

will write either i = jori— j. A sequence of vertices and arrows starting and ending at
the same vertex is a loop. Loops characterize the periods of T. Below, an example.

Example 1. Fix 7 = (3,1, —-2) and A = (%, i, %) The shape of T can be seen in Figure 4.

1of! ;
0.8 —./

D4

o2l /
woty . :

1 i i
o0 0.2 0.4 0.6 0.8 10

Figure 4. Graph of T with w = (3,1, —2) and A = (%, %, %) Note the intervals (j/5, (j+1)/5) for
i=0,1,2,34.

It is easy to see that the matrix

0 0 0 0 1
1 0 0 0 O
A=|10 0 0 -1 0
0O 0 -1 0 O
0O -1 0 0 O

0 -1 00 0 -1 0 0 0 0
0 0 0 0 1 0 -1 0 0 0
A% = 0 0 1 00|, A3= 0 0 0 -1 0
0 0 010 0 0 -1 0 0
-1 0 00 0 0o 0 0 0 -1

and A® is the identity matrix. Since, e.g., the position (1,1) of A3 is —1, by (P2), we have that
1,2 € Per(T®), and hence 3,6 € Per(T). So, Per(T) = {1,2,3,6}.
Alternatively, the loops
1-+5—=2-=1

and
3543
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gives periods 3,6 for the first case, and 2 for the second one. Noticing that vertices 3 and 4 are
associated to intervals [2/5,3/5] and [3/5,4/5] whose intersection 3/5 is a continuity point of T,
we check that 1 is also a period.

In the next section, we will apply all these notions to the particular case A; = A3. Hence,
the 3-IET depends on one parameter, and it is easier to characterize the set of periods.

4. 3-1ETs: The Case A1 = A3

As a first step in studying the set of periods for 3-IETs, we consider that the lengths A4
and A3 are equal. We distinguish several cases, according to the associated permutation 7t
and the number of flips. Of course, we consider the cases of Tables 2-5 described before.

From now on, we seta := A sothat A, = 1 —2A; =1 —2a. Note thata € (O, %) We define
L :=(0,A1) =(0,a),

L= (Al,/\l +/\2) = (61,1 —61),
and

L= (A1 + Az, 1) = (1—a,1).

4.1. 3-IETs without Flips

Here the unique permutation we have to consider is (3,2,1). As A} = A3 it is easy to
see that Per(T) = {1,2}, where the fixed points are in I and the periodic points of period
2 are located in I; U I5.
4.2. 3-IETs with One Flip

We consider the permutations described in Table 3, so that we have to distinguish
several cases.
4.2.1. Permutations (—3,2,1) and (3,2, —1)

We fix the permutation (—3,2,1). Figure 5 shows the graph of the map fora = %.

[LR:] 5

DA

0ok g

1 1 1 1 L 11
0.0 0.2 0.4 0.6 0.8 1.0

Figure 5. Graph of a (3,1)-IET with permutation (—3,2,1) and a = 0.25.
Note that T|y, is the identity therefore 1 € Per(T). On the other hand,
L =55,

which implies that Per(T) = {1,2,4}.
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4.2.2. Permutation (3,—-2,1)
1

An example of IET with this permutation and a2 = z can be seen in Figure 6.

107 T T T T 3 ]

[ 8

-

Nl
Lt f f L / i
00 02 04 0.6 0.8 10

Figure 6. Graph of a (3,1)-IET with permutation (3, —2,1) and 4 = 0.2.

Note that T leaves the interval I, invariant with negative slope, so 1,2 € Per(T). On
the other hand,

nL5n5,

which implies that Per(T) = {1,2}.

4.2.3. Permutations (3,1, —2) and (—2,3,1)

By Table 3, both IETs associated with permutations (3,1, —2) and (—2,3,1) have the
same periods when Ay = A3. So we fix (3,1, —2). The 3-IET with a flip with associated
permutation (3,1, —2) is

x+1—a, if xel,
Ta(x):=4 x—a, if xel, (3)
—x+2(1—a), if xe€l.

Its graph for a = 0.3 and the graph of its Poincaré map can be seen in Figure 1.

Lemma 2. Let T be the IET of Equation 3. Then, its Poincaré map T; is given by

nof1-x if xe (0,1%),
Tl()_{x—lﬁ if xe(ill).

a

Proof. It is a straightforward computation. [J

Theorem 8. Let T, be the IET of (3). Then:
(a) Ifa= n%_zfor somen > 1, then Per(T,) = {n+2,2(n+2)}.

(b) Ifac (%ﬂ, %ﬂ) for some n > 1, then Per(T,) = {n+1,2(n+1),n+2,2(n+2)}.

Proof. First, note that lim, ,;_, —x +2(1 —a) = 1 — 4, and since I3 is an open interval,
1 ¢ Per(T). By Lemma 2, we consider the Poincaré map Ty. Let A = 1 — & = 1=2¢ By
Lemma 1 and Theorem 6, we have that the periods of T; are either Per(Ty) = {n +1,2(n +
1)} if A= HLH, which is equivalent to 2 = n%rz, or Per(Ty) = {n,2n,n+1,2(n+1)} if
”T_l < A < iy, which is equivalent to %ﬂ <a< nlﬁ It follows from the proof of
Theorem 6 that any periodic orbit of T; visits the interval (0, 1‘%“) one or two times. So, the

number of times 1, that any periodic orbit of T visits I3 is just one or two. As a consequence,
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by Proposition 1, we have that the periods of T are either Per(T,) = {n +2,2(n+2)} if
a= n%rz, orPer(T,) ={n+1,2(n+1),n+2,2(n+2)}if %ﬂ <a< %—Fl’ which concludes
the proof. O

4.2 4. Permutations (3, —1,2) and (2, —3,1)

By Table 3, both IETs associated with permutations (3, —1,2) and (2, —3,1) have the
same periods when A; = A3. So we fix (3, —1,2) and note that the 3-IET reads as follows

x+1—a, if xel,
T, = —x+1—a, if x€b, 4)
x—a, if xels.

Lemma 3. Let T be the IET of Equation (4). Then, its Poincaré map Ty is given by

x+ 5 if xe(015),

Tl(x):{ 1—x  if xe(%,1).

Proof. It is a straightforward computation. Note that the Poincaré map is normalized to
interval [0,1]. O

Figure 7 shows the graphs of T, and its Poincaré map for a = 0.4.

1of!

(53 5

.
02} 2 \ 10

. ’ . L

] g F . #
ooty . ; ; i d o oeopr ; .

1 I 1
0.0 02 0.4 0.6 0.8 1o 0.0 0.1 0.4 0.6 0.8 1o

Figure 7. The graph of IET T, with permutation (3, —1,2) and @ = 0.4 (left). On the (right), the graph
of its Poincaré map.

Theorem 9. Let T, be the IET given by (4). Then:

(a) Ifa < 3, then Per(T,) = {1,2,3,6}.

(b) Ifa> 3, thenPer(T,) = {2n+1,2(2n+1)} ifa = snr and Per(T,) = {2n —1,2(2n —
1),2n+1,22n+ 1)} if 2= <a < 3.

Proof. First, it is straightforward to check that T, has a fixed point in I, whenever a < %
Note that, in addition, 2 € Per(T,;). By Lemma 3, we consider the Poincaré map T;. Let
A=1- 1112‘1“ = 12-. By Lemma 1 and Theorem 6, we have that the periods of T; are either
Per(Ty) = {n+1,2(n+1)} if A = ;%4, which is equivalent to a = 5o, or Per(T;) =
{(n2n,n+1,2n+ 1)} if =1 < A < w1, which is equivalent to el <a< G Tt
follows from the proof of Theorem 6 that any periodic orbit of Ty visits the interval (1%,1)

2n+1
1—a’

one or two times. So, the number of times 1, that any periodic orbit of period n +1 T
visits I3 is n, and 2n times if the period is 2(n 4+ 1). As a consequence, by Proposition
1, we have that the periods of T are either Per(T,) C {2n+1,2(2n +1)} ifa = 5/,

or Per(T,) C {2n—1,2(2n —1),2n+1,2(2n + 1)} if 74 < a < 3";. Note that when
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n = 1, then ﬁ = % In addition, the sequence ﬁ is increasing, so % is its minimum
value. Then (b) follows. To check (b), note thatif a € (0,1/3), Per(T;) = {2,4}, and so
Per(T,) = {1,2,3,6}. O

4.3. 3-IETs with Two Flips

In this subsection, we consider 3-IETs with two flips and A; = A3. We consider the
permutations showed in Table 4. It is easy to see that for the permutation (=3,2,—1) the
set of periods is Per(T) = {1,2}. We study the other cases.

4.3.1. Permutations (—3,—1,2) and (2, -3, —1)

By Table 4, both IETs with permutations (—3, —1,2) and (2, —3, —1), respectively, have
the same periods when A1 = A3. So, we fix (—3, —1,2) and note that the IET T,, showed in
Figure 8, is given by

1—x, if xel,
T, = —x+1—a, if x€l, (5)
X —a, if xels.

[

[

oopy i i i i : i
o0 02 0.4 0.6 0.8 1.0

Figure 8. Graph of the (3,2)-IET with permutation (-3, —1,2) and a2 = 0.3.

Theorem 10. Let T be the IET given by (5). Then:
(a) Ifa < 3, then Per(T,) = {1,2,3}.

(b) Ifa =3, then Per(T,) = {3}.

(c) Ifa> 3, thenPer(T,) = {2,3,4}.

Proof. Fora = %, it is a simple matter to see that the only period is 3, since the third iterate
is equal to the identity map and the map T, itself does not have fixed points.

Fora < }, we find a fixed point given by xo = (1 —a). Moreover, (0,4) and (a,1 —2a)
are rigid intervals whose orbits are described in this way

(0,a) > (1—a,1) 5 (1—2a,1—a) > (0,a)

and
(a,1—2a) — (a,1—2a) — (a,1—2a),

where we have used that a < 1 —2a < 1 — a. Being the closure of the periodic components
equal to the unit interval, we deduce that the set of periods in this case is {1, 2, 3}.

Whena > 1,itholds 1 —a < 2a < 1, and it is immediate to check that (0,1 — 24) and
(1 —2a,a) are rigid intervals whose periodic components are given by

(0,1—2a) = (2a,1) 5 (2,1 —a) = (0,1 —2a)
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and
(1—2a,a) > (1—a,2a) 5 (1—24,a),

respectively. Therefore, the set of periods is {2,3,4}. (Observe that the closure of the
periodic components recover all the unit interval). [

Remark 9. We can reach the same result using a different argument. Note that the Poincaré map
is Ty (x) = 1 — x, which has set of periods {1,2}. Taking this fact into account, it is easy to obtain
the result of Theorem 10.

4.3.2. Permutations (—3,1,—2) and (—2,3,—1)

By Table 4, both IETs with permutations (—3
the same periods when A1 = A3. So we fix (-3, 1 —
(3,2)-IET with two flips and signed permutation (—3,

1—x, if xeh,
T, =4 x—a, if xely, (6)

—x+2—2a, if xé€l;.

—2) and (—2,3, —1), respectively, have
2). The analytlcal description of the
1, —2), graph showed in Figure 9, is

[/ ]

04

ookr 5

Figure 9. The graph of a (3,2)-IET with permutation (—3,1, —2) and a4 = 0.15.

Theorem 11. Let T, be the IET given by (6). Assume thata € Q, a = Z, with ged(p,q) =1
Then Per(T,) = {q}. Otherwise, Per(T,) = Q.

Proof. The Poincaré map of T, is a rotation of the circle. We define

. Ay 1-2a q-—2p

T MAA 1-a  g-vp
and

s _M __a _p

M+Ay 1—a gq—p
Note that since ged(p, q) = 1, we have that gcd(q — 2p, g — p) = 1. Then, the Poincaré
map Tj is the circle map given by

2
Tl()_x+r—x+q p
qg—p

Now two possibilities arise depending on r. First, if r is not rational, then Per(T;) =
@ = Per(T) and T is transitive. Second, if r € Q, then Per(T;) = {q —p}, T1 has a
periodic component which decomposes in g — p intervals, (7 — p)s = pin (0, 1%;) and
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(g —p)r = q—2pin (%,0). Remark that the p intervals in I; unfold in 2p intervals in
I; U I3 and we receive for T a periodic component with 2(q — p)s + (g — p)r = q intervals.
Therefore Per(T) = {q}. O

4.3.3. Permutations (3, —1, —2) and (-2, —-3,1)

By Table 4, both IETs with permutations (3, —1, —2) and (—2, —3, 1), respectively, have
the same periods when A1 = A3. So, we fix (3, —1, —2). The analytical description of the
(3,2)-IET with two flips and signed permutation (3, —1, —2), graph showed in Figure 10, is

x+1—a, if xel,
T, = —x+1—a, if x€l, (7)
—x+2(1—a), if x€l;.

[LR:] 5

04

0ok g

1 1
0.0 0.2

Figure 10. The graph of a (3,2)-IET with permutation (3, —1, —2) and a = 0.25.

Clearly, if A = Ay, thatisa = %, we easily see that Per(T,) = {3}. In general, the
normalized Poincaré map T;(x) = 1 — x and so Per(T;) = {1,2}. If A; > A4, thatis,
a< %, then the interval I = (a,1 — 2a) is invariant with negative slope, so 1,2 € Per(T;).
Three subintervals with the same length remain, so any orbit outside I visits I3 once. By
Proposition 1, we conclude that Per(T) = {1,2,3}. Conversely, we assume that A, < Ay,
ie,a> % Again, it is easy to see that any orbit visits I3 once and by Proposition 1, we
conclude that Per(T) = {2,3}.

4.4. 3-IETs with Three Flips
By Table 5, both IETs with permutations (—3, —1, —2) and (—2, —3, —1), respectively,
have the same periods when A; = A3. So, we fix (=3, —1, —2). The analytical description
of the (3,2)-IET with two flips and signed permutation (3, —1, —2), graph showed in
Figure 2, is
—x+1, if xel,
T, = —x+1—a, if xel, (8)
—x+2(1—a), if xé€l.
In addition, it can be checked easily that the Poincaré map is that of Lemma 3. Then,
we can state the following result.

Theorem 12. Let T, be the IET given by (7). Then:

(a) Ifa < 3, then Per(T,) = {1,2,3,6}.

(b) Ifa> 1, thenPer(T,) = {2n+1,22n+1)}ifa = snp and Per(T,) = {2n —1,2(2n —
1),2n+1,22n+ 1)} if 2= <a < 3.
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Proof. We use Lemma 3 and Theorem 6 and proceed as in the proof of Theorem 9. [

5. Two Case Studies of 3-IETs

This section will study the set of periods of 3-IETs for two different permutations with
one flip, namely (3,1, —2) and (3, —2,1). Our study shows that one must use different
techniques to compute the periods of T. Of course, this fact is an additional problem for
the characterization of periods of general IETs.

5.1. The Permutation T = (3,1, —2)
Note that this map is defined as

{ x+1—-XM Zf XG[O,)\l),

T(x) = X — )\1 lf X € ()\1,/\1 —l—)\z),

—x+1+Ay if x € (A 4+ Ag,1].
First, we prove the following result.
Lemma 4. The 3-IET T with permutation = = (3,1, —2) has a fixed point if and only if A3 > A4.

Proof. T has a fixed pointis —x + 1 + A = x. The fixed point is

. 1+ Ay
=
but note that it has to be greater than A + A;. This condition reads as

1+ A

> A+ Ay,
which implies easily
Az > Aq.
Since the proof works in both directions, it concludes. O

Assume that A3 > Aj so that T has a fixed point. Then, the interval

— (A +Ay lim T
/ (1 2 (i a)* m)

and contains the fixed point of T. In addition,

lim T(x)=1-—Aq,
—(M+A) T () !

and so, the length of |]| =1—-2A1 — Ay. Let A = A3 — |J| = Aq. Normalizing A} =

A = 2 and A = 7y
(Af, A5, AL). Then, we have the following result.

1- II I’
, we define T’ to have permutation (3,1, —2) and length vector

Theorem 13. Under the above notation, assume that Az > Ay. Then
1. IfA} = ;35 for some n € N, then Per(T) = {1,2,n+2,2(n +2)}.
2. IfM e (M, n+l) then Per(T) = {1,2,n+1,2(n+1),n+2,2(n+2)}.

Proof. Note that all the points of | are periodic with period one or two. Since | is invariant
by T so are the subintervals of I\ J. Then, the map T’ is well defined and we have that
Per(T) = {1,2} UPer(T'). In addition, T’ is given by the expression
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x+1-Ay  if  xe[0A)),
T'(x) = x— A if xe(ALA+A),
—x+2(1+A)) if xe (A +A,1].

By Theorem 8, we check that the periods of T’ are either Per(T') = {n +2,2(n +2)}
when A] = ;15 for some n € Nor Per(T') = {n+1,2(n+1),n+2,2(n+2)} when

)\’ <n s +1> Then, the proof concludes. O

Theorem 13 characterizes the set of periods of T when A3 > A; even when the
components A1, Ay and A3 are not rationally dependent. Now, we assume that A; = %,
Ay = k—z and A3 = k—3 == kl k2 for some kl,kz,m € N If gcd(kl,kz, ) =1+# 1, then we

can find k, k,, m" € N such that write Ay = -5, Ay = m, and A3 = m :l, -k )

Since Theorem 13 characterizes the periods of T such that k3 > ki, we focuss our
attention to the case k3 < kj. Itis easy to realize that T is a variation of the rotation of the
circle (x +1 — A1)mod1. Only the interval I3 is modified to reverse the orientation. We

consider the map T defined on (0, m) as follows

{ x+m—ky if x € [0,kq),

T(x) = x—k if x€(kiki+ka),

—x+m+ky if x¢€ (kq +k2,m}.

Note that this can be done by the conjugacy that carries [0, 1] into [0, m] in a linear
way. We label the subinterval (j,j+1) by j, j =0,1,...,m — 1. It is immediate to see that if
j < ki +ky, then

i 5 (j+ 1 —ki)modm.

On the other hand, for 1 < i < k3 we check that the iteration of the interval labeled

with m — i is given by

m—i— [(m—i)+ (m—ky +2i—1—ks)modm = (m+i—ky —kz —1)modm.
Recall that m = k1 + ky + k3 and note that
T(m—i)=R(m—ky+i—1)

for 1 <i < k3, whew R is the rotation R(x) = (x + m — k1)modm.
Now, fixed i, for any j € {1,...,k3} we consider the equation

(m+i—ky—ks—1)+ (m—ky)X = (m— j)modm,

which tells us the time X needed for the rotation R to go from interval (m +i —k; —k;z — 1)
to m — j, which reads as

(TYZ — kl)X = (kl + k3 +1—i— ])modm (9)

In the following, we will use a series of fundamental results on congruences. First, the
reader is referred to ([25], Chapter 5) for an account of the topic and the resolution of linear
congruences. The Equation (9) has solution X;; if and only if ged(m, k1) = ged(m — ki, m)
divides ky + k3 +1 —i — j. Clearly, X;; = Xy when i +j = i’ + j'. We construct the matrix
X = (Xjj), where X;; is either the solution of the equation or the symbol *, here used to
state that there is not solution and therefore the intervals m +i — k; — k3 — 1 and m — j are
not map one into the other by the rotation R.

Now, we distinguish two cases. If gcd(m, k1) = 1, then the Equation (9) always have a
unique solution given by

Xij= (k1 +hks+1—i—j)(m— k1)1 modm,



Mathematics 2022, 10, 1487

21 of 32

where ¢ : N — N is the Euler function given by
p(m) = Card{n < m:gecd(n,m) =1}.

If ged(m, k1) = d > 1, then the Equation (9) has a solution if and only if d divides
ki + k3 +1 —i—j. It has d different solutions, the smaller one can be computed by solving
the equation

m—ky _k1+k3+1—i—j m
7 X = 7 mod 7
that is, the solution will be

m
mod —.

d

kit ks 1 —i—j(m—k\?(5)
Xij = d d

Hence, we can compute the set of periods of T in some particular cases as follows.

Theorem 14. Let ky > k3 = 1. Then:

(a) Ifged(m, k) =1, then Per(T) = {m,2m}.
(b) Ifged(m, ki) =d >1,Per(T) ={m/d,2m/d}.

Proof. With the notation above,
m—1—[(m—1)+ (m—ky)lmodm = [m — (1 + ky)]modm,
and therefore, T moves the intervals (j,j+ 1), j = 0,1,...,m — 1 like the rotation R :

[0, m] — [0, m] given by R(x) = (x + m — k1)modm. Note that T(m —1,m) = R(m —1,m).
See Figure 11 to see the differences between the map T and the rotation R.
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Figure 11. The graph of a (3,1)-IET with permutation (3,1, —2) and A = (8,2,1). The dotted line in
interval I3 is the graph of the rotation R.

Note that i = j = 1 and thus Equation (9) reads as
(m —k1)X = kymodm,

which obviously has always solution. If ged(m, k1) = 1, then the solution is unique and
equal to m — 1 because

(m —kq)(m —1)modm = kymodm.
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Then m € Per(T), and since the image of interval m — 1 has negative slope, we have
that 2m € Per(T). This finishes the proof of (a). To prove (b), we take the equation
m — k1 k1 m
———X = —mod—.
d a0
Reasoning as above, we find that X;; = 4 — 1. Finally, for the rest of intervals j in
I; U I not included in the orbit of m — 1 note that T acts as the rotation R and therefore
the period associated to the interval j is m/d. Then, Per(T) = {m/d,2m/d} and the
proof concludes. O

Theorem 15. Let ky > k3 = 2. Then:
(a) Ifged(m,ky) =1, then Per(T) = {my,2mq, my, 2my }, where

(m)—1

my = —kf modm,

and

(m)—

1
my = k(lp modm.

In addition, my + my = m, with my #* mo.
(b) Ifged(m, ki) =d > 1, Per(T) ={m/d,2m/d}.

Proof. We can see T on [0, m — 2] as the rotation R(x) = (x 4+ m — ky)modm. Figure 12
shows the differences between the maps T and R.

1of!
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Figure 12. The graph of a (3, 1)-IET with permutation (3,1, —2) and A = (8,1,2). The dotted line in
interval I3 is the graph of the rotation R.

Note that7,j € {1,2} and thus Equation (9) gives us three equations, namely

(m—k1)X = (kg + 1)modm, fori=j=1, (10)
(m—k1)X = kymodm, fori+j =3, (11)

and
(m—ky)X = (ky —1)modm, fori=j=2. (12)

Now, we prove (a). Reasoning as in Theorem 14, we know that Equation (11) has
solution X1, = Xp1 = m — 1. Thus, since the numbers X;; are generated in function of
the dynamics of rotation R(x) = (x + m — k;)modm, which moves the indices forming a
periodic orbit of period m, necessarily the solutions X;; and X are smaller than m — 1.
Then, m; = Xj; + 1 and my = Xy + 1 have to be in Per(T). As the slope of T on the
subintervals m — 1 and m — 2 is negative, then 2my,2m, € Per(T). Note also that m; # m;
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(if m1 was equal to my, then X;; would be equal to X3 and the two linear congruences
(10) and (11) would be satisfied. Then, subtracting these equations we would obtain
0 = 2modm, which is impossible because m > 3). To check that m + m, = m, note that
my = 1+ X11 =1+ (k1 + 1)(7’}1 - kl)q’(m)*lmodm
= 1+ (k+ 1)(—1)"’(’”)*1kf(m>71modm
= 1—(k+ 1)k4) ™ modm
= kl‘P m) + kq’ (m)— 1)moclm

k g(m)= lmodm

where we have used the development of Newton’s binomial, and the facts that ¢(m) is

(m)

even for all m > 3 and kl(P = 1modm. Similarly

my = 1+ X22 = kf(m)_lmodm.
Thus
my+my = —kf(m)flmodm + kf(m)flmodm =m.

Now, we prove (b). Equation (11) has solution because d divides k;. However, d does
not divide k; — 1 and k; + 1 and thus Equations (10) and (12) do not have any solution.

Then the matrix
X — * -1
S\ F-1 0 x '

Then, the subinterval formed with subintervals m — 1 and m — 2 is periodic of period %
and with negative slope, which implies that m/d,2m/d € Per(T). For the rest of intervals
outside of I3, since no other periods are possible for the rotation x + Z, we conclude
the proof. O

Theorem 16. Let ky > k3 = 3. Then:
(a) Ifged(m, ki) =1, then Per(T) = {my,2mq, my,2my }, where either

= —kf(m)_lmodm,
and
My = Zkf(m)_lmodm,
or
m; = ZkT(m)_lmodm,
and
My = —kl(’)(m)flmodm.

In addition, either 2mq1 + my = m or mq + 2myp =
(b) Ifged(m, k) =d > 1, then:

(b1) Ifd # 2, then Per(T) = {m/d,2m/d}.
(b2)  Ifd =2, then Per(T) = {mq,2my, my,2my, m3, 2ms} where

<k1>4’('§l)1 4"
my = —\| = mod—,
2 2

m
mZZE/
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and

K\ ?(%)-1
ms = <21) mod%.

Proof. Note thati,j € {1,2,3} and thus Equation (9) gives us three equations, namely

(m—k1)X = (k1 +2)modm, fori=j=1, (13)
(m—k1)X = (kg + 1)modm, fori+j=3, (14)

(m—k1)X = kymodm, fori+j =4, (15)
(m—k1)X = (ky —1)modm, fori+j =15, (16)
(m —k1)X = (k; —2)modm, fori =j=3. (17)

Now, we prove (a). We know that Equation (15) has the unique solution Xi3 = X =
X31 = m — 1. Then the matrix X = (X;;) has the form

Xll XlZ m—1
X = X21 m—1 X23 .
m—1 X32 X33

Since the rotation R moves the intervals j in a periodic manner, with period m, we
deduce that max{Xy1, X12, X23, X33} < m — 1. Since T(m —2,m —1) = R(m —2,m — 1)
and R is m-periodic, the orbit of the subinterval m — 2 under T must be combined with
either m — 1 or m — 3. Thus, either X;; > Xip or X33 > X3z (note that since T(m —
1,m) =R(m —3,m—2)and T(m —3,m —2) = R(m — 1, m), otherwise it would imply that
subintervals m — 1 and m — 3 would be periodic without any combination with subinterval
m — 2, and this is not possible). If X;; > Xj», then the subintervals m — 1 and m — 2 form
a periodic subinterval with period m; = X;j; + 1 and negative slope, which implies that
mq,2my € Per(T). Then, the subinterval m — 3 is periodic with period m; = 1+ X33 and so
Per(T) = {my,2mq, my,2m,}. Similarly, we reasoning with the case X33 > Xp3 to conclude
that Per(T) = {mq,2my, my,2my}. Note that it is not possible to have periodic intervals
outside I3 because they would have to have period m. Then, either 2my 4+ my = m (if
X171 > Xqp) or mq 4+ 2my = m (if X33 > Xp3). The values of my and m, are obtained as in
the proof of Theorem 15, and the proof of (a) concludes.

Now, we prove (b). If gcd(k1, m) = d > 1, then, solving the linear congruences we
obtain the matrix

%—l * X33

Note that Equations (13) and (17) have solution if and only if d = 2. This is the case
(b2), in which Per(T) = {ml, Zml, myp, 211’[2, ms, 21’)13}, where

2 _ 9”(%)_1
m1=1+X11=1+k1+ <m kl) modm

2 2 27
m —T
2_2/
and ()
_ _ p(%)-1
m3—1—|—X33—1+k122<mzk1> mod —

On the other hand,

9(%)-1 9(%)-1
mp+my = - <k21) mod% + (k1> mod . = ﬂ,
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and thus m + my + m3 = m.
In the case (b1), d # 2, the matrix is

and thus Per(T) = {m/d,2m/d}, and the proof concludes. [

The case k3 = 4 presents a variation. By Theorem 2, we can have at most three sets
of the form {m,2m}, for some positive integer m, belonging to the set of periods of T.
However, now we have four subintervals with a negative slope, and we must figure out
how they join. The procedure is as before. Here, we can see T on [0, m — 4] as the rotation
R(x) = (x +m — k;)modm. However, now, in the interval I3, we have four subintervals
with a negative slope, so that we write the matrix

X1 X2 X3 Xu
x— | X X X Xn
X31 Xz Xzz X
Xy Xy Xyz Xy

Assume first that ged(m, k1) = 1. The smallest entries of the matrix will provide the
periods of T. Below, we show several examples.

Example 2. Let m = 13 and the length vector (8,1,4). Figure 13 shows the graph of T in which
one can check the loops that give rise to the set of periods. We write the matrix

10 2 7 12

2 7 12 4
X= 7 12 4 9

12 4 9 1

The element Xyqq = 1 gives us a loop of length 2 with a negative slope, so 2,4 € Per(T). The
elements X1y = Xp1 = 2 gives us a loop of length 6 with a positive slope, so the period 6. However,
note that subintervals 11 and 12 are contiguous. Both forms a loop of [11,12] of length 3 and
negative slope, and so the set of periods {3,6}. Finally, the element X33 = 4 forms a loop of length
5 and negative slope, and so the set of periods {5,10}. Thus Per(T) = {2,4,3,6,5,10}.

10FT
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Figure 13. The graph of a (3, 1)-IET with permutation (3,1, —2) and A = (8,1, 4).

Example 3. Let m = 13 and the length vector (7,2,4). Figure 14 shows the graph of T in which
one can check the loops that give rise to the set of periods. We write the matrix
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6 8 10 12

§ 10 12 1
X= 10 12 1 3

12 1 3 5

The element X33 = 1 gives us a loop of length 2 with a negative slope, so 2,4 € Per(T). The
elements Xpq = Xap = 1 gives us a loop of length 4 with a positive slope, so the period 4. However,
the subintervals 9, 10 and 11 are contiguous and hence, they form a loop of [9 — 11] of length 2
and negative slope, and so 2 € Per(T). We use 6 subintervals to create this loop. The elements
X34 = Xg3 = 3 informs us of the existence of a loop of length 6 and positive slope, and so the period
6 € Per(T). However, we use six subintervals, and one would remain, which is impossible because
it has to be periodic. The element X4 = 5 gives again a loop of length six, which is not possible.
Anyway, note that we cannot use these values because we already used the intervals 9, 10 and 11.
So, the next element available is X171 = 6, which gives a loop of length 7 with a negative slope. Thus
Per(T) = {2,4,7,14}.

1.0

[

(X1

it
007 prt i 7 . a
0.0 02 0.4 0.6 0.8 1.0

Figure 14. The graph of a (3,1)-IET with permutation (3,1, —2) and A = (7,2, 4).

Example 4. Let m = 13 and the length vector (6,3,4). Figure 15 shows the graph. We write

the matrix
5 3 1 12
3 1 12 10
X= 1 12 10 8
12 10 8 6

[LR:] 5
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Figure 15. The graph of a (3,1)-IET with permutation (3,1, —2) and A = (6,3, 4).
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The element Xy = 1 gives us a loop of length 2 with a negative slope, so we obtain the
periods {2,4}. On the other hand, the elements X135 = X31 = 1 gives us a loop of length 4 with
a positive slope, so the period 4. However, note that subintervals 10, 11 and 12 are contiguous.
Thus, they form a loop of [10 — 12] of length 2 and negative slope, and so the set of periods {2,4}.
The next element available is X44 = 6, which gives a loop of length 7 with a negative slope. Thus
Per(T) = {2,4,7,14}.

In a similar way, we can check that the 3-IET with vector (5,4, 4) has matrix

1 9 4 12

9 4 12 7

X= 4 12 7 2
12 7 2 10

and set of periods Per(T) = {2,4,3,6,5,10}, and that with vector (4,5,4) has matrix

8§ 5 2 12

5 2 12 9
X= 2 12 9 6

12 9 6 3

and set of periods Per(T) = {3,6,4,8}.
Next we will show an example with ged(m, ky) > 1.

Example 5. Let m = 24 and the length vector (15,5,4). Note that clearly, gcd(m, k1) = 3. We
write the associated matrix

* % DN
* N % %
EEE N I
[F- N RN |

7
Reasoning as in the previous examples Per(T) = {3,6,5,10,8,16}.

The same argument can be repeated with ky > 4, adding rows and columns to the
matrix X. Fori € {1,2,...,ks} let m; = 1+ min{X;; : 1 < j < k3}. Then, we can prove the
following result.

Theorem 17. Let ky > k3 > 4. Then, there are at most three m; < m;, < m;,, with ij S
{1,2,...,ks}, j = 1,2,3, and m; 4 m;, + m;, < m such that the following hold:

(a) Ifmi], =1+ X, then mi; € Per(T). If, in addition, the slope of T" is negative, then
2m;; € Per(T).

(b) Ifml-j =1+ Xi],,l-].H =1+ Xi],+1,l-j, then 2ml-]. € Per(T). If, in addition, the map T is
continuous on the orbit of the interval [i, i; + 1], then mi, € Per(T).

(c) Ifml-j =1+ X, =14 X1 with |i —i;| > 2, then 2mj; € Per(T).

Proof. By Theorem 2, the number of periodic components of T is at most three, so we just
need to consider three m;, < m;, < m;, and such that m; + m;, + m;; < m. The rest of the
proof is analogous to that of Theorems 15 and 16 and the ideas of the above examples. [

Remark 10. [n Theorem 17, we have that m;, < m;, < m;, must hold a more restricted inequality
if cases (a) or (c) happen. For instance, if we can have m;, +1+2(m;, +1) +2(m;; +1) < m. In
any case, the sum of the smallest periods in each periodic component cannot be greater than m. This
restriction can help sometimes to describe the set of periods of T.

Table 6 shows an example of the set of periods for m = 7.
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Table 6. Periods of T withm = 7.

A Per(T) A Per(T) A Per(T)
(5,1,1) {7,14} (4,2,1) {7,14} (3,3,1) {7,14}
(1,5,1) {7,14} (4,1,2) {2,4,5,10} (3,2,2) {2,4,5,10}
(2,3,2) {3,6,4,8} (1,4,2) {1,2,6,12} (3,1,3) {2,4,3,6}
2,2,3) {1,236}  (1,3,3) {12,510} (21,4  {1,2,4,36}
(1,2,4) {1,2,4,8} (1,1,5) {1,2,3,6}

Remark 11. We have characterized the periods of T when A1, Ay and A3 are rationally dependent.
Howeuver, this method is not useful to study what happens when they are rationally independent.

We can see in Table 3 that the permutation (3,1, —2) has the same set of periods
than the permutations (2, —3,1) and (-2, 3, 1), changing the role of length vectors. After
changing length vectors, these permutations have the same set of periods as (3, —1,2). So, it
only remains the cases (—3,2,1) (note that (3,2, —1) provides the same set of periods up to
changes of vector length) and (3, —2,1). These cases would end the study of permutations
with one flip, but it seems impossible to adapt this section’s techniques and results to these
remaining cases. We will show this fact when analyzing the case of 3-IETs with permutation
m=(3-21).

5.2. The Permutation T = (3, —2,1)
Note that the (3,1)-IET T is defined by

x+1-—XA lf X € [0,)\1),
T(x) = 1—x if x€(AM,AM+A),

Xx—A— Ay if x € (A + Ap,1].

The shape of the map T is shown in Figure 16 for A; = 0.6 and A, = 0.1. It is also
shown the graph of the 2-IET with permutation (2, —1) which is deeply connected with T.
First, we prove the next lemma.

107 T T T T 3 ]

[ 3
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Figure 16. The graph of the (3,1)-IET T with permutation (3,—2,1) and A = (0.6,0.1,0.3) (solid
lines). The thick solid lines correspond to the (2,1)-IET which can be derived from T.

Lemma 5. The 3-IET T has a fixed point if and only if 201 < 1 < 2(A1 + Ap).
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Proof. Clearly T can have a fixed point in I = (A1,A1 + A3). Since such fixed point
is 1, we easily see that it belongs to I, if and only if 1/2 € L, which is equivalent to
2M <1 <2(AM+Ap). O

Assume that 1/2 is a fixed point of T, and therefore A; < % < A1+ Ay. We take
dp =3 —A1anddy = Ay + Ay — . Ttis easy to see that d; < d (respectively di > dy) if
and only if 1 < 2A; + Ay (respectively 1 > 241 + A;). We set

= li T =1-A
wi= lim, (x) 1
and
= lim T(x)=1—A1 — As.
ﬁ x—)(/\1+)\2) ( ) ! 2
Observe that if d; = dy and hence 2A1 + A; = 1, thena = A1 + Ay and B = Ay. We
define the interval
(/\1,0() lf 1< 2}\1 + )Lz,
= ()Ll,)\1—|-)\2) if 1=2A1+ Ay,
(BA1+A2) if 1>2A14 Ay,

which is invariant by T and contains the fixed point of T. Then, we define T the 3-IET with
A Aol A ) Note that, by construction, T

permutation (3, —2,1) and vector A = (

=717 =177 1=
cannot have fixed points, that is, either 12A|1]| > 1or W < 1. Then, we have the

following result.
Proposition 3. Under the above notation, Per(T) = {1,2} U Per(T).

Proof. Note that all the points of | are periodic with period one or two. The proof follows
taking into account that I\ J is invariant by T. O

Once we have analyzed the case in which T has fixed points, it remains to discuss two
cases: (a) A > % ;D)AM + A < %, which is equivalent to A3 > % However, the 3-IETs with
permutation (3, —2,1) and length vectors (A1, A2, A3) and (A3, A2, Aq) are Conjugate (see
Table 3), and thus have the same periods. So, it suffices to study the case A; > . We start
by proving the next result.

Theorem 18. Let A1 = for some n € N,

AT
(a) If/\z-ms = o for some m € N, then Per(T) = {(n+1)(m +1),2(n+1)(m +1)}.
b) Ifml < Asz)\s < 2 for some m € N, then Per(T) = {(n+ 1)m,2(n + 1)m, (n +

m+1
(m+1),2(n+1)(m+1)}.
Proof. ‘Note that Ay + A3 = ﬁ We have that T maps the intervals (Tll f) into
(ﬁ,%) fori =0,1,...,n. Thus, the restrictions T"*! | Tll NN (;—Jrll,n#ﬂ) —
(}i%rll, n_iH) are conjugate to the 2-IET T" with permutatlon (=2,1) and vector length
( A;jf)%, pres /\3) Applying Theorem 6 for T’ (notice that Lt + 5 = Jrl) we obtain the re-
sult. [

Next, we need to consider the case ”T_l <M< HLH for some n € N. For that, we
denote by T* the 2-IET with permutation (2, —1) and length vector (11, A2 + A3). Given
n € Nand a subset A C N, we definen - A := {na :a € A}. Then, we prove the following.
Theorem 19. Let -1 < Ay < 7t for somen € N\ {1}.

(@) IfAz=1-—n(1—Ay), then Per(T) = {n,2n,n+ 1}.
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(b) IfA3 <1—n(1—Aq), thenPer(T) = {n,2n} U (n+1)-Per(T'), where T' is the 2-IET
1—1’[(1—)\1)—/\3 /\3
T—n(l-Ay) ’ T-n(1—Ay)

with permutation (—2,1) and ( ) and length vector.

Proof. We denote by T* the 2-IET with permutation (2, —1) and length vector (A1, Az + A3).
By Theorem 6, if we iterate with T*, the interval Iy = (0,1 — n(1 — Ay) is periodic with
period n + 1 and the interval I; = (1 — n(1 — A1),1 — Aq) is periodic with period n. Ob-

serve that
|| + || =1—=A1 = Ay + A3,

Hence, since
TI(lo) = (T*) (Io) = (j(1 = M), 1, (n = j)(1 = A1) C (0,A1)
forj=0,1,...,n—1, we find that
T"(lo) = (T*)"(lo) = (n(1 = Aq),1) = (1= |Io|, 1),
and from
TI(h) = (T")/(h) = (1= (n = j)(1 = A1), (j+1)(1 = A1) € (0, A1)
forj=0,1,...,n — 2, we have that
T (L) = (T)" H(h) = (A,n(1 = A1) = (A, 1= |Do]) = (A, A1+ [L).

(a) The condition A3 = 1 —n(1 — Aq) is equivalent to |Ij| = A3 and |I;| = Ay. Then
T”‘H|10 : Iy = Iy is the identity, so n + 1 € Per(T). On the other hand, T"[;, : I — I; is
1—x,s0n,2n € Per(T). Since (n+ 1)|Iy| + n|I;| = 1, the proof of (a) finishes.

(b) The condition A3 < 1 —n(1 — Aq) is equivalent to |Iy| > A3, and thus |I;| < A;. So,
T"|, : 1 = I is 1 — x, so n,2n € Per(T). On the other hand, notice that

T (Ip) = T(1 — ||, 1) = T(1 — |Ip|, A + A2) UT(A + Ap, 1),
and thus T"™|;) = T' : Iy — Iy is the 2-IET with permutation (—2,1) and length vector

1-n(1-A1)-A A
( T m)' So, (b) follows. [

If A3 > 1 —n(1— Aq), then the situation is much more complicated. The set of periods
cannot be obtained easily from the set of periods of some 2-IET. For instance, when A; = 0.6
we show the set of periods of T for several values of A, in Table 7. For instance, for A; = 0.13
and A3 = 0.27, we have that Per(T) = {2,4,10,20,13,26} and this set of periods cannot be
obtained from a 2-1ET because it has at most two periodic components.

Table 7. For A; = 0.6, we display the set of periods of T for several values of A;.

Az Per(T) As Per(T)

0.2 {2,3,4} 0.19 {2,4,64,128}
0.18 (2,4,34,68) 0.17 {2,4,22,44, 25,50}
0.16 {2,4,19,38} 0.15 {2,4,16,32}
0.14 {2,4,13,26,16,32} 0.13 {2,4,10,20,13,26}
0.12 {2,4,10,20,13,26} 0.11 {2,4,10,20,13,26}
0.10 {10,20} 0.09 {7,14,10,20,18,36}
0.08 {7,14,18,36} 0.07 {7,14,58,116}
0.06 (7,14,28,36, 72} 0.05 (20,40}

0.04 {12,24,13} 0.03 {17,34, 66,132}

0.02 {50,100} 0.01 {100,200}
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6. Conclusions and Future Work

We have characterized the set of periods of 2-IETs and approached this problem
when 3-IETs are considered. The result for 2-IETs gives an advance to a question posed by
Misiurewicz in 1994, see [15]. As a byproduct, it is interesting to mention that no ordering or
forcing similar to Sharkovsky order is expected for the set of periods of those discontinuous

maps being increasing and continuous on {0, %) and decreasing and continuous on (%, 1} .

On the other hand, from our study of 3-IETs, it does not seem easy to give a closed
form for the periods of IETs. As a starting point for this general goal, we have presented
some techniques, as the Poincaré map for some particular cases, the strategy of taking
conjugates or inverse maps to simplify the casuistic, as well as an alternative approach
under matrices associated to a suitable directed graph. With these tools we were able
to obtain the whole study of 3-IETs whose accompanying vector A = (A1, A2, A3) holds
A1 = A3. Moreover, for the sake of warning the reader about the difficulty of the problem,
we have presented two general study cases, partially solved, for which we need to use
some little pieces of linear congruence theory.

We will explore this question of computation of periods for n-IETs, with n > 3, in
future works. However, at least, we know that the case of 3-IETS with A, = A3 is easily
reachable with the techniques shown in this paper, whereas the general case probably
requires the exploration of new tools.
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