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Abstract: In this paper, we present a new type of rational contraction in double controlled metric-
like spaces and improve recent results of such spaces. Moreover, there is an example to verify the
correctness of our results. Finally, we also obtain some new fixed point results, which can be derive

directly from our main theorem.

Keywords:
metric-like spaces

fixed point; rational contraction; controlled metric spaces; double controlled

MSC: 47H10; 54H25

1. Introduction

In recent decades, many researchers in the field of fixed point theory have made a
number of generalizations of the usual metric space. Different types of generalized metric
spaces lead to different theoretical achievements in general. With the emergence of these
abstract generalized metric spaces, many authors can continue to study and enrich the
fixed point theory according to different types of contraction conditions. As early as 1993,
Czerwik [1] formally introduced the notion of b-metric space by putting a constant on
the right-hand side of the triangle inequality, which is an interesting generalized metric
space. The recent results for b-metric spaces can be seen in [2—4] and references therein.
In 2017, Kamran et al. [5] replaced the coefficient of b-metric with a binary function and
introduced a type of generalized b-metric space, namely extended b-metric spaces. Such
spaces have inspired researchers of fixed point theory. For some recent fixed point results
in several generalized metric spaces, refer to [6-11]. In 2018, Mlaiki et al. [12] defined a new
class of extension of b-metric space, called it as controlled metric space, which is different
from extended b-metric space. They proved the Banach fixed point result in controlled
metric spaces. Later, some investigators studied such spaces. In 2019, Lateef [13] obtained
the existence of a fixed point for Kannan-type contractions in controlled metric spaces.
Shortly after, Ahmad et al. [14] introduced Reich type contractions and (a, F)-contractions,
and established related fixed point theorems in controlled metric spaces. In a summary,
Mlaiki et al. [15] investigated and improved some recent fixed point results in controlled
metric spaces, and presented some new fixed point results. On the basis of controlled metric
spaces, Abdeljawad et al. [16] presented double controlled metric spaces. Very recently,
Mlaiki [17] has introduced double controlled metric-like spaces, which are produced by the
fact that self-distance doesn’t need to be zero.
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Motivated by the existing results, we aim to further investigate the fixed point results
in double controlled metric-like spaces. In this paper, we define a new type of rational
contraction, and provide sufficient conditions for the existence and uniqueness of a fixed
point of this kind of contraction. There is an example to verify the correctness of our
important results. On the one hand, we improve some fixed point results in double
controlled metric-like spaces; on the other hand, we attain a lot of corollaries related to
the new rational contraction. As an application, we apply our result to the problem of
Fredholm integral equation.

2. Preliminaries

In the beginning, let us retrace the definitions of several type generalzied metric spaces,
which are useful to the next work.

As early as in 1993, Czerwik [1] formally defined and studied b-metric spaces by
adding a constant in the right of triangle inequality of metric.

Definition 1 ([1]). Let X be a nonempty set, b > 1 be a constant and d : X x X — [0,00) be a
function. If the following conditions hold:
(d1) d(u,v) = O0ifand only if u = v;
(d2) d(u,v) =d(v,u),forallu,v € X;
(d3) d(u,v) < bld(u,w)+d(w,v)], forall u,w,v € X.

Then d is said to be a b-metric, (X, d) is called to be a b-metric space, where b is the coefficient
of b-metric.

The coefficient of b-metric binary function § was proposed by Kamran et al. [5] in 2017,
and the notion of extended b-metric space was presented.

Definition 2 ([5]). Let X be a nonempty set, 6 : X x X — [1,00) and dg : X x X — [0,00) be
two functions. If the following conditions hold:

(dg1) dg(u,v) = 0ifand only if u = v;

(dg2) dg(u,v) =dg(v,u), forallu,v € X;

(dg3) dg(u,v) < 0(u,v)[dg(1t,w) + do(w,v)], for all u,v,w € X.

i

Then dg is said to be an extended b-metric, (X, dg) is an extended b-metric space with 6.

In 2018, Mlaiki et al. [12] proposed a new kind of metric space called controlled metric
space. As a new extension of b-metric space, it is different from extended b-metric space.

Definition 3 ([12]). Let X be a nonempty set, x : X x X = [1,00) and d, : X x X — [0,00) be
two functions. If the following conditions hold:
(dy1) dy(u,v) = 0ifand only if u = v;
(dy2) dy(u,v) = dy(v,u);
(dy3) dy(u,v) < x(u,w)dy(u,w) + x(w,v)dy(w,v).
Then dy is a controlled metric, (X, dy) is called to be a controlled metric space.

In the same year, Abdeljawad et al. [16] presented double controlled metric spaces on
the basics of controlled metric spaces.

Definition 4 ([16]). Let X be a nonempty set, x1,x2 : X x X = [1,00) and d, : X x X — [0, 00)
be three functions. If the following conditions hold:
(dy1) dy(u,v) = 0ifand only if u = v;
(dy2) dy(u,v) = dy(v,u);
(dy3) dy(u,v) < x1(u, w)dy(u,w) + x2(w,v)d, (w,v).
Then d is a double controlled metric, (X, dy) is said to be a double controlled metric space.
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Very recently, Mlaiki [17] proposed the notion of double controlled metric-like spaces
by weakening the condition (d, 1) such that self-distance does not need to be zero.

Definition 5 ([17]). Let X be a nonempty set, x1, x2 : X x X = [1,00) and d, : X x X — [0, 0)
are three functions. If it satisfies the following conditions:
(dy1) dy(u,v) =0=u=v;
(dy2) dy(u,v) = dy(v,u);
(dy3) dy(u,v) < x1(1, w)dy (1, w) + x2(w,v)dy (w,v).

Then d is said to be a double controlled metric-like, and (X, d,) is said to be a double controlled
metric-like space.

Remark 1. Note that double controlled metric-like space includes double controlled metric space as
its particular case, but the converse in general is not true.

Now, we recall two examples of double controlled metric-like space.

Example 1 ([17]). Let X = [0,00). Defined d, : X x X — [0,00) by:

Or lfu =0 ;é 0,
1
5 ifu=v=0,
1
dy(u,v) = - ifu>1landv € |0,1),
1
o ifv>1landu € [0,1),
1, otherwise.
Let x1,x2: X X X — [1,00) be
u, ifuv>1,
xi(u,v) = .
v, otherwise.
and
(1,0) u, ifu,v <1,
u,v) = .
X2 max{u,v}, otherwise.

Then it’s easy to verify that (X, dy ) is a double controlled metric-like space. However, (X, d,) is not
a double controlled metric space. For more details, refer to [17].

Example 2 ([17]). Let X = {a,b,c} and define d, : X x X — [0, 00) by

dy(a,a) = dy(b,b) =0,dy(c,c) 11—0,
dy(a,b) = dy(b,a) =1,
dy(a,c) =dy(c,a) = %,
dy(b,c) = dy(c,b) = %r

Take x1,x2 : X x X — [1,00) are two symmetric functions and defined by

Xl(b‘l,{l) = Xl(bfb) = Xl(C,C) = Xl(alc) =1, Xl(a/b) = %r Xl(blc) = %/
x2(a,a) = x2(b,b) = xa(c,c) =1, xa(a,b) = 15, x2(a,¢) = 3, xa(b,c) = 3.
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Then (X, dy) is a double controlled metric-like space. However, dy (c,c) = {5, 50 (X, dy) is
not a double controlled metric space. For more details, refer to [17].

In the following, we recall some properties of double controlled metric-like spaces.

Definition 6 ([17]). Let (X, d,) be a double controlled metric-like space. For each sequence
{up,} € X,

(1) if . %rﬂ dy (Un, un) exists and is finite, then we say that {u, } a Cauchy sequence;

(2) y‘y}grgodx(un, u) = dy(u,u), then we say that {u, } converges to u;

(3)  if every Cauchy sequence in X is convergent to some point in X, then we say that (X, d,) is
complete.

Very recently, Tas [18] has introduced Reich contraction in the double controlled
metric-like spaces.

Theorem 1 ([18]). Let (X, d,y) be a complete double controlled metric-like space and x1, x> :
X x X = [1,00). Let f : X — X be a self mapping such that

dy(fu, fv) < ady(u,v) + Bdy (u, fu) + vdy (v, fv),

forallu,v € X, wherea, B,y € [0,1) witha +p+ v < 1.

Forug € X, take u, = f"ug. Let A = % Suppose that

suplim X1 (i, Uito)
m>1i—00 X1 (Ui, Uit1)

>

X2 (Uig1, Um) <

Moreover, for each u € X, 1i_rg1 X1(u, uy) exists and is finite; li_r>n x2(up, u) < %, then there exists
n o0 n [e0)
a unique u* € X such that fu* = u*.

3. Main Results

In this section, we firstly prove our main results for a rational contraction in double
controlled metric-like spaces.

Theorem 2. Let (X, d, ) be a complete double controlled metric-like space and x1,x2 : X x X —
[1,00). Let f : X — X be a self mapping such that

dy(u, fu)d, (v, fo
A, 0) < iy (1,0) + iy (o, ) + 7y o, o) +y PPLIHELD
x(u,0)
forall u,v € X, where a, B,7y, 17 € [0,1) witha + B+ +1n < 1.
Foruy € X, take u, = f"ug. Let A = 1&:2. Suppose that
X1 (#it1, Uivo) 1
suplim =————"—" o (U1, upym) < —. 2
mz%'—m x1(ui, uit1) Ao (Wi tm) A @

. . . . . . . l
Moreover, for each u € X, nlgr.}oxl(u,un) exists and is finite; nlgr.}oxz(un,u) <3 fory > 0. In
particular, when v = 0, the latter condition becomes lim x, (1, u) < oo, then there exists a unique
n—oo
u* € X such that fu* = u*.
Proof. Let uy € M. We can construct a sequence {u,} by 1,11 = fu, foralln € N. If
Upy = Upy41 for some ng € N, then fuy, = uy,. That implies u,,, is a fixed point of f. Hence,

suppose that for all n € N, uy, # uy, 11, i.e., dy(uy, uy11) > 0. Apply u = 1y and v = u, 4
to (1), we have
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d)((“nJrlr Upy2) = dx(f”nrf”nH)
< zxdx(un, Mn+1) + ﬁd;((unrfun) + ’)’d)((un+l/fun+1)

d}((un; f“n)d)((”n-H/ f””+1)
1+ d)((”n/ Uni1)

= D‘dx(un/ Uny1) + ﬁdx(unr Upy1) + 'de(un+1r Upi2)

dx (tn, Upg1 )dx (”n-i-l/ un+2)
1+ d;((un/ un+1)

< (w4 B)dy (un, tipy1) + (v +1)dy (g1, tng2).

+

+

which implies that

#dx(

r)/ 17 Uy, un+l) = Ad}((”nr un+1)/

dy(Upg1, Upg2) <

and further we have
Ay (U1, tng2) < Ady (i, 1) < A2y (1, un) < - < A"y (g, uq), foralln € N, (3)
Now we shall prove the {u,} is a Cauchy sequence. For all n,m € Nwithn < m,

d)c(”n/”M) < Xl(”n/”n+1)d)c(”n/”n+1) +X2(“n+1/“m)dx(”n+lr“m)
< Xl(”nr”n+1)dx(“nr”n+l) +XZ(MV!-H/ m)Xl (”n+11 un+2)dx(un+1/ un+2)
+ X2 (1, ) X2 (U2, ) Ay (Un g2, )
< Xl(”nrunJrl)dX(”nr 1) + X2 (U1, Um) X1 (U1, tnr2)dx (Uny1, Uni2)
+ X2 (U1, wm) X2 (U2, U ) X1 (Unt2, Un+3)dx (Unv2, Unt3)
+ X2 (g1, ) X2 (tnr2, ) X2 (U3, i )y (Un43, Un)
< ...

m—2

i
< X1 (o, 1)y (i) + ) (T xa(ugwm)) xn (i, igr )y (i, wig1)
i=n+1 j=n+1

m—1

+ T xoCui, wm)dy (ty—1, 1m).
i=n+1

We make use of x;(u,v) > 1,i = 1,2, by (3), then it follows that

m—2 i
dy (tn, tim) < X1 (s, Uppy1)dy (U, py1) + Z ( H XZ(”jr”m))Xl(”ir”i+1)dx(”irui+1)
i=n+1 j=n+1
m—1
+ H X2 (ui, ) X2 (U—1, m ) ) Ay (U1, thm)
i=n+1
m—=2 i .
< X1 (tn, ) Ay (ug,ur) + Y (T xa(ujoum))xa (ui, wipq ) A dy (ug, ur)
i=n+1 j=n+1
m—1 1
+ I—[ X2 (ui, ) X1 (U1, U )A™ ™ d)((”Oxul)
i=n+1
m—1 i ,
= X1, gy 1) A Ay (o, 1) + Y C TT xa(ujum))xa (i, i )A dy (ug, ug)
i=n+1 j=n+1

m—1 i .
< x1 (n, 1) A dy (o, u1) + Y ([ Toxa (g, wm))xa (i, wig)Ady (uo, ur).— (4)
i=n+1 j=0
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Now if we define, forall g € N,
q i
Z H 2 (1, um)) x1 (ui, w1 )M dy (g, 7).
From (4), we can deduce that
dy (v, ) < dy(uo, ur)[A"x1(tn, thnt1) + (Sm—1 — Sn)]- @)
o0 l .
Consider the series Y- (IT x2(uj, um))x1(ui, 1) A dy (1o, u1).
i=0 j=0
n
Let p, = A"dy (up, u1) T1 )(z(uj, U ) X1 (Un, Uy1), then we have
j=0
1 n+1
A"y (o, uq) I_IOXZ(u]/”m)Xl(”n+lr”n+2) ( )
Upiq, U
Prt1 _ ] :/\Xl n+1, Un+2 X2 (it 1, tm)-

Pn X1 (v, Upg1)

Aldy (uo, u7) H x2 (1, ) X1 (i, Unsr)
]_

In view of (2), we conclude that the series Z (H X2 (uj, tm)) X1 (i, tip1)A 'd, (up,uq) is
i=0 j=0

convergent (by the ratio test of positive series). Consequently, if we take the limit as

n,m — o0 in the inequality (5), then we get that

lim dy (uy, upm) = 0. (6)

n,m—o0

Hence, {u,} is a Cauchy sequence in (X, dy). In view of the completeness of (X, dy), so
there must exists a point u* € X such that

Lim dy (up, ™) = dy(u*,u*) = lim dy(uy, upm) = 0. (7)

n—oo n,m—oo

Next we prove that fu* = u*. Consider the condition (d,3) and (1), then

d)((u*/fu*) <xi (u*/ ”n—l—l)d)((”*r un+1) + XZ(”H+1!fU*)dX(un+1rfu*)
= x1 (", wpi1)dy (", Uni1) + X2 (Unir, fu)dy (fuun, fu)
< xa (', w1 )dy (U, 1) + X2 (g1, fu™) [edy (un, u™) + By (un, fun)

+ydy (uF, fut) + 1 dx(”;/JJ:Zn)(unf - )f”*)]

= x1 (", )y (W7 1) + X2 (ungr, fu) [wdy (un, u") + ey (tn, thn y1)

+ ydy (u*, fu*) + d"(u'i'i";()um( )fu )]

Taking account into (6) and liﬁm x1(u, uy) exists and is finite, take the limits as n — oo on
n [e9)

the two sides of the above inequality, we obtain
(e, fu") < Bim a1, fu) [y (", fu)]. ®)
Based on the assumptions of Theorem 2, we discuss the following two cases:

Case 1. r}gxgoxz(un+1,fu*) < oo fory = 0.
By (8), we obtain d, (u*, fu*) =

: * 1
Case 2. nh_r)r;oxz(unﬂ,fu ) < 3 for v > 0.
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In this case, if d, (u*, fu*) > 0, then (8) is equal to

el f7) < Jim o, Fu) (0, Fu)] < 2 (0 )] = dy o, ),

Therefore, we get a contradiction, then d, (u*, fu*) = 0.

In the both cases, dy (u*, fu*) =0, so fu* = u*. Now, we prove that if p is the fixed
point of f, then d, (p, p) = 0. Indeed, assume that p is the fixed point of f. Apply u = p
and v = p to (1), and we have

dx(p,p) = dx(fp. f)
< ady(p, p) + B (p, fp) +7dx(p. fp) +1 dx(f J{ Zii’éfi’)fp)

< ady(p,p) + Bdx(p, p) +vdx(p, p) +ndx(p, p)
= (a+ B+ +n)dx(p,p)-

Since « + B+ v+ 1 € [0,1), so we get a contrary to dy(p,p) > 0, thus d, (p, p) = 0.
Eventually, suppose that f has two different fixed points, say u* and v*. Apply u = u*
and v = v* to (1), then it easily follows that
dy(u*,v*) =dy(fu*, fo*)
dy (u*, fu*)d, (v*, fo*)
< * % * * * * X X
< ady(u”,0") + By (u”, fu™) + ydy (0%, fo*) +1 T+ dy (u, o)

dy(u*, u*)d, (v*,v*)
14 dy(u*,v%)

= ady (u”, ) + By (u”, u”) +ydy (7, 0%) 477
= ady (u*,v") < dy(u*,v").
Which is a contradiction. Hence, f has a unique fixed point #*. O

Remark 2.

(1). Our results is an improvement of the results of Lateef [19]. On the one hand, if p = v = 0,
notice that our contraction becomes a Fisher contraction in [19], the conclusion still holds, i.e.,
f has a fixed point; on the other hand, we get the result in double controlled metric-like spaces,
instead of controlled metric spaces. In other words, we extend the result to double controlled
metric-like spaces.
(2).  Special cases:
case 1. if = 0 in Theorem 3.1, then we obtain the results of Tas [18];
case2. if B = v = y = 0, then we obtain Banach contraction, which is the results of
Miaiki [17];
case3. if p = yand a =y = 0, then we obtain Kannan contraction, which is the results of
Mlaiki [17].
(3). By Remark 1, we know that every double controlled metric space is a double controlled metric-
like space, and self-distance in the latter does not need to be zero. Thus, our results still hold in
double controlled metric spaces.

We give a simple example to verify the correctness of Theorem 2.
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Example 3. Let X = {0,1,2} and define d, : X x X — [0, 00) by

d,(0,0) = dy(1,1) = 0,d,(2,2) =1,
d,(0,1) = dy(1,0) = 10,
d,(0,2) = dy(2,0) =6,
dy(1,2) = dy(2,1) = 4,

Consider x1, x2 : X X X — [1, 00) are two symmetric function and defined as follows:

Xx1(0,0) = x1(1,1) = x1(2,2) =1, x1(0,2) = 1 Xl(o D=1 x(12) =
x2(0,0) = x2(1,1) = x2(2,2) = 1, x2(0,1) = 1, x2(0,2) = %, x2(1,2) = 1

Define a mapping f : X — X by

B 2, ifu=0,
fu= {1, ifu e {1,2}.

Firstly, we show that (X, d,) is a double controlled metric-like space. By the symmetry of dy, x1
and X, then (d, 1) and (d,2) in the sense of Definition 5 are obviously satisfied, so we focus on the
following three cases, and the others are clearly true.

Casel. u=0,0=1,d,(0,1) =10 <10 = x1(0,2)dx(0,2) + x2(2,1)d, (2,1);
Case2. u=0,v=2, dX(O 2) =6 <15=x1(0,1)dy(0,1) + x2(1,2)dx(1,2);
Case3. u=1,0=2,d,(1,2) =4 < 18 = x1(1,0)d,(1,0) + x2(0,2)d, (0,2),

then it must be dy(u,v) < x1(u, w)dy (1, w) + x2(w, v)dy(w,v), for all u,w,v € X, i.e., (dy3)
holds. So (X, dy) is a double controlled metric-like space.

Next, we take & = %, = %, v = %, N = %. Now, let us talk about the following three cases:

Casel. u = 0,0 =1,dy(f0,f1) = dy(2,1) =4 < 4 = 1d,(0,1) + 3d,(0,2) + %dx(1,1) +
1 4x(0.2)dx(L1)
0™ 1+d,(0,1) ’

Case2. u=0,0=2,d,(f0,f2) = dy(2,1) =4 < 2 = 1d,(0,2) + 1d,(0,2) + 1d,(2,1) +
1 45(02)dy(21)
10~ 1+dy (0,2)

Case3. u=1,0=2,dy(f1,f2) =dy(1,1) =0 < 32 = 1d,(1,2) + 1d,(1,1) + 1d, (2, 1) +
1 d(LD)dy(2,1)
10~ T+dy(L1)
So (1) is satisfied. For any ug € X, (2) is also satisfied. Indeed, we have

Uirq, s 39 1 1-—7-—
sz(um,um) 1 =TT

li =
sup lim o0 P

m>1i—c0 X1(i, i)

It is easy to verify the other assumptions in Theorem 2 also hold. So it meets requirements of
Theorem 2, in this case, we can find that the unique fixed point of f is u = 1.

By our main results, we can obtain some fixed point results in a few metric-type spaces.

Corollary 1. Let (X,dy) be a complete controlled metric space and x : X x X — [1,00). Ifa
self-mapping f : X — X such that

dy(u, fu)dy (v, fo)
< X X
(e f0) < wd(,0) + B, fu) + (o, fo) +y TP
forall u,v € X, where a, B,7y,17 € [0,1) witha + B+ +1n < 1.
Forug € X, take u, = f"ug. Let A = 1fj;ﬂ7. Suppose that
- X(uit1, Uigo) 1
suplim =" (U0, Uy) < —. 10
mzlzi—m X (i, tj1) A tm) A {10
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. . . e . l .
Moreover, for each u € X, nlgr.}o x(u, uy) exist and finite and nllg; x(un,u) < % then there exists a

unique u* € X such that fu* = u*.
Proof. Take x1 = x2 = x in Theorem 2. [

Corollary 2. Let (X, d) be a complete b-metric space. If a self-mapping f : X — X such that

d(u, fu)d(v, fo
d(fu, fv) < ad(u,v) + Bd(u, fu) +vd(v, fv) + UW, (11)
forallu,v € X, wherea,B,v,n € (0,1) witha +p+v+1n < 1.
Suppose that
==y 1
b < min{ Py ,7}.

Then there exists a unique u™ € M such that fu* = u*.
Proof. Let x; = X2 = b in Theorem 2, where b is the cofficient of b-metric space (X,d). O

Corollary 3. Let (X,d) be a complete metric space. If a self-mapping f : X — X such that

d(u, fu)d(v, fv) (12)

d(fu, fv) < ad(u,v) + pd(u, fu) + vd(v, fo) + 1 1+d(u,0)

forallu,v € X, where w, B,7y,1 € (0,1) witha+p+v+n <1
Then there exists a unique u* € M such that fu* = u*.

Proof. In Corollary 2, a b-metric space reduces to a metric space when b = 1, so the
conclusion holds clearly. [J

4. Application

In this section, we aim to apply Theorem 2 to solve the existence and uniqueness
problems of solutions for the Fredholm integral equations, which defined as follows:

F(x) = /abf(x,y,F(y))dy—I— M(x), forall x,y € [a,b], (13)

where M : [a,b] — Rand f : [a,b] x [a,b] X R are two continuous functions. Let X =
C([a, b]) be the set of all continuous real value functions defined on [a, b]. Set

dy(Fi(t), B(t)) = tSI[JF;} |Fi(t) — Fa(t) %

Take

1+ sup |F(t) — B(t)], ifF #B,

Xl(Fl/FZ) = tela,b]
1, ifFF=F

and
7(2(1:1, Fz) =1,forall F,F € X.

Obviously, it can easily follows that (X, dy ) is a complete double controlled metric-like space.

Theorem 3. Define T : X — X by

T(F(x)) = /abf(x,y,F(y))dy+M(x),for all x,y € [a,b]. (14)
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Suppose that for all Fy, F, € X, x,y € [a,b],

£ ) — fy BO) < VM,

—a
where
M = ady (Fi(t), B2(t)) + Bdy (Fi(t), T(Fi(t))) + vd(Ea(t), T(F2(t)))
dy(Fi(t), T(F (t)))dx(Fz( ), T(Ex(t)))
L+dy(Fi(t), Ea(t))

with & + B+ v + 1 < 1. Then, Equation (13) has a unique solution.

Proof. Now, we prove T satisfies the all conditions of Theorem 2. For all F;, F, € X, we get

T(E) - TR < ([ 110y Fy) — £y, Fy)dy)?

Hence,
dy(Fi(x), F2(x)) :tSI[lIZ]|T(F1(X)) — T(E(x))]?
< ady(Fi(t), Fa(t)) + Bdy (Fi(t), T(Fi(t))) + vd(Fa(t), T(F2(t)))
77d x(F1(t), T(Fi(t)))dy(Ex(t), T(Fx(t)))
1+dy(Fi(t), F2(t)) '

Therefore, all conditions of Theorem 2 are satisfied, so Equation (13) has a unique solution. [

5. Conclusions

In this paper, we define a new type of rational contraction in double controlled metric-
like spaces. On the one hand, we obtain the fixed point theorems of this kind of contraction.
On the other hand, we improve some recent results in double controlled metric-like spaces.
Next, we use a simple example to show the validity of our main results. Finally, we get
a lot of corollaries related to the new rational contraction. There is no doubt about the
importance of fixed point theory. Considering the study of contraction condition and
generalized metric space are two important research directions of fixed point theory, based
on this paper, we give some ideas for the future.

There are some possible works in the future:

(i) Consider replacing the rational expression in this article with another rational expression;

(ii) Extend our results to another metric space, like double controlled quasi metric-
like space [20], fuzzy double controlled metric space [21], triple controlled metric
space [22], and so on;

(iii) The four constants on the right hand side of the rational contraction inequality may
be changed to special functions.
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