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Abstract: In this paper we introduce the first Brocard triangle of an allowable triangle in the isotropic
plane and derive the coordinates of its vertices in the case of a standard triangle. We prove that the
first Brocard triangle is homologous to the given triangle and that these two triangles are parallelogic.
We consider the relationships between the first Brocard triangle and the Steiner axis, the Steiner point,
and the Kiepert parabola of the triangle. We also investigate some other interesting properties of this
triangle and consider relationships between the Euclidean and the isotropic case.
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1. Introduction and Motivation

The isotropic (or Galilean) plane is a projective-metric plane, where the absolute con-
sists of one line—the absolute line w4, and one point on that line—the absolute point () 4.
When using homogeneous coordinates in the projective plane, P = (xp : x1 : x2),
x% + x% + x4 # 0, then we choose the absolute point Q4 = (0: 1: 0) and the absolute line
w4 having the equation x, = 0. Points incident to the absolute line w4 are called isotropic
points and lines incident to the absolute point (24 are called isofropic lines. We will mention

a few well known metric quantities in the isotropic plane for which we assume that x = %
andy = L.

Two lines are called parallel if they have the same isotropic point. Points which lie on
the same isotropic line are said to be parallel.

For two non-parallel points P; = (x1,y1) and P, = (x3,y2) the isotropic distance is de-
fined as d(Py, P,) := x5 — x1. Notice that the isotropic distance is directed. For two parallel
points Py = (x1,y1) and P> = (x1,2), the isotropic span is defined as s(Py, Py) := y2 — y1.
The midpoint of the points P; = (x1,y1) and P, = (xp,y2) is defined as
M= (g, 9,

The angle formed by non-isotropic lines /; and [, given by y = myx + b; and
y = mpx + by is defined by ¢ = Z(I4,15) := my — my, and it is directed. The bisector
of the lines /1 and I, is given by the equation y = %x + @ A normal line to a line

at a point P is the isotropic line # passing through P.
All projective transformations that preserve the absolute figure are of the form

X =a+px,
y=b+cx+gqy,

a,bc,p,qg €R,
pq # 0,
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and form the 5-parametric group Gs known as the group of similarities of the isotropic plane
(see [1]).

Distances, spans and angles are kept invariant under the subgroup Gz of Gs which
consists of transformations of the form

X=a+x
y=b+cx+y, a,b,c eR.

Gs is called the motion group of the isotropic plane.

Metric quantities and all the facts related to the geometry of the isotropic plane can be
found in [1,2].

A triangle is called allowable if none of its sides are isotropic [1]. As it is explained in [3],
according to [1], to any allowable triangle in the isotropic plane there is exactly one circum-
scribed circle. The equation of this circle is of the form y = ux? + vx + w, u # 0. Choosing
a suitable coordinate system and applying the group of similarities, we may assume that
the equation of this circle is y = x2, and that the vertices of the allowable triangle ABC are
A = (a,a®),B = (b,b?),C = (c,c?), where a, b, and c are mutually different numbers. For
convenience, we will frequently use abbreviations abc = p and ab + bc + ca = q. Choosing,
without loss of generality, that a + b + ¢ = 0, the diameter of the circle circumscribed to the
triangle ABC, passing through its centroid G = (%, M) =(0,— %q), lies on the
y-axis, while the x-axis is tangent to this circle at the endpoint of that diameter.

For each allowable triangle ABC, one can, in the described way, achieve that its
circumscribed circle has the equation y = x2, and its vertices are of the form A = (a, az),
B = (b,b?),and C = (c,c?), with a + b + ¢ = 0. We shall say that such a triangle is in the
standard position, or shorter, that the triangle ABC is the standard triangle. To prove geometric
facts for allowable triangles, it is sufficient to give a proof for a standard triangle. Its sides
BC, CA, and AB have equations y = —ax — bc, y = —bx —ca, and y = —cx — ab. Using
the mentioned notations it can be proved that ¢ = bc — a? and (c —a)(a — b) = 2q — 3bc.

The tangential triangle of a given triangle ABC is the triangle A;B;C; determined by
the three tangents to the circumscribed circle of the triangle ABC at its vertices. It can be
proved that the lines AA;, BBy, and CC; are symmetric, with respect to bisectors of the
angles A, B, and C, to the medians AG, BG, and CG of the triangle ABC. The lines AA;,
BB;, and CC; meet at the point K which is called the symmedian center of the triangle ABC.

Let ABC be a standard triangle and let A, B, and C, respectively A’, B/, and C’, be
lines through the points A, B, and C such that Z(AB, A) = Z(BC,B) = Z(CA,C) =: ¢,
L(A',AC) = £(B',BA) = Z(C',CB) =: ¥. In [4] it is proved that the lines A, B8, and C
pass through a common point, say (), if and only if ¢ = w, and the lines A’, B/, and C’
pass through a common point, say (), if and only if ¢y = w, where w is given by w =
—slq(b —c¢)(c—a)(a—b). The points Q1 and Q) are called Crelle—Brocard points, and w is
called the Brocard angle.

The isotropic analogue of Brocard’s theorem was first obtained in [2].

The standard triangle ABC has, by [4], the symmedian center K and Crelle-Brocard
points )y and () given by

K= (‘;’Z—g) 0, = (P _qP1,27P192q; 2‘73>, 0, = (P—qr’zlﬂpz;z 2613) )

where p1 = £ (bc? + ca® +ab?), p = 3 (b?c + c*a+a®b). One can prove that py +po +p = 0,
3 3 3
Ptppt+pi=—%p+pp+pi=—% andp’ +pp+p3=—7%.
These three points lie, according to [5], on the Brocard circle of the triangle ABC (see
Figure 1), given by
2 _3p q
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Figure 1. Brocard circle K, the Steiner axis S, and the first Brocard triangle A;B1C; of the triangle
ABC. Visualization of statements of Theorems 1, 3 and 4.

If Ay, By, and Cy, are midpoints of the sides BC, CA, and AB of the allowable triangle
ABC, and A’, B’ and C' are points on the perpendicular bisectors of these sides such
that spans s(A,, A’), s(Bu, B'), and s(Cy,, C') are proportional to the lengths of sides BC,
CA, and AB, then the points BCNB'C', CANC’'A’, and ABN A’'B’ lie on a line, call it 7.
Triangles A’B’C’ are the so-called Kiepert triangles of the triangle ABC, and the line 7 is the
axis of homology of the triangle ABC and the corresponding Kiepert triangle A’B'C’. Axes
of homology of an allowable triangle ABC and its Kiepert triangles envelope a parabola
which is called the Kiepert parabola [6].

The inscribed and the circumscribed Steiner’s ellipses of an allowable triangle have
the same nonisotropic axis, which passes through the centroid G of that triangle and which
in the case of a standard triangle has equation y = —z—sx - %q. This axis is called the
Steiner’s axis of the considered triangle. In [7], the Steiner point of the allowable triangle
ABC is defined as the fourth (the first three being A, B, and C) common point S of the
circumscribed circle and the circumscribed Steiner ellipse of that triangle. If ABC is a

3p 9

standard triangle then S = (— 5 q—z)

2. The First Brocard Triangle of a Triangle in the Isotropic Plane
In this section we will define the first Brocard triangle of a triangle in the isotropic plane.
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Theorem 1. Given a standard triangle ABC, the lines through its symmedian center K and parallel
to its sides BC, CA, and AB meet the Brocard circle, besides the point K, at points

~

A= (-

B = (-
c=(-

which lie on bisectors of the sides BC, CA, and AB, respectively (see Figure 1).

1
6—q(9ap + 3a2q - ZqZ)),

~

1
o (90 + 307 - 29%), 3)

~

NI NS NS

1
&7 (9cp +3c%q — 2q2)),

Proof. The point A; obviously lies on the bisector of BC, and with x = —7, from (2) and
3
y:—ax—kziqp—%, (4)

we get the ordinate of the point A4

2 3
y="%+750 —§ =g %ap+3a77-27%).

Therefore, A1 is the intersection of that line and the Brocard circle (2). This line is
parallel to BC and passes through K, see (1). O

The points Ay, By, and C; from Theorem 1 determine the first Brocard triangle of the
triangle ABC (see Figure 1).

Theorem 2. The sides of the first Brocard triangle A1B1Cy of the standard triangle ABC are
given by

3p 1

BiCy ... y= (a——q )x—6(2q+3bc),
3p 1

Ci1A1 ... y= (b——q )x—6(2q+3ca), 5)
3p 1

ABy ...y = (c——q )x—6(2q—|—3ab).

Proof. The point B; satisfies the first equation in (5) because
3p b 1 1 5 5
(a— 7)(— 5) — 6(2q+3bc) = 6—q(9bp+3b q—2q%),
and so does the point C;. [

Theorem 3. A triangle and its first Brocard triangle have the same centroid (see Figure 1).

Proof. According to [3], the triangle ABC has the centroid G = (0, —3 ). The triangle
A1B1Cq with vertices (3), has the same centroid because a + b + ¢ = 0 and

1 1 1 2
o= b 2 b2 2 o 2 - —2g) — 2 — 24 O
NT (9(a+b+c)p+3(a°+b"+c*)g—69°) 187 (39(—2q) — 69%) 34

3. The First Brocard Triangle and Some Other Significant Elements

In this section we consider the relationships between the first Brocard triangle and
some other objects related to a triangle in the isotropic plane.
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Theorem 4. Let G be the centroid and A1B,C the first Brocard triangle of an allowable triangle
ABC. Then the pairs of lines GA, GAy; GB, GBy; and GC, GCy have the same bisector. This
bisector is the Steiner axis of the triangle ABC (Figure 1).

For the Euclidean case see [8,9].

Proof. The lines GA and GA; have slopes

2q
3a’

a2+%q:a+

61—q(9ap +3a%q — 2¢%) + 3q

__ b 20 o2y = P, A
= 3aq(9ap+3aq+2q)— ] a—a-

NI

The sum of slopes is equal to — %p, therefore the bisector of these lines has the slope

—%’. The Steiner axis of the triangle ABC is given by y = —%x - %q [7], which passes
through the centroid G = (0, — %q), and coincides with this bisector. [

Theorem 5. The first Brocard triangle A1B1Cy of an allowable triangle ABC is homologous with

this triangle, and the center of homology is K'—the point reciprocal to the symmedian center of the
triangle ABC (see Figure 2).

For the Euclidean case see [9].

P

Figure 2. The axis of homology T of the triangle ABC and its first Brocard triangle A;B1Cy, and the
Kiepert parabola P of the triangle ABC. Visualization of statements of Theorems 5 and 7.

Proof. The line
9aqy = (Zq2 + 3a2q —9ap)x + 9a2p + 6a3q — 2aq2

passes through the point A = (a,4?) and also through the point A1, hence it is the line AA;.
In addition, this line passes through the point

K/:(_%,M)

g o (6)
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which is, by [5], reciprocal to the symmedian center K and anticomplementary to the
midpoint of Crelle-Brocard points (2; and (2. The same also holds for analogous lines BB
and CC;. O

Theorem 6. In case of the standard triangle ABC, the axis of homology of triangles ABC and
A1B1Cq from Theorem 5, has the equation

y=-Tx—{ @)
Proof. It is enough to prove e.g., that the point (¢, —{ — bc) lies on lines BC and B;Cy,

and on the line defined by (7).
Indeed, we have

—a- g —bc=-1—1bc
3p 9 _1 _q_be__ 9 _ b q
ép . 9 _ 9 _ _q9 _
7@ 5= bC. O

In the discussion following Theorem 2 in [6] it is shown that the Kiepert triangle
A'B'C’ of a triangle ABC, with t = —w, coincides with the first Brocard triangle A;B;C;
of the triangle ABC and the axis of homology of triangles ABC and A;B;C; touches the
Kiepert parabola of the triangle ABC (see Figure 2).

Theorem 7. The triangle ABC and its first Brocard triangle A1 B1Cq are three-homologous, and the
centers of homologies are the point K' and Crelle—Brocard points Q)1 and Q of that triangle.
Triangles ABC and K' Q) have the same centroid G [9] (see Figure 2).

Proof. According to [4], the lines AQ); and A(); have equations

AQp ... y=(w—c)x—aw —ab,
A ... y=—(w+b)x+aw —ca.

The point C; lies on the first line, and the point B; lies on the second one because

(w—c) (—%) —aw—ab=}(c* —2ab — w(2a +¢c))
=3(*=2(q+ ) + 3 (b—c)(c—a)(a—b) (a—1b))
= 4 (=342 + %) + (29 — 3bc) (29 — 3ca))
1

—2¢% — 3c*q — 6q(bc + ca) + 9abc?)

|
(o)
=
—

= & (9cp +3c% —2¢%),

-

—(w+Db)-(— b? —2ca + w(2a+b))

v —2(q+b2) + %q(b —c)(c—a)(a—b)-(c—a))
(—34(2q + b*) + (29 — 3ab)(2q — 3bc))

(

9bp + 3b*q — 24°).

)+ aw —ca =

N\w
= g 2

|
=)
=
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Therefore, points ()1 and (); lie on lines AC; and ABj, respectively, the point (), lies
on lines BA; and CBy, and the point (); lies on lines BC; and CA;. Points ()4, (); and K’
have the centroid G = (0, —34) because

1(p=p1 | p—pP2 _ 3p\ _ _pt;m+ps _
§(T+7 q)_ 3q =0

and

27p2—2¢%  27p2-24°  27p2_8
(TR TR L Sy L (9(py + pa)? + 99 + 93 — 47°)
=57 (—20° —49°) = —%q. m

The line AS has the slope a — 37;7, where § is the Steiner point of the triangle ABC [7].
AS || B1Cq because the line B;C; has the same slope as AS. Similarly, we get BS || C1A;
and CS || A1B;. Because of Theorem 1, we have A1K || BC, BiK || CA, and C3K || AB.
Therefore, triangles ABC and A;B;C; have the property that lines through the vertices of
the first triangle parallel to the corresponding sides of the second triangle pass through
a common point, and lines through the vertices of the second triangle parallel to the
corresponding sides of the first triangle pass through another common point. These two
triangles are called parallelogic, and the two mentioned points are the centers of parallelogy of
these triangles. So we have the following theorem.

Theorem 8. A triangle and its first Brocard triangle are parallelogic with the centers of parallelogy
at the Steiner point and at the symmedian center of this triangle (see Figure 3).

A
Y

.
x "

Figure 3. The circumscribed Steiner ellipse S, of the triangle ABC. Visualization of statements of
Theorems 8-11.
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Theorem 9. Let A1B1Cy be the first Brocard triangle of an allowable triangle ABC. Then the
lines parallel to B1Cy, C1 Ay, and A1By through C, A, and B, through B, C, and A, pass through a
common point Sy, respectively Sy. In addition, the lines parallel to BC, CA, and AB through Cq,
A1, and By, respectively By, Cq, and Ay, pass through a common point Ky, respectively K, (see
Figure 3). In the case of the standard triangle ABC these points are given by

si= (=), s (222, ®)
K= (3 -20), ko= (P2 -20). ©)

Proof. According to (5), the slope of the line B1Cy isa — 37;7, and the line through C parallel

to it is given by y — ¢* = (a — 37”)(3( —c¢), ie., qy = (ag —3p)x + (c? — ca)q + 3cp. The
point Sy lies on this line because

qy — (aq —3p)x — (c* — ca)q — 3cp
= 9’7% —4* +3apy — 9”%+(ca—c2)q—3cp
= (ca —c® — q)q + a(bc* + ca® + ab®) — 3abc®
= (ca — ab)q — 2abc* + ca® + a®b?
= —a(a+2c)(a® +ac+c*) +2ac*(a+c) +a’c+a*(a+c)? =0.

Substitutions B <+ C and b <> c imply the substitution p; — p2, and using this
substitution, the previous proof shows that the line through B, parallel to B;Cy, passes
through S,. Cyclic permutations a — b — ¢ — a imply C1A; || ASy || CSy, and A1Bq ||
BS1 || ASy. The line

y=—ax+ 617(9cp +3c%q — 3cag — 24°)

is parallel to BC, and it passes through C;. Let us show that this line also passes through Kj,
i.e., that

g=—a- 32% + él—q(%p +3c%q — 3caq — 24%),

[o)l16;]

ie.,
3cp — 3ap1 + czq —caq + qz =0,

which, because g + ¢ = ab and p = abc, after dividing by a, becomes equivalent to
3bc? —3p1 + (b—c)q = 0.
However, we have

3bc% — 3p1 + (b — ¢)q = 3bc? — bc* — ca® — ab® + (b — c)(bc + ca + ab)
= bc® + b*c — a’c — ac®
=bc(b+c)—ac(a+c) = —bca+ach=0.

Other statements of the theorem are proved in a similar way. [

Using the obvious term three-parallelogy, statements of Theorems 8 and 9 can be briefly
summarized as the following corollary.

Corollary 1. The allowable triangle ABC and its first Brocard triangle A1 B, Cy are three-parallelogic,
and in the case of a standard triangle ABC, centers of parallelogy are the Steiner point S of the
triangle ABC and points Sy, Sy, and the symmedian center K of the triangle ABC and points Ky, Ky
(see Figure 3).

In the Euclidean case, the statement about three-parallelogy, without proof, can be found
in [10].
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Theorem 10. Points S, S1, and Sy from Theorem 9 lie on the circumscribed Steiner ellipse of the
triangle ABC (see Figure 3).

Proof. The statement for Steiner point S is proved in [7]. For the point S; = (x,y) we have

q°x* = 9pxy — 3qy* — 6pqx — 497y + 9p?
=9p7 + 243% —27pp1 — 3q(9’% — ) +18ppy — 36pp1 + 4> +9p?
= 9% +9pp1+ 91+ =0,
and this point lies on the circumscribed Steiner ellipse of the triangle ABC, which, by [7],

has the equation ¢?x? — 9pxy — 3qy? — 6pgx — 4¢%y + 9p? = 0. Analogous proof is for the
point Sp. O

Theorem 11. Points Ky and K; from Theorems 9 are reciprocal to Crelle—Brocard points O3y and Q)p
of that triangle (see Figure 3).
In the Euclidean case this statement, without proof, can be found in [11].

Proof. For the point K; = (x,y) we get
q°x* = 9pxy — 3qy* — 6pqx — 4q°y + 9p*
= 3pi+£pp — B9 —9pp1 + B4° +9p7
=9p> + 1pp1 + 1P+ BT
= TP -+
= 12777 +49%),

3pgx® + 4q”xy — Ipy* + (9p* + 4q°)x — 12pqy — 4pq”

2 2
=T -5mg’ = Bpa’ + 5 B+ 6p19” +10pg” — 4pg?
2 2
=5 -Fh e ZBR g+ g
= 4 (54p°p1 +27ppi +3pg°) — (p — pO)7°*
3
= 1 (18pp1 +9p1 — 9p* —9pp1 — 9p7) — (p — p1)T°

= —20p* = 9pp1) — (p— P
= 5 (p—p)7p* +47°),

9pzx2 + 12pgxy + 4q2y2 + 8pq2x - (9;72 - 4q3)y - 12p2q

= 8 TH 15ppig + Bt + 12pp1g + $pPg - Dot - 127

= 8 TH Sy~ 3ppig - 3

= 507 (729p%p1 — 162p*° — 108pp1g° — 204°)

= 307 (729971 — 162p°¢° — 108pp1q° — 8¢° +124° (99 + 9pp1 + 9p1))
= 507 (72991 — 54p°¢° +108piq° — 84°)

= 502 (279" + 40°) (27p1 — 2¢%),

and, its reciprocal point has coordinates
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%(P p1)(27p* +44°) _r—n
12797 +49%) q
and
5o (279" +40°) (2791 = 2¢°) 4 27— 2
12792 +49%) Cop A
which is the point (). The proof for K; is analogous. [
Let us consider the indirect similarity given by
1 3p 1
/ /
_ 1 1
x 7 Y= 5% Y- (10)
and vice versa
x=—2x, y = ; ¥ 42y + 2q (11)

The similarity (10) obviously maps the point A = (a,4?) to the point Ay, and points B
and C to points By and C;. This similarity maps the Steiner point S, which is, according

. _ 3p 9p? . . . 3p . 3p
[7] given by S = (77, q—z), to the point with abscissa 2 and ordinate equal to 2
(— ) +3 —2 -1=-1 which is the point K. The point S; is mapped to the point
W1th abscissa 2L q 1 and ordinate > 2 P(— 3%) + %(9’;# —q) — % = —%q, which is the point Kj.

The centroid G = (0, — 3q) is under the similarity (10) mapped onto itself.
The circumscribed circle and the circumscribed Steiner ellipse of the triangle ABC
have, according to [3,7], equations

y=x*

and
g°x* — 9pxy — 3qy* — 6pgx — 4%y + 9p* =0,

which, after substitutions (11), become

6p X+ 2]/ + q 2
and
7* - 4x"? + 18px’ (6p X +2y +3q) - q(ép X +2y +29)% +
+ 12pgx’ — 4¢° ( X +2y +3q) + 97 = 0.
After rearrangements and replacements x’ ~~ x, i’ ~» y this can be written as

3r,._ 14

L |

y=2x p X3
and

49%x* — 36pxy — 12qy* — 24pgx — 16qy + 9p* —44° =0,

which are, according to [5,7], equations of the Brocard circle and the inscribed Steiner ellipse
of the triangle ABC.
Let us find the equation of the fixed line, i.e., of the axis of similarity (10). The

transformation x — —2x, y — %px +2y+ %q maps the line

y=kx+1 (12)
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to the line

6qpx+2y+§q: —2kx +1,

i.e., to the line

which coincides with the line (12) if and only if

3p I q
—(k+-—"-)=k, =-—-—==1L
Therefore,
_ %% ,_ 2
2" 3"
and the required axis is the line

_ %, 2

y= 2q 37

which is, according to [7], the Steiner axis of the triangle ABC. The last result is in accor-
dance with Theorem 4.

Thus, we have proved:
Theorem 12. An allowable triangle ABC and its first Brocard triangle A1B1Cy are indirectly
similar. This similarity has the center at the common centroid of these two triangles, its coefficient

equals —%, its axis is the Steiner axis of the triangle ABC, and it maps the points S, Sy, and S,
from Theorem 9 to points K, Ky, and Ky from the same theorem.

Corollary 2. The symmedian center of the allowable triangle ABC is the Steiner point of its Brocard
triangle A1B1C;.
For the Euclidean case see [9].

Corollary 3. The circumscribed Steiner ellipse of the first Brocard triangle of a given allowable
triangle is the inscribed Steiner ellipse of that triangle.

Corollary 4. Segments GS and GK, where G is the centroid of the allowable triangle ABC, S its
Steiner point, and K its symmedian center, have the same perpendicular bisector as pairs of lines
from Theorem 4.

For the Euclidean case see [12].

Theorem 13. An allowable triangle is homologous with the complementary triangle of its first
Brocard triangle.

Proof. Points By and C; have the midpoint Ay, = (§, —%q(%p + 3bcq + 74%)) because

9bp + 3b%q — 29> + 9cp + 3c2q — 2¢° = —9ap + 3(—q — bc)g — 4g* = —(9ap + 3beq + 747).

The line
9aqy = (9b*c* + 6bcq — 5¢°)x + 3pq — bcp — 4ag?
passes through A = (a,4%) and A; because
(9b%c? 4 6bcq — 5¢%)a + 3pq — 9bcp — 4agq* = 9abeq — 9aq® = 9a°q

and
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(96%c? + 6bcq — 5¢* ) +3pq — 9bcp — 4ag* = —Zab*c* + Jabcq — ZLag?
= —31(9bc(q + a*) — 6bcq +74°)
—ﬁ(%p + 3bcq + 7¢°) - 9aq,
which is the line AAj,,. This line also passes through the point (5—’7 %(27;7 —204°))
because
(9b%c? 4 6bcq — 5¢%) - ?S’—Z +3pq — 9bcp — 4ag® = % . @ + ﬁbcp — 9bcp — dagq?
1 (27bzczp 27bcpq — 20ag°)
(27u2bcp 20aq°)
45 = (27p* — 204%) - 9aq. O

Theorem 14. If A1B1C; is the first Brocard triangle of the allowable triangle ABC, then its
Crelle—Brocard points ()1 and Q) divide in equal proportions the pairs of segments CB1, BC1; ACq,
CA],' BA], AB]

For the Euclidean case, without proof, see [10].

Proof. According to Theorem 7 and its proof, points (}; and ); lie on lines CBy, ACy, BA;,
and BCj, CAj, AB;. From (1) and (3) we get the ratios
p— b p—
d(B, ) s _ 2p=2p1i+bg  d(Ci, Q) RS 2p-2pmt
c

dCon) ~ B 2Ap-pi-a) d(Bn) TRy 2Ap-pa-by)

so we have to prove the equality
(2(p = p1) +bq) (p = p2 = ba) = (2(p = p2) +cq) (p = p1 — cq),
which is, after dividing by g, equivalent to

b(p —p2—2p+2p1 = bq) = c(p —p1 = 2p +2p2 — 1),
and since p + p1 + p2 = 0, equivalent to
3bpy — b*q = 3cps — c2q.

This last equality holds true because
3bpy — 3cps — (b? — ¢?)g = b(bc* + ca® + ab®) — c(b*c + c*a + a’b) — (b+c)(b—¢)q

ab®> — ) +ab—c)q
a(b—c)(b*> +bc+c*+4q) = 0. O

Theorem 15. If A1BC; is the first Brocard triangle of the allowable triangle ABC with the Brocard
angle w, then BCA1, CAB1, and ABCy are isosceles triangles, which have angles at sides BC, CA,
and AB equal to w.

For the Euclidean case see [9].

Proof. According to the proof of Theorem 7, lines A(); and A(),, containing points C;
and By, have slopes w — c and —(w + b). By cyclic permutations it follows that lines B();
and C(),, containing the point A1, have slopes w — a and —(w + a). So we get

Z(BC,BA]) =w—a—(—a) =w,
Z(CA1,BC) = —a+w+a=w. O
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Theorem 16. If P is the center of homology of the triangle ABC and its first Brocard triangle,
and if D, E, and F are points symmetrical to P with respect to the midpoints of sides BC, CA,
and AB, then the triangles ABC and DEF are symmetrical with respect to the midpoint S of the
Crelle-Brocard points ()1 and ().

For the Euclidean case see [13].

Proof. P+ D = B+ Cimplies D = B+ C — P. By Theorem 7, P + ()1 + (2 = 3G, where G
is the centroid of ABC. We get P +2S =3G,ie, P+25=A+B+Cor25=A+D. O

4. Conclusions

In this paper we introduce the first Brocard triangle of a triangle in the isotropic
plane, and study its connections with some other objects related to the given triangle.
Some of the most important statements that we prove are the following: the allowable
triangle ABC and its first Brocard triangle are homologous, where the centers of homologies
are the point reciprocal to the symmedian center of the triangle and the Crelle-Brocard
points of that triangle; the allowable triangle ABC and its first Brocard triangle are three-
parallelogic and indirectly similar, and the allowable triangle is homologous with the
complementary triangle of its first Brocard triangle. The analytical approach used in this
paper was introduced and developed in [3]. The obtained results are compared with similar
results in the Euclidean plane.
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