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Abstract

:

In a previous work by the same authors, a hollow annular membrane structure loaded transversely and uniformly was proposed, and its closed-form solution was presented; its anticipated use is for designing elastic shells of revolution. Since the height–span ratio of shells of revolution is generally desired to be as large as possible, to meet the need for high interior space, especially for the as-small-as-possible horizontal thrust at the base of shells of revolution, the closed-form solution should be able to cover annular membranes with a large deflection–outer radius ratio. However, the previously presented closed-form solution cannot meet such an ability requirement, because the previous out-of-plane equilibrium equation used the assumption of a small deflection–outer radius ratio. In this study, the out-of-plane equilibrium equation is re-established without the assumption of a small deflection–outer radius ratio, and a new and more refined closed-form solution is presented. The new closed-form solution is numerically discussed regarding its convergence and effectiveness, and compared with the old one. The new and old closed-form solutions agree quite closely for lightly loaded cases but diverge as the load intensifies. Differences in deflections, especially in stresses, are very significant when the deflection–outer radius ratio exceeds 1/4, indicating that, in this case, the new closed-form solution should be adopted in preference to the old one.
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1. Introduction


Circular and annular membrane structures are often favored in many technical applications due to their axisymmetric characteristics that are convenient to deal with analytically, such as in non-contact or contact capacitive pressure sensors [1,2,3,4], bulge tests [5,6,7], blister tests [8,9,10] or constrained blister tests [11,12,13,14]. Essential to achieving these technical applications is the ability to deal analytically with the mechanical behaviors of these circular or annular membranes, i.e., the ability to obtain closed-form solutions. In the literature, however, attentions are more often devoted to circular membranes than to annular membranes.



The problem of axisymmetric deformation of a peripherally fixed and uniformly transversely loaded circular membrane was analytically dealt with originally by H. Hencky in 1915 [15], and a closed-form solution of the problem was given in terms of power series. Chien [16] and Alekseev [17] each corrected a computational error in [15] in 1948 and 1953, respectively. This solution is the first solution of circular membrane problems, usually known as Hencky’s solution, and is often cited by related studies [18,19,20,21,22]. However, the well-known Hencky’s solution is unsatisfactory when applied to heavily loaded membranes owing to its limited accuracy in calculation, and it has thus been repeatedly improved [23,24,25]. Another type of circular membrane problem involves the axisymmetric deformation problem of a peripherally fixed and uniformly normally loaded circular membrane [26], where the loading direction of a normal load is always perpendicular to the membrane before and after deformation (while the loading direction of a transverse load is always perpendicular to the membrane before deformation). Gas pressure is typical normal loading, while structural dead weight is typical transverse loading. In addition, circular membrane problems also involve cases where the circular membrane is transversely loaded at its central region [27].



Investigations into annular membrane problems, in the literature, began with S.A. Alekseev [28], who gave a closed-form solution for the axisymmetric deformation problem of a peripherally fixed annular membrane connected centrally with a flat, concentric and circular stiff thin plate that is transversely loaded at its center point. The closed-form solution given by Alekseev [28] is valid only for thin films with Poisson’s ratios less than 1/3. However, many widely used thin films, such as polymers, often have Poisson’s ratios greater than 1/3, sparking the further investigation of Alekseev’s problem by Sun et al. [29]. The closed-form solution presented by Sun et al. [29] can be used for Alekseev’s problem where the Poisson’s ratio of thin films may be less than, or equal to, or greater than 1/3. Incidentally, the solutions presented by Alekseev [28] and Sun et al. [29] are derived by solving nonlinear differential equations algebraically, and they are therefore in the form of algebraic functions, rather than in the form of power series like the solutions of circular membranes. The annular membrane in Alekseev’s problem, as mentioned above, bears the concentrated force that is applied at the center point of the flat, concentric and circular stiff thin plate through its inner edge, without direct contact with an external load. Lian et al. [30] used the Alekseev-type annular membrane structure to directly bear the applied external load—a uniformly distributed transverse load that is applied onto the annular membrane and the centrally connected flat, concentric and circular stiff thin plate—developing a capacitive pressure sensor based on membrane elastic deflection and a parallel plate capacitor. The closed-form solution presented by Lian et al. [30] is in the form of a power series, making it the first power series solution for annular membrane problems. The useful lesson from [30] is that the power series method for differential equations usually converges easily when applied to circular membrane problems, but often does not when applied to annular membrane problems. This limitation means that the power series solution of an annular membrane problem should be verified in terms of its convergence before use.



Sun et al. [31], for the first time, proposed a new type of annular membrane structure, a hollow annular membrane structure, different from the Alekseev-type annular membrane structure [28]. The main difference between the Alekseev-type [28] and Sun-type [31] annular membrane structures is that the central region of the annular membranes is filled with a flat, concentric and circular stiff thin plate in the Alekseev-type annular membrane structure, as shown in Figure 1a, and is hollow in the Sun-type annular membrane structure, as shown in Figure 1b. If the Alekseev- and Sun-type annular membrane structures have the same annular membranes and bear the same uniformly distributed transverse load, this difference in central regions may cause the elastic response of the annular membranes to differ greatly, resulting in a large difference in the ratio of the maximum deflection to the outer radius of the annular membranes, especially when the ratio of the inner radius to the outer radius of the annular membranes is relatively large. In the Alekseev-type annular membrane structure, the annular membrane, in addition to being directly subjected to the uniformly distributed transverse load q, is acted on at its rigid inner edge by the flat, concentric and circular stiff thin plate that is also under the action of the uniformly distributed transverse load q, while in the Sun-type annular membrane structure, the annular membrane is only directly subjected to the uniformly distributed transverse load q; see Figure 1. Therefore, under the same uniformly distributed transverse load q, the bigger the inner radius–outer radius ratio is, the bigger the contribution of the central regions to the elastic response is, the bigger the difference in elastic responses is, and the bigger the difference in the ratio of the maximum deflection to the outer radius of the annular membranes is. This is why Lian et al. [30] gave the closed-form solution of the Alekseev-type annular membrane structure under uniformly distributed transverse load, while Sun et al. [31] still need to analytically solve the problem of axisymmetric deformation of the hollow annular membrane structure loaded transversely and uniformly.



Sun et al. [31] proposed to generate the initial spatial shape of a shell of revolution with the “conjugate” of the spatial geometry of the transversely and uniformly loaded hollow annular membrane structure; that is, the spatial shape of a shell of revolution that is not vertically loaded is a mirror image of the spatial geometry of the transversely and uniformly loaded hollow annular membrane structure. Essential to the design of such “conjugate shells of revolution” (which are obtained by such doing) is the ability to obtain the closed-form solutions of deflection and stress of the transversely and uniformly loaded hollow annular membrane. Usually, the height–span ratio of a shell of revolution to be designed is often desired to be as large as possible to meet the need for high interior space, especially for the as-small-as-possible horizontal thrust at the base of shells of revolution. This requires a closed-form solution capable of covering annular membranes with a large maximum deflection–outer radius ratio (corresponding to a large rotation angle of the deflected membrane). However, the closed-form solution that was presented by Sun et al. [31] is not competent for such a task, because it was obtained based on the assumption that the maximum deflection—outer radius ratio or rotation angle of the membrane is relatively small, or not too large. However, in the present study, such an assumption is not made during the derivation of the closed-form solution.



The paper is organized as follows. In the following section, the hollow annular membrane problem—the problem of axisymmetric deformation with large deflection of a transversely uniformly loaded hollow annular membrane with a fixed outer edge and a moveable rigid inner edge—is reformulated and solved, where the out-of-plane equilibrium equation is re-established without the assumption of a small maximum deflection–outer radius ratio, and a new and more refined closed-form solution of the problem is given. In Section 3, the convergence and validity of the closed-form solution given in Section 2 are discussed, and a numerical comparison between the new and old closed-form solutions is presented to study the dependence of the ranges of application of the new and old solutions on deflection–outer radius ratio. Concluding remarks are given in Section 4.




2. Membrane Equations and Solution


A linearly elastic and initially flat annular membrane with Young’s modulus of elasticity E, Poisson’s ratio v, outer radius a, inner radius b and thickness h is fixed at its outer edge and tightly clamped at its inner edge by a movable but weightless stiff ring, resulting in a hollow annular membrane structure with a movable but indeformable rigid inner edge and an immovable and indeformable fixed outer edge. A uniformly distributed load q is transversely applied to the hollow annular membrane structure, resulting in the load q acting only on the annular membrane due to the hollowness, as shown in Figure 2, where the dash-dotted line represents the geometric intermediate plane of the initially flat annular membrane; the coordinate origin of the introduced cylindrical coordinate system (r, φ, w), o, is placed in the centroid of the geometric intermediate plane; the polar coordinate plane (r, φ) passes through the geometric intermediate plane; r is the radial coordinate; φ is the angle coordinate (not represented in Figure 2); and w is the axial coordinate and is in the same direction as the deflection of the annular membrane.



A free body with radius r (b ≤ r ≤ a) is removed from the central portion of the deflected annular membrane to study the static problem of equilibrium of this free body under the joint action of the active force (πr2 − πb2)q produced by the load q and the reactive force 2πrσrh produced by the membrane force σrh acting on the boundary with radius r, as shown in Figure 3, where σr denotes the radial stress and θ denotes the slope angle of the deflected annular membrane.



The equilibrium condition in the transverse direction perpendicular to the initially flat annular membrane requires that the resultant force acting on the free body in Figure 3 be equal to zero, i.e.,


  q ( π  r 2  − π  b 2  ) = 2 π r  σ r  h sin θ =   2 π r  σ r  h  /    1 +  1 /    tan  2  θ       .  



(1)







If w(r) is the transverse displacement at point r, then


  tan θ = −   d w  /  d r   .  



(2)







Substitution of Equation (2) into Equation (1) results in a new out-of-plane equilibrium equation different from the one in [31]:


  q (  r 2  −  b 2  )   1 +  1 /    ( −   d w  /  d r   )  2      = 2 r  σ r  h .  



(3)







If the circumferential stress is denoted by σt, the so-called in-plane equilibrium equation can be derived by analyzing the radial equilibrium of an infinitesimal element taken away from the deflected membrane and given by


   d  d r   ( r  σ r  h ) −  σ t  h = 0 .  



(4)







If the radial strain is denoted by er, circumferential strain is denoted by et, and radial displacement is denoted by u(r), then the usually so-called geometric equations (i.e., the relationship between strain and displacement) may be written as


   e r  =   d u   d r   +  1 2    (   d w   d r   )  2   



(5)




and


   e t  =  u r  .  



(6)







The relationship between stress and strain (i.e., the so-called physical equations) is still assumed to satisfy linear elasticity:


   e r  =  1 E  (  σ r  − ν  σ t  )  



(7)




and


   e t  =  1 E  (  σ t  − ν  σ r  ) .  



(8)







Eliminating er and et from Equations (5)–(8) yields


    d u   d r   +  1 2    (   d w   d r   )  2  =  1 E  (  σ r  − ν  σ t  )  



(9)




and


   u r  =  1 E  (  σ t  − ν  σ r  ) .  



(10)







By means of Equations (9) and (10), σr and σt may be written as


   σ r  =  E  1 −  ν 2    [   d u   d r   +  1 2    (   d w   d r   )  2  + ν  u r  ]  



(11)




and


   σ t  =  E  1 −  ν 2    [  u r  + ν   d u   d r   +  ν 2    (   d w   d r   )  2  ] .  



(12)







After the dw/dr in Equations (11) and (12) is eliminated, Equation (4) can be further used to obtain


   u r  =  1  E h   (  σ t  h − ν  σ r  h ) =  1  E h   [  d  d r   ( r  σ r  h ) − ν  σ r  h ] .  



(13)







Substituting the u in Equation (13) into Equation (11) yields


  r  d  d r   [  1 r   d  d r   (  r 2   σ r  ) ] +  E 2    (   d w   d r   )  2  = 0 .  



(14)







Therefore, σr, σt and w can be solved by Equations (3), (4) and (14).



The boundary conditions for solving σr, σt and w are


    e t  =  u r  = 0     at   r = b ,   



(15)






    e t  =  u r  = 0     at   r = a   



(16)




and


   w = 0     at   r = a .   



(17)







After introducing the nondimensionalization


  Q =   a q   E h   , W =  w a  ,  S r  =    σ r   E  ,  S t  =    σ t   E  , α =  b a  , x =  r a  ,  



(18)







Equations (3), (4), and (13)–(17) can be transformed into


  [  Q 2    (  x 2  −  α 2  )  2  − 4  x 2   S r    2  ]   ( −   d W   d x   )  2  +  Q 2    (  x 2  −  α 2  )  2  = 0 ,  



(19)






    d ( x  S r  )   d x   −  S t  = 0 ,  



(20)






   u r  = ( 1 − ν )  S r  + x   d  S r    d x   ,  



(21)






   x 2     d 2   S r    d  x 2    + 3 x   d  S r    d x   +  1 2    (   d W   d x   )  2  = 0 ,  



(22)






   ( 1 − ν )  S r  + x   d  S r    d x   = 0     at   x = α ,   



(23)






   ( 1 − ν )  S r  + x   d  S r    d x   = 0     at   x = 1   



(24)




and


   W = 0     at   x = 1 .   



(25)







Eliminating dW/dx from Equations (19) and (22), an equation containing only Sr can be obtained:


  [  Q 2    (  x 2  −  α 2  )  2  − 4  x 2   S r    2  ] ( − 2  x 2     d 2   S r    d  x 2    − 6 x   d  S r    d x   ) +  Q 2    (  x 2  −  α 2  )  2  = 0 .  



(26)







In a real physical phenomenon, the displacement, strain and stress are all finite within α ≤ x ≤ 1. Therefore, Sr and W can be expanded into power series of x − β:


   S r  =   ∑  i = 0  ∞    c i    ( x − β )  i     



(27)




and


  W =   ∑  i = 0  ∞    d i    ( x − β )  i    ,  



(28)




where β = (1 + α)/2. After introducing X = x − β, Equations (19) and (26)–(28) can be transformed into


  {  Q 2    [   ( X + β )  2  −  α 2  ]  2  − 4   ( X + β )  2   S r    2  }   ( −   d W   d X   )  2  +  Q 2    [   ( X + β )  2  −  α 2  ]  2  = 0 ,  



(29)






    {  Q 2    [   ( X + β )  2  −  α 2  ]  2  − 4   ( X + β )  2     S r   2  } [ − 2   ( X + β )  2     d 2   S r    d  X 2    − 6 ( X + β )   d  S r    d X   ] ,     +  Q 2    [   ( X + β )  2  −  α 2  ]  2  = 0    



(30)






   S r  =   ∑  i = 0  ∞    c i   X i     



(31)




and


  W =   ∑  i = 0  ∞    d i   X i    .  



(32)







The recursive relations for the coefficients ci can be determined as follows. After Equation (31) is substituted into Equation (30), all the coefficients of the same powers of X can be added together to form sums of coefficients. By letting all the sums of coefficients be simultaneously equal to zero, all the coefficients ci (i = 2, 3, 4, …) can be expressed in the polynomials with regard to the first two coefficients c0 and c1; these are listed in Appendix A. Further, after Equations (32) and (31) are substituted into Equation (29), where ci should be first expressed in terms of c0 and c1, all the coefficients di (i = 1, 2, 3, …) can also be expressed in terms of c0 and c1; these are listed in Appendix B.



The remaining coefficients c0, c1 and d0 are three undetermined constants, which can be determined by using the boundary conditions Equations (23)–(25). After expressing each ci in terms of c0 and c1, substituting Equation (27) into Equations (23) and (24) yields two equations containing only c0 and c1:


  ( 1 − ν )   ∑  i = 0  ∞    c i    ( α − β )  i    + α   ∑  i = 1  ∞   i  c i    ( α − β )   i − 1     = 0  



(33)




and


  ( 1 − ν )   ∑  i = 0  ∞    c i    ( 1 − β )  i    +   ∑  i = 1  ∞   i  c i    ( 1 − β )   i − 1     = 0 .  



(34)







Therefore, c0 and c1 can be determined by simultaneously solving Equations (33) and (34); thus, the expression of Sr can be determined. Further, substituting Equation (28) into the boundary condition Equation (25) yields


   d 0  = −   ∑  i = 1  ∞    d i    ( 1 − β )  i    .  



(35)







Therefore, with the known c0 and c1, the values of di (i = 1, 2, 3, …) can be determined by using the expressions in Appendix B, and with the known di values (i = 1, 2, 3, …), the value of d0 can be determined from Equation (35). Thus, the expression of W can also be determined.



As for the expression of St, it can easily be determined by using Equation (20) based on the known expression of Sr. It is not necessary to address this easy problem here.




3. Results and Discussion


In this section, we first analyze the convergence of the closed-form solution obtained in Section 2, then discuss its validity and, finally, compare it with the closed-form solution presented in [31].



3.1. Convergence Analysis


From the derivation in Section 2, it can be seen that the obtained closed-form solutions of stress Sr and deflection W are given in the form of power series, and all the coefficients di (i = 1, 2, 3, …) and ci (i = 2, 3, 4, …) are expressed in the somewhat complex polynomials with regard to c0 and c1 (see Appendix A and Appendix B). Therefore, due to these complex polynomials, the convergence of the power series solutions of stress and deflection must be discussed by examining the special solutions, rather than general solutions. To this end, let us consider a numerical example, where an annular membrane with Young’s modulus of elasticity E = 7.84 MPa, Poisson’s ratio v = 0.47, outer radius a = 20 mm, inner radius b = 10 mm and thickness h = 0.2 mm is subjected to uniformly distributed transverse load q = 0.0003 MPa. After substituting the values of E, ν, a, b, h and q into Equation (18), it was found that α = 1/2, β = (1 + α)/2 = 3/4 and Q = 0.00382653.



In the actual calculation operation, the infinite power series in Equations (33)–(35) have to be used in truncated form, resulting in


  ( 1 − ν )   ∑  i = 0  n    c i    ( α − β )  i    + α   ∑  i = 1  n   i  c i    ( α − β )   i − 1     = 0 ,  



(36)






  ( 1 − ν )   ∑  i = 0  n    c i    ( 1 − β )  i    +   ∑  i = 1  n   i  c i    ( 1 − β )   i − 1     = 0  



(37)




and


   d 0  = −   ∑  i = 1  n    d i    ( 1 − β )  i    .  



(38)







After expressing di (i = 1, 2, 3, …) and ci (i = 2, 3, 4, …) in the polynomials with regard to c0 and c1 (see Appendixe A and Appendixe B), with a given value of the parameter n in Equations (36), (37) and (38), the undetermined constants c0 and c1 can be determined by Equations (36) and (37), and with the known c0 and c1, the value of d0 can be further determined by Equation (38). We numerically calculated the values of the undetermined constants c0, c1 and d0 from n = 2. The results of numerical values of c0, c1 and d0 are listed in Table 1. The convergence trends of c0, c1 and d0 with n are shown in Figure 4, Figure 5 and Figure 6, where the connection lines of data points indicated by a dash-dotted line show the convergence trend of even terms (n = 2, 4, 6…) and those indicated by a dashed line show the convergence trend of odd terms (n = 3, 5, 7…). Of course, we can also make no distinction between odd and even terms to give an oscillation convergence trend, as shown in Figure 7, Figure 8, Figure 9 and Figure 10. However, sometimes it is very useful to distinguish between odd and even terms, as it can help to find the data points (invalid roots) that make connection lines not smooth. The smoothness can be used to judge the effective roots of higher-order equations of c0, c1 and d0, such as Equations (36)–(38).



As can be seen from Figure 4, Figure 5 and Figure 6, when the parameter n is equal to 8 or 9, the data sequences for c0, c1 and d0 show very good convergence, indicating that the infinite power series in Equations (33)–(35) need only be truncated to the ninth terms when used. It should be pointed out that drawing Figure 4, Figure 5 and Figure 6 is very important for the proper use of the power series method for ordinary differential equations. The convergence shown in Figure 4, Figure 5 and Figure 6 is the basis for determining the true value of the undetermined constants c0, c1 and d0. The convergence of the special solutions of stress and deflection can be discussed only after the undetermined constants c0, c1 and d0 are correctly and accurately determined.



Obviously, if the special solutions of stress and deflection converge at both ends of the closed interval of the independent variable, i.e., at x = 1/2 (r = 10 mm) and at x = 1 (r = 20 mm), then they converge throughout the closed interval [1/2, 1]. Table 2 and Table 3 show the numerical values of stress and deflection of ci(1 − β)i, ci(α − β)i, di(1 − β)i and di(α − β)i, which were calculated by using Equations (31) and (32), where Q = 0.00382653, α = 1/2, β = (1 + α)/2 = 3/4, and the undetermined constants c0, c1 and d0 take the values 0.00841875, −0.00373713 and 0.03584094, respectively (i.e., the values at n = 15 in Table 1). Figure 7, Figure 8, Figure 9 and Figure 10 show the variations in di(α − β)i, di(1 − β)i, ci(α − β)i and ci(1 − β)I with i, indicating that the special solutions of stress and deflection converge very well at x = 1/2 and x = 1 and therefore converge throughout the closed interval [1/2, 1]. Moreover, it can be seen from Figure 7 and Figure 8 that when i is equal to about 5 or 6, the data sequences for ci(1 − β)i and ci(α − β)i show very good convergence, indicating that the infinite power series Equation (31) may be truncated to the sixth terms when used to express the stress special solution of the numerical example considered. However, it can also be seen from Figure 9 and Figure 10 that when i is equal to about 4 or 5, the data sequences for di(1 − β)i and di(α − β)i show very good convergence, indicating that the infinite power series Equation (32) may be truncated to the fifth terms when used to express the deflection special solution of the numerical example considered. Thus, drawing Figure 7, Figure 8, Figure 9 and Figure 10 is very important for the proper use of the power series solutions.




3.2. Discussion on Effectiveness


Although the closed-form solution given in Section 2 has been proved to have good convergence, it still needs to be proved whether it can correctly describe the elastic behavior of the hollow annular membrane. Obviously, under the same uniformly distributed transverse load, the hollow annular membrane structure with inner radius b and outer radius a should have the same shape as a circular membrane structure with outer radius a as the inner radius b→0. Therefore, the effectiveness of the closed-form solution given in Section 2 can be proved with the aid of a classical, mature closed-form solution for circular membrane problems. Here we used the closed-form solution that was presented in [23], because this closed-form solution was also obtained without the assumption of a small deflection–outer radius ratio or a small rotation angle of the membrane.



Figure 11 shows that the deflection profiles of the annular membranes gradually approach the deflection profile of the circular membrane as the inner radius b of the annular membranes gradually decreases from 15 mm to 2 mm, where the annular and circular membranes have the same Young’s modulus of elasticity E = 7.84 MPa, Poisson’s ratio v = 0.47, thickness h = 0.2 mm and outer radius a = 20 mm and are subjected to the same load q = 0.0005 MPa. The deflection profiles were calculated for the annular membranes using the closed-form solution given in Section 2 (“Present study” in Figure 11) and for the circular membrane using the closed-form solution presented in [23] (“Ref. [23]” in Figure 11). Therefore, it can be concluded from Figure 11 that the closed-form solution given in Section 2 is reliable to a certain extent.




3.3. Comparison of the Closed-Form Solutions before and after Improvement


Figure 12 and Figure 13 show the variation in the deflection and stress of an annular membrane with uniformly distributed transverse load q, where the annular membrane has Poisson’s ratio v = 0.47, Young’s modulus of elasticity E = 7.84 MPa, outer radius a = 20 mm, inner radius b = 10 mm and thickness h = 0.2 mm and is subjected to loads q = 0.0003 MPa, 0.03 MPa and 0.02 MPa. “Present study” refers to the closed-form solution given in Section 2, and “Ref. [31]” refers to the closed-form solution given in [31]. The difference between this study and the previous study [31] mainly lies in the out-of-plane equilibrium equations, that is, the difference between Equation (3) in this paper and Equation (3) in [31]. The out-of-plane equilibrium equation in [31] used the assumption of a small deflection–outer radius ratio or small rotation angle of the membrane, while the new out-of-plane equilibrium equation in this study makes no such assumption.



It can be seen from Figure 12 and Figure 13 that the differences in both deflection and stress increase with increasing uniformly distributed transverse load q, especially when q = 0.2 MPa, where the difference in deflection is about 0.9 mm while the difference in stress is as high as about 3.6 MPa. As mentioned above, the closed-form solutions in [31] and in this study are primarily for application to the design of “conjugate shells of revolution”. Therefore, Figure 12 and Figure 13 show that for a conjugate shell of revolution with a given large height–span ratio, if it is designed using the closed-form solution presented in [31], then there is a stress design error that increases as the height–span ratio increases, and such an error will affect its safe service. Therefore, for the design of conjugate shells of revolution with large height–span ratios, the new closed-form solution presented in this paper should be adopted in preference to the old one presented in [31].





4. Concluding Remarks


In this study, the problem of axisymmetric deformation of a hollow annular membrane structure under uniformly distributed transverse load, which was, for the first time, proposed and dealt with in a previous work by the same authors [31], was analytically solved again, resulting in a new and more refined closed-form solution suitable for cases where the annular membrane is allowed to exhibit a larger deflection–outer radius ratio or larger rotation angle of the membrane. The resulting new and more refined closed-form solution makes the design of conjugate shells of revolution with large height–span ratios possible. The following main conclusions can be drawn from this study.



The assumption of a small deflection–outer radius ratio or small rotation angle of the membrane can make the closed-form solutions based on this assumption lose too much computational accuracy, especially for heavily loaded membranes.



The closed-form solution presented in [31] agrees quite closely with the closed-form solution presented in this paper for lightly loaded membranes, but as the uniformly distributed transverse load intensifies, it slowly diverges from the closed-form solution presented in this paper, due to the adopted assumption of a small deflection–outer radius ratio or small rotation angle of the membrane.



For the design of conjugate shells of revolution with large height–span ratios, the closed-form solution presented in this paper should be adopted in preference to the closed-form solution presented in [31]; otherwise, a design error that affects the safe service of the designed conjugate shells of revolution may be caused.



In addition, the limitation of this study is that only the out-of-plane equation was improved, while the classical equations were still adopted for the in-plane equations and geometric equations. Therefore, further research is still necessary. The work presented here can be further integrated into the design of conjugate shells of revolution, and it is also of great significance for the structural design of annular thin films or thin plates.
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Appendix A



       c 2  = −  1  4  β 2  (  Q 2   α 4  − 2  Q 2   α 2   β 2  +  Q 2   β 4  − 4  β 2   c 0    2  )   ( 6  Q 2   α 4  β  c 1  − 12  Q 2   α 2   β 3   c 1  + 6  Q 2   β 5   c 1      −  Q 2   α 4  + 2  Q 2   α 2   β 2  −  Q 2   β 4  − 24  β 3   c 0    2   c 1  )    ,   










       c 3  =  1  12  β 3    (  Q 2   α 4  − 2  Q 2   α 2   β 2  +  Q 2   β 4  − 4  β 2   c 0    2  )  2    ( 24  Q 4   α 8  β  c 1  − 96  Q 4   α 6   β 3   c 1      + 144  Q 4   α 4   β 5   c 1  − 96  Q 4   α 2   β 7   c 1  + 24  Q 4   β 9   c 1  − 5  Q 4   α 8  + 20  Q 4   α 6   β 2  − 30  Q 4   α 4   β 4      + 20  Q 4   α 2   β 6  − 5  Q 4   β 8  − 192  Q 2   α 4   β 3   c 0    2   c 1  + 384  Q 2   α 2   β 5   c 0    2   c 1  − 192  Q 2   β 7   c 0    2   c 1      + 8  Q 2   α 4   β 3   c 0   c 1  − 16  Q 2   α 2   β 5   c 0   c 1  + 8  Q 2   β 7   c 0   c 1  + 28  Q 2   α 4   β 2   c 0    2  − 40  Q 2   α 2   β 4   c 0    2      + 12  Q 2   β 6   c 0    2  + 384  β 5   c 0    4   c 1  )    ,   










       c 4  = −  1  48  β 4    (  Q 2   α 4  − 2  Q 2   α 2   β 2  +  Q 2   β 4  − 4  β 2   c 0    2  )  3    ( 120  Q 6   α  12   β  c 1  − 720  Q 6   α  10    β 3   c 1      + 1800  Q 6   α 8   β 5   c 1  − 2400  Q 6   α 6   β 7   c 1  + 1800  Q 6   α 4   β 9   c 1  − 720  Q 6   α 2   β  11    c 1  + 120  Q 6   β  13    c 1      − 27  Q 6   α  12   + 162  Q 6   α  10    β 2  − 405  Q 6   α 8   β 4  + 540  Q 6   α 6   β 6  − 405  Q 6   α 4   β 8  + 162  Q 6   α 2   β  10       − 27  Q 6   β  12   − 8  Q 4   α 8   β 4   c 1    2  − 1440  Q 4   α 8   β 3   c 0    2   c 1  + 32  Q 4   α 6   β 6   c 1    2  + 5760  Q 4   α 6   β 5   c 0    2   c 1      − 48  Q 4   α 4   β 8   c 1    2  − 8640  Q 4   α 4   β 7   c 0    2   c 1  + 32  Q 4   α 2   β  10    c 1    2  + 5760  Q 4   α 2   β 9   c 0    2   c 1      − 8  Q 4   β  12    c 1    2  − 1440  Q 4   β  11    c 0    2   c 1  + 48  Q 4   α 8   β 3   c 0   c 1  − 256  Q 4   α 6   β 5   c 0   c 1  + 480  Q 4   α 4   β 7   c 0   c 1      − 384  Q 4   α 2   β 9   c 0   c 1  + 112  Q 4   β  11    c 0   c 1  + 264  Q 4   α 8   β 2   c 0    2  − 1024  Q 4   α 6   β 4   c 0    2  + 1392  Q 4   α 4   β 6   c 0    2      − 768  Q 4   α 2   β 8   c 0    2  + 136  Q 4   β  10    c 0    2  − 96  Q 2   α 4   β 6   c 0    2   c 1    2  + 5760  Q 2   α 4   β 5   c 0    4   c 1      + 192  Q 2   α 2   β 8   c 0    2   c 1    2  − 11520  Q 2   α 2   β 7   c 0    4   c 1  − 96  Q 2   β  10    c 0    2   c 1    2  + 5760  Q 2   β 9   c 0    4   c 1      − 4  Q 4   α 8   β 2   c 0  + 16  Q 4   α 6   β 4   c 0  − 24  Q 4   α 4   β 6   c 0  + 16  Q 4   α 2   β 8   c 0  − 4  Q 4   β  10    c 0      − 448  Q 2   α 4   β 5   c 0    3   c 1  + 640  Q 2   α 2   β 7   c 0    3   c 1  − 192  Q 2   β 9   c 0    3   c 1  − 752  Q 2   α 4   β 4   c 0    4  + 864  Q 2   α 2   β 6   c 0    4      − 240  Q 2   β 8   c 0    4  − 7680  β 7   c 0    6   c 1  )    ,   










          c 5  =  1  60  β 5    (  Q 2   α 4  − 2  Q 2   α 2   β 2  +  Q 2   β 4  − 4  β 2   c 0    2  )  4    ( 180  Q 8   α  16   β  c 1  − 1440  Q 8   α  14    β 3   c 1      + 5040  Q 8   α  12    β 5   c 1  − 10080  Q 8   α  10    β 7   c 1  + 12600  Q 8   α 8   β 9   c 1  − 10080  Q 8   α 6   β  11    c 1      + 5040  Q 8   α 4   β  13    c 1  − 1440  Q 8   α 2   β  15    c 1  + 180  Q 8   β  17    c 1  − 42  Q 8   α  16   + 336  Q 8   α  14    β 2      − 1176  Q 8   α  12    β 4  + 2352  Q 8   α  10    β 6  − 2940  Q 8   α 8   β 8  + 2352  Q 8   α 6   β  10   − 1176  Q 8   α 4   β  12       + 336  Q 8   α 2   β  14   − 42  Q 8   β  16   − 24  Q 6   α  12    β 4   c 1    2  − 2880  Q 6   α  12    β 3   c 0    2   c 1  + 168  Q 6   α  10    β 6   c 1    2      + 17280  Q 6   α  10    β 5   c 0    2   c 1  − 480  Q 6   α 8   β 8   c 1    2  − 43200  Q 6   α 8   β 7   c 0    2   c 1  + 720  Q 6   α 6   β  10    c 1    2      + 57600  Q 6   α 6   β 9   c 0    2   c 1  − 600  Q 6   α 4   β  12    c 1    2  − 43200  Q 6   α 4   β  11    c 0    2   c 1  + 264  Q 6   α 2   β  14    c 1    2      + 17280  Q 6   α 2   β  13    c 0    2   c 1  − 48  Q 6   β  16    c 1    2  − 2880  Q 6   β  15    c 0    2   c 1  + 78  Q 6   α  12    β 3   c 0   c 1      − 564  Q 6   α  10    β 5   c 0   c 1  + 1794  Q 6   α 8   β 7   c 0   c 1  − 3096  Q 6   α 6   β 9   c 0   c 1  + 2994  Q 6   α 4   β  11    c 0   c 1      − 1524  Q 6   α 2   β  13    c 0   c 1  + 318  Q 6   β  15    c 0   c 1  + 96  Q 4   α 8   β 7   c 0   c 1    3  − 384  Q 4   α 6   β 9   c 0   c 1    3      + 576  Q 4   α 4   β  11    c 0   c 1    3  − 384  Q 4   α 2   β  13    c 0   c 1    3  + 96  Q 4   β  15    c 0   c 1    3  + 3  Q 6   α  12    β 3   c 1      + 582  Q 6   α  12    β 2   c 0    2  − 18  Q 6   α  10    β 5   c 1  − 3432  Q 6   α  10    β 4   c 0    2  + 45  Q 6   α 8   β 7   c 1      + 8430  Q 6   α 8   β 6   c 0    2  − 60  Q 6   α 6   β 9   c 1  − 10848  Q 6   α 6   β 8   c 0    2  + 45  Q 6   α 4   β  11    c 1      + 7554  Q 6   α 4   β  10    c 0    2  − 18  Q 6   α 2   β  13    c 1  − 2616  Q 6   α 2   β  12    c 0    2  + 3  Q 6   β  15    c 1  + 330  Q 6   β  14    c 0    2      + 96  Q 4   α 8   β 6   c 0    2   c 1    2  + 17280  Q 4   α 8   β 5   c 0    4   c 1  + 384  Q 4   α 6   β 8   c 0    2   c 1    2  − 69120  Q 4   α 6   β 7   c 0    4   c 1      − 1728  Q 4   α 4   β  10    c 0    2   c 1    2  + 103680  Q 4   α 4   β 9   c 0    4   c 1  + 1920  Q 4   α 2   β  12    c 0    2   c 1    2      − 69120  Q 4   α 2   β  11    c 0    4   c 1  − 672  Q 4   β  14    c 0    2   c 1    2  + 17280  Q 4   β  13    c 0    4   c 1  − 8  Q 6   α  12    β 2   c 0      + 60  Q 6   α  10    β 4   c 0  − 180  Q 6   α 8   β 6   c 0  + 280  Q 6   α 6   β 8   c 0  − 240  Q 6   α 4   β  10    c 0  + 108  Q 6   α 2   β  12    c 0      − 20  Q 6   β  14    c 0  − 1008  Q 4   α 8   β 5   c 0    3   c 1  + 5568  Q 4   α 6   β 7   c 0    3   c 1  − 9120  Q 4   α 4   β 9   c 0    3   c 1      + 5568  Q 4   α 2   β  11    c 0    3   c 1  − 1008  Q 4   β  13    c 0    3   c 1  + 384  Q 2   α 4   β 9   c 0    3   c 1    3  − 768  Q 2   α 2   β  11    c 0    3   c 1    3      + 384  Q 2   β  13    c 0    3   c 1    3  + 44  Q 4   α 8   β 5   c 0    2   c 1  − 2832  Q 4   α 8   β 4   c 0    4  − 176  Q 4   α 6   β 7   c 0    2   c 1      + 10848  Q 4   α 6   β 6   c 0    4  + 264  Q 4   α 4   β 9   c 0    2   c 1  − 13632  Q 4   α 4   β 8   c 0    4  − 176  Q 4   α 2   β  11    c 0    2   c 1      + 6816  Q 4   α 2   β  10    c 0    4  + 44  Q 4   β  13    c 0    2   c 1  − 1200  Q 4   β  12    c 0    4  + 2304  Q 2   α 4   β 8   c 0    4   c 1    2      − 46080  Q 2   α 4   β 7   c 0    6   c 1  − 3456  Q 2   α 2   β  10    c 0    4   c 1    2  + 92160  Q 2   α 2   β 9   c 0    6   c 1  + 1152  Q 2   β  12    c 0    4   c 1    2      − 46080  Q 2   β  11    c 0    6   c 1  88  Q 4   α 8   β 4   c 0    3  − 288  Q 4   α 6   β 6   c 0    3  + 336  Q 4   α 4   β 8   c 0    3      − 160  Q 4   α 2   β  10    c 0    3  + 24  Q 4   β  12    c 0    3  + 5088  Q 2   α 4   β 7   c 0    5   c 1  − 5568  Q 2   α 2   β 9   c 0    5   c 1      + 1248  Q 2   β  11    c 0    5   c 1  + 5472  Q 2   α 4   β 6   c 0    6  − 5376  Q 2   α 2   β 8   c 0    6  + 1440  Q 2   β  10    c 0    6      + 46080  β 9   c 0    8   c 1  ) ,    ,         c 6  = −  1  720  β 6     (   Q 2   α 4  − 2  Q 2   α 2   β 2  +  Q 2   β 4  − 4  β 2   c 0    2   )   5    ( 2520  Q  10    α  20   β  c 1  − 25200  Q  10    α  18    β 3   c 1      + 113400  Q  10    α  16    β 5   c 1  − 302400  Q  10    α  14    β 7   c 1  + 529200  Q  10    α  12    β 9   c 1  − 635040  Q  10    α  10    β  11    c 1      + 529200  Q  10    α 8   β  13    c 1  − 302400  Q  10    α 6   β  15    c 1  + 113400  Q  10    α 4   β  17    c 1  − 25200  Q  10    α 2   β  19    c 1      + 2520  Q  10    β  21    c 1  − 600  Q  10    α  20   + 6000  Q  10    α  18    β 2  − 27000  Q  10    α  16    β 4  + 72000  Q  10    α  14    β 6      − 126000  Q  10    α  12    β 8  + 151200  Q  10    α  10    β  10   − 126000  Q  10    α 8   β  12   + 72000  Q  10    α 6   β  14       − 27000  Q  10    α 4   β  16   + 6000  Q  10    α 2   β  18   − 600  Q  10    β  20   − 492  Q 8   α  16    β 4   c 1    2  − 50400  Q 8   α  16    β 3   c 0    2   c 1      + 4560  Q 8   α  14    β 6   c 1    2  + 403200  Q 8   α  14    β 5   c 0    2   c 1  − 18720  Q 8   α  12    β 8   c 1    2  − 1411200  Q 8   α  12    β 7   c 0    2   c 1      + 44112  Q 8   α  10    β  10    c 1    2  + 2822400  Q 8   α  10    β 9   c 0    2   c 1  − 64920  Q 8   α 8   β  12    c 1    2  − 3528000  Q 8   α 8   β  11    c 0    2   c 1      + 60912  Q 8   α 6   β  14    c 1    2  + 2822400  Q 8   α 6   β  13    c 0    2   c 1  − 35520  Q 8   α 4   β  16    c 1    2      − 1411200  Q 8   α 4   β  15    c 0    2   c 1  + 11760  Q 8   α 2   β  18    c 1    2  + 403200  Q 8   α 2   β  17    c 0    2   c 1  − 1692  Q 8   β  20    c 1    2      − 50400  Q 8   β  19    c 0    2   c 1  − 192  Q 6   α  12    β 8   c 1    4  + 1152  Q 6   α  10    β  10    c 1    4  − 2880  Q 6   α 8   β  12    c 1    4      + 3840  Q 6   α 6   β  14    c 1    4  − 2880  Q 6   α 4   β  16    c 1    4  + 1152  Q 6   α 2   β  18    c 1    4  − 192  Q 6   β  20    c 1    4  + 1140  Q 8   α  16    β 3   c 0   c 1      − 10560  Q 8   α  14    β 5   c 0   c 1  + 43440  Q 8   α  12    β 7   c 0   c 1  − 105792  Q 8   α  10    β 9   c 0   c 1  + 167160  Q 8   α 8   β  11    c 0   c 1      − 173760  Q 8   α 6   β  13    c 0   c 1  + 114480  Q 8   α 4   β  15    c 0   c 1  − 43200  Q 8   α 2   β  17    c 0   c 1  + 7092  Q 8   β  19    c 0   c 1      + 2496  Q 6   α  12    β 7   c 0   c 1    3  − 21120  Q 6   α  10    β 9   c 0   c 1    3  + 68160  Q 6   α 8   β  11    c 0   c 1    3  − 111360  Q 6   α 6   β  13    c 0   c 1    3      + 98880  Q 6   α 4   β  15    c 0   c 1    3  − 45696  Q 6   α 2   β  17    c 0   c 1    3  + 8640  Q 6   β  19    c 0   c 1    3  + 94  Q 8   α  16    β 3   c 1      + 10740  Q 8   α  16    β 2   c 0    2  − 848  Q 8   α  14    β 5   c 1  − 85080  Q 8   α  14    β 4   c 0    2  + 3304  Q 8   α  12    β 7   c 1      + 294120  Q 8   α  12    β 6   c 0    2  − 7280  Q 8   α  10    β 9   c 1  − 580632  Q 8   α  10    β 8   c 0    2  + 9940  Q 8   α 8   β  11    c 1      + 713520  Q 8   α 8   β  10    c 0    2  − 8624  Q 8   α 6   β  13    c 1  − 553800  Q 8   α 6   β  12    c 0    2  + 4648  Q 8   α 4   β  15    c 1      + 260760  Q 8   α 4   β  14    c 0    2  − 1424  Q 8   α 2   β  17    c 1  − 66120  Q 8   α 2   β  16    c 0    2  + 190  Q 8   β  19    c 1      + 6492  Q 8   β  18    c 0    2  + 5520  Q 6   α  12    β 6   c 0    2   c 1    2  + 403200  Q 6   α  12    β 5   c 0    4   c 1  − 34080  Q 6   α  10    β 8   c 0    2   c 1    2      − 2419200  Q 6   α  10    β 7   c 0    4   c 1  + 53040  Q 6   α 8   β  10    c 0    2   c 1    2  + 6048000  Q 6   α 8   β 9   c 0    4   c 1      + 18240  Q 6   α 6   β  12    c 0    2   c 1    2  − 8064000  Q 6   α 6   β  11    c 0    4   c 1  − 114960  Q 6   α 4   β  14    c 0    2   c 1    2      + 6048000  Q 6   α 4   β  13    c 0    4   c 1  + 100320  Q 6   α 2   β  16    c 0    2   c 1    2  − 2419200  Q 6   α 2   β  15    c 0    4   c 1      − 28080  Q 6   β  18    c 0    2   c 1    2  + 403200  Q 6   β  17    c 0    4   c 1  − 7680  Q 4   α 8   β  10    c 0    2   c 1    4  + 30720  Q 4   α 6   β  12    c 0    2   c 1    4      − 46080  Q 4   α 4   β  14    c 0    2   c 1    4  + 30720  Q 4   α 2   β  16    c 0    2   c 1    4  − 7680  Q 4   β  18    c 0    2   c 1    4  − 126  Q 8   α  16    β 2   c 0      + 1192  Q 8   α  14    β 4   c 0  − 5104  Q 8   α  12    β 6   c 0  + 12648  Q 8   α  10    β 8   c 0  − 19580  Q 8   α 8   β  10    c 0      + 19256  Q 8   α 6   β  12    c 0  − 11712  Q 8   α 4   β  14    c 0  + 4024  Q 8   α 2   β  16    c 0  − 598  Q 8   β  18    c 0      − 656  Q 6   α  12    β 6   c 0   c 1    2  − 19440  Q 6   α  12    β 5   c 0    3   c 1  + 3936  Q 6   α  10    β 8   c 0   c 1    2  + 137760  Q 6   α  10    β 7   c 0    3   c 1      − 9840  Q 6   α 8   β  10    c 0   c 1    2  − 449040  Q 6   α 8   β 9   c 0    3   c 1  + 13120  Q 6   α 6   β  12    c 0   c 1    2  + 745920  Q 6   α 6   β  11    c 0    3   c 1      − 9840  Q 6   α 4   β  14    c 0   c 1    2  − 629520  Q 6   α 4   β  13    c 0    3   c 1  + 3936  Q 6   α 2   β  16    c 0   c 1    2  + 245280  Q 6   α 2   β  15    c 0    3   c 1      − 656  Q 6   β  18    c 0   c 1    2  − 30960  Q 6   β  17    c 0    3   c 1  − 30720  Q 4   α 8   β 9   c 0    3   c 1    3  + 61440  Q 4   α 6   β  11    c 0    3   c 1    3      − 61440  Q 4   α 2   β  15    c 0    3   c 1    3  + 30720  Q 4   β  17    c 0    3   c 1    3  − 3  Q 8   α  16    β 2  + 24  Q 8   α  14    β 4  − 84  Q 8   α  12    β 6      + 168  Q 8   α  10    β 8  − 210  Q 8   α 8   β  10   + 168  Q 8   α 6   β  12   − 84  Q 8   α 4   β  14   + 24  Q 8   α 2   β  16   − 3  Q 8   β  18       − 320  Q 6   α  12    β 5   c 0    2   c 1  − 74160  Q 6   α  12    β 4   c 0    4  − 1664  Q 6   α  10    β 7   c 0    2   c 1  + 431040  Q 6   α  10    β 6   c 0    4      + 13120  Q 6   α 8   β 9   c 0    2   c 1  − 1049520  Q 6   α 8   β 8   c 0    4  − 29440  Q 6   α 6   β  11    c 0    2   c 1  + 1309440  Q 6   α 6   β  10    c 0    4      + 31040  Q 6   α 4   β  13    c 0    2   c 1  − 859920  Q 6   α 4   β  12    c 0    4  − 16000  Q 6   α 2   β  15    c 0    2   c 1  + 279360  Q 6   α 2   β  14    c 0    4      + 3264  Q 6   β  17    c 0    2   c 1  − 36240  Q 6   β  16    c 0    4  − 6720  Q 4   α 8   β 8   c 0    4   c 1    2  − 1612800  Q 4   α 8   β 7   c 0    6   c 1      − 207360  Q 4   α 6   β  10    c 0    4   c 1    2  + 6451200  Q 4   α 6   β 9   c 0    6   c 1  + 524160  Q 4   α 4   β  12    c 0    4   c 1    2      − 9676800  Q 4   α 4   β  11    c 0    6   c 1  − 399360  Q 4   α 2   β  14    c 0    4   c 1    2  + 6451200  Q 4   α 2   β  13    c 0    6   c 1  + 89280  Q 4   β  16    c 0    4   c 1    2      − 1612800  Q 4   β  15    c 0    6   c 1  − 15360  Q 2   α 4   β  12    c 0    4   c 1    4  + 30720  Q 2   α 2   β  14    c 0    4   c 1    4  − 15360  Q 2   β  16    c 0    4   c 1    4      + 1888  Q 6   α  12    β 4   c 0    3  − 14496  Q 6   α  10    β 6   c 0    3  + 40384  Q 6   α 8   β 8   c 0    3  − 54336  Q 6   α 6   β  10    c 0    3      + 6451200  Q 4   α 6   β 9   c 0    6   c 1  + 524160  Q 4   α 4   β  12    c 0    4   c 1    2  − 9676800  Q 4   α 4   β  11    c 0    6   c 1      − 399360  Q 4   α 2   β  14    c 0    4   c 1    2  + 6451200  Q 4   α 2   β  13    c 0    6   c 1  + 89280  Q 4   β  16    c 0    4   c 1    2  − 1612800  Q 4   β  15    c 0    6   c 1      − 15360  Q 2   α 4   β  12    c 0    4   c 1    4  + 30720  Q 2   α 2   β  14    c 0    4   c 1    4  − 15360  Q 2   β  16    c 0    4   c 1    4  + 1888  Q 6   α  12    β 4   c 0    3      − 14496  Q 6   α  10    β 6   c 0    3  + 40384  Q 6   α 8   β 8   c 0    3  − 54336  Q 6   α 6   β  10    c 0    3  + 178176  Q 2   α 2   β  13    c 0    5   c 1    3      − 64512  Q 2   β  15    c 0    5   c 1    3  − 44  Q 6   α  12    β 4   c 0    2  + 264  Q 6   α  10    β 6   c 0    2  − 660  Q 6   α 8   β 8   c 0    2      + 880  Q 6   α 6   β  10    c 0    2  − 660  Q 6   α 4   β  12    c 0    2  + 264  Q 6   α 2   β  14    c 0    2  − 44  Q 6   β  16    c 0    2  − 12000  Q 4   α 8   β 7   c 0    4   c 1      + 239040  Q 4   α 8   β 6   c 0    6  + 40320  Q 4   α 6   β 9   c 0    4   c 1  − 912768  Q 4   α 6   β 8   c 0    6  − 48960  Q 4   α 4   β  11    c 0    4   c 1      + 1079040  Q 4   α 4   β  10    c 0    6  + 24960  Q 4   α 2   β  13    c 0    4   c 1  − 504960  Q 4   α 2   β  12    c 0    6  − 4320  Q 4   β  15    c 0    4   c 1      + 87360  Q 4   β  14    c 0    6  − 324864  Q 2   α 4   β  10    c 0    6   c 1    2  + 3225600  Q 2   α 4   β 9   c 0    8   c 1  + 382464  Q 2   α 2   β  12    c 0    6   c 1    2      − 6451200  Q 2   α 2   β  11    c 0    8   c 1  − 94464  Q 2   β  14    c 0    6   c 1    2  + 3225600  Q 2   β  13    c 0    8   c 1  − 11424  Q 4   α 8   β 6   c 0    5      + 31872  Q 4   α 6   β 8   c 0    5  − 30912  Q 4   α 4   β  10    c 0    5  + 11904  Q 4   α 2   β  12    c 0    5  − 1440  Q 4   β  14    c 0    5      − 453888  Q 2   α 4   β 9   c 0    7   c 1  + 397824  Q 2   α 2   β  11    c 0    7   c 1  − 72960  Q 2   β  13    c 0    7   c 1  − 352512  Q 2   α 4   β 8   c 0    8      + 307200  Q 2   α 2   β  10    c 0    8  − 80640  Q 2   β  12    c 0    8  − 2580480  β  11    c 0     10    c 1  )    ,      










       c 7  = −  1  42  β 2  (  Q 2   α 4  − 2  Q 2   α 2   β 2  +  Q 2   β 4  − 4  β 2   c 0    2  )   ( 78  Q 2   α 4  β  c 6  − 276  Q 2   α 2   β 3   c 6      + 198  Q 2   β 5   c 6  + 35  Q 2   α 4   c 5  − 330  Q 2   α 2   β 2   c 5  + 375  Q 2   β 4   c 5  − 240  β 4   c 0   c 1   c 6  − 176  β 4   c 0   c 2   c 5      − 144  β 4   c 0   c 3   c 4  − 80  β 4   c 1    2   c 5  − 112  β 4   c 1   c 2   c 4  − 48  β 4   c 1   c 3    2  − 40  β 4   c 2    2   c 3  − 168  Q 2   α 2  β  c 4      + 360  Q 2   β 3   c 4  − 552  β 3   c 0    2   c 6  − 784  β 3   c 0   c 1   c 5  − 592  β 3   c 0   c 2   c 4  − 264  β 3   c 0   c 3    2  − 264  β 3   c 1    2   c 4      − 400  β 3   c 1   c 2   c 3  − 56  β 3   c 2    3  − 30  Q 2   α 2   c 3  + 180  Q 2   β 2   c 3  − 660  β 2   c 0    2   c 5  − 936  β 2   c 0   c 1   c 4      − 744  β 2   c 0   c 2   c 3  − 324  β 2   c 1    2   c 3  − 276  β 2   c 1   c 2    2  + 42  Q 2  β  c 2  − 336 β  c 0    2   c 4  − 480 β  c 0   c 1   c 3      − 208 β  c 0   c 2    2  − 176 β  c 1    2   c 2  + 3  Q 2   c 1  − 60  c 0    2   c 3  − 88  c 0   c 1   c 2  − 12  c 1    3  )    ,   










       c 8  = −  1  56  β 2  (  Q 2   α 4  − 2  Q 2   α 2   β 2  +  Q 2   β 4  − 4  β 2   c 0    2  )   ( 105  Q 2   α 4  β  c 7  − 378  Q 2   α 2   β 3   c 7      + 273  Q 2   β 5   c 7  + 48  Q 2   α 4   c 6  − 468  Q 2   α 2   β 2   c 6  + 540  Q 2   β 4   c 6  − 336  β 4   c 0   c 1   c 7  − 256  β 4   c 0   c 2   c 6      − 208  β 4   c 0   c 3   c 5  − 96  β 4   c 0   c 4    2  − 120  β 4   c 1    2   c 6  − 176  β 4   c 1   c 2   c 5  − 144  β 4   c 1   c 3   c 4  − 64  β 4   c 2    2   c 4      − 56  β 4   c 2   c 3    2  − 250  Q 2   α 2  β  c 5  + 550  Q 2   β 3   c 5  − 756  β 3   c 0    2   c 7  − 1128  β 3   c 0   c 1   c 6  − 872  β 3   c 0   c 2   c 5      − 744  β 3   c 0   c 3   c 4  − 404  β 3   c 1    2   c 5  − 616  β 3   c 1   c 2   c 4  − 276  β 3   c 1   c 3    2  − 244  β 3   c 2    2   c 3  − 48  Q 2   α 2   c 4      + 300  Q 2   β 2   c 4  − 936  β 2   c 0    2   c 6  − 1392  β 2   c 0   c 1   c 5  − 1104  β 2   c 0   c 2   c 4  − 504  β 2   c 0   c 3    2  − 504  β 2   c 1    2   c 4      − 816  β 2   c 1   c 2   c 3  − 120  β 2   c 2    3  + 81  Q 2  β  c 3  − 500 β  c 0    2   c 5  − 744 β  c 0   c 1   c 4  − 616 β  c 0   c 2   c 3      − 276 β  c 1    2   c 3  − 244 β  c 1   c 2    2  + 8  Q 2   c 2  − 96  c 0    2   c 4  − 144  c 0   c 1   c 3  − 64  c 0   c 2    2  − 56  c 1    2   c 2  )    ,   










       c 9  = −  1  72  β 2  (  Q 2   α 4  − 2  Q 2   α 2   β 2  +  Q 2   β 4  − 4  β 2   c 0    2  )   ( 136  Q 2   α 4  β  c 8  − 496  Q 2   α 2   β 3   c 8      + 360  Q 2   β 5   c 8  + 63  Q 2   α 4   c 7  − 630  Q 2   α 2   β 2   c 7  + 735  Q 2   β 4   c 7  − 448  β 4   c 0   c 1   c 8      − 352  β 4   c 0   c 2   c 7  − 288  β 4   c 0   c 3   c 6  − 256  β 4   c 0   c 4   c 5  − 168  β 4   c 1    2   c 7  − 256  β 4   c 1   c 2   c 6      − 208  β 4   c 1   c 3   c 5  − 96  β 4   c 1   c 4    2  − 96  β 4   c 2    2   c 5  − 160  β 4   c 2   c 3   c 4  − 24  β 4   c 3    3  − 348  Q 2   α 2  β  c 6      + 780  Q 2   β 3   c 6  − 992  β 3   c 0    2   c 8  − 1536  β 3   c 0   c 1   c 7  − 1216  β 3   c 0   c 2   c 6  − 1024  β 3   c 0   c 3   c 5      − 480  β 3   c 0   c 4    2  − 576  β 3   c 1    2   c 6  − 896  β 3   c 1   c 2   c 5  − 768  β 3   c 1   c 3   c 4  − 352  β 3   c 2    2   c 4      − 320  β 3   c 2   c 3    2  − 70  Q 2   α 2   c 5  + 450  Q 2   β 2   c 5  − 1260  β 2   c 0    2   c 7  − 1944  β 2   c 0   c 1   c 6      − 1560  β 2   c 0   c 2   c 5  − 1368  β 2   c 0   c 3   c 4  − 732  β 2   c 1    2   c 5  − 1176  β 2   c 1   c 2   c 4  − 540  β 2   c 1   c 3    2      − 492  β 2   c 2    2   c 3  + 132  Q 2  β  c 4  − 696 β  c 0    2   c 6  − 1072 β  c 0   c 1   c 5  − 880 β  c 0   c 2   c 4  − 408 β  c 0   c 3    2      − 408 β  c 1    2   c 4  − 688 β  c 1   c 2   c 3  − 104 β  c 2    3  + 15  Q 2   c 3  − 140  c 0    2   c 5  − 216  c 0   c 1   c 4  − 184  c 0   c 2   c 3      − 84  c 1    2   c 3  − 76  c 1   c 2    2  )    ,   










       c  10   = −  1  90  β 2  (  Q 2   α 4  − 2  Q 2   α 2   β 2  +  Q 2   β 4  − 4  β 2   c 0    2  )   ( 171  Q 2   α 4  β  c 9  − 630  Q 2   α 2   β 3   c 9      + 459  Q 2   β 5   c 9  + 80  Q 2   α 4   c 8  − 816  Q 2   α 2   β 2   c 8  + 960  Q 2   β 4   c 8  − 576  β 4   c 0   c 1   c 9      − 464  β 4   c 0   c 2   c 8  − 384  β 4   c 0   c 3   c 7  − 336  β 4   c 0   c 4   c 6  − 160  β 4   c 0   c 5    2  − 224  β 4   c 1    2   c 8      − 352  β 4   c 1   c 2   c 7  − 288  β 4   c 1   c 3   c 6  − 256  β 4   c 1   c 4   c 5  − 136  β 4   c 2    2   c 6  − 224  β 4   c 2   c 3   c 5      − 104  β 4   c 2   c 4    2  − 96  β 4   c 3    2   c 4  − 462  Q 2   α 2  β  c 7  + 1050  Q 2   β 3   c 7  − 1260  β 3   c 0    2   c 9      − 2008  β 3   c 0   c 1   c 8  − 1624  β 3   c 0   c 2   c 7  − 1368  β 3   c 0   c 3   c 6  − 1240  β 3   c 0   c 4   c 5  − 780  β 3   c 1    2   c 7      − 1240  β 3   c 1   c 2   c 6  − 1048  β 3   c 1   c 3   c 5  − 492  β 3   c 1   c 4    2  − 492  β 3   c 2    2   c 5  − 856  β 3   c 2   c 3   c 4      − 132  β 3   c 3    3  − 96  Q 2   α 2   c 6  + 630  Q 2   β 2   c 6  − 1632  β 2   c 0    2   c 8  − 2592  β 2   c 0   c 1   c 7      − 2112  β 2   c 0   c 2   c 6  − 1824  β 2   c 0   c 3   c 5  − 864  β 2   c 0   c 4    2  − 1008  β 2   c 1    2   c 6  − 1632  β 2   c 1   c 2   c 5      − 1440  β 2   c 1   c 3   c 4  − 672  β 2   c 2    2   c 4  − 624  β 2   c 2   c 3    2  + 195  Q 2  β  c 5  − 924 β  c 0    2   c 7      − 1464 β  c 0   c 1   c 6  − 1208 β  c 0   c 2   c 5  − 1080 β  c 0   c 3   c 4  − 572 β  c 1    2   c 5  − 952 β  c 1   c 2   c 4      − 444 β  c 1   c 3    2  − 412 β  c 2    2   c 3  + 24  Q 2   c 4  − 192  c 0    2   c 6  − 304  c 0   c 1   c 5  − 256  c 0   c 2   c 4      − 120  c 0   c 3    2  − 120  c 1    2   c 4  − 208  c 1   c 2   c 3  − 32  c 2    3  )    ,   










       c  11   = −  1  110  β 2  (  Q 2   α 4  − 2  Q 2   α 2   β 2  +  Q 2   β 4  − 4  β 2   c 0    2  )   ( 210  Q 2   α 4  β  c  10   − 780  Q 2   α 2   β 3   c  10       + 570  Q 2   β 5   c  10   + 99  Q 2   α 4   c 9  − 1026  Q 2   α 2   β 2   c 9  + 1215  Q 2   β 4   c 9  − 720  β 4   c 0   c 1   c  10       − 592  β 4   c 0   c 2   c 9  − 496  β 4   c 0   c 3   c 8  − 432  β 4   c 0   c 4   c 7  − 400  β 4   c 0   c 5   c 6  − 288  β 4   c 1    2   c 9      − 464  β 4   c 1   c 2   c 8  − 384  β 4   c 1   c 3   c 7  − 336  β 4   c 1   c 4   c 6  − 160  β 4   c 1   c 5    2  − 184  β 4   c 2    2   c 7      − 304  β 4   c 2   c 3   c 6  − 272  β 4   c 2   c 4   c 5  − 128  β 4   c 3    2   c 5  − 120  β 4   c 3   c 4    2  − 592  Q 2   α 2  β  c 8      + 1360  Q 2   β 3   c 8  − 1560  β 3   c 0    2   c  10   − 2544  β 3   c 0   c 1   c 9  − 2096  β 3   c 0   c 2   c 8  − 1776  β 3   c 0   c 3   c 7      − 1584  β 3   c 0   c 4   c 6  − 760  β 3   c 0   c 5    2  − 1016  β 3   c 1    2   c 8  − 1648  β 3   c 1   c 2   c 7  − 1392  β 3   c 1   c 3   c 6      − 1264  β 3   c 1   c 4   c 5  − 664  β 3   c 2    2   c 6  − 1136  β 3   c 2   c 3   c 5  − 536  β 3   c 2   c 4    2  − 504  β 3   c 3    2   c 4      − 126  Q 2   α 2   c 7  + 840  Q 2   β 2   c 7  − 2052  β 2   c 0    2   c 9  − 3336  β 2   c 0   c 1   c 8  − 2760  β 2   c 0   c 2   c 7      − 2376  β 2   c 0   c 3   c 6  − 2184  β 2   c 0   c 4   c 5  − 1332  β 2   c 1    2   c 7  − 2184  β 2   c 1   c 2   c 6  − 1896  β 2   c 1   c 3   c 5      − 900  β 2   c 1   c 4    2  − 900  β 2   c 2    2   c 5  − 1608  β 2   c 2   c 3   c 4  − 252  β 2   c 3    3  + 270  Q 2  β  c 6      − 1184 β  c 0    2   c 8  − 1920 β  c 0   c 1   c 7  − 1600 β  c 0   c 2   c 6  − 1408 β  c 0   c 3   c 5  − 672 β  c 0   c 4    2      − 768 β  c 1    2   c 6  − 1280 β  c 1   c 2   c 5  − 1152 β  c 1   c 3   c 4  − 544 β  c 2    2   c 4  − 512 β  c 2   c 3    2  + 35  Q 2   c 5      − 252  c 0    2   c 7  − 408  c 0   c 1   c 6  − 344  c 0   c 2   c 5  − 312  c 0   c 3   c 4  − 164  c 1    2   c 5  − 280  c 1   c 2   c 4      − 132  c 1   c 3    2  − 124  c 2    2   c 3  )    ,   










       c  12   = −  1  132  β 2  (  Q 2   α 4  − 2  Q 2   α 2   β 2  +  Q 2   β 4  − 4  β 2   c 0    2  )   ( 253  Q 2   α 4  β  c  11   − 946  Q 2   α 2   β 3   c  11       + 693  Q 2   β 5   c  11   + 120  Q 2   α 4   c  10   − 1260  Q 2   α 2   β 2   c  10   + 1500  Q 2   β 4   c  10   − 880  β 4   c 0   c 1   c  11       − 736  β 4   c 0   c 2   c  10   − 624  β 4   c 0   c 3   c 9  − 544  β 4   c 0   c 4   c 8  − 496  β 4   c 0   c 5   c 7  − 240  β 4   c 0   c 6    2  − 360  β 4   c 1    2   c  10       − 592  β 4   c 1   c 2   c 9  − 496  β 4   c 1   c 3   c 8  − 432  β 4   c 1   c 4   c 7  − 400  β 4   c 1   c 5   c 6  − 240  β 4   c 2    2   c 8  − 400  β 4   c 2   c 3   c 7      − 352  β 4   c 2   c 4   c 6  − 168  β 4   c 2   c 5    2  − 168  β 4   c 3    2   c 6  − 304  β 4   c 3   c 4   c 5  − 48  β 4   c 4    3  − 738  Q 2   α 2  β  c 9      + 1710  Q 2   β 3   c 9  − 1892  β 3   c 0    2   c  11   − 3144  β 3   c 0   c 1   c  10   − 2632  β 3   c 0   c 2   c 9  − 2248  β 3   c 0   c 3   c 8      − 1992  β 3   c 0   c 4   c 7  − 1864  β 3   c 0   c 5   c 6  − 1284  β 3   c 1    2   c 9  − 2120  β 3   c 1   c 2   c 8  − 1800  β 3   c 1   c 3   c 7      − 1608  β 3   c 1   c 4   c 6  − 772  β 3   c 1   c 5    2  − 868  β 3   c 2    2   c 7  − 1480  β 3   c 2   c 3   c 6  − 1352  β 3   c 2   c 4   c 5  − 644  β 3   c 3    2   c 5      − 612  β 3   c 3   c 4    2  − 160  Q 2   α 2   c 8  + 1080  Q 2   β 2   c 8  − 2520  β 2   c 0    2   c  10   − 4176  β 2   c 0   c 1   c 9  − 3504  β 2   c 0   c 2   c 8      − 3024  β 2   c 0   c 3   c 7  − 2736  β 2   c 0   c 4   c 6  − 1320  β 2   c 0   c 5    2  − 1704  β 2   c 1    2   c 8  − 2832  β 2   c 1   c 2   c 7      − 2448  β 2   c 1   c 3   c 6  − 2256  β 2   c 1   c 4   c 5  − 1176  β 2   c 2    2   c 6  − 2064  β 2   c 2   c 3   c 5  − 984  β 2   c 2   c 4    2  − 936  β 2   c 3    2   c 4      + 357  Q 2  β  c 7  − 1476 β  c 0    2   c 9  − 2440 β  c 0   c 1   c 8  − 2056 β  c 0   c 2   c 7  − 1800 β  c 0   c 3   c 6  − 1672 β  c 0   c 4   c 5      − 996 β  c 1    2   c 7  − 1672 β  c 1   c 2   c 6  − 1480 β  c 1   c 3   c 5  − 708 β  c 1   c 4    2  − 708 β  c 2    2   c 5  − 1288 β  c 2   c 3   c 4      − 204 β  c 3    3  + 48  Q 2   c 6  − 320  c 0    2   c 8  − 528  c 0   c 1   c 7  − 448  c 0   c 2   c 6  − 400  c 0   c 3   c 5  − 192  c 0   c 4    2  − 216  c 1    2   c 6      − 368  c 1   c 2   c 5  − 336  c 1   c 3   c 4  − 160  c 2    2   c 4  − 152  c 2   c 3    2  )    .   










Appendix B




      d 1  =   n Q  m  ,     










      d 2  =   Q β   m n (  Q 2   α 4  − 2  Q 2   α 2   β 2  +  Q 2   β 4  − 4  β 2   c 0    2  )   (  Q 2   α 2   n 2  −  Q 2   β 2   n 2      + 2 β  n 2   c 0   c 1  +  α 2   m 2  −  β 2   m 2  + 2  n 2   c 0    2  )    ,  










      d 3  =  Q  3   (  Q 2   α 4  − 2  Q 2   α 2   β 2  +  Q 2   β 4  − 4  β 2   c 0    2  )  2   n 3  m   (  Q 4   α 6   n 4  +  Q 4   α 4   β 2   n 4      − 5  Q 4   α 2   β 4   n 4  + 3  Q 4   β 6   n 4  + 2  Q 2   α 4   β 2   n 4   c 1    2  − 4  Q 2   α 2   β 4   n 4   c 1    2  + 2  Q 2   β 6   n 4   c 1    2      + 2  Q 2   α 4  β  n 4   c 0   c 1  + 20  Q 2   α 2   β 3   n 4   c 0   c 1  − 22  Q 2   β 5   n 4   c 0   c 1  +  Q 2   α 6   m 2   n 2  −  Q 2   α 4   β 2   m 2   n 2      + 2  Q 2   α 4   n 4   c 0    2  −  Q 2   α 2   β 4   m 2   n 2  + 16  Q 2   α 2   β 2   n 4   c 0    2  +  Q 2   β 6   m 2   n 2  − 10  Q 2   β 4   n 4   c 0    2      + 16  β 4   n 4   c 0    2   c 1    2  +  Q 2   α 4   n 4   c 0  − 2  Q 2   α 2   β 2   n 4   c 0  +  Q 2   β 4   n 4   c 0  + 8  α 2   β 3   m 2   n 2   c 0   c 1      − 8  β 5   m 2   n 2   c 0   c 1  + 40  β 3   n 4   c 0    3   c 1  − 2  α 4   β 2   m 4  + 4  α 2   β 4   m 4  + 4  α 2   β 2   m 2   n 2   c 0    2  − 2  β 6   m 4      + 4  β 4   m 2   n 2   c 0    2  + 16  β 2   n 4   c 0    4  )    ,  










      d 4  =  Q  12 β   (  Q 2   α 4  − 2  Q 2   α 2   β 2  +  Q 2   β 4  − 4  β 2   c 0    2  )  3   n 5  m   ( 12  Q 6   α 8   β 2   n 6  − 24  Q 6   α 6   β 4   n 6      + 24  Q 6   α 2   β 8   n 6  − 12  Q 6   β  10    n 6  − 6  Q 4   α 8   β 2   n 6   c 1    2  + 60  Q 4   α 6   β 4   n 6   c 1    2  − 144  Q 4   α 4   β 6   n 6   c 1    2      + 132  Q 4   α 2   β 8   n 6   c 1    2  − 42  Q 4   β  10    n 6   c 1    2  + 72  Q 4   α 6   β 3   n 6   c 0   c 1  + 72  Q 4   α 4   β 5   n 6   c 0   c 1      − 360  Q 4   α 2   β 7   n 6   c 0   c 1  + 216  Q 4   β 9   n 6   c 0   c 1  + 72  Q 2   α 4   β 5   n 6   c 0   c 1    3  − 144  Q 2   α 2   β 7   n 6   c 0   c 1    3      + 72  Q 2   β 9   n 6   c 0   c 1    3  + 6  Q 4   α 8   β 2   m 2   n 4  + 3  Q 4   α 8  β  n 6   c 1  − 12  Q 4   α 6   β 4   m 2   n 4      − 12  Q 4   α 6   β 3   n 6   c 1  + 72  Q 4   α 6   β 2   n 6   c 0    2  + 18  Q 4   α 4   β 5   n 6   c 1  + 48  Q 4   α 4   β 4   n 6   c 0    2      + 12  Q 4   α 2   β 8   m 2   n 4  − 12  Q 4   α 2   β 7   n 6   c 1  − 168  Q 4   α 2   β 6   n 6   c 0    2  − 6  Q 4   β  10    m 2   n 4  + 3  Q 4   β 9   n 6   c 1      + 48  Q 4   β 8   n 6   c 0    2  + 12  Q 2   α 6   β 4   m 2   n 4   c 1    2  − 36  Q 2   α 4   β 6   m 2   n 4   c 1    2  + 192  Q 2   α 4   β 4   n 6   c 0    2   c 1    2      + 36  Q 2   α 2   β 8   m 2   n 4   c 1    2  + 192  Q 2   α 2   β 6   n 6   c 0    2   c 1    2  − 12  Q 2   β  10    m 2   n 4   c 1    2  − 384  Q 2   β 8   n 6   c 0    2   c 1    2      +  Q 4   α 8   n 6   c 0  + 14  Q 4   α 6   β 2   n 6   c 0  − 48  Q 4   α 4   β 4   n 6   c 0  + 50  Q 4   α 2   β 6   n 6   c 0  − 17  Q 4   β 8   n 6   c 0      + 24  Q 2   α 6   β 3   m 2   n 4   c 0   c 1  + 48  Q 2   α 4   β 5   m 2   n 4   c 0   c 1  + 144  Q 2   α 4   β 3   n 6   c 0    3   c 1      − 168  Q 2   α 2   β 7   m 2   n 4   c 0   c 1  + 864  Q 2   α 2   β 5   n 6   c 0    3   c 1  + 96  Q 2   β 9   m 2   n 4   c 0   c 1  − 720  Q 2   β 7   n 6   c 0    3   c 1      + 192  β 7   n 6   c 0    3   c 1    3  − 6  Q 2   α 8   β 2   m 4   n 2  + 24  Q 2   α 6   β 4   m 4   n 2  + 24  Q 2   α 6   β 2   m 2   n 4   c 0    2      − 36  Q 2   α 4   β 6   m 4   n 2  + 48  Q 2   α 4   β 4   m 2   n 4   c 0    2  + 32  Q 2   α 4   β 3   n 6   c 0    2   c 1  + 72  Q 2   α 4   β 2   n 6   c 0    4      + 24  Q 2   α 2   β 8   m 4   n 2  − 72  Q 2   α 2   β 6   m 2   n 4   c 0    2  − 64  Q 2   α 2   β 5   n 6   c 0    2   c 1  + 288  Q 2   α 2   β 4   n 6   c 0    4      − 6  Q 2   β  10    m 4   n 2  + 32  Q 2   β 7   n 6   c 0    2   c 1  − 168  Q 2   β 6   n 6   c 0    4  + 96  α 2   β 6   m 2   n 4   c 0    2   c 1    2      − 96  β 8   m 2   n 4   c 0    2   c 1    2  + 768  β 6   n 6   c 0    4   c 1    2  + 6  Q 2   α 6   β 2   m 2   n 4   c 0  − 18  Q 2   α 4   β 4   m 2   n 4   c 0      + 40  Q 2   α 4   β 2   n 6   c 0    3  + 18  Q 2   α 2   β 6   m 2   n 4   c 0  − 64  Q 2   α 2   β 4   n 6   c 0    3  − 6  Q 2   β 8   m 2   n 4   c 0      + 24  Q 2   β 6   n 6   c 0    3  − 24  α 4   β 5   m 4   n 2   c 0   c 1  + 48  α 2   β 7   m 4   n 2   c 0   c 1  + 192  α 2   β 5   m 2   n 4   c 0    3   c 1      − 24  β 9   m 4   n 2   c 0   c 1  − 96  β 7   m 2   n 4   c 0    3   c 1  + 864  β 5   n 6   c 0    5   c 1  + 12  α 6   β 4   m 6  − 36  α 4   β 6   m 6      + 36  α 2   β 8   m 6  − 48  α 2   β 6   m 4   n 2   c 0    2  + 48  α 2   β 4   m 2   n 4   c 0    4  − 12  β  10    m 6  + 48  β 8   m 4   n 2   c 0    2      − 48  β 6   m 2   n 4   c 0    4  + 192  β 4   n 6   c 0    6  )    ,  
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where


      m =   ( −  Q 2   α 4  + 2  Q 2   α 2   β 2  −  Q 2   β 4  + 4  β 2   c 0    2  )    1 2    ,       n = ( α + β ) ( α − β ) .      
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Figure 1. Two types of transversely and uniformly loaded annular membrane structures. (a) Alekseev-type annular membrane structure, where the inner edge is attached to a weightless stiff circular thin plate; (b) Sun-type annular membrane structure, where the inner edge is attached to a weightless stiff ring, resulting in a hollow central region without the action of the load q. 
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Figure 2. Sketch of the transversely and uniformly loaded hollow annular membrane. 
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Figure 3. Sketch of the free body with radius r (b ≤ r ≤ a). 
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Figure 4. Variation of c0 with n. 
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Figure 5. Variation of c1 with n. 
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Figure 6. Variation of d0 with n. 
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Figure 7. Variation of ci(1 − β)i with i. 






Figure 7. Variation of ci(1 − β)i with i.



[image: Mathematics 10 01305 g007]







[image: Mathematics 10 01305 g008 550] 





Figure 8. Variation of ci(α − β)i with i. 
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Figure 9. Variation of di(1 − β)i with i. 
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Figure 10. Variation of di(α − β)i with i. 
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Figure 11. The deflection profiles of the annular membranes gradually approaching that of the circular membrane as inner radius b decreases from 15 to 2. 
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Figure 12. Variation of deflection difference with load q. 
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Figure 13. Variation of stress difference with load q. 
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Table 1. The results of numerical calculation of c0, c1 and d0.
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	n
	c0
	c1
	d0





	2
	0.00687190
	−0.00618657
	0.04535532



	3
	0.01087183
	−0.00560236
	0.02755998



	4
	0.00817238
	−0.00403989
	0.03713644



	5
	0.00867159
	−0.00393926
	0.03477238



	6
	0.00838239
	−0.00378540
	0.03603262



	7
	0.00845774
	−0.00376889
	0.03567177



	8
	0.00841269
	−0.00374544
	0.03587366



	9
	0.00842546
	−0.00374254
	0.03581161



	10
	0.00841767
	−0.00373849
	0.03584674



	11
	0.00841983
	−0.00373799
	0.03583622



	12
	0.00841856
	−0.00373732
	0.03584193



	13
	0.00841890
	−0.00373724
	0.03584028



	14
	0.00841871
	−0.00373715
	0.03584114



	15
	0.00841875
	−0.00373713
	0.03584094
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Table 2. Numerical values of ci(1 − β)i and ci(α − β)i.
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	i
	ci(1 − β)i
	ci(α − β)i





	0
	8.41875000 × 10−3
	8.41875000 × 10−3



	1
	−9.34282500 × 10−4
	9.34282500 × 10−4



	2
	2.15812637 × 10−4
	2.15812637 × 10−4



	3
	−2.33279869 × 10−4
	2.33279869 × 10−4



	4
	7.87430370 × 10−5
	7.87430370 × 10−5



	5
	−2.99724387 × 10−5
	2.99724387 × 10−5



	6
	9.69980015 × 10−6
	9.69980015 × 10−6



	7
	−3.50169466 × 10−6
	3.50169466 × 10−6



	8
	1.24130427 × 10−6
	1.24130427 × 10−6



	9
	−4.71195221 × 10−7
	4.71195221 × 10−7



	10
	1.75160384 × 10−7
	1.75160384 × 10−7



	11
	−6.56948110 × 10−8
	6.56948110 × 10−8



	12
	2.38967215 × 10−8
	2.38967215 × 10−8



	13
	−8.64261174 × 10−9
	8.64261174 × 10−9



	14
	3.06912427 × 10−9
	3.06912427 × 10−9



	15
	−1.09104922 × 10−9
	1.09104922 × 10−9










[image: Table] 





Table 3. Numerical values of di(1 − β)i and di(α − β)i.
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	i
	di(1 − β)i
	di(α − β)i





	0
	3.58409383 × 10−2
	3.58409383 × 10−2



	1
	−2.37800206 × 10−2
	−2.37800206 × 10−2



	2
	−1.17293597 × 10−2
	−1.17293597 × 10−2



	3
	−5.55354991 × 10−5
	5.55354991 × 10−5



	4
	−2.15158941 × 10−4
	−2.15158941 × 10−4



	5
	−5.96198377 × 10−5
	5.96198377 × 10−5



	6
	4.93242171 × 10−6
	4.93242171 × 10−6



	7
	−6.08777758 × 10−6
	6.08777758 × 10−6



	8
	1.74706916 × 10−7
	1.74706916 × 10−7



	9
	−1.88800195 × 10−8
	1.88800195 × 10−8



	10
	−6.71371190 × 10−8
	−6.71371190 × 10−8



	11
	−1.49873705 × 10−9
	1.49873705 × 10−9



	12
	−3.72445706 × 10−9
	−3.72445706 × 10−9



	13
	−1.90789264 × 10−9
	1.90789264 × 10−9



	14
	3.56912949 × 10−10
	3.56912949 × 10−10



	15
	−3.24466986 × 10−10
	3.24466986 × 10−10
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