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Abstract: In this work, a bivariate extension of the univariate exponentiated sinh-normal distribution
is proposed. The properties of the new distribution, which is called the bivariate exponentiated
sinh-normal distribution, are studied in detail, and the maximum likelihood method is considered
to estimate the unknown model parameters. In addition, the extension of the new distribution to
the case of regression models is proposed. Monte Carlo simulation experiments are carried out to
investigate the performance of the used estimation method, and two applications to real datasets are
presented for illustrative purposes.
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1. Introduction

The univariate sinh-normal (SHN) model was introduced by Rieck and Nedelman [1]
as a non-linear transformation of the normal distribution. A random variable (RV) Z, is
said to have a three-parameter SHN model, denoted by Z ∼ SHN(λ, ξ, η), if,

2
λ

sinh
(

Z− ξ

η

)
∼ N(0, 1),

where λ > 0 is a shape parameter, ξ ∈ R is a location parameter and, η > 0 is a scale
parameter. The probability density function (PDF) of an RV following the SHN(λ, ξ, η)
distribution, is given by:

f (z) = b′zφ(bz), (1)

where bz = b(z, λ, ξ, η) = (2/λ) sinh((z− ξ)/η) and b′z = (2/λη) cosh((z− ξ)/η) is the
derivative of bz regarding the Z variable. The SHN distribution is also known as the log-
Birnbaum–Saunders (LBS) model. Notice that if Z ∼ SHN(λ, ξ, η = 2), and T = exp(Z),
then it follows a Birnbaum–Saunders (BS) distribution with parameters λ and β = exp(ξ),
which is denoted by BS(λ, β).

The BS distribution was proposed by Birnbaum and Saunders [2] to explain the
survival time and the stress produced in the material because of the law of occurred
cumulative damage. The BS distribution can also be obtained by applying a non-linear
transformation to the normal model, and more details about this distribution can be found
in Birnbaum and Saunders [2,3]. Extensions of the BS model to the family of elliptical
distributions, or symmetric family of distributions were introduced by Díaz-García and
Leiva-Sánchez [4], which are known in the literature as generalized BS (GBS) distribution.
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Several authors have considered other extensions. For example, Vilca-Labra and Leiva-
Sánchez [5] extended the GBS model to situations of skew-elliptical distributions, while
Martínez-Flórez et al. [6] studied the BS distribution by supposing that Z follows a power-
normal (PN) distribution. The resulting model is called exponentiated BS or alpha-power
BS distribution.

The PN distribution, also known as the exponentiated normal model, has been studied
by Durrans [7], Gupta and Gupta [8] and Pewsey et al. [9], among others. It is said that the
RV Z follows a PN distribution with parameter α, which is denoted by Z ∼ PN(α), if its
PDF is given given by:

ϕ(z; α) = αφ(z){Φ(z)}α−1, z ∈ R, (2)

where α ∈ R+ is a parameter that controls the shape of the distribution. The cumulative
distribution function (CDF) of the PN model is FΦ(z) = {Φ(z)}α. On the other hand, the
PDF of the RV T, following an alpha-power Birnbaum–Saunders distribution, is given by:

ϕF(t; λ, τ, α) = α f (at){F(at)}α−1 t−3/2(t + τ)

2λτ1/2 , t > 0, (3)

where at is:

at = at(λ, τ) =
1
λ

(√
t
τ
−
√

τ

t

)
. (4)

which is denoted by BSPN(λ, β, α). More information about the BSPN model can be found
in Martínez-Flórez et al. [6]. A generalization to the asymmetric models of the SHN
distribution was proposed by Leiva et al. [10]. These authors considered that RV Z follows
a skew-normal (SN) distribution with parameter λ, see Azzalini [11]. Thus, the resulting
PDF is:

f (z) = 2b′zφ(bz)Φ(λbz). (5)

The model in (5) is called log-skew-Birbaum–Saunders, and is denoted by SSN(α, ξ, η).
In addition, Martínez-Flórez et al. [12] proposed an asymmetric extension of the SHN model,
by supposing that (2/λ)sinh((Z− ξ)/η) ∼ PN(α), resulting in the following alpha-power
sinh-normal model,

f (z) = αb′zφ(bz){Φ(bz)}α−1, (6)

which is denoted by SHPN(λ, ξ, η, α) and, its CDF is given by:

F (z) =
{

Φ
(

2
λ

sinh
(

z− ξ

η

))}α

= {Φ(b(z, λ, ξ, η))}α.

One can show that if T ∼ BSPN(λ, τ, α), then Z = log(T) ∼ SHPN(λ, log(τ), 2, α).
An extension of the log-Birnbaum–Saunders (LBS) distribution to regression models has
been considered in Rieck and Nedelman [1], which became known as the log-linear BS
regression model and can be written as:

Yi = log(Ti) = x>i β + εi, i = 1, 2, . . . , n, (7)

where Yi is the log-survival time corresponding to the ith experimental unit, β = (β1, . . . , βp)>

is an unknown parameter vector and xi = (xi1, xi2, . . . , xip)
> is a p-dimensional vector

with known values of the explanatory variables and, εi are independent and identically
distributed RVs with εi ∼ SHN(λ, 0, 2), i = 1, 2, . . . , n.

Univariate asymmetric extensions for the log-BS linear regression model have been
given by Leiva et al. [10], Lemonte [13] and Martínez-Flórez et al. [12]. The first two
proposals assume that the errors follow an asymmetric sinh-normal distribution, while
the latter proposal provides an alpha-power sinh-normal distribution. This latest model is
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called the log-Birnbaum–Saunders alpha-power normal regression model, which is denoted
by RLBSPN(λ, x>i β, 2, α).

Some extensions for the bivariate or multivariate situations of the BS and SHN models
have been treated in the literature for the cases of symmetric and asymmetric distributions.
Díaz-García and Domínguez-Molina [14] for example, introduced a multivariate version of
the sinh-normal distribution. The authors defined a multivariate vector Y with multivariate
sinh-normal distribution, denoted by Y ∼ SNq(α1q, µ, Σ), where Σ = 2Iq is the identity
matrix of size q× q. The PDF of Y is:

π(y) = (2πα2)−q/2

(
q

∏
j=1

cosh
(yj − µj

2

))
exp

{
− 2

α2

q

∑
j=1

sinh2
(yj − µj

2

)}
, y ∈ Rq.

Lemonte [15] introduced a version of the multivariate BS regression model, which
generalizes the univariate regression model introduced by Rieck and Nedelman [1]. This
model is supposed to have n multivariate RVs y1, . . . , yn and, each one measures a number
of responses qi. Thus, in the multivariate log-linear regression model yi = Xiβ + εi, for
i = 1, 2, . . . , n, it is assumed that εi ∼ SNqi (α1qi , 0qi , 2Iqi ), where 1qi and 0qi are vectors of
ones and zero, respectively, of size qi. Martínez-Flórez et al. [16] proposed the multivariate
log-BS regression model, and Romeiro et al. [17] studied a robust multivariate BS regression
model. Marchant et al. [18] considered a multivariate log-linear model for BS distributions.
As can be seen, few works have been published where the multivariate log-BS regression
model is studied, so new extensions are welcome for this important and applicable case of
regression models in survival analyses and other areas of knowledge.

In other cases, multivariate distributions can be built based on the theory of copula for
distributions where the marginal distributions are known by using the Sklar’s Theorem,
see [19,20]. The way to construct a multivariate distribution from Sklar’s Theorem is as
follows: Let X1, . . . , Xp be p RVs with continuous CDFs FX1(x1), . . . , FXp(xp), respectively,
then, according to Sklar’s theorem, FX1,...,Xp(x1, . . . , xp) has a unique copula representation:

FX1,...,Xp(x1, . . . , xp) = C(FX1(x1), . . . , FXp(xp)).

Moreover, it is well known that many dependence properties of a multivariate distri-
bution depend only on the corresponding copula. Therefore, many dependence properties
of a multivariate distribution can be obtained by studying the corresponding copula. Par-
ticularly in the case of marginal distributions with distribution SHN, based on the bivariate
normal copula, Kundu [21] proposed the bivariate sinh-normal distribution. Specifically,
the random vector (X1, X2) is said to have a bivariate sinh-normal distribution, which is de-
noted by BSHN(α1, α2, µ1, µ2, σ1, σ2, ρ), if for α1, α2, σ1, σ2 > 0, µ1, µ2 ∈ R and −1 < ρ < 1,
(X1, X2), its joint CDF is:

FX1,X2(x1, x2) = Φ2(b(x1, α1, µ1, σ1), b(x2, α2, µ2, σ2), ρ), (8)

where Φ2(·) denotes the CDF of the bivariate normal distribution and ρ is the parameter
that controls the dependency relationship in the bivariate normal copula. Kundu [21]
studied the main properties of the BSHN model. Kundu and Gupta [22] proposed a
bivariate extension for the power-normal model and studied the main properties of the
model. This proposal was made by using the Clayton copula. The Clayton copula is usually
attributed to Clayton [23]; however, it has been used by Kimeldorf and Sampson [24], and
it is defined for (u, v) ∈ [0, 1]× [0, 1] as:

Cδ(u, v) = (u−1/δ + v−1/δ − 1)−δ, δ > 0.

The first systematic study of this model was made by Cook and Johnson [25], who
interpreted the parameter δ as a measure of dependence between u and v. Therefore,
independence between variables is obtained when δ approaches zero. This dependency
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model can be extended to the multivariate case by considering a p-variate Clayton copula,
which is defined by:

Cδ(u1, u2, . . . , up) =

(
p

∑
j=1
{ui}−1/δ − (p− 1)

)−δ

, (9)

where 0 < uj < 1 for j = 1, 2, . . . , p. Using Equation (9), Kundu and Gupta [22] considered
that for j = 1, 2, Xj ∼ PN(αj) with respective CDF FXj(xj){Φ(xj)}αj , and defined the
bivariate PN distribution, which is denoted by BPN(α1, α2, δ) for α1, α2 > 0 and α2 > 0.
The joint CDF is:

FX1,X2(x1, x2) =
(
{Φ(x1)}−α1/δ + {Φ(x2)}−α2/δ − 1

)−δ
, (10)

where δ > 0 is the parameter that controls the dependency in the Clayton copula.
Lemonte et al. [26] introduced the bivariate Birnbaum–Saunders power-normal (BVB-

SPN) distribution, which is defined below.

Definition 1. A bivariate random vector T = (T1, T2) has a BVBSPN distribution, if its joint
PDF is given by:

fT1T2(t1, t2) =
δ + 1

δ

α1α2φ(at1){Φ(at1)}
−α1/δ−1φ(at2){Φ(at2)}

−α2/δ−1 At1 At2(
{Φ(at1)}

−α1/δ + {Φ(at2)}
−α2/δ − 1

)δ+2 , (11)

where for j = 1, 2, atj =
1
λj

(√
tj/τj −

√
τj/tj

)
and Atj = [t−3/2

j (tj + τj)]/2λjτ
1/2
j . We use the

notation T = (T1, T2) ∼ BVBSPN(λ1, λ2, τ1, τ2, α1, α2, δ).

Properties of the BVBSPN distribution as well as the estimation process of the parame-
ters can be seen in Lemonte et al. [26].

In this paper, the goal is to build a skewed bivariate version of the sinh-normal model
by assuming that the marginal distributions follow a Xj ∼ SHPN(λj, ξ j, ηj, αj) model
and then to study the bivariate sinh-normal regression model. The rest of the paper is
organized as follows: In Section 2, we consider the bivariate extension of the univariate
SHN power-normal distribution. We study this bivariate extension in detail, derive several
of its main properties and perform the estimation process of the model parameters by
using the maximum likelihood (ML) method. Section 3 deals with the extension to the
case of regression models through the incorporation of covariates. Section 4 presents a
Monte Carlo simulation study that was carried out to evaluate the performance of the
direct approach to estimate the unknown parameters. Two applications of real datasets for
illustrative purposes are presented in Section 5. Finally, Section 6 closes the paper with
some concluding remarks.

2. Bivariate Sinh-Normal Exponentiated Distribution

Extending the definition of a sinh-normal RV as a non-linear transformation of a
normal RV, we define a vector with bivariate exponentiated sinh-normal distribution.

Definition 2. A bivariate random vector (Y1, Y2) has a bivariate exponentiated sinh-normal stan-
dard distribution, denoted by BSHPN(λ1, λ2, ξ1, ξ2, η1, η2, α1, α2, δ), if its joint CDF is given by:

FY1Y2(y1, y2) =
(
{Φ(b1)}−α1/δ + {Φ(b2)}−α2/δ − 1

)−δ
, (12)

where δ > 0 is the parameter that controls the dependency in the Clayton copula and bj =
b(yj, λj, ξ j, ηj) = (2/λj)× sinh

(
(yj − ξ j)/ηj

)
, for j = 1, 2.
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The joint PDF of (Y1, Y2) ∼ BSHPN(λ1, λ2, ξ1, ξ2, η1, η2, α1, α2, δ) can be written as:

fY1Y2(y1, y2) =
δ + 1

δ

α1α2φ(b1){Φ(b1)}−α1/δ−1φ(b2){Φ(b2)}−α2/δ−1b′1b′2(
{Φ(b1)}−α1/δ + {Φ(b2)}−α2/δ − 1

)δ+2 , (13)

where b′j = (2/λjηj) × cosh
(
(yj − ξ j)/ηj

)
, for j = 1, 2. The joint survival function of

(Y1, Y2) is then:

SY1Y2(y1, y2) = 1− {Φ(b1)}α1 + {Φ(b2)}α2 +
(
{Φ(b1)}−α1/δ + {Φ(b2)}−α2/δ − 1

)−δ
.

Theorem 1. If (Y1, Y2) ∼ BSHPN(λ1, λ2, ξ1, ξ2, η1, η2, α1, α2, δ) then:

(i) Yj ∼ SHPN(λj, ξ j, ηj, αj), for j = 1, 2.
(ii) The CDF of Y1 given Y2 = y2 is:

FY1|Y2
(y1|Y2 = y2) =

{Φ(b2)}−α2(δ+1)/δ(
{Φ(b1)}−α1/δ + {Φ(b2)}−α2/δ − 1

)δ+1 .

(iii) (Z1, Z2) = (b(Y1, λ1, ξ1, η1), b(Y2, λ2, ξ2, η2)) ∼ BPN(α1, α2, δ), and consequently, Yj =
arcsinh(λjZj/2)ηj + ξ j, for j = 1, 2.

Proposition 1. Let (Y1, Y2) ∼ BSHPN(λ1, λ2, ξ1, ξ2, η1, η2, α1, α2, δ),

(i) If a1, a2 > 0, it follows that (a1Y1, a2Y2) ∼ BSHPN(λ1, λ2, a1ξ1, a2ξ2, a1η1, a2η2, α1, α2, δ).

(ii) F−Y1,Y2(y1, y2) =
({

1−Φ(b∗1)
}−α1/δ

+ {Φ(b2)}−α2/δ − 1
)−δ

.

(iii) FY1,−Y2(y1, y2) =
(
{Φ(b1)}−α1/δ + {1−Φ(b∗2)}

−α2/δ − 1
)−δ

.

(iv) F−Y1,−Y2(y1, y2) =
({

1−Φ(b∗1)
}−α1/δ

+ {1−Φ(b∗2)}
−α2/δ − 1

)−δ

where b∗j = 2
λj

sinh
( yj−(−ξ j)

ηj

)
for j = 1, 2.

The following proposition relates the bivariate BS and the bivariate sinh-normal
models. This proposition is an extension of the property of the univariate case where the BS
distribution and the sinh-normal model are related and by which the model sinh-normal
regression is called log-Birnbaum–Saunders (LBS).

Proposition 2. Let T = (T1, T2) ∼ BVBSPN(λ1, λ2, τ1, τ2, α1, α2, δ). If Y = (Y1, Y2) =
(log(T1), log(T2)), then Y ∼ BSHPN(λ1, λ2, log(τ1), log(τ2), 2, 2, α1, α2, δ).

Proof. Given that, for k = 1, 2, Yk = g(Tk) = log(Tk), then
√

Tk/τk = exp
(

1
2 (Yk − log(τk))

)
and
√

τk/Tk = exp
(
− 1

2 (Yk − log(τk))
)

, thus,

atk =
1

λk

(√
tk
τk
−
√

τk
tk

)

=
2

λk

exp
(

1
2 (yk − log(τk))

)
− exp

(
− 1

2 (yk − log(τk))
)

2


=

2
λk

sinh
(

yk − log(τk)

2

)
= byk .
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In addition, since g−1
k (yk) = exp(yk), it follows that the Jacobian of the inverse trans-

formation is ‖Jg−1(y)‖ = exp(y1) exp(y2) =
∂g−1

1 (y1)
∂t1

∂g−1
2 (y2)
∂t2

. By using a similar argument
to that of aTk , it has that:

A1 A2 =
1
2

2
λ1

cosh
(

y1 − log(τ1)

2

)
1
2

2
λ2

cosh
(

y2 − log(τ2)

2

)
‖Jg−1(y)‖ = b

′
y1

b
′
y2

.

By the transformation method for bivariate functions, the result follows.

One can use Proposition 2 to generate samples from the standard bivariate exponentiated
sinh-normal distribution presented in Definition 2. In this case, to generate the bivariate vector
with a BSHPN distribution, the algorithm described in Lemonte et al. [26] to generate a BVBSPN
is used joint the Proposition 2 with scale parameters exp(τ1) and exp(τ2), respectively. To
obtain scale η1 and η2, it is enough to consider the transformed variables, say W1 and W2, as
Z1 = η1W1/2 and Z2 = η2W2/2.

Definition 3. A function g defined in R2 is said to be totally positive of order 2, denoted by TP2, if
for all x1 < x2 and y1 < y2, with x, y ∈ R,

g(x1, y1)g(x2, y2) ≥ g(x2, y1)g(x1, y2).

Definition 4. If (Y1 > 0, Y2 > 0) ∼ BSHPN(λ1, λ2, ξ1, ξ2, η1, η2, α1, α2, δ), then fY1,Y2(y1, y2)
is TP2.

Proposition 3. Let (Y1, Y2) ∼ BSHPN(λ1, λ2, ξ1, ξ2, η1, η2, α1, α2, δ), then Y1 is stochastically
non-decreasing in Y2 and vice versa, for any value of λ1, λ2, ξ1, ξ2, η1, η2, α1, α2 and δ.

Found by Kundu and Gupta [22] from the Clayton copula for the BPN model, it
follows that for any value of λ1, λ2, ξ1, ξ2, η1, η2, α1, α2, and δ, the (i) Kendall’s tau and
(ii) median correlation coefficients become, respectively:

τ =
1

1 + 2δ
and MT1,T2 = 4Cδ(1/2, 1/2) = 4(2(δ+1)/δ − 1)−δ.

Figure 1 shows the behavior of the BSHPN(0.75, 0.75, 0, 0, 1, 1, 1.75, 0.5, δ) distribu-
tion, for some selected values of δ. The influence of the parameter δ when the marginal
distributions have a dependency structure can be seen.
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Figure 1. Density plots. (a) δ = 0.35, (b) δ = 0.70 and (c) δ = 1.0.

Statistical Inference

Given the dependence structure induced by Clayton’s copula for the estimating the
process of the model parameters BSHPN(λ1, λ2, ξ1, ξ2, η1, η2, α1, α2, δ), it is used for the max-
imum likelihood estimation (MLE) and the two-stage estimation method of Joe [27]. For the
MLE, we perform a parameterization on α1 = δγ1, α2δγ2, . . . , αp = δγp, then; our focus is
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on the estimated parameter vector θ1 = (λ1, λ2, ξ1, ξ2, η1, η2, γ1, γ2, δ)>. Thus, for a sample
of size n from a BSHPN(λ1, λ2, ξ1, ξ2, η1, η2, α1, α2, δ) distribution, let (y11, y21), . . . , (y1n, y2n),
the log-likelihood function is given by:

`(θ1) = n log
(
γ1γ2δ(δ + 1)

)
− 1

2

n

∑
i=1

2

∑
j=1

b2
ji − (γj + 1)

n

∑
i=1

2

∑
j=1

log
[
Φ(bji)

]
− (δ + 2)

n

∑
i=1

log

(
2

∑
j=1

{
Φ(bji)

}−γj − 1

)
+

n

∑
i=1

2

∑
j=1

log(b′ji), (14)

which, upon maximization regarding λj, ξ j, ηj γj, for j = 1, 2 and δ, leads to the following
equations:

∂`(θ)

∂λj
= − 1

λj

[
n−

n

∑
i=1

b2
ji − (γj + 1)

n

∑
i=1

bjiwji − (δ + 2)
n

∑
i=1

bjik ji

]
= 0,

∂`(θ)

∂ξ j
= − 1

η2
j

n

∑
i=1

bji

b′ji
+

n

∑
i=1

b′ji
[
bji + (γj + 1)wji − (δ + 2)k ji

]
= 0,

∂`(θ)

∂ηj
= − 1

ηj

n

∑
i=1

b′ji −
1
η2

j

n

∑
i=1

zji
bji

b′ji
+

n

∑
i=1

zjib′ji
[
bji + (γj + 1)wji − (δ + 2)k ji

]
= 0,

∂`(θ)

∂γj
=

n
γj
−

n

∑
i=1

uji + (δ + 2)
n

∑
i=1

{
Φ(bji)

}−γj log
[
Φ(bji)

]
∑2

j=1
{

Φ(bji)
}−γj − 1

= 0

∂`(θ)

∂δ
=

n
δ
+

n
δ + 1

−
n

∑
i=1

log

(
2

∑
j=1

{
Φ(bji)

}−γj − 1

)
= 0,

where k j = γjφ(bj)
{

Φ(bj)
}−γj−1/

(
∑2

j=1
{

Φ(bj)
}−γj − 1

)
, uj = log{Φ(bj)} and wj =

φ(bj)/Φ(bj) for j = 1, 2. Numerical approaches are required for solving the above system
of equations. The observed information matrix follows from minus the second derivatives
of the log-likelihood function, this is,

J(θ1) = −
∂2`(θ1)

∂θ1∂θ>1
.

The observed information matrices for both parametrizations θ1 and θ obey the relation
J(θ1) = D>J(θ)D, where D is a matrix containing derivatives of elements of the vector θ1
respect to elements of the vector θ = (λ1, λ2, ξ1, ξ2, η1, η2, α1, α2, δ). From this relation, we
can write J(θ) = D−1J(θ1)(D−1)>, and I(θ) = D−1I(θ1)(D−1)>. Therefore,

D =

(
I6×6 06×3
03×6 Dαδ

)
,

where α = (α1, α2)
> and, Dαδ is of the size 3× 3 defined by:

Dαδ =

 δI2
1
δ α

−δ21′2diag
{

α−1
j

}2

j=1
1

.

That is, D is a block-diagonal matrix and it can be shown to be non-singular. Assuming
the existence of the inverse of the I(θ1) matrix, given the regularity of the PN family, it
follows that for large samples, the MLE θ̂ of the parameter vector θ, is asymptotically
normal, that is,

θ̂
D−→ N9(θ, Σθ̂),
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resulting that the asymptotic variance of the MLE θ̂, is the inverse of I(θ), which we denote
by Σθ̂ = D>I−1(θ1)D.

Joe [27] proposed a method for estimating copula models which consists of a two-
step process as follows: the first step is based on the marginal distributions of the vari-
ables which the original model parameters are estimated, in this case, we have the model
SHPN(λj, ξ, ηj, αj) for j = 1, 2. Then, assuming that Yj ∼ SHPN(λj, ξ, ηj, αj) for each j =
1, 2, the estimating equations that lead to MLE of the parameter vector θj = (λj, ξ, ηj, αj)

> are:

U(λj) = − n
λj

+
1
λj

n

∑
i=1

b2
ji −

αj − 1
λj

n

∑
i=1

wjibji,

U(ξ j) =
n

∑
i=1

(
bjib′ji −

1
η2

j

bji

b′ji

)
− (αj − 1)

n

∑
i=1

wjib′ji,

U(ηj) = − n
ηj

+
n

∑
i=1

zji

(
bjib′ji −

1
η2

j

bji

b′ji

)
− (αj − 1)

n

∑
i=1

zjiwjib′ji,

U(αj) =
n
αj

+
n

∑
i=1

log(bji),

where wji = φ(bji)/Φ(bji). Then, the MLE for the parameters λj, ξ j, ηj and αj are the
solutions to the equations U(λj) = 0, U(ξ j) = 0, U(ηj) = 0 and U(αj) = 0, which require
numerical procedures.

In the second step, we replace the estimates found in the log-likelihood function step,
so everything is limited in maximizing the resulting respective function log-likelihood, i.e.,
to maximize the function:

`(δ) = n log
(

δ + 1
δ

)
− δ + 1

δ

n

∑
i=1

2

∑
j=1

log(uj)− (δ + 2)
n

∑
i=1

log

(
2

∑
j=1

u−1/δ
j − 1

)
,

where uj =
{

Φ(bji)
}αj .

The elements of the information matrix are given by V = (−C−1)M(−C−1)′, with,

−C =

(
C11 03p
Cθjδ iδδ

)
.

Here,

Cθjδ = −E
(

∂2`(θ)

∂λ1∂δ
,

∂2`(θ)

∂ξ1∂δ
,

∂2`(θ)

∂η1∂δ
,

∂2`(θ)

∂α1∂δ
,

∂2`(θ)

∂λ2∂δ
,

∂2`(θ)

∂ξ2∂δ
,

∂2`(θ)

∂η2∂δ
,

∂2`(θ)

∂α2∂δ

)
.

and iδδ = −E
(
∂2`(θ)/∂δ2). The second derivatives are calculated from the log-likelihood

function defined in (14) and expectations are calculated numerically by taking the correspon-
ding elements −E

(
∂2`(θ)/∂θj∂δ

)
of the matrix D−1I(θ1)(D−1)>.

Finally, C11 = block-diag{iθjθj}, where iθjθj = −E
(

∂`j(θj)/∂θj∂θ>j

)
with `j(θj) being

the log-likelihood function of the marginal distributions for the parameter vector θj = (λj,
ξ j, ηj, αj)

>, and where expectations are calculating regarding the marginal distributions.
On the other hand, according to Joe [27], M = E

[
gg>

]
where:

g = (gλ1 , gξ1 , gη1 , gα1 , gλ2 , gξ2 , gη2 , gα2 , gδ)
>,
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for j = 1, 2, with:

gλj = − n
λj

+
n
λj

b2
ji − n

αj − 1
λj

wjibji,

gξ j = n

(
bjib′ji −

1
η2

j

bji

b′ji

)
− n(αj − 1)wjib′ji,

gηj = − n
ηj

+ nzji

(
bjib′ji −

1
η2

j

bji

b′ji

)
− n(αj − 1)zjiwjib′ji,

gαj =
n
αj

+ nlog(bji),

gδ =
n

δ2(1 + δ)2

2

∑
j=1

αj log{Φ(bji)} − n log

(
2

∑
j=1
{Φ(bji)}−αj/δ − 1

)
+

(
−n

δ
+

n
δ + 1

)
− n

δ + 2
δ2

∑2
j=1 αj{Φ(bji)}−αj/δ log{Φ(bji)}

∑2
j=1{Φ(bji)}−αj/δ − 1

.

The elements of M can be obtained numerically by using the BSHPN(λ1, λ2, ξ1, ξ2, η1, η2,
α1, α2, δ) model from its respective integrals.

3. Log-BSHPN Regression Model

Regression analysis, despite being a powerful tool in studies where you want to
explain a set of dependent variables according to another set of variables, explanatory or
dependent, merely assumes a distribution for that models errors, which generally contains
at least one parameter that accounts for the correlation among the variables of interest. We
now propose to use a distribution that not only contains the parameters of the proposed
model, but also explain the structure of marginal dependence of the model errors, from
the copula model BSHPN. It stands to reason that if the proposed distribution can explain
the structure of dependence between marginal distributions, the best fit is obtained with
conventional models that only take a distribution for the errors, since the correlation
between variables is implicit in the dependence structure.

3.1. New Model

On the log-Birnbaum–Saunders power-normal (LBSPN) model proposed by Martínez-
Flórez et al. [12], it is assumed that the errors follow a SHPN(λ, 0, 2, α) distribution
and, therefore, the RV Y = log(T), where T represents the survival time, follows the
SHPN(λ, x>i β, 2, α) distribution with β being the parameters vector and, xi a p-dimensional
vector with values of the set of explanatory variables.

We extend this univariate exponentiated log-linear Birnbaum–Saunders regression
model to the case of a bivariate vector. We considered the situation where the bivariate
random vector (Y1, Y2) is collected, and the number of measured responses in each ob-
servation is n, with yk = (yk1, yk2, . . . , ykn)

> denoting a vector of observed dependent
variables. Then, by defining y = vec(y1, y2), a vector of size 2n× 1, and X = diag(X1, X2)
a matrix of size 2n× (p1 + p2), with X1 of size n× p1 and X2 of size n× p1, and vec(·)
being the vec operator which transforms a matrix in a column vector. Then, the bivariate
log-linear Birnbaum–Saunders power-normal regression model, previously defined can be
represented as:

y = X>β + ε, (15)

where β = vec(β1, β2) a vector of size (p1 + p2)× 1 and ε = vec(ε1, ε2) a vector of size
2n× 1, with εi = (ε1i, ε2i)

> ∼ BSHPN(λ1, λ2, 0, 0, 2, 2, α1, α2, δ). That is:

(Y1i, Y2i) = (log(T1i), log(T2i)) ∼ BSHPN(λ1, λ2, x1iβ, x2iβ, 2, 2, α1, α2, δ).
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The regression model given in (15) is denoted by RBSHPN(λ, β, 2× 1>, α, δ), where
λ = (λ1, λ2), β = (β>1 , β>2 )

>, α = (α1, α2) and 1 is a vector of numbers one of size 2.
For Theorem 1, it follows that Yik ∼ SHPN(λk, X>ik βk, 2, αk), satisfying for i = 1, . . . , n,

1. γk = exp(X>ki βk) where βk is a vector of unknown parameters.
2. The shape and skewness parameters in the model do not involve Xki, that is, for

k = 1, 2, τki = τk, λki = λk and αki = αk.

3.2. Inference for the Log-BSHPN Regression Model

In order to estimate the parameters of the RBSHPN(λ, β, 21>, α, δ) model, for a sample
(y11, y21), . . . , (y1n, y2n), where (Y1i, Y2i) ∼ BSHPN(λ1, λ2, x1iβ1, x2iβ2, 2, 2, α1, α2, δ), we de-
fine the following expressions: ξ1 = ξ1(θ) = vec(ξ11, ξ12) and ξ2 = ξ2(θ) = vec(ξ21, ξ22),
with ξ1k = (ξ1k1, ξ1k2, . . . , ξ1kn)

> and ξ2k = (ξ2k1, ξ2k2, . . . , ξ2kn)
>, where ξ1ki = ξ1ki(θ) =

2
λk

cosh
(
(yki − x>ki βk)/2

)
and ξ2ki = ξ2ki(θk) =

2
λk

sinh
(
(yki − x>ki βk)/2

)
.

To obtain MLEs, we proceed with the same re-parameterization as in the case of the
BSHPN model. Then, the log-likelihood function can be written as:

`(θ1) = n log(γ1γ2δ(δ + 1)/4)− 1
2

n

∑
i=1

2

∑
k=1

ξ2
2ki −

n

∑
i=1

2

∑
k=1

(γk + 1) log[Φ(ξ2ki)]

− (δ + 2)
n

∑
i=1

log

(
2

∑
k=1
{Φ(ξ2ki)}−γk − 1

)
+

n

∑
i=1

2

∑
k=1

log(ξ1ki).

(16)

The score functions for the parameter vector θ1 are:

∂`(θ)

∂λk
= − 1

λk

[
n−

n

∑
i=1

ξ2
2ki − (γk + 1)

n

∑
i=1

w2kiξ2ki − (δ + 2)
n

∑
i=1

κ2kiξ2ki

]
,

∂`(θ)

∂βkj
= − 1

η2
k

n

∑
i=1

xkij
ξ2ki
ξ1ki

+
n

∑
i=1

xkijξ1ki[ξ2ki + (γk + 1)w2ki − (δ + 2)κ2ki], for j = 1, . . . , p1, p2

∂`(θ)

∂γk
=

n
γk
−

n

∑
i=1

u2ki + (δ + 2)
n

∑
i=1

{Φ(ξ2ki)}−γk log[Φ(ξ2ki)]

∑2
k=1{Φ(ξ2ki)}−γk − 1

∂`(θ)

∂δ
=

n
δ
+

n
δ + 1

−
n

∑
i=1

log

(
2

∑
k=1
{Φ(ξ2ki)}−γk − 1

)
,

where κ2k = γkφ(ξ2k){Φ(ξ2k)}−γk−1/
(

∑2
k=1{Φ(ξ2k)}−γk − 1

)
, u2k = log{Φ(ξ2ki)} and

w2k = φ(ξ2k)/Φ(ξ2k) for k = 1, 2. Numerical approaches are required for solving the above
system of equations. Again, as in the case of BSHPN model, the information matrices can
be obtained from the relationship J(θ) = D−1J(θ1)(D−1)> and I(θ) = D−1I(θ1)(D−1)>.
Therefore,

D =

(
I(p+2)×(p+2) 0(p+2)×3

03×(p+2) Dαδ

)
,

where p = p1 + p2 and Dαδ is defined as in the BSHPN model. In the same way of the model
BSHPN, the two-step algorithm can be implemented by maximizing the log-likelihood
function (17) for each response variable.

`(λk, βk, αk) = −n log(2
√

2π) + n log(αk) +
n

∑
i=1

log(ξ1ki)−
1
2

n

∑
i=1

ξ2
2ki + (αk − 1)

n

∑
i=1

log(ξ2ki). (17)

We have that the score function is given by:

U(βkj) =
1
2

n

∑
i=1

xkij

(
ξ1kiξ2ki −

ξ2ki
ξ1ki

)
− αk − 1

2

n

∑
i=1

xkijw2kiξ1ki, for j = 1, 2, . . . , p,
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U(λk) = −
n
λk

+
1

λk

n

∑
i=1

ξ2
2ki −

αk − 1
λk

n

∑
i=1

w2kiξ2ki, U(αk) =
n
αk

+
n

∑
i=1

log(ξ1ki).

The MLEs for the regression parameters and parameters αk and λk are the solutions
of the equations U(βkj) = 0 (j = 1, 2, . . . , p), U(λk) = 0 and U(αk) = 0, which require
numerical procedures. The information matrix can be obtained by proceeding as in the
BSHPN model case.

4. Simulation Studies

To investigate the asymptotic properties of the MLEs of the parameters in the intro-
duced models, we conducted two Monte Carlo simulation studies.

4.1. Model Without Covariates

In the first simulation, we studied the performance of the MLE θ̂ = (λ̂1, λ̂2, ξ̂1, ξ̂2, η̂1, η̂2,
α̂1, α̂2, δ̂) of the BSHPN model. We considered the values of the parameters λ1 = 0.65,
λ2 = 1.5, η1 = 1.25, η2 = 0.5, α1 = 0.75 and α2 = 1.75, and δ = 0.2, 0.5, 0.8, 1.2 and 1.6.
Without loss of generality, we took ξ1 = ξ2 = 0 and random sample sizes of n = 30, 60
and 100. For each combination of parameters and sample size, 5000 random samples of
the BSHPN model were generated. We used the direct MLE method and, to evaluate the
performance of the estimators, the absolute value of the relative bias (RB) and the empirical
standard deviation (ESD) were considered. To calculate the MLEs of the parameters, the
optim function of the R Development Core Team [28] was used, in joint with iterative
methods based on the Newton–Rapshon algorithm to optimize the likelihood function.
The results are given in Table 1.

Table 1. RB and ESD for the BSHPN model.

λ̂1 λ̂2 η̂1 η̂2 α̂1 α̂2 δ̂

δ n RB ESD RB ESD RB ESD RB ESD RB ESD RB ESD RB ESD

30 0.0565 0.1049 0.1375 0.1032 0.1410 0.1529 1.1195 0.1628 0.0745 0.1586 0.0577 0.1233 0.6236 0.0973
0.2 60 0.0273 0.0987 0.1359 0.0370 0.1388 0.0898 0.9753 0.1137 0.0509 0.1384 0.0336 0.0936 0.5204 0.0877

100 0.0119 0.0987 0.1338 0.0308 0.1271 0.0804 0.8901 0.1067 0.0043 0.1267 0.0132 0.0856 0.4029 0.0849

30 0.0747 0.1189 0.1582 0.1321 0.1326 0.1563 1.1588 0.1761 0.0541 0.1486 0.0439 0.1267 0.2524 0.0956
0.5 60 0.0251 0.1063 0.1407 0.0635 0.1478 0.0890 0.9922 0.1262 0.0369 0.1364 0.0287 0.0969 0.2046 0.0901

100 0.0154 0.1000 0.1371 0.0326 0.1431 0.0853 0.8883 0.1086 0.0061 0.1251 0.0116 0.0853 0.1616 0.0848

30 0.0744 0.1239 0.1582 0.1354 0.1321 0.1575 1.1597 0.1771 0.0513 0.1448 0.0431 0.1379 0.1597 0.1044
0.8 60 0.0254 0.1057 0.1406 0.0722 0.1478 0.0965 0.9849 0.1252 0.0374 0.1356 0.0281 0.1027 0.1279 0.0896

100 0.0167 0.0997 0.1370 0.0359 0.1415 0.0893 0.8884 0.1088 0.0064 0.1248 0.0117 0.0855 0.1005 0.0848

30 0.0777 0.1214 0.1585 0.1382 0.1290 0.1690 1.1705 0.1829 0.0477 0.1698 0.0441 0.1350 0.1064 0.1049
1.2 60 0.0227 0.1061 0.1404 0.0650 0.1471 0.0894 0.9827 0.1252 0.0336 0.1351 0.0269 0.0952 0.0844 0.0885

100 0.0160 0.1000 0.1374 0.0352 0.1431 0.0883 0.8893 0.1094 0.0074 0.1251 0.0116 0.0854 0.0671 0.0848

30 0.0740 0.1196 0.1564 0.1378 0.1294 0.1630 1.1611 0.1851 0.0517 0.1551 0.0442 0.1369 0.0798 0.1026
1.6 60 0.0219 0.1055 0.1395 0.0639 0.1470 0.0893 0.9858 0.1232 0.0357 0.1369 0.0281 0.0943 0.0631 0.0890

100 0.0156 0.0999 0.1366 0.0353 0.1440 0.0873 0.8941 0.1084 0.0055 0.1265 0.0128 0.0853 0.0506 0.0850

In general, it can be seen that for the considered sample sizes in the simulation, the
RB of the parameter estimators gradually decreases as the sample size increases. This
decreasing behavior occurs for some estimators more quickly than for others. In particular,
the RB of the λ̂2, η̂1 and δ̂ estimators decreases slowly for values of the parameter δ < 0.
In addition, the ESD has a similar behavior to the RB, with a tendency to decrease. This
guarantees the asymptotic convergence of the MLEs of the BSHPN model parameters.

4.2. Model with Covariates

In the second simulation study, we analyzed the behavior of the MLEs of the param-
eters in the RBSHPN model presented in Section 3. For i = 1, . . . , n we generated the
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covariates X1i ∼ U(0, 1) and X2i ∼ N(0, 1), and we took the values of the β coefficients as
β10 = 1.5, β11 = 0.75, β20 = 0.15, β21 = 1.25. We also took the parameter values λ1 = 0.25,
λ2 = 1.75, α1 = 2.5, α2 = 3.75, and δ = 5.74, 7.75, 9.75, 11.75 and 13.75. For each scenario
considered, we generate 5, 000 Monte Carlo samples of sizes n = 30, 60, 90 and 120. Again,
we used the absolute value of the RB and ESD to assess the goodness of the MLEs.

Similar to the case without covariates, the results in Tables 2 and 3 show that the RB of
some estimators decreases faster than others. For the β̂10, β̂11, β̂21 and λ̂1 estimators, for
example, it can be seen that the RB tends to zero when the sample size increases, while the
estimator β̂20 presented higher RB relating to the previous estimators, and they decrease
more slow. For the λ̂2, α̂1, α̂2 and δ̂ estimators, the RB decreases slowly when the value of
n increases. Relating to the ESD, Tables 2 and 3 show that the δ estimator presented the
highest values of ESD; however, it can be seen that when going from n = 30 to n = 120, the
value of the ESD decreased. On the other hand, the estimator with the lowest ESD values
was λ̂1. The previous discussion suggests considering moderate or large sample sizes to
achieve a desirable quality in the estimation of the parameters of the fitted models.

Table 2. RB and ESD for the BSHPN regression model.

β̂10 β̂11 β̂20 β̂21

δ n RB ESD RB ESD RB ESD RB ESD

30 0.0513 0.2029 0.0075 0.1411 4.8722 1.2754 0.0045 0.1927

5.75 60 0.0235 0.1722 0.0039 0.1017 2.2312 0.8706 0.0040 0.1370
90 0.0128 0.1470 0.0031 0.0874 1.3396 0.7094 0.0024 0.1200

120 0.0050 0.1358 0.0016 0.0806 1.0797 0.6080 0.0005 0.1041

30 0.0516 0.2005 0.0030 0.1370 4.6682 1.2665 0.0031 0.1948

7.75 60 0.0238 0.1692 0.0020 0.1034 2.0594 0.9110 0.0020 0.1364
90 0.0103 0.1493 0.0014 0.0914 1.4443 0.6958 0.0018 0.1195

120 0.0081 0.1307 0.0009 0.0780 0.8668 0.5864 0.0009 0.1085

30 0.0552 0.1967 0.0037 0.1397 4.6550 1.2792 0.0010 0.1959

9.75 60 0.0214 0.1698 0.0027 0.0990 2.2959 0.8782 0.0010 0.1371
90 0.0107 0.1482 0.0004 0.0898 1.1475 0.6891 0.0007 0.1156

120 0.0024 0.1376 0.0001 0.0795 0.7927 0.5867 0.0004 0.1061

30 0.0489 0.2033 0.0013 0.1420 4.8472 1.2829 0.0042 0.1962

11.75 60 0.0256 0.1658 0.0011 0.1014 2.1831 0.8828 0.0028 0.1372
90 0.0094 0.1471 0.0032 0.0880 1.3099 0.6926 0.0013 0.1158

120 0.0020 0.1321 0.0002 0.0780 0.9535 0.5881 0.0012 0.1027

30 0.0484 0.2053 0.0029 0.1404 4.6512 1.2601 0.0088 0.1888

13.75 60 0.0238 0.1740 0.0023 0.1004 2.2601 0.9043 0.0015 0.1369
90 0.0086 0.1474 0.0014 0.0865 1.2911 0.6858 0.0005 0.1158

120 0.0018 0.1294 0.0011 0.0797 0.8648 0.5625 0.0004 0.1030

Table 3. RB and ESD for the BSHPN regression model.

λ̂1 λ̂2 α̂1 α̂2 δ̂

δ n RB ESD RB ESD RB ESD RB ESD RB ESD

30 0.0638 0.0718 0.6537 1.8735 0.7292 2.8177 0.3941 2.4540 2.5258 3.7024

5.75 60 0.0242 0.0586 0.2580 0.9677 0.3857 2.1031 0.2026 1.8087 2.1814 2.6604
90 0.0148 0.0486 0.1568 0.7171 0.2330 1.6496 0.1207 1.4997 1.9727 2.1305

120 0.0062 0.0452 0.1218 0.5791 0.1652 1.4853 0.0935 1.3099 1.7918 1.8225

30 0.0667 0.0701 0.6231 1.8390 0.7584 2.8602 0.3772 2.4885 1.7040 3.6246

7.75 60 0.0333 0.0580 0.2543 1.0159 0.3783 2.0259 0.1837 1.8490 1.4827 2.6877
90 0.0138 0.0500 0.1613 0.7030 0.2263 1.6494 0.1282 1.4718 1.2929 2.1443

120 0.0096 0.0433 0.1026 0.5506 0.1676 1.4143 0.0767 1.2660 1.1778 1.8179
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Table 3. Cont.

λ̂1 λ̂2 α̂1 α̂2 δ̂

δ n RB ESD RB ESD RB ESD RB ESD RB ESD

30 0.0731 0.0703 0.6356 1.9262 0.7557 2.7999 0.3690 2.4340 1.2504 3.7046

9.75 60 0.0280 0.0573 0.2667 0.9890 0.3677 2.0128 0.1909 1.7801 1.0624 2.5474
90 0.0149 0.0497 0.1423 0.6916 0.2282 1.307 0.0967 1.4230 0.9288 2.1922

120 0.0004 0.0452 0.0972 0.5542 0.1411 1.4536 0.0710 1.2781 0.8241 1.7621

30 0.0650 0.0716 0.6617 1.9883 0.7465 2.9621 0.3785 2.4202 0.9468 3.6679

11.75 60 0.0351 0.0577 0.2622 0.9928 0.3934 2.0125 0.1806 1.7887 0.8000 2.6014
90 0.0060 0.0495 0.1552 0.7175 0.2097 1.5969 0.1072 1.4373 0.6889 2.0601

120 0.0009 0.0433 0.1073 0.5652 0.1266 1.3654 0.0793 1.2502 0.6093 1.7579

30 0.0610 0.0743 0.6177 1.8426 0.7123 2.8455 0.3652 2.4398 0.7442 3.6734

13.75 60 0.0345 0.0591 0.2728 1.0363 0.3800 2.0527 0.1878 1.8155 0.6255 2.6684
90 0.0100 0.0492 0.1461 0.6716 0.2088 1.6615 0.1094 1.4306 0.5381 2.0308

120 0.0004 0.0431 0.0986 0.5253 0.1187 1.3428 0.0809 1.2390 0.4738 1.7460

5. Illustrations
5.1. First Illustration

To illustrate the applicability of the BSHPN model, we used a dataset available in
Johnson and Wichern [29], which corresponds to environmental pollution measures in
some areas of the city of Los Angeles, which were taken at noon for several days. It is well
known that the concentration of average air pollutants has been used in epidemiological
surveillance as an indicator of the level of atmospheric contamination and its associated
adverse effects in humans, for example, causing diseases such as bronchitis.

For air pollutant concentration, it is usually assumed that the data are uncorrelated
and independent and thus, it does not require the diurnal or cyclic trend analysis; see
Gokhale and Khare [30]. The data correspond to measures of carbon dioxide (CO2) and,
ozone concentration (O3), in the atmosphere.

Initially, we estimate univariate SHN and SHPN models for each variable. The
parameter estimates (standard error) for the SHN model for the variable CO2 are λ̂1 =
0.0089(0.0042), ξ̂1 = 10.0537(0.5178) and η̂1 = 752.1337(376.1523), while for the varia-
ble O3 we obtained the estimates λ̂2 = 0.5448(0.1725), ξ̂2 = 9.4885(0.8484) and η̂2 =
20.4544(5.7857). As found in Kundu [21], the marginal distributions follow a SHN(λj, ξ j, ηj),
j = 1, 2, distributions. The Kolmogorow–Smirnov test, with respective p-values given in
parentheses, are given by D = 0.1903(0.4313) and D = 0.2381(0.1848).

For the SHPN(λj, ξ j, ηj, αj) model with j = 1, 2, we obtained the estimates λ̂1 =

0.0425(0.0582), ξ̂1 = 5.1809(1.9182), η̂1 = 228.5995(314.1994) and 3.2453(1.2263) while for
the variable O3, the obtained estimates were λ̂2 = 2.1792(1.2092), ξ̂2 = 18.4771(2.6950),
η̂2 = 5.9601(1.2677) and α̂2 = 0.1309(0.1065). The Kolmogorow–Smirnov values were
D = 0.1667(0.6041) and D = 0.1190(0.9272), respectively.

From the Kolmogorow–Smirnov distances and their respective p-values, it is clear that
the SHPN(λj, ξ j, ηj, αj), j = 1, 2, models fit better the data than the SHN(λj, ξ j, ηj), j = 1, 2,

models. Rieck and Nedelman [1] showed that bz = b(z, λ, ξ, η) = 2
λ sinh

(
z−ξ

η

)
∼ N(0, 1)

for the SHN model; while Martínez-Flórez et al. [16] showed that bz = b(z, λ, ξ, η) =
2
λ sinh

(
z−ξ

η

)
∼ PN(0, 1, α) for the SHPN model.

The Figures 2 and 3 show the QQ-plots of the variable bz for both variables CO2 and
O3 under SHN and SHNP models. Therefore, it is clear that the SHPN model achieves a
much better fit for the air pollution data than the SHN model.
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Figure 2. QQ-plots for SHN models. (a) CO2 and (b) O3.
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Figure 3. QQ-plots for SHPN models. (a) CO2 and (b) O3.

Thus, a bivariate model with skewed marginal distributions fit the air pollution
dataset better. Using these parameter estimates as true values, the MLE for parameter δ
was computed under the Clayton copula, leading to δ̃ = 2.7878. Bootstrap 95% confidence
intervals were obtained for parameter δ, given by (0.2189, 2.8075). Finally, we estimated
the bivariate sinh-normal models under a bivariate copula (BSHN), see Kundu [21], and
the BSHPN model. The estimates of the parameters are given in Table 4.

Table 4. Parameter estimates for BSHN and BSHPN distributions.

Model λ1 ξ1 η1 α1 λ2 ξ2 η2 α2 δ

BSHN 0.0103 10.0499 752.1 – 0.6314 9.4811 20.4529 – 0.5791
BSHPN 0.1047 4.0729 228.5 2.7821 5.4919 17.0693 9.1341 1.0908 1.9774

To compare the BSHN and BSHPN models, we used the AIC criteria, see Akaike [31],
namely AIC = −2× ˆ̀(·) + 2k, where k is the number of parameters for the considered
model. The best model is the one with the smallest AIC. Thus, for the bivariate SHN
model, we obtained AIC = 507.2515, whereas for the bivariate SHN power-normal model,
AIC = 161.5224, leading to the conclusion that the BSHPN model fits the air pollution
concentration densities better. Figure 4 presents the graphics of the fitted models, where a
better fit is clearly seen in the BSHPN model.
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Figure 4. Contour plots. (a) BSHN model and (b) BSHPN model.

5.2. Second Illustration

Our second illustration considers a set of real data available in Lepadatu et al. [32].
The data are from a study where the main objective was to optimize the lifetime of dies
and other responses (Von Misses stress, manufacturing force, etc.) in the metal forming
process to improve the quality of a product or process, minimizing the effects of variation
without removing the causes (because they are too difficult and costly to control).

The log-BS distribution appears in this context since, according to the authors, “the die
of fatigue cracks are caused by repeat application of loads, which individually would be too
small to cause failure.” The considered models here are: yik = log(Tik) = β1 + β2xi2k + εik,
for i = 1, 2, . . . , 15, k = 1, 2 and where T1 is the Von Misses stress, T2 is the lifetime of the
die and xi2k is the work temperature.

Initially, we assume the independent bivariate model proposed by Lemonte [15],
RBSHN, where it is assumed that, εik ∼ SHN(τ, 0, 2), for k = 1, 2. For this model, we found
that the MLEs were τ̂ = 2.7253(0.351), β̂1 = 13.1437(1.3091) and β̂2 = −0.0056(0.0016),
with AIC = 120.1228. We checked the assumption of homogeneity of the shape parameter
τ. Then, as suggested by Cook and Weisberg [33], the power model is usually used in
practical situations. Thus, we assume for simplicity that ki = xρ

i , where xi is the work
temperature. Then, ρ = 0 implies that ki = 1; therefore, αi = α for all i. Therefore, the
test of homogeneity of the shape parameter τi = τ was equivalent to the hypothesis test
H0 : ρ = 0. The statistic of this test was, p-value = 0.9804, which leads to not rejecting the
null hypothesis, concluding that the assumption of homogeneity of τ was acceptable.

Finally, we analyzed the assumption of independence of the errors in the proposed
models. The Cramer-Von Mises test statistic yielded a calculated value of 0.1413, with
p-value = 0.0004, which leads to the rejection of supposition that independence model
fits the data well in the study. Therefore, a model that explains the dependence between
the proposed model errors can better fit the dataset. Thus, we fit the RBSHPN regression
model. The MLE estimates of the bivariate proposed model were: λ̂1 = 0.0706(0.0230),
λ̂2 = 0.1779(0.0718), β̂11 = 10.8948(0.3882), β̂21 = −0.0052(0.0006), β̂12 = 15.2496(0.4659),
β̂22 = −0.0054(0.0006), α̂1 = 0.0564(0.0088), α̂2 = 0.5080(0.2397) and δ̂ = 0.1148(0.0509).

It can be seen that, in any case, the hypothesis of no influence of the parameter αj, for
j = 1, 2 namely H0 : αj = 1 is rejected. Therefore, with the hypothesis H0 : δ = 0.

For this model, we obtained AIC = −35.2966, which means that the regression model with
dependence among the errors of the models better fit the dataset than the independence model.

In Figure 5a, we found contour plots of the errors of the RBSHPN fitted model. The
dependency or relationship between the errors of the two proposed models was clearly
observed in this graph, which are best explained, according to the contour plot, by the
models RBSHPN. For the marginal distributions, we present the envelope plots for the
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errors of the regression models of each marginal from the MLEs of the RBSHPN model,
where it can be seen that these marginal models also present a good fit, see Figure 5b,c.
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Figure 5. (a) Contour plot RBSHPN model. (b) Marginal envelope e1 SHN model. (c) Marginal
envelope e2 SHN model.

6. Concluding Remarks

In this work, we have introduced a new multivariate distribution from the sinh-
normal univariate distribution and the family of power-normal distributions. The new
distribution, which can also be called exponential log-Birnbaum–Saunder, is simple and can
be used to model positive multivariate data. The new multivariate exponential sinh-normal
distribution is an absolutely continuous distribution whose marginals are exponentiated
sinh-normal distributions. Using the frequentest approach, the estimation of the parameters
of the multivariate exponential sinh-normal model is carried out using the MLE, as well
as a two-stage estimation procedure (Joe [20]). We have also presented the extension
of the new multivariate distribution to the case of regression models and for the two
cases considered, we present the explicit form of the information matrices. Monte Carlo
simulations carried out indicate that the estimation method is quite effective to estimate the
unknown parameters of the proposed models. We illustrate the methodology developed in
this work through two applications to real data. Through the applications of real data, we
verify that the bivariate sinh-normal exponentiated and the corresponding extension to the
proposed regression models are superior to some existing proposals in the literature and
therefore constitute viable alternatives in the analysis of multivariate positive data.
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