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Abstract: In this paper, we present a qualitative study of an implicit fractional differential equation
involving Riemann-Liouville fractional derivative with delay and its corresponding integral equation.
Under some sufficient conditions, we establish the global and local existence results for that problem
by applying some fixed point theorems. In addition, we have investigated the continuous and
integrable solutions for that problem. Moreover, we discuss the continuous dependence of the
solution on the delay function and on some data. Finally, further results and particular cases
are presented.
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1. Preliminaries and Introduction

The theory of fractional differential equations has gained a lot of circulation lately. It
is of great importance because of its widespread applications in the fields of science and
geometry as a mathematical model (see [1-3]).

Recently, a new class of mathematical modelings based on hybrid fractional differential
equations with hybrid or non-hybrid boundary value conditions have been investigated
in many papers and monographs using different techniques [2-16]. Fractional hybrid
differential equations can be used in modeling and describing some non-homogeneous
physical phenomena. The importance of investigations into these problems lies in the fact
that they include many dynamic systems as special cases [12-14].

Implicit differential and integral equations have gained great attention, for example,
Sun et al. [17] have studied a fractional hybrid boundary value problem under mixed
Lipschitz and Carathéodory conditions. Benchohra et al. [5] have studied the existence of
integrable solutions of an implicit differential equation with infinite delay involving Caputo
fractional derivatives. Srivastava et al. [18] have studied the existence of monotonic inte-
grable a.e. solution of nonlinear hybrid implicit functional differential inclusions of arbitrary
fractional orders by using the measure of noncompactness technique. El-Sayed et al. [15]
have discussed the existence of a solution and continuous dependence of the solution on
some data for an implicit hybrid delay functional integral equation (see [4,6,7,18-24]).

Motivated by these results, here, we shall investigate hybrid differential equations of
arbitrary order
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)= (£,x(¢ t x(s)—hq (s,
D (Yulia ) — 7o 9 s DTS s ) v <, 1 € 01,

xX(t) =t (t,x(t))
ha (£x(t))

)

.
and prove the existence of L;—solutions of this problem where D* refers to the fractional
derivative of Riemann-Liouville of order « € (0,1).

The Riemann-Liouville differential operator is very important in the modeling of
many physical phenomena. In addition, we shall study the continuous dependence of the
solution on the delay function ¢. Furthermore, a case when « = < will be studied.

2. Main Results

Let I = [0, T| and the class E = C(I) with supremum norm ||z|| = sup |z(¢)|, for any
tel
z € E.

Consider the following assumptions

(i) f,g:IxR — R satisfy Carathéodory conditions and there exist two bounded
measurable functions m; and b; > 0, i = 1,2. Moreover

| f(t,x) | < my(t) + by |x|, |gt,x)] < ma(t) + ba|x|, tel, xeR.
Let

M = max{sup m;y (t),sup my(t)}.
tel tel

(i) h;i: I xR — R, i=1,2satisfy Carathéodory conditions and there exist m; € Ly(I)
and bj > 0, = 3,4 such that

| hi(t,x) | < mj(t) + bj|x|, tel xeR.

(iii) ¢ :I — I is continuous and monotonic nondecreasing.

) i <
Tekdng x(t) — hy (£, x(1))
) =
then
x(t) = hi(t,x(t)) +y(t) ha(t, x(t)), t € 1, @)
and
{ D*y(t) = f(t, foso(t) g(s,D’Yy(s))ds>, t € (0,T], 3)
y(0) = 0.
from (3), we get
o) = 15 (1 [ g6, 005 85 ). @

Operating by I' =7 on both sides of the last equation, then

~=7y(t) = e f(t,/oqj(t) ¢(s,D7y(s)) ds).

Differentiating both sides, we get

d 2

Sy = 10 1 (1 [ gt Do) 85).
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Let z(t) = D7y(t), then

z(t) = 177 f(t,/O(P(t)g(s,z(s))ds), t e L (5)

Now, we shall prove the existence of a continuous solution of the integral Equation (5)
by applying a nonlinear alternative of Leray-Schauder type [9].

Theorem 1. Let assumptions (i), (iii) and (iv) hold, then Equation (5) has at least a solution
z € C(I).

Proof. Define the operator F; on Q) by

t

Fz(t) = I*77 f(t,./:)( )g(s,z(s)) ds), tel

where O = {z € C(I) : ||z|]| < m} .
Let

bl bz Tl+a—y
F(1+a—7)

and

T~ "M
B = ————— [14+b,T).
T(1+w—v)< o )

Then, according to condition (iv), we deduce that A < 1. It is also clear that B > 0.
Take m = B(1 — A)~! and suppose that z € 90, A > 1 such that F;z = Az, then

Amo = Allz]| = [[Rz]| = sug)I(Fﬂ)(t)l
te

IN

sup | 147 £ (1, [ (5,260 a5) |

wp s (e st a) o

sup [T (o) [ o 2] ) s

sup tw<m1(5)+b1 /O(P(S) {mz(u) +b2|z(u)|]du> ds

re; Jo T(a—7)

/(]tm<m+b1 /OT {M+b2|z(u)|]du> ds
/(Jtm(M+blT[M+bzllzll]> ds
-7)
|

IN

IN

IN

IN

IN

IN

T
e (M (M+bz||z||)>

T ™™
Frl+a—v
B + Allz|

IN

b
! TA+a—7)
B + Am. (6)

(
_(1+ )+ e

Therefore,

A<

SRR
o

+ A=

|
4
N
I
=
\
>
4
S
Il
=
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this contradicts A > 1. Therefore, if F; : QO — E is a completely continuous operator, then it
has a fixed point z € Q.

Now, we shall prove that F; is a completely continuous operator. For any z € (), let
t1,tr € I, 1 < tp, then we have

1 p (b [ stz as) 1 (1, [T szt 05|

/ot2 Wf (S/ /O(P(S) g(u,z(u)) du) ds

— /Otl Wf (s, /O(P(S) g(u,z(u)) du) ds

/Ofl (h _S)Mr(la_— (;2)—8)‘”1 f<s, /O (P(S)g(u,z(u)) du>

|Fiz(t2) — Fiz(t)| =

ds

[ B g [ 2 ) s
o [ o)+ [ gt 200 s
e
i [ (o o )
o [P (s [ (o) + ol ) ) s
B (v ] ()
T

fo(t — ) 771 — (tg —5)8 71
by T M+ bybyT][z]| ) d
| =) M+ by T M+ biboT|[2]] ) ds

t _o\a—r—1
+ /z(tZS)(M+b1TM+b1b2Tz||>ds
t

1 F(a—’y)
2ty — )Y 57T 7Y
< A ;)(a_ijl) 1 (M+b1TM+b1b2Tm>.

The above inequality shows that
| Fiz(tz) — Fz(t1) | — 0 as tp, — tg, 7)

then Fyz is uniformly continuous in I, and hence F; : Q — E is well-defined. We de-
duce from (6) and (7) that the family F;z is uniformly bounded and equicontinuous, thus
the Arzela—Ascoli Theorem [8] guarantees that F; : Q — E is compact operator, which
completes the proof. [
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Consequently, we can deduce an existence result for Equation (4).

Since ||z|| < m and z(t) = D7y(t) = y(t) = [z(t), we have ||y|| < r(n;lrl)'

Corollary 1. Suppose that assumptions of Theorem 1 hold, then there exists a solution y € C(I)

for Equation (4) which satisfies ||y|| < k, where k = T&Tl)'

Proof. From z(t) = D7y(t), we get y(t) = I7z(t), and

E(f— )11
ol < [ Ul

t (1&—5)7*l
< m/o st
mT
T(y+1)
O

Now, we shall investigate the existence of integrable solution x for the quadratic
integral Equation (2).

Let B, = {x e Li(I) |||, <1, r > 0}.

Theorem 2. Let the assumptions of Corollary 2 be satisfied in addition to assumption (ii). If
by + k by < 1, then Equation (2) has a solution x € Ly(I).

Proof. Let x be an arbitrary element in B,. The operator F; is given by

Fy x(t) = hi(t, x(£)) +y(t) ha(t, x(£)). ®)

Then from the assumptions (ii), we have

||F2 x|, = /OT | F x(t) | dt
= [ 0) + () e x(0)

< [ (msm +b3|x<t>|) atr [ o) (m4<t> +b4|x<t>|) d

< ||msl|L, + b3 ||x||r, +k(||ma|lr, + ba||x]|L,)-

The last estimate shows that the operator F, maps L1 (I) into L1 (I). Next, for x € 0B,
so, ||x||r, = r, then

IF2 x|, < |[msllL, + b3 7 +k([|mallr, + byr).
Then F,(9B,) C B, (closure of B,) if
[Bax[|r, < [lmsllL, + bsr+k([[mallr, + bar) < 7.
Therefore

[ma|[L, +kl[mallL,
-1 - (bg, + kb4) '

Using inequality b3 + k by < 1, then we deduce that r > 0.
From assumption (ii) we have that F, : B, — L1(I) is continuous.
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In what follows, we show that F, is compact, and to reach this purpose we will
apply Kolmogorov compactness criterion [10]. So, let Q) be a bounded subset of B,. Then,
F,(Q) is bounded in L;(I), i.e., condition (i) of Kolmogorov compactness criterion [10]
is verified. Now, we prove that (F;x), — Fx € Li(I) as h — 0, uniformly with respect
to HLx € F, Q. Then

T
B = Baxlle, = [ 1(Bau(t) = (Bax)(8)] ot

— [T o s - o)

/OT (}11 /tt+h [(Fx)(s) — (Fax)(t)] ds> dt
< il

- (h1(t,x(t)) +y(t) hz(t,x(t))> ‘ ds dt.

IN

(1165, 6)) + 905) (s, (5))

Since h; € L1(I),i = 1,2, we have (see [25])

1 tt+h
il
for a.e. t € (0, T]. Therefore, F,(Q) is relatively compact, i.e., F, is a compact operator.

Hence, applying Rothe fixed-point Theorem [9] implies that F, has a fixed point. This
completes the proof. [

(a5 3661) + (5 ol ) ) = (o) 4900 e (0 ) | s =

Next, in order to have a global solution for the quadratic integral equation of fractional
order, we have the following result.

Theorem 3. Let the assumptions of Theorem 2 be satisfied in addition to the following assumption:

(v)  Assume that every solution x € Lq(I) of the equation

x(t) =7y (hl(t,x(t)) +y(t) hz(t,x(t))> ae.on (0,T], n € (0,1)

satisfies ||x||1, # r (v is fixed and arbitrary ).
Then, Equation (2) has a solution x € L1(I).

Proof. Let x be an arbitrary element in the open set B, = {x : ||x||r, < r,r > 0}. Then,
from the assumption (ii), we have

[FRaxl[, < ImsllL, + ba [|x[|ey +k([[mallr, + g [[x][L,)-

The above inequality means that the operator F, maps B, into L;(I). Moreover, as
a consequence of Theorem 2. we get that F, maps B, continuously into L;(I) and F,
is compact.

Then, in the view of assumption (v), F, has a fixed point. This completes the proof. [
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3. Continuous Dependence of the Solution

In order to study the continuous dependence of the solution on some data, we assume
the following assumptions:

(ii*) hi(t,ul) — hi(t,uz) < I |u1 — u2|, i=1,2Vu;, up e R andt e l.

(i) |f(t,ug) — f(t,uz)

< bi |ur — up|, Yuy,up € Rand t € I.

(vii) |g(t,u1) — g(tu)| < by |ug — up|, Yuj,up € Randt € I

Theorem 4. Let the assumptions of Theorem 1 be satisfied with replacing condition (i) by (vi) and

e DI TY
(0id). If T2

< 1, then the functional integral Equation (5) has a unique solution.

Proof. Let z1, zp be solutions of Equation (5), then

(o [ gt mnas) 1 £ (1 [ gt zatons )

z1(t) —22()] =

o(t) o(t)
< I f(t,/o g(s,zl(s))d5> —f<t,/0 g(s,zz(s))ds)‘
< w107 [ stz - [ s za(e)a

S,Z1(S S — S,Z2(S S

> 9 0 818,21 0 8\5,22
A L t d
< B [ g(m(e) — g(s,72(s)| ds

t
< b, 1“77/0 |z1(s) — z2(s)| ds

E(t—s)r171
< bib /0 (r(lx)_,y)|21(5)22(5)|ds
! 1,/ T!X*W

< bib |z 22||m

= (1= bt ey )l - 2l <o
Fla—vy+1) -

! Ll Ta—y
hb T~ o 1, we have z; = z3. Hence the solution of the problem (5) is unique.

T(a—y+1)
Similarly, we can prove a uniqueness result for Equation (4). Hence for (2), we have the
following Theorem [

Since

Theorem 5. Let the assumptions of Theorems 2 and 4 be satisfied with replacing condition (ii) by
(ii*) equipped with (I 4+ k 1) < 1. Then, the solution x € Ly(I) of the functional Equation (2)
is unique.

Proof. Firstly, Theorem 2 proved that the functional integral Equation (2) has at least
one solution.
Now, let x1,xo € L1(I) be two solutions of (2). Then, for t € I, we have

lx1(t) = x2(t) = [h1(t, x1(t)) +y(H)ha(t, x1(t)) — hi(t, x2(t)) — y(t)ha(t, x2(t))]
< |y (t 21 (8)) = ha (8, x2(8)) | + |y (8)] |2t x1.(8)) — ha(t, x2(t))]
< Iylxq(8) = xa ()] + |y (t)] L[ x1 (t) — x2(2)]-
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Then, for t € I, and |y(t)| < k, we get

T T
%1 — x2]| 311/0 \xl(t)—xz(t)|dt+k12/0 1 (F) — xa(F)| dt
< hlxg = x2|| + k bfjxs — x| < (h4+kb)|x1 — x2.

Hence
[1 — (l1 +k 12)] ||X1 — sz <0,

and then the solution of (2) is unique. O

Now, we are in position to state an existence result for the uniqueness of the solution
for the hybrid implicit functional differential Equation (3).

Theorem 6. Let the assumptions of Theorems 3 and 4 be satisfied. Then the solution x € L1(I) of
the implicit hybrid delay functional differential Equation (3) is unique.

Theorem 7. Suppose that assumptions (iii)—(iv) of Theorem 1 are satisfied in addition to (vi) and
/B ra—y+1
(vii). If % < 1, then the solution z of Equation (5) depends continuously on the delay

function ¢.
Proof. LetV e > 0, there exists 6(¢) > 0, we shall show that

lp(t) —¢* ()| <0 = |lz—2"| <,

where .
Z'(t) = I*77 f(t, /Oq) " g(s,z*(s))ds).
Now
w0z = | (o [ stszenas) - (o [0 gtz o)
< |y

IN
—~
i
<
| — |
~
N
N
=
(o}
—~
&
N
—~
195}
S—
SN—
=2
[
~~
|
~
S
=
oq
—~
NS
N
*
—~
[
S~—
SN—
QL
1)
N~~~
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||z —z"||
||z —z"||
Since -1

IN

IN

IN

IN

IN

<

b bl T+
T(a—y+1)

(e [ stz enas) - (e [ st o) |

4 I“_”’[ ’ '/Oqj(t) g(s,z(s))ds — /j(t) ¢(s,z%(s))ds

|

. o(t) . P(t) “
101 [ gts,29) gts, @) ds+ [ (6,20l

9" (1)

*)
[ stz onas— [7 gts,2 ()

0

101 [ gte2060) — 2 D) ds e
bibél“‘7[kﬁT|z@)z*@)|ds4el}

b b} 1“7{T||Z—Z*||+sl},

bybh T 71
I'(a—y+1)

b B, T ey

z—2z* a4 =z- -
===l v 571

b;bgiwvel< __14b57W7+1>1
F'(a—y+1) F(a—y+1)

< 1,weobtain ||z —z*|| <e O

Corollary 2. Since z depends continuously on the delay function ¢, then y depends continuously
on the delay function ¢.

Theorem 8. Suppose that the conditions of Theorem 5 are satisfied, then the solution x of Equation (2)
depends continuously on ¢.

Proof. LetV ¢ > 0, there exists ¢’(¢') > 0, such that |y — y*| < ¢’. Now

|x — x|

IN

IN

ha(t, x(8)) +y(t) ha(t, x(t)) — ha(t, x7(8)) — y* (£) ha(t, x7 (1)) ’

ha(t,x(8)) +y(8) ha(t, x(£)) — (£ %" () — y* () ha(t, x7(8))

Tyt () Rt x(6)) — y* (1) ha(t x(1)) \
It () — a2 ()] + et x(8) 1y(8) — v (8)]
1y (O] ot x(6)) — a(t, (1))

I |x =7 4 (h2(t,0) + Ia|x]) [y (8) — y™ ()] + Kk I [x(t) — x"(£)],
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then
llx =x|[, < hllx=x[ey + (B2t 0)|[L, + Lflx|[L) [y =y || + k2 [[x — x7||ry,
" ([1h2(t,0)|[1, + o|[x[]1,) *
Hx_x HLl = (171171{[2) ||]/_]/ ||

(128, 0)] |1, + Lol |x]]1,)
= (I—h—kb)

8 =
From Corollary 2, we get the result. O

Remark 1. By direct calculations as above we can prove that the solution z € C(I) of Equation (5)
depends continuously on the function fp and thus x € Lq(I) of the Equation (3) depends continu-
ously on the function g.

4. Some Remarks and Particular Cases

Remark 2. As a particular case of our results when v =1 — a , we can deduce the existence of at
least one solution for the problem of conjugate orders

Dt () — (1, (s, D (GAGH) Jas ), we (1), £ € OT)

sO-mx)|  _
s | =

Remark 3. As a particular case of our results when f(t,x(t)) = a(t) + x(t), we can deduce the
existence of at least one solution for the following problem

D () =ty 7 g5 D7) Vi 7 <, 1 < 07,

x(H)=hy (tx(1))

Ta(Ex(0) = 0.

t=0

where a € Ly(I).

Existence Results of the Problem (3) when o =y

In this section, we consider the hybrid differential equation

H—hy(t, —I(s,
o () = (o s o). « < 01

©)
x<t>—h1<t,x(t>>‘ _ o
hZ(t/x(t)) =0
By putting y(t) = %, then problem (9) has the form
{ D*y(t) = f(t I ¢(t) g(s, D*y(s ))d), t € (0,T], (10)
y(0) = 0.
Let w(t) = D*y(t), then
¢(t)
w(t) = f(t,/o g(s,w(s))ds), t el (11)

Now, consider this assumption:
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(i*) f, g: I xR — R are continuous functions and satisfy conditions (vi) and (vii).

to prove the existence of a continuous solution of the integral Equation (11).

Theorem 9. Let the assumptions (i*) be satisfied. If bibsT < 1, then the functional Equation (11)
has a unique solution w € C(I).

Proof. Define the operator /7 on () by

Frw(t) = f(t,/O(P(t)g(s,w(s))ds), t el

T'sup [g(s,0)|+sup [ £(£,0)]
where Q = {w € C(I) : ||w|| < m*}, m* = =L el

T-B[B,T
AMw|| = [|Fw|| = sup|(Fw)(t)]
tel
< ‘f(t /(P(t) (s w(s))ds) ‘
S su ’ ’
teII) 0 §
()
< sup [ (e [ st ) 85 ) - £10,0)| + sup (10
tel J0 tel
o(t)
< b sup / (s, w(s)) ds | +sup |f(t,0)]
tel 0 tel
o(t)
< bjsup lg(s,w(s)) — g(s,0)| ds + b} Tsup|g(s,0)| 4 sup |f(t,0)]
tel /0 tel tel

< b by Tllwl| +b) TStuI; 18(s,0)] sup f(£,0)]
S S

< bi by Tm" + b TstuII:)|g(s,0)|—i—stu119|f(t,0)\. (12)
€ €

In view of assumption (i*), we show that Fj is a continuous operator.
For any w,w’ € ), then we have

\Frw(t) — o ()] = ‘f(t,/o(p(t)g(s,w(s)) ds> —f(t,/oq)(t) (s, (5)) ds)‘

(t) (1)
| [ st s - [T gs,0/() ds

(t)
[ 565, 00) — gls, /()] ds
T
b [ It w(s)) — gls,w/(5))| ds

T
b, b} /0 lw(s) — w'(s)| ds

by b T sup w(s) — w/(s)|
tel

by b5 T ||w —w'|].

IN

IN

INIA

IN

The above inequality shows that
|| F1z — Ful| < |lw—a'||, Vw, v’ € Q,

then 77 : O — Q) is a contraction, and hence F; has a unique fixed point in ), which
completes the proof. [
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5. Conclusions

Here, we have studied some qualitative results for a hybrid implicit differential
equation of arbitrary order (3) involving a Riemann-Liouville fractional derivative (in
case v < &) with a nonlocal initial condition. The Rothe fixed-point Theorem, Nonlinear
alternative of Leray-Schauder type and Kolmogorov compactness criterion have been used
with the aim of proving the main results. Next, we proved the existence of the global
solution of that problem. Furthermore, we have established the continuous dependence
of our solution on the delay function and on other functions. Finally, we considered the
problem (3) when a = 7, which cannot be a special case of the problem (3) because of
the insufficiently of the assumption (7). So, f, g have been assumed to satisfy Lipchitz
conditions. Thus, the solvability of (3) has been discussed for all v < a.
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