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Abstract: In this paper, a new operator Ds f , with s a real number, is defined considering functions
that belong to the known class of p-valent analytic functions in the open unit disk U. Applying
this operator, a new subclass of p-valently analytic functions is introduced and some interesting
subordination- and coefficient-related properties of the functions in this class are discussed. It is
also shown that for certain values given to the parameters involved in the definition of the class,
p-valently starlike and p-valently convex functions of certain orders can be obtained, respectively.
Examples are also given as applications of the newly proven results.

Keywords: p-valently analytic function; p-valently starlike function; p-valently convex function;
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1. Introduction

Let Ap(n) denote the class of functions f of the form:

f (z) = zp +
∞

∑
k=p+n

akzk (n ∈ N = {1, 2, 3, . . .}) (1)

which are p-valently analytic in the open unit disk:

U = {z ∈ C : 0 ≤ |z| < 1}.

p-valently analytic functions have been investigated earlier regarding many aspects
such as the starlikeness of order α [1], the introduction of new subclasses [2], subordination-
and coefficient-related properties [3], and the use of operators in defining new subclasses [4].

p-valently analytic functions still inspire studies with interesting outcomes. Such
results were recently published regarding the properties of p-valently analytic functions
associated with cosine and exponential functions [5], concerning subordination and su-
perordination results using operators on p-valently analytic functions [6,7], and the use of
operators on p-valently analytic functions for introducing new classes [8].

The results of the study presented in this paper were also inspired and motivated by
recently published papers, which are presented next. Generalised differential operators
were used to introduce new classes of p-valent functions, which were investigated regarding
many aspects including coefficient estimates and inclusion properties, in [9,10]. In [11],
a subclass of multivalent functions was defined based on a newly introduced operator
involving p-valent functions, and geometric properties were discussed for that subclass.
The properties of p-valent analytic functions were obtained using the well-known Dziok–
Srivastava operator in [12].
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Having all those published studies as inspiration, in this paper, a new operator is next
introduced, and using it, a new class of functions is defined and studied regarding several
subordination and coefficient properties.

Definition 1. For f ∈ Ap(n), we define:

D0 f (z) = f (z) = zp +
∞

∑
k=p+n

akzk, (2)

D1 f (z) = D f (z) =
1
p

z f ′(z) = zp +
∞

∑
k=p+n

k
p

akzk, (3)

D2 f (z) = D(D f (z)) = zp +
∞

∑
k=p+n

(
k
p

)2
akzk, (4)

and:

Dj f (z) = D(Dj−1 f (z)) = zp +
∞

∑
k=p+n

(
k
p

)j
akzk (j ∈ N). (5)

Furthermore, we introduce:

D−1 f (z) = p
∫ z

0

f (t)
t

dt = zp +
∞

∑
k=p+n

p
k

akzk, (6)

D−2 f (z) = D−1(D−1 f (z)) = zp +
∞

∑
k=p+n

( p
k

)2
akzk, (7)

and:

D−j f (z) = D−1(D−j+1 f (z)) = zp +
∞

∑
k=p+n

( p
k

)j
akzk (j ∈ N). (8)

Definition 2. With those definitions, we introduce:

Dj f (z) = zp +
∞

∑
k=p+n

(
k
p

)j
akzk (z ∈ U) (9)

for j = . . . ,−1, 0, 1, 2, . . . .

Remark 1. For a function f in the class A1(1) (p = 1, n = 1), Flett [13] introduced:

Is f (z) = z +
∞

∑
k=2

(
1
k

)s
akzk (10)

for some real number s. We know that:

Is f (z) =
1

Γ(s)

∫ 1

0

(
log

1
t

)s−1
f (tz)dt (s > 0), (11)

where Γ(s) is the gamma function. Therefore, for p = 1 and n = 1 in (6) and s = 1 in (10), we
have:

D−1 f (z) = I1 f (z). (12)

This show us that:
D−j f (z) = I j f (z) (j ∈ N) (13)

for p = 1, n = 1, and s = j.
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Considering Dj f in (9), we introduce:

Ds f (z) = zp +
∞

∑
k=p+n

(
k
p

)s
akzk ( f (z) ∈ Ap(n), z ∈ U) (14)

for some real number s ∈ R.
With the above operator Ds f , we define:

Definition 3. If f ∈ Ap(n) satisfies:

Re
(

Ds f (z)
Dt f (z)

)
> α (z ∈ U) (15)

for 0 ≤ α < 1, s ∈ R, and t ∈ R, then we say that f is in the class Ap(n, s, t; α).

Remark 2. If s = 1 and t = 0 in (15), then f satisfies:

Re
(

z f ′(z)
f (z)

)
> pα (z ∈ U). (16)

Therefore, f ∈ Ap(n, 1, 0; α) is p-valently starlike of order pα in U. If s = 2 and t = 1 in
(15), then f satisfies:

Re
(

1 +
z f ′′(z)
f ′(z)

)
> pα (z ∈ U). (17)

Thus, we know that f ∈ Ap(n, 2, 1; α) is p-valently convex of order pα in U (cf. Owa [14]).

Definition 4. Let f and g be analytic in U. If there exists a function w that is analytic in U with
w(0) = 1 and |w(z)| < 1 (z ∈ U) and such that f (z) = g(w(z)) (z ∈ U), then we say that f is
subordinate to g in U.

We denote this subordination by:

f (z) ≺ g(z) (z ∈ U). (18)

Further, if g is univalent in U, then the subordination (18) is equivalent to f (0) = g(0) and
f (U) ⊆ g(U) (cf. Pommerenke [15] and Miller and Mocanu [16]).

2. Subordination Properties

To discuss the subordination properties for our functions, we have to recall here the
following results due to Miller and Mocanu [17].

Lemma 1 ([17]). Let β and γ be complex numbers. Let h be convex (univalent) in U such that:

Re(βh(z) + γ) > 0 (z ∈ U). (19)

If a function p is analytic in U with:

p(z) +
zp′(z)

βp(z) + γ
≺ h(z) (p(0) = h(0)), (20)

then:
p(z) ≺ h(z) (z ∈ U). (21)

Furthermore, if the Briot–Bouquet differential equation:

g(z) +
zg′(z)

βg(z) + γ
= h(z) (g(0) = h(0)) (22)
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has a univalent solution g, then:

p(z) ≺ g(z) ≺ h(z) (z ∈ U) (23)

and g is said to be the best dominant of (20).

Remark 3. If the univalent function g in U has the property such that p(z) ≺ g(z) for all p
satisfying (20), then g is called a dominant of (20). If g̃ is a dominant of g̃(z) ≺ g(z) for all
dominants g of (20), then g̃ is said to be the best dominant of (20).

The following lemma is due to Miller and Mocanu [18].

Lemma 2 ([18]). If β is a real number such that 0 ≤ β < 1, then the differential equation:

g(z) +
zg′(z)
g(z)

=
1 + (1− 2β)z

1− z
(z ∈ U) (24)

has a univalent solution g given by:

g(z) =





(1− 2β)z
(1− z)(1− (1− z)1−2β)

(
β 6= 1

2

)

z
(z− 1) log(1− z)

(
β =

1
2

)
.

(25)

Now, we derive:

Theorem 1. Let β and γ be complex numbers and h be convex (univalent) in U such that:

Re(βh(z) + γ) > 0 (z ∈ U). (26)

If f ∈ Ap(n) satisfies:

Ds f (z)
Dt f (z)

+

(
Ds+1 f (z)

Ds f (z)
− Dt+1 f (z)

Dt f (z)

)
p

β + γ
Dt f (z)
Ds f (z)

≺ h(z) (z ∈ U) (27)

for some real s and t, then:
Ds f (z)
Dt f (z)

≺ h(z) (z ∈ U). (28)

Furthermore, the Briot–Bouquet differential equation:

g(z) +
zg′(z)

βg(z) + γ
= h(z) (29)

has a univalent solution g, then:

Ds f (z)
Dt f (z)

≺ g(z) ≺ h(z) (z ∈ U) (30)

and g is the best dominant of (27).

Proof. Define a function p by:

p(z) =
Ds f (z)
Dt f (z)

.
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Then, p is analytic in U and p(0) = h(0) = 1. Since:

zp′(z)
p(z)

= p
(

Ds+1 f (z)
Ds f (z)

− Dt+1 f (z)
Dt f (z)

)
, (31)

we see that:

p(z) +
zp′(z)

βp(z) + γ
=

Ds f (z)
Dt f (z)

+

(
Ds+1 f (z)

Ds f (z)
− Dt+1 f (z)

Dt f (z)

)
p

β + γ
Dt f (z)
Ds f (z)

≺ h(z) (z ∈ U). (32)

Thus, considering Lemma 1, we say that:

Ds f (z)
Dt f (z)

≺ h(z) (z ∈ U). (33)

Furthermore, if g satisfies the conditions of the theorem, then g satisfies:

Ds f (z)
Dt f (z)

≺ g(z) ≺ h(z) (z ∈ U) (34)

and g is the best dominant of (27).

Example 1. We consider:

f (z) =
(

z
(1− z)2

)p
= zp + 2pzp+1 + p(2p + 1)zp+2 + . . . (35)

and:
h(z) =

1 + z
1− z

= 1 + 2z + 2z2 + . . . . (36)

Then f ∈ Ap(1) and h is convex in U.
Take s = 1, t = 0, β = 1, and γ = 0 in Theorem 1. Then, the subordination (27) becomes:

1 +
z f ′′(z)
f ′(z)

+

(
1− p

p

)
z f ′(z)

f (z)
≺ 1 + z

1− z
(z ∈ U). (37)

For the above subordination (37), the subordination (28) becomes:

z f ′(z)
p f (z)

≺ 1 + z
1− z

(z ∈ U). (38)

This gives us that f is p-valently starlike in U. Further, considering a function g defined by:

g(z) +
zg′(z)
g(z)

=
1 + z
1− z

, (39)

we see that:
g(z) =

1
1− z

(z ∈ U). (40)

Thus, the subordination (30) becomes:

z f ′(z)
p f (z)

≺ 1
1− z

≺ 1 + z
1− z

(z ∈ U) (41)

and g is the best dominant of (27).

Next, we derive the following:
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Theorem 2. If f ∈ Ap(n) satisfies:

Re
{

Ds f (z)
Dt f (z)

+ p
(

Ds+1 f (z)
Ds f (z)

− Dt+1 f (z)
Dt f (z)

)}
> α (z ∈ U) (42)

for some real s and t with 0 ≤ α < 1, then f ∈ Ap(n, s, t; δ(α)), where:

δ(α) =





2α− 1
2(1− 21−2α)

(
α 6= 1

2

)

1
2 log 2

= 0.7213 . . .
(

α =
1
2

)
.

(43)

Proof. Define a function p by:

p(z) =
Ds f (z)
Dt f (z)

(44)

and hα by:

hα(z) =
1 + (1− 2α)z

1− z
(0 ≤ α < 1). (45)

It follows from (44) that:

zp′(z)
p(z)

= p
(

Ds+1 f (z)
Ds f (z)

− Dt+1 f (z)
Dt f (z)

)
. (46)

Applying Lemma 1 with β = 1 and γ = 0, if f satisfies:

Ds f (z)
Dt f (z)

+ p
(

Ds+1 f (z)
Ds f (z)

− Dt+1 f (z)
Dt f (z)

)
≺ hα(z) (z ∈ U), (47)

then we have:
Ds f (z)
Dt f (z)

≺ hα(z) (z ∈ U). (48)

Further, we consider a function g given by:

g(z) +
zg′(z)
g(z)

= hα(z) (z ∈ U) (49)

with g(0) = hα(0) = 1. It follows from (49) that:

g(z) = gα(z) =





(1− 2α)z
(1− z)(1− (1− z)1−2α)

(
α 6= 1

2

)

z
(z− 1) log(1− z)

(
α =

1
2

)
.

(50)

Furthermore, we note that gα defined by (50) is univalent in U. Using Lemma 1, we
say that:

Ds f (z)
Dt f (z)

≺ gα(z) ≺ hα(z) (z ∈ U). (51)

Since:
min
|z|≤1

Re(gα(z)) = gα(−1) = δ(α), (52)

we have that:

Re
(

Ds f (z)
Dt f (z)

)
> δ(α) (z ∈ U). (53)

This means that f ∈ Ap(n, s, t; δ(α)).
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Considering p = 1 and s = t + 1 in Theorem 2, we say the following:

Corollary 1. If f ∈ A1(n, t + 2, t + 1; α), then f ∈ A1(n, t + 1, t; δ(α)).

Example 2. Let us consider p = 1, s = 1, and t = 0 in Theorem 2. Note that:

Ds f (z)
Dt f (z)

=
Dt+1 f (z)

Dt f (z)
=

z f ′(z)
f (z)

(54)

and:
Ds+1 f (z)

Ds f (z)
= 1 +

z f ′′(z)
f ′(z)

. (55)

We consider f satisfying:

1 +
z f ′′(z)
f ′(z)

=
1 + (1− 2α)z

1− z
(z ∈ U) (56)

with 0 ≤ α < 1. Since:

Re
(

1 +
z f ′′(z)
f ′(z)

)
= Re

(
1 + (1− 2α)z

1− z

)
> α (z ∈ U), (57)

f satisfies the inequality (42). It follows from (56) that:

f ′(z) =
1

(1− z)2(1−α)
(58)

and:

f (z) =
1

1− 2α

(
1

(1− z)1−2α
− 1
)

. (59)

This gives us that:
z f ′(z)

f (z)
=

(1− 2α)z
(1− z)(1− (1− z)1−2α)

. (60)

Therefore, f satisfies:

Re
(

Ds f (z)
Dt f (z)

)
= Re

(
z f ′(z)

f (z)

)
> δ(α) (z ∈ U). (61)

Thus, we see that f ∈ A1(1, 1, 0; δ(α)).

To discuss our next results, we have to present the following lemma due to Miller and
Mocanu ([16,19]) (also by Jack [20]).

Lemma 3. Let the function w(z) given by:

w(z) = anzn + an+1zn+1 + . . . (n ∈ N) (62)

be analytic in U with w(0) = 0. If |w(z)| attains its maximum value on the circle |z| = r < 1 at a
point z0 ∈ U, then there exists a real number k ≥ n such that:

z0w′(z0)

w(z0)
= k (63)

and:

Re
(

1 +
z0w′′(z0)

w′(z0)

)
≥ k. (64)
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Applying this lemma, we derive the following:

Theorem 3. If f ∈ Ap(n) satisfies:

Re
(

Ds+1 f (z)
Ds f (z)

− Dt+1 f (z)
Dt f (z)

)
> − nα

2p(1− α)
(z ∈ U) (65)

for some real s and t and for 0 ≤ α < 1, then f ∈ Ap(n, s, t; α). If f ∈ Ap(n) satisfies:

∣∣∣∣
Ds+1 f (z)

Ds f (z)
− Dt+1 f (z)

Dt f (z)

∣∣∣∣ <
n(1− α)

2pα
(z ∈ U) (66)

for some real s and t and for
1
2
≤ α < 1, then f ∈ Ap(n, s, t; α).

Proof. Let us define the function w by:

Ds f (z)
Dt f (z)

=
1 + (1− 2α)w(z)

1− w(z)
(w(z) 6= 1). (67)

Then, w is analytic in U, w(0) = 0, and:

w(z) = bnzn + bn+1zn+1 + . . . . (68)

It follows from (67) that:

p
(

Ds+1 f (z)
Ds f (z)

− Dt+1 f (z)
Dt f (z)

)
=

(1− 2α)zw′(z)
1 + (1− 2α)w(z)

+
zw′(z)

1− w(z)
. (69)

We suppose that there exists a point z0 ∈ U such that:

max
|z|≤|z0|

|w(z)| = |w(z0)| = 1 (w(z0) 6= 1). (70)

Then, applying Lemma 3, we write that:

z0w′(z0) = kw(z0) (k ≥ n). (71)

This implies that:

pRe
(

Ds+1 f (z0)

Ds f (z0)
− Dt+1 f (z0)

Dt f (z0)

)
= Re

{
(1− 2α)kw(z0)

1 + (1− 2α)w(z0)
+

kw(z0)

1− w(z0)

}
(72)

= kRe
{

(1− 2α)eiθ

1 + (1− 2α)eiθ +
eiθ

1− eiθ

}
(w(z0) = eiθ)

= k
{

(1− 2α)((1− 2α) + cos θ)

1 + (1− 2α)2 + 2(1− 2α) cos θ
− 1

2

}

≤ k
{

1− 2α

2(1− α)
− 1

2

}

= − αk
2(1− α)

≤ − nα

2(1− α)
.

This contradicts the condition (65) of the theorem. This means that there is no z0
(0 < |z0| < 1) such that |w(z0)| = 1. Since |w(z)| < 1 for all z ∈ U, we have that:

Re
(

Ds f (z)
Dt f (z)

)
> α (z ∈ U), (73)
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that is f ∈ Ap(n, s, t; α).
Furthermore, we have that:

∣∣∣∣
Ds+1 f (z0)

Ds f (z0)
− Dt+1 f (z0)

Dt f (z0)

∣∣∣∣ =
k
p

∣∣∣∣
(1− 2α)w(z0)

1 + (1− 2α)w(z0)
+

w(z0)

1− w(z0)

∣∣∣∣ (74)

=
k
p

∣∣∣∣
1− 2α

1 + (1− 2α)eiθ +
1

1− eiθ

∣∣∣∣

=
k
p

2(1− α)

|(1 + (1− 2α)eiθ)(1− eiθ)|

≥ k(1− α)

2pα
≥ n(1− α)

2pα

(
1
2
≤ α < 1

)
.

Since the above inequality contradicts (66), we say that |w(z)| < 1 for all z ∈ U. Thus,
we say that f ∈ Ap(n, s, t; α).

Taking s = t + 1 in Theorem 3, we have the following:

Corollary 2. If f ∈ Ap(n) satisfies:

Re
(

1 +
z(Dt f (z))′′

(Dt f (z))′
− z(Dt f (z))′

Dt f (z)

)
> − nα

2(1− α)
(z ∈ U) (75)

for some real t and 0 ≤ α < 1, then f (z) ∈ Ap(n, t + 1, t; pα). This means that f is p-valently
starlike of order pα in U. If f ∈ Ap(n) satisfies:

∣∣∣∣1 +
z(Dt f (z))′′

(Dt f (z))′
− z(Dt f (z))′

Dt f (z)

∣∣∣∣ <
n(1− α)

2α
(z ∈ U) (76)

for some real t and
1
2
≤ α < 1, then f ∈ Ap(n, t + 1, t; pα).

Further, we derive the following:

Theorem 4. If f ∈ Ap(n) satisfies:

∣∣∣∣
Ds+2 f (z)
Ds+1 f (z)

− 1
∣∣∣∣ <

(2p + 3n)α− 2pα2 − n
2pα

(77)

for some real s and α

(
1
3
≤ α ≤ 1

2

)
, or:

∣∣∣∣
Ds+2 f (z)
Ds+1 f (z)

− 1
∣∣∣∣ <

(2p− n)α− 2pα2 + n
2pα

(78)

for some real s and α

(
1
2
≤ α < 1

)
, then Ds f is p-valently starlike of order pα in U with

1
3
≤ α < 1.

Proof. We consider a function w defined by:

Ds+1 f (z)
Ds f (z)

=
1 + (1− 2α)w(z)

1− w(z)
(w(z) 6= 1). (79)

Since:

p
{

Ds+2 f (z)
Ds+1 f (z)

− Ds+1 f (z)
Ds f (z)

}
=

(1− 2α)zw′(z)
1 + (1− 2α)w(z)

+
zw′(z)

1− w(z)
, (80)
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we have:

Ds+2 f (z)
Ds+1 f (z)

− 1 =

(
w(z)

1− w(z)

){
2(1− α) +

1
p

(
zw′(z)
w(z)

)(
1 +

(1− 2α)(1− w(z))
1 + (1− 2α)w(z)

)}
. (81)

Suppose that there exists a point z0 ∈ U such that:

max
|z|≤|z0|

|w(z)| = |w(z0)| = 1 (w(z0) 6= 1). (82)

Then, we can write that w(z0) = eiθ and:

z0w′(z0) = kw(z0) (k ≥ n) (83)

by Lemma 3. This implies that:

∣∣∣∣
Ds+2 f (z0)

Ds+1 f (z0)
− 1
∣∣∣∣ =

∣∣∣∣
(

eiθ

1− eiθ

)(
2(1− α) +

k
p

(
1 +

(1− 2α)(1− eiθ)

1 + (1− 2α)eiθ

))∣∣∣∣ (84)

≥ 2p(1− α) + k
2p

− k|1− 2α|
2pα

.

It follows from (84) that:
∣∣∣∣
Ds+2 f (z0)

Ds+1 f (z0)
− 1
∣∣∣∣ ≥

2pα(1− α) + (3α− 1)k
2pα

(85)

≥ (2p + 3n)α− 2pα2 − n
2pα

for
1
3
≤ α ≤ 1

2
, and that:

∣∣∣∣
Ds+2 f (z0)

Ds+1 f (z0)
− 1
∣∣∣∣ ≥

2pα(1− α) + (1− α)k
2pα

(86)

≥ (2p− n)α− 2pα2 + n
2pα

for
1
2
≤ α < 1. Thus, we say that there is no z0 ∈ U such that |w(z0)| = 1 with the

conditions of the theorem. Since |w(z)| < 1 (z ∈ U), we conclude that:

Re
(

Ds+1 f (z)
Ds f (z)

)
> α (z ∈ U) (87)

with
1
3
≤ α < 1. This means that f ∈ Ap(n, s + 1, s; α) with

1
3
≤ α < 1. Noting that:

Ds+1 f (z) =
1
p

z(Ds f (z))′, (88)

we say that f is p-valently starlike of order pα in U with
1
3
≤ α < 1.

Remark 4. For Theorem 4, we leave the condition for α

(
0 ≤ α <

1
3

)
that f is p-valently starlike

of order α in U.
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3. Coefficient Problems

We discuss some coefficient problems for f ∈ Ap(n, s, t; α). We need the following
lemma by Hayman [21].

Lemma 4 ([21]). Let a function:

h(z) =
∞

∑
k=1

hkzk (89)

be analytic in U and a function:

g(z) =
∞

∑
k=1

gkzk (90)

be analytic and convex in U. If:
h(z) ≺ g(z) (z ∈ U), (91)

then:
|hk| ≤ |g1| (k ≥ 2). (92)

The above lemma leads us to the following result:

Theorem 5. If f (z) ∈ Ap(n, s, t; α), then:

|ak| ≤ βk

k−1

∏
j=p+n

(
1 +

(
j
p

)t
β j

)
(k = p + n + 1, p + n + 2, . . .) (93)

and:
|ap+n| ≤ βp+n, (94)

where:

β j =
2(1− α)∣∣∣∣∣

(
j
p

)s
−
(

j
p

)t
∣∣∣∣∣

. (95)

Proof. We introduce a function p by:

p(z) =
Ds f (z)
Dt f (z)

=

zp +
∞

∑
k=p+n

(
k
p

)s
akzk

zp +
∞

∑
k=p+n

(
k
p

)t
akzk

(96)

and a function q by:

q(z) =
p(z)− 1

1− α
= q1z + q2z2 + . . . . (97)

Since:
Rep(z) > α (z ∈ U), (98)

we see that:
Req(z) > −1 (z ∈ U). (99)

This gives us that:

q(z) ≺ 2z
1− z

= 2(z + z2 + z3 + . . .). (100)

Applying Lemma 4, we have:

|qk| ≤ 2 (k = 1, 2, 3, . . .). (101)
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Since:

p(z) = 1 + (1− α)q(z) (102)

= 1 + (1− α)(q1z + q2z + . . .),

we obtain:
((

k
p

)3
−
(

k
p

)t
)

ak = (1− α)

{
qk−p +

(
p + n

p

)t
qk−p−1ap+n (103)

+

(
k + n + 1

p

)t
qk−p−2ap+n+1 + . . . +

(
k− 1

p

)t
q1ak−1

}

and that:
∣∣∣∣∣

(
k
p

)s
−
(

k
p

)t
∣∣∣∣∣|ak| ≤ 2(1− α)

{
1 +

(
p + n

p

)t
|ap+n| (104)

+

(
p + n + 1

p

)t
|ap+n+1|+ . . . +

(
k− 1

p

)t
|ak−1|

}
.

If k = p + n, then we have:

|ap+n| ≤
2(1− α)∣∣∣∣∣

(
k
p

)s
−
(

k
p

)t
∣∣∣∣∣

≡ βp+n. (105)

If k = p + n + 1, then we have:

|ap+n+1| ≤ βp+n+1

(
1 +

(
p + n

p

)t
βp+n

)
. (106)

If k = p + n + 2, then we have:

|ap+n+2| ≤ βp+n+2

{
1 +

(
p + n

p

)t
βp+n +

(
p + n + 1

p

)t
βp+n+1

(
1 +

(
p + n

p

)t
βp+n

)}
(107)

= βp+n+2

(
1 +

(
p + n

p

)t
βp+n

)(
1 +

(
p + n + 1

p

)t
βp+n+1

)
.

Similarly, we obtain that:

|ak| ≤ βk

k−1

∏
j=p+n

(
1 +

(
j
p

)t
β j

)
(108)

for k = p + n + 1, p + n + 2, . . . . This completes the proof of the theorem.

Letting s = t + 1 in Theorem 5, we have:

Corollary 3. If f ∈ Ap(n, t + 1, t; α), then:

|ak| ≤
2pt+1(1− α)

kt(k− p)

k−1

∏
j=p+n

(
1 +

2p(1− α)

j− p

)
(k = p + n + 1, p + n + 2, . . .) (109)
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and:

|ap+n| ≤
2pt+1(1− α)

n(p + n)t . (110)

Remark 5. If we take t = 0 and p = n = 1 in Corollary 3, we say that if f is starlike of order α in
U, then:

|ak| ≤

k

∏
j=2

(j− 2α)

(k− 1)!
(k = 2, 3, 4, . . .). (111)

If we make t = p = n = 1 in Corollary 3, we say that if f is convex of order α in U, then,
according to [22] we write:

|ak| ≤

k

∏
j=2

(j− 2α)

k!
(k = 2, 3, 4, . . .). (112)

Next, we prove the following:

Theorem 6. If f ∈ Ap(n) satisfies:

∞

∑
k=p+n

{∣∣∣∣∣

(
k
p

)s
−
(

k
p

)t
∣∣∣∣∣+ (1− α)

(
k
p

)t
}
|ak| ≤ 1− α (113)

for some real s and t with 0 ≤ α < 1, then f ∈ Ap(n, s, t; α).

Proof. Consider that:

∣∣∣∣
Ds f (z)
Dt f (z)

− 1
∣∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣

∞

∏
k=p+n

((
k
p

)s
−
(

k
p

)t
)

akzk−p

1 +
∞

∏
k=p+n

(
k
p

)t
akzk−p

∣∣∣∣∣∣∣∣∣∣∣

(114)

<

∞

∏
k=p+n

∣∣∣∣∣

(
k
p

)s
−
(

k
p

)t
∣∣∣∣∣|ak|

1−
∞

∏
k=p+n

(
k
p

)t
|ak|

≤ 1− α (z ∈ U). (115)

Then, we say that f ∈ Ap(n, s, t; α). Therefore, if f satisfies the inequality (113), then
f ∈ Ap(n, s, t; α).

Letting s = t + 1 in the above theorem, we have the following:

Corollary 4. If f ∈ Ap(n) satisfies:

∞

∑
k=p+n

(
k
p

)t( k
p
− α

)
|ak| ≤ 1− α (116)

for some real t with 0 ≤ α < 1, then f ∈ Ap(n, t + 1, t; α).

Remark 6. Let us consider t = 0 in Corollary 4. Then, we see that if f ∈ Ap(n) satisfies:

∞

∑
k=p+n

(k− pα)|ak| ≤ p(1− α) (117)
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for 0 ≤ α < 1, then f ∈ Ap(n, 1, 0; α). This implies that:

Re
(

z f ′(z)
f (z)

)
> pα (z ∈ U), (118)

that is that f is p-valently starlike of order pα in U. We consider:

1
2

∫ z

0

tp+n−1−pα(z− t)2

1− t
dt =

1
2

{
z2
∫ z

0

tp+n−1−pα

1− t
dt− 2z

∫ z

0

tp+n−pα

1− t
dt +

∫ z

0

tp+n+1−pα

1− t
dt
}

(119)

=
∞

∑
k=p+n

zk+2−pα

(k− pα)(k + 1− pα)(k + 2− pα)
.

With the above integration, we define:

f (z) = zp +
p(1− α)(p + n + 1− pα)zpα−2

2

∫ z

0

tp+n−1−pα(z− t)2

1− t
dt (120)

= zp +
∞

∑
k=p+n

akzk,

where:

ak =
p(1− α)(p + n + 1− pα)

(k− pα)(k + 1− pα)(k + 2− pα)
(k = p + n, p + n + 1, . . .). (121)

For this function f , we obtain that:

∞

∑
k=p+n

(k− pα)|ak| = p(1− α)(p + n + 1− pα)
∞

∑
k=p+n

(
1

k + 1− pα
− 1

k + 2− pα

)
(122)

= p(1− α).

Therefore, the function f given by (120) belongs to the class Ap(n, 1, 0; α).

Remark 7. If we consider a function f given by:

f (z) = z +
(1− α)2zα

2

∫ z

0

t−α(z− t)2

1− t
dt (123)

= z +
∞

∑
k=3

(1− α)2

(k− α)(k− 1− α)(k− 2− α)
zk

= z +
∞

∑
k=3

akzk,

where:

ak =
(1− α)2

(k− α)(k− 1− α)(k− 2− α)
(k = 3, 4, 5, . . .), (124)

then we have:

∞

∑
k=2

(k− α)|ak| = (1− α)2
∞

∑
k=3

1
(k− 1− α)(k− 2− α)

(125)

= (1− α)2
∞

∑
k=3

(
1

k− 2− α
− 1

k− 1− α

)

= 1− α.
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This implies that f is starlike of order α in U. Further, if we consider:

f (z) =
1
2

z +
3
4

z2 − (1− z)2

2
log(1− z) (126)

= z +
∞

∑
k=3

1
k(k− 1)(k− 2)

zk

= z +
∞

∑
k=3

akzk,

where:
ak =

1
k(k− 1)(k− 2)

(k = 3, 4, 5, . . .), (127)

then we see:

∞

∑
k=2

k|ak| =
∞

∑
k=3

1
(k− 1)(k− 2)

(128)

=
∞

∑
k=3

(
1

k− 2
− 1

k− 1

)
= 1.

This implies that f given by (126) is starlike in U.

Finally, we know that the function f given by (126) maps U onto the following
starlike domain.
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then we have

∞

∑
k=2

(k− α)|ak| = (1− α)2
∞

∑
k=3

1
(k− 1− α)(k− 2− α)

(125)

= (1− α)2
∞

∑
k=3

(
1

k− 2− α
− 1

k− 1− α

)

= 1− α.

This implies that f is starlike of order α in U. Further, if we consider

f (z) =
1
2

z +
3
4

z2 − (1− z)2

2
log(1− z) (126)

= z +
∞

∑
k=3

1
k(k− 1)(k− 2)

zk

= z +
∞

∑
k=3

akzk,

where
ak =

1
k(k− 1)(k− 2)

(k = 3, 4, 5, . . .), (127)

then we see

∞

∑
k=2

k|ak| =
∞

∑
k=3

1
(k− 1)(k− 2)

(128)

=
∞

∑
k=3

(
1

k− 2
− 1

k− 1

)
= 1.

This implies that f given by (126) is starlike in U.89

Finally, we know that the function f given by (126) maps U onto the following90

starlike domain91
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4. Conclusion93

Following the pattern seen in recently published papers cited in Introduction, a94

new operator is introduced in Definition 2 and using it, a new class of p-valently analytic95

functions Ap(n, s, t; α) is given in Definition 3. Subordination results involving functions96

from class Ap(n, s, t; α) are contained in the theorems and corollaries in section 2 and97

4. Conclusions

Following the pattern seen in recently published papers cited in the Introduction, a
new operator was introduced in Definition 2, and using it, a new class of p-valently analytic
functions Ap(n, s, t; α) was given in Definition 3. Subordination results involving functions
from class Ap(n, s, t; α) were contained in the theorems and corollaries in Section 2, and
also, two examples were constructed based on the proven results. In Section 3, coefficient
estimates were found for functions in the class Ap(n, s, t; α).

As future directions, the most appealing appears to be adding quantum calculus to
the study of the class Ap(n, s, t; α) as was performed in [23] for a class of p-valent analytic
functions introduced using the q-difference operator and Janowski functions. The Fekete–
Szegö inequality was obtained for that class, and coefficient estimates, convexity, and
starlikeness were investigated there; hence, similar studies could be further developed for
class Ap(n, s, t; α). In [24], a q-difference operator was also used for investigating subclasses
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of multivalent analytic functions, and this paper can also be used as inspiration for future
studies related to class Ap(n, s, t; α).

In [25,26], q-type operators were investigated related to multivalent functions, which
suggests the same future approach on the operator introduced in this paper.

As seen in paper [11], p-valent functions are associated with special functions such as
hypergeometric functions. In [27], the Mittag–Leffler function was used for introducing
classes of p-valent functions. Those studies suggest further investigations on p-valent
functions involving other special functions.

Applications of the p-valent functions in nonlinear differential equations can be further
investigated since those functions can be used for the initial solution of the variational
iteration method.
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