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Abstract: In this paper, we investigate infinite interval problems for the fractional evolution equations
with Hilfer fractional derivative. By using the generalized Ascoli-Arzela theorem and some new
techniques, we prove the existence of mild solutions of Hilfer fractional evolution equations when
the semigroup is compact as well as noncompact. In addition, an example is provided to illustrate
the results.
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1. Introduction

Fractional differential equations have recently attracted a lot of attention due to their
applications in science and engineering; in particular, they can describe much more nonlocal
phenomena in physics, such as fluid mechanics, the diffusion phenomenon, and viscoelas-
ticity. In lots of processes or phenomena with long-range temporal cumulative memory
effects and/or long-range spatial interactions, theoretical and numerical results have also
shown that fractional differential equations display more prominent advantages than inte-
ger order ones. In the past two decades, the theory of fractional differential equations has
attracted the attention of researchers all over the world, as in the monographs [1-4] and the
recent references.

Consider the Cauchy problem of fractional evolution equations on an infinite interval

HDPMy(8) = Ay(t) + gL y(t), t€ (0,00),

W00~

)

where Hng:‘ is the Hilfer fractional derivative of order 0 < A < 1l and type 0 < u <1,

I(gr/\)(lfﬂ ) is Riemann-Liouville integral of order (1 — A)(1 — i), A is the infinitesimal gen-

erator of a strongly continuous semigroup of bounded linear operators (i.e., Cy semigroup)
{Q(#)}+>0 in Banach space X, g : [0,00) x X — X is a function to be defined later.

The Hilfer fractional derivative is a natural generalization of Caputo derivative and
Riemann-Liouville derivative [1]. It is obvious that fractional differential equations with
Hilfer derivatives include fractional differential equations with a Riemann-Liouville deriva-
tive or Caputo derivative as special cases.

The well-posedness of fractional evolution equations is an important research topic
of evolution equations, as many types of fractional partial differential equations, such as
fractional diffusion equations, wave equations, Navier-Stokes equations, Rayleigh—Stokes
equations, Fokker-Planck equations, Schrodinger equations, etc., can be abstracted as
fractional evolution equations [5-7]. However, it seems that there are few works concerned
with fractional evolution equations on an infinite interval. Most of these results involve the
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existence of solutions for fractional evolution equations on a finite interval [0, T], where
T € (0, ) (for example, see [8-11]). The Ascoli-Arzela theorem and various fixed point
theorems are widely used to study the existence of solutions. It is well known that the
classical Ascoli-Arzela theorem is powerful technique to give a necessary and sufficient
condition for judging the relative compactness of a family of abstract continuous functions,
while it is limited to finite closed interval.

In this paper, by using the generalized Ascoli-Arzela theorem and some new tech-
niques, we prove the existence of mild solutions for the infinite interval problem (1) when
the semigroup is compact as well as noncompact. In particular, we do not need to assume
that the g(t, -) satisfies the Lipschitz condition. The main methods of this paper are based
on the generalization of Ascoli-Arzela theorem on infinite intervals, Schauder’s fixed point
theorem, and Kuratowski’s measure of noncompactness.

2. Preliminaries

We first introduce some notations and definitions about fractional calculus, Kura-
towski’s measure of noncompactness, and the definition of mild solutions. For more details,
we refer to [1,2,12,13].

Assume that X is a Banach space with the norm | - |. Let R = (—o0,00) and ] be an
infinite interval of R. By C(], X) we denote the space of all continuous functions from J to
X with the norm [|ullg = sup,; |u(t)| < co. We denote by L(X) the space of all bounded
linear operators from X to X with the usual operator norm || - || £(x)-

Definition 1 (see [2]). The fractional integral of order A for a function u : [0,00) — Ris defined as

t
Ioﬁu(t) = 1,(1/\) ./0 (t—s)*tu(s)ds, A>0,t>0,

provided the right side is point-wise defined on [0, 00), where I'(-) is the gamma function.

Definition 2 (Hilfer fractional derivative, see [1]). Let 0 < A < 1and 0 < u < 1. The Hilfer
fractional derivative of order A and type y for a function u : [0,00) — R is defined as

A 1-A0) d (1-2)(1—
pftue) = Y S 1 T u ),

Remark 1. (i) In particular, when p = 0,0 < A < 1, then

d A
Hr0,A .
D, u(t) = tlé Au(t) .LDO u(t),

where LDS . is the Riemann—Liouville derivative.
(if) When y = 1,0 < A < 1, we have

d
LA - )
HD0+u(t) = I(L’\Eu(t) =: Dy, u(t),

A o
where "Dy, is Caputo derivative.

Let D be a nonempty subset of X. Kuratowski’s measure of noncompactness f3 is said
to be:

n
B(D) =inf{d >0: D C | M;jand diam(M;) <d o,
j=1

where the diameter of M; is given by diam(M;) = sup{|x —y[: x,y € M;},j=1,...,n.
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Lemma 1 ([14]). Let {u,(t)}5; : [0,00) — X be a continuous function family. If there exists
p € L'[0,00) such that

lun(H)] < p(t), t€[0,0), n=12,....

Then B({un(t)}5_) is integrable on [0, 00), and

8({ /Otun(s)ds: n=12..}) SZ/Otﬁ({un(s): n=1,2,.. V)ds.

Definition 3 ([15]). The Wright function W) (0) is defined by

00 9)n1
=) n—l T(1—An)’

n:l

0<A<1,0€eC,

with the following property

o e e TA+8)
/OQWA(Q)dG—r(l_i_M),forcS_O.

Lemma 2 ([8]). The Cauchy problem (1) is equivalent to the integral equation

Y 1A
y(t) T = ) +A)t " o
1 t
+ W/o (t — )" 1[Ay(s) + G(s, y(s))]ds, t € (0,00).
Lemma 3 ([8]). Assume that y(t) satisfies integral Equation (2). Then
t
¥() = Pua(tlvo + [ Qu(t=)3(s,y(s))ds, £ € (0,9) ©

where
Pua() = BV 00, Qa0 = A7IS (1), and Si(1) = [ AW (@)Q(0)d.
Due to Lemma 3, we give the following definition of the mild solution of (1).

Definition 4. By the mild solution of the Cauchy problem (1), we mean that the function y &
C((0,00), X) which satisfies

V() = PO+ [ Qult = )glo,v(s))ds, £ € (0,0).

Suppose that A is the infinitesimal generator of a Cy semigroup {Q(#) }+>0 of uniformly
bounded linear operators on Banach space X. This means that there exists L > 1 such that

SUP;¢ 0,00 [|Q(H) | £(x) < L.

Lemma 4 ([4,8]). If {Q(t) }+~0 is a compact operator, then { P, x(t) }+=0 and {Sx(t) }+>o are also
compact operators.

Lemma 5. Assume that {Q(t) }+~¢ is a compact operator. Then {Q(t) }1~¢ is equicontinuous.

Lemma 6 ([8]). For any fixed t > 0, S)(t), Qx(t) and Py, \(t) are linear operators, i.e., for any
yeX

Su(01 < gyl 19401 < i
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and

L
= ~=n)0-p
|P]4,A(t)y| < F(“M(l —)\) +/\)t |y|

Lemma 7 ([8]). If {Q(#)}+>0 is equicontinuous, then the operators {S) () }r=0, { Qr () } =0 and
{Py(t)} =0 are strongly continuous, which means that, for Vy € X and t" > ' > 0, we have

[SA(t)y = Sa(t")yl — 0, [QaA(t)y — Qi (t")y| — O,
|77W\(t’)y - PW\(t”)y| —0,ast" = 1.

Let
C1([0,00),X) = {u € C(]0,00),X) : lim —= =

Then, C1([0, c0), X) is a Banach space with the norm ||u|| = SUP¢[0,00) lu(t)|/(1+t) < oo.
In the following, we state the generalized Ascoli-Arzela theorem.

Lemma 8 ([16]). The set A C C1([0,00), X) is relatively compact if and only if the following
conditions hold:

(@) foranyh >0, theset V.={v: v(t) =x(t)/(1+1t),x € A} is equicontinuous on [0, h;
(b) lmy e [x(t)|/ (1 +t) = O uniformly for x € A;
(c) foranyt e [0,00), V(t) ={ov(t):0v(t) =x(t)/(1+t),x € A} is relatively compact in X.

3. Main Results

We introduce the following hypotheses:

(HO) {Q(t)}+>0 is equicontinuous, i.e., Q(f) is continuous in the uniform operator topology
fort > 0.

(H1) g(t,-) is Lebesgue measurable with respect to ¢ on [0, c0). g(+,y) is continuous with
respect to y on X.

(H2) There exists a function m : (0,00) — (0, %) such that

Iy, m(t) € C((0,00),(0,00)), |g(t,y)| <m(t), forall y€ X, te (0,00),

and
(1=A)(1=p) N

lim MO (k) =0, lim Iy m(t) = 0.

t—0+ twoo  14t¢
Let
Cy((0,00),X) :{y € C((0,00),X) : th%l t1=MA=1)y (1)| exists and is finite,
-0+

(1=A)(1=p)
i VO gy
t—o0 1 +t

Then (C,((0,00), X), | - || 1) is a Banach space with the norm

A=) A=p) |yt
yllx = sup 1—H|y()|
te]0,00)

For any y € C,((0,0), X), define an operator ¥ as follows

() (1) = (Fay) (1) + (Ya2y)(b),

where

(F19)(0) = Puallyo, (F2)(0) = [ Qu(t = )g(s,y(s))ds, for t € (0,00),
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For any u € C;([0,0), X), set
y(t) = ==y (1), fort € (0,00).
Then, y € C,((0,0), X). Define an operator @ as follows
(Pu)(t) = (Pru)(t) + (Pau)(t),

where

(Pqu)(t) = Yo _
W, fort =0,

(1) (1) = {t(lx\)(lﬂ)(‘lfzy)(t), for t € (0,0),

{t(m)(lm (¥1y)(t), fort e (0,00),

0, fort =0.

Obviously, y € C,((0,00),X) is a mild solution of (1) if and only if the operator
equation y = ¥y has a solution y € C,((0,0), X).
In view of (H2), we have

t(1=2)(1=p)

) (1=A)(1=p)
m ————
t—0+ 1+t

Ig.m(t) =0, lim 17“13+m(t) = 0.

Thus, there exists a constant 7 > 0 such that

L|yo| L1 (1—p) N
su + I m(t) » <r,
te[O,Eo){r(V(l_)\)+A) 14+t OF ®)

ie.,

Lyo| L 1-N0-p) .
i + t—s m(s)ds p <r. 4
te[O,Izo) {T(ﬂ(l—A)JrA) T(A) 1+t /0( ) (s) @)

Let
O, = {u € Ci([0,00),X) : [lull <7}, O ={y€Cr((0,00),X): [lyllx <7}

Clearly, O, is a nonempty, convex, and closed subset of C;([0,0), X), and Q, is a
nonempty, convex, and closed subset of C) ((0, o), X).
Let
Vi={v:o(t) = (Pu)(t)/(1+1t), ue O}

Lemma 9. Assume that (HO), (H1) and (H2) hold. Then the set V is equicontinuous.

Proof. Step I. We first prove that {v : v(t) = (®1u)(t)/(1+1), u € Q} is equicontinuous.
As limy_,0+ Sy (H)yo = yo/T(A), we find

lim =MD (Hye = lim L / t(t—s)”(l_’\)_ls)‘_lSA(s)yods
50+ e =0+ T(p(1—=A)) Jo
1 1
- T o Ap(1=A)—-1,A-1
tg?+ I’(y(lf)x))/ou z) 2V S\ (t2)yodz
1 1
_ _ o A\R(I=A)-1 -1
F oy 1 s
Yo

T(u(1—A)+A)
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Hence, for t; = 0, t, € (0,00), we obtain

Dyu)(t
B (@y)(0)
(=) Y

— 0, ast; — 0.

For any t1,t, € (0,00) and t; < t,, we have

(P1u)(t2)  (Pru)(t1)

1+t 14+4H
_ LIVIIP, 4 (h)yo B t1(1_)‘)(1_”)7)14,?\(t1)y0‘
o 1+t I+t
- LUNEHP, y (f)yo B tz(l_)‘)(l_”)Pﬂ,A(tZ)yO‘
- 1+t 1+H

O NO0P, () t1<”>“”)7’m(f1>yo‘

1+t 1+t

<Ny 2=kl
<tz Pualtz)yol (1+h)(1+h)

+|TVEMP, L (t)yo — 1 TNATHP ) (1) yol T

|ty — t1]
(14+t)(1+4+t)

+ TV P ) (k)10 — Py (t1)yol

S|tz(1_’\)(1_”)7’y,/\(fz)yo\

1 +t
+ |t2(1—?t)(1—14) _ t1(1 A ||7)w»(t1)y0‘

1+t
—0, asty —ty.

Hence, {v: v(t) = (Pqu)(t )/(1 + 1), u € O} is equicontinuous.

Step II. We prove that {v : v(t) = (Pu)(t)/(1+ 1), u € O} is equicontinuous.
Let y(t) = t~(1=M0=y(p), for any u € O, t € (0,00). Theny € Q.

Fore > 0, in view of (H2), there exists T > 0 such that

1 A)(1—p)
F 1+t / (t—s)* ds<2 fort > T. (5)
For t1,t, > T, in virtue of (H2) and (5), we find
(@ot)(2)  (@a)(t1) | _ |0 o
— < -
1+t 1+t ‘—‘ T+t / Qi (k2 —5)g(s,y(s ))ds‘

11N h ;
L R AN CEOHEMONY

Jo
L (=M= b 1
T 1+h /0 (tp — )" "m(s)ds

L 1M1= ok 1
+1"(A) T /O(tl—s) m(s)ds

IA

<&.
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When t; = 0,0 < t, < T, we have

(@2u)(t2) _ (®21)(0)| :]w /Ot2 Q) (ta —5)8(s,y(s))ds

1+1£ 1+t

(A=) (A=p)  rt
L b /z(tz — )M lm(s)ds
0

<
“T(A) 1+t
—0 asty — 0.

For0 < t; <t; < T,wefind

‘ (Pau)(t2)  (Pou)(t) ‘

1+t 1+t
‘tl(llf(tllm /:(tz —s)M ISt~ S)g(s,y(s))d5’
+ W /otl ((t2 =) = (01 = )" ) Sa(t2 = )3(5,y(5))ds|
+ tl(llj(tllm /otl(tl =5/ (Su(r2 = 5) = Sult1 = 9)8 (5, y(9)as|
. tzulfiw h <11 i . H / %t — )" 1S (2 — )85, (s ))ds|

<LHh+L+L+ 1,

where
L= ‘ /tz (ty — ) " tm(s)ds — /tl(tl B s))‘flm(s)ds
r( 1 +h ; ,
_ 2L H A= ek . -
k2 T(A) 1+4 '/0 ((t1—=8)" " = (k2 =) )m(s)ds,
(1= |t -
5 :W\ /0 (1 —5) " (Sa(t2 —5) — Salts —))g(s,y(s))ds|,
B (1= A=p) 4 (-1 ty -
= 1+  1+#h ‘r / (t2 =)™ "m(s)ds.

One can deduce that limy, ¢, I; = 0, as (16‘+m)(t) € C((0,00), (0,00)). Noting that

(= )M 1= (b —s)* V)ym(s) < (b —s)* 'm(s), forse[0,t),

then by Lebesgue dominated convergence theorem, we find
t
/ 1 (h—s)" 1= (ta—s)* Vm(s)ds = 0, asty —t,
0

so, I, = 0asty — t;.
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For € > 0 be enough small, we have

t A=A A=p) e 1
I SW/{) (t1—s) HSMtz—s)—S,\(tl—s)||£(X)\g(s,y(s))|ds
}A=MA=p) rh 1
‘7:z‘iﬁﬁm—ﬂ 183(f2 = 8) = Saltr = 5)|| o) |8 (5 y(s)) lds
(=N A=p) e -
STH/O (t1—s)"""m(s)ds sup |[|Sa(t2—s)—Si(k _S)H,c(x)

SG[O,tl—S]
2L (1= A-p) / A1
+ 1 —s m(s)ds
F()\) 1+t t17£< ! ) ( )
<31 + I32 + I3,

where
I3y :w /t1 g(tl - s))‘flm(s)ds sup HSA(tz —s)—=8(t1 — S)H
1+t 0 se[0,t;—¢] £
2L tl (1-A)(1 tl t1—¢ A1
S TPV R ’ / f—s)Tm(s)ds - /o (h —e =)™ mls)ds)

2L g A=A A=p) e A1 A1
b =roy e Sy, (e (=9 ms)as

By (HO) and Lemma 7, it is easy to see that I3; — 0 as t — t;. Similar to the proof
that I, I tend to zero, we obtain I3, — 0 and Iz3 — 0 as ¢ — 0. Thus, I3 tends to zero as
tp — t. Clearly, Iy — O as tp — f5.

ForO<t; < T <t,ifty — t,thenty, — Tand ty — T. Thus, for u € O,

‘ (Dou)(t2)  (Pou)(tr) ’

1+ 1+h
(Pou)(t2)  (Pou)(T) ‘ ’ (Pou)(T)  (Pou)(t1)
< - - .
‘ i+t ixT | TITagT itg | 0 ashk—h
Consequently,

‘ (Pou)(t2) — (Pou)(t

— 0, th =t
1+t 1+f1 ’ asty L

Therefore, {v : v(t) = (Pou)(t)/(1+1), u € O} is equicontinuous. Furthermore, V
is equicontinuous. [

Lemma 10. Assume that (H1) and (H2) hold. Then, lim;_,co | (®u)(t)|/(1 + t) = 0 uniformly
foru € Q.

Proof. In fact, for any u € ), by (H2) and Lemma 6, we find

|(Pu)(t)] F(1=A)(1=p) (1-M)(1 / B
1+t S‘ 1+t Pu,A(t)yO‘Jr‘ T+t (= 5)g(sy(s))ds ©
L{yo| L =00 A1
ST - N+ A+ (T 14t /o(t 3)7 m{s)ds, £ > 0.
By (H2), we derive

[(®u) (1)]

—0, ast— oo,
1+t
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which implies that lim;_,e0 | (Pu)(#)|/ (1 +t) = 0 uniformly for u € Q),. This completes the
proof. O

Lemma 11. Assume that (H1) and (H2) hold. Then ®Q), C Q).

Proof. From Lemmas 9 and 10, we know that ®Q), C C;([0,0), X). For t > 0 and any
u € (), by (4) and (6), we have

[(@u)(B)] _ L{yo I AL L <
T+t S T(u-2A)+A) 1+t / t=s)mis)ds <.
Fort = 0, we find
|(@u)(0)] = Yo < Lyo <r

F(p(1—=A)+A) — T(u(1—A)+A) —
Therefore, ®Q), C O),. O

Lemma 12. Suppose that (H1) and (H2) hold. Then ® is continuous.

Proof. Indeed, let {u,}; ; be a sequence in (), which is convergent to u € (),. Conse-
quently,

lim 1, (f) = u(t), and lim =M=y (1) = = O=NA=1y (1), for t € (0,00).

n—oo

Let y(t) = t— =Ny (1), y, (t) = = =DA=Wy, (), t € (0,00). Then y,y, € Q. In
view of (H1), we have

lim ¢(t,ya(t)) = ,}g{}Og(fIF(PM(P”)un(f)) = g(t, "V (e) = gt y(1)).

n—o0

On the one hand, using (H2), we get for each t € (0,0),

(t =) "1g(s,yu(s)) — g(s,y(s))| <2(t =) "Tm(s), ae.in[0,¢).

On the other hand, the function s — 2(t — s)*~'m(s) is integrable for s € [0,t),
€ [0,00). By Lebesgue dominated convergence theorem, we obtain

t
/0 (t — Mg (s, yn(s)) — g(s,y(s))|ds — 0, asn — co.
Thus, for t € [0, c0),

‘(<I>un)(t) B (<I>u)(t)‘
1+t 1+t

(1-1) (1)
< [ 19— 98 ynl) ~ gl y()lds

<Lt(l/\/ F— /\1|( ())_( ())|d—)0 L
“I(A) 1+t $)" 18 (s yn g(s,y(s))|ds =0, asn .

Therefore, || ®u, — du|| — 0asn — oo. Hence, ® is continuous. The proof is completed. []

Theorem 1. Assume that Q(t)(t > 0) is compact. Furthermore suppose that (H1) and (H2) hold.
Then the Cauchy problem (1) has at least one mild solution.

Proof. Clearly, the problem (1) exists a mild solution y & Q, if and only if the operator ®
has a fixed point u € Q,, where u(t) = t(1=1)(1=#)y(t). Hence, we only need to prove that
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the operator ® has a fixed point in (),. From Lemmas 11 and 12, we know that ®Q), C (),
and @ is continuous. In order to prove that ® is a completely continuous operator, we
need to prove that (), is a relatively compact set. In view of Lemmas 9 and 10, the set

V={v: = (Pu)(t)/(1+1t), u € O} is equicontinuous on [0, 4] for any i > 0,
and hmt_>oo |(<I>u)( )|/ (1 —|— t) = 0 uniformly for u € ();. According to Lemma 8, we only
need to prove V(t) = {o(t) = (Qu)(t)/(1+1t), u € O} is relatively compact in X

fort € [0, ). Obv1ously, ( ) is relatlvely compact in X. We only consider the case t > 0.
For Ve € (0,f) and § > 0, define @, 5 on ), as follows:

(q)e,du) (t) = t(l_/\)(l_m (‘Pe,ﬂ/) (t)

_1-1)(1-p) (PW\(t)yo + o / T 26— ) TWL (0) (¢ — s)Ae)g(s,y(s))deds> .
Thus,

D, su)(t (1=A)(1=p)
( i(:—)t( - 14t palt)y

+Q(e'6) /OH /;’ AB(E— )T, (0)Q(( — )0 — s)‘é)g(s,y(s))deds)

By Lemma 4, we know that P, 5 (t) is compact because Q(t) is compact for t > 0.

Further, Q(¢"4) is compact, then the set {(<I>£1,1zt (t), u € (), } is relatively compact in X for

any ¢ € (0,t) and for any 6 > 0. Moreover, for every u € ),, we find

(Pu)(t) _ (Peou)(t)

1+t 1+t

(A=A)(A=p) | pt
g%’/ /Me(t—5>A71WA(9)Q((t—s)AG)g(s,y(s))deds‘

+(1=A)(1=p)
_ g1 A

— /t A8 =9 TWA©) QU — 5) )3, v(s))dods|
ALH1-A)(
<= _
< / (t—s) (s)ds/OGWA(G)dG

ALF(1-A)A—p) A )
+T/H(t—s) m(s)ds/o oW, (6)d6

—0, ase—0,06—0.

Thus, V (t) is also a relatively compact set in X for t € [0, o). Therefore, Schauder’s
fixed point theorem implies that ® has at least a fixed point u* € Q,. Let y*(t) =
=== y* (1), Thus,

V0 = Puao+ [ Qat—9)g(s,y°(6))ds, 1 € (0,c0),

which implies that y* € Q, is a mild solution of (1). The proof is completed. [J

In the case that Q(t) is noncompact for t > 0, we need the following hypothesis:
(H3) there exists a constant K > 0 such that for any bounded set D C X,

B(g(t,D)) < KtI-MNI-KB(D), for ae. t € [0,0),

where f is the Kuratowski’s measure of noncompactness.
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Theorem 2. Assume that (H0), (H1), (H2) and (H3) hold. Then the Cauchy problem (1) has at
least one mild solution.

Proof. Let ug(t) = t(l_A)(l_”)Py,A(t)yo forall f € [0,00) and u; 1 = Pu,, n=0,1,2,---.
By Lemma 11, ®u, € Q,, for u, € Q,, n =0,1,2,---. Consider set V = {vn coy(t) =
(Puyn)(t)/ (1 +1t), up € O}, and we will prove set V is relatively compact.
In view of Lemmas 9 and 10, the set V is equicontinuous and lim;_,e | (Pu,)(t)|/ (1 +
t) =0 uniformly for u, € Q. According to Lemma 8, we only need to prove V(t) =
{on(t) : va(t) = (Pun)(t) /(1 +1t), uy € O} is relatively compact in X for t € [0, 00).
Let yy (¢ ) t=(=MA=1y, (1), t € (0,00), n = 0,1,2,---. By the condition (H3) and
Lemma 1, we have

g0 =p({ 20} )

1+t

- ({qutwoﬂufﬂ [ it -9 mehas) )

:ﬁ({t(l;\ﬁm /ot Qu(t— s)g(s,yn(s))dS}n:())

(1-A)(1—p)
Sr?.sz 1+t?‘/‘t_s)\ 1ﬁ ( (s~ 1=-1)(1-p),, ()} 0))

2LK t1-A0=p) G-t
=N (1=A)(1-p) —(1-A)(1-p)

SI%(Lf)t(llAj—(ty) /Ot(t — )M 1+ s)ﬁ({ Lll"fs) }ZO:()) ds

On the other hand, by the properties of measure of noncompactness, for any ¢ € [0, c0)
we have

p({T ) = o () = s ) = s

Thus DLKM*
A-1
BOD) < Ty ) (=9 (5B, )
where M* = max;¢[o,c0) {%} From (7), we know that

L [ -9 p0vsnas

BV(t)) < T

BOV®) < “L [ =9 tspvisas

holds. Therefore, by the inequality in ([17] p. 188), we obtain that f(V(t)) = 0, then
V(t) is relatively compact. Consequently, it follows from Lemma 8 that set V is relatively
compact, i.e., there exists a convergent subsequence of {u,}5_,. With no confusion, let
limy, oo Uy = u*, u* € Q).

Thus, by continuity of the operator ®, we have

u* = lim u, = 11m Qu, 1 = (hm un,l) = du*.
n—o0 n—o0

Let y*(t) = t~(1=N=My* (1), Thus, y* € O, is a mild solution of (1). The proof is
completed. O

By Theorems 1 and 2, we have the following corollaries.
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Corollary 1. Assume that Q(t) is compact for t > 0 and (H1) holds. Furthermore suppose that
(H2)' there exists a function m : (0,00) — (0, 00) and a € (0,1), M > 0 such that

Ig.m(t) € C((0,00),(0,00)), 1 MA=M A () < M,

and
lg(t,y)| <m(t), forall ye X,te (0,0).

Then the Cauchy problem (1) has at least one mild solution.

Corollary 2. Assume that (HO), (H1), (H2)" and (H3) hold. Then the Cauchy problem (1) has at
least one mild solution.

Example 1. Let X = L?([0, 7], R). Consider the following fractional partial differential equations
on infinite interval

HDgfy(t,z) =d2y(t,z)+t71, z€l[0,n], t>0,

y(t,0) =y(t,m) =0, t>0 ®8)
15 Yy(0,2) = yo(2), z € [0, 7.

We define an operator A by Av = o" with the domain
D(A) = {v € X : v,9" are absolutely continuous, v"" € X, v(0) = v(rr) = 0}.
Then A generates a compact, analytic, self-adjoint semigroup {T(t) }4~0. Then problem (8)
can be rewritten as follows

{HqﬁﬂﬂzAﬂﬂ+&UﬂU» £>0, o

Iéi‘?‘)(l_/\)y(o) = 1o,

where g1(t,y) :=t "1 forn € (A, 1 — u+ pA) satisfies (H1), and |g1(t,y(t))| <+, t € (0,00).
Let m(t) =t~ ", for t > 0. Then

A _ T=n) oy a-na-wa _ I-n) .
10+m(t)_r(1+A—17)t , Io+m(t)—r(1+A_17)t,

whereaw =1 —u+ Ay —n € (0,1). This means that the condition (H2)' is satisfied. By Corollary 1,
the problem (8) has at least a mild solution.

4. Conclusions

In this paper, by using the generalized Ascoli-Arzela theorem and some new tech-
niques, we investigated the existence of mild solutions for Hilfer fractional evolution
equations on infinite interval. We proved the existence theorems of mild solutions for both
the cases in which the semigroup is compact and noncompact. In particular, we do not
need to assume that the g (¢, -) satisfies the Lipschitz condition. The methods in this paper
can be applied to study infinite interval problems for non-autonomous evolution equations,
fractional evolution equations with instantaneous/non-instantaneous impulses, fractional
neutral functional evolution equations, and fractional stochastic evolution equations. We
recommend readers to refer to relevant papers [10,18,19].
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