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Abstract: In this paper, we present a systematic study concerning the developments of the oscillation
results for the fractional difference equations. Essential preliminaries on discrete fractional calculus are
stated prior to giving the main results. Oscillation results are presented in a subsequent order and for
different types of equations. The investigation was carried out within the delta and nabla operators.
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1. Introduction

Over many years, the process of describing natural or real-life phenomena has been
carried out using the integer-order differential equations. However, the factors involved
in the phenomena are very complicated and of different natures, all of which cannot be
incorporated by the ordinary differential equations. This gap in the construction of the
models is covered up by arbitrary-order calculus. Fractional calculus has its origin during
the same period of time as that of the classical calculus in the 17th Century. The insufficient
geometrical and unsatisfactory physical interpretation of the arbitrary-order derivatives has
slowed down the progress of the field. It was in the 20th Century with the development of
high-speed computers and computational techniques that researchers began to understand
the importance and the meaningful representation to construct and apply a certain type of
nonlocal operator to real-life problems. Now, fractional calculus has turned out to be a hot
topic in the fields of science and engineering. The rapid growth and inspiration of fractional
calculus have been greatly due to anticipation of the memory and hereditary features that
are incorporated in many phenomena by the so-called fractional differential operators [1-3].
As a result of this, the subject of fractional calculus and its widespread applications have
become of great interest for the relevant audience [4]. For the same justifications that led to
the investigation of the discrete analogue of integer-order differential operators, the discrete
analogue of fractional differential operators, which is called fractional difference operators,
has gained considerable attention, and thus, they have been significantly adopted due
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to their extensive applications in computations and simulations. The study of fractional
difference equations was led by the pioneering works of Agarwal, Atici, Eloe, Anastassiou,
Holm, Goodrich, and Peterson, who introduced a complete counterpart theory that adopts
all the essential preliminaries needed to set forth similar results relevant to the qualitative
theory of solutions for several types of fractional difference equations [5-11].

Every phenomenon in the world in one way or other is nonlinear in nature. Thus, the
better understanding of these phenomena can be obtained from models constructed via
nonlinear equations. The analytical solution of nonlinear equations is not always possible
to obtain as in the case of linear equations. However, approximate solutions can be obtained
for the nonlinear equations, which provide a better understanding of the behavior of the
equations. In the case of nonlinear equations, without actually solving the equations, one
can very well answer questions such as the existence of solutions, whether the system is
stable, whether it can be controlled, whether the system is chaotic, or whether it exhibits
periodicity. Thus, this direct method of analyzing the system behavior can be useful and
help engineers in their research. Scientists and researchers are very much interested in the
qualitative properties such as the oscillation, stability, controllability, bifurcation, chaos,
and so on.

Oscillation is one of the important branches in applied mathematics and can be
induced or destroyed by the introduction of nonlinearity, delay, or a stochastic term. The
oscillation of differential and difference equations contributes to many realistic applications,
such as torsional oscillations, the oscillation of heart beats, sinusoidal oscillation, voltage-
controlled neuron models, and harmonic oscillation with damping. Not only in physical
applications, oscillation theory is vital biologically in describing the synchrony in animal
and plant populations due to predation and competition. Such applications have attracted
the interest of many researchers who have developed systematic studies concerning the
oscillation and non-oscillation of solutions of integer-order differential and difference
equations; we refer the reader to the remarkable monographs [12,13]. With the explosion in
the theory of fractional calculus, the oscillation of fractional-order differential equations
has been under investigation in the last two decades. Grace et al. initiated this subject by
studying the oscillation of fractional differential equations in [14]. Progress in this regard
has continued, and several important results have been established; see for instance [15-18]
and the references cited therein. In alignment with this, fractional difference equations
have been the object of interested researchers in terms of the oscillation of their solutions.
Several results have been reported by many researchers about the oscillation of solutions
for different types of fractional difference equations.

The main aim of this work was to consolidate the recent developments in the field of
the oscillation theory of discrete fractional equations and provide an insight for researchers
about the future requisites in the field of the oscillations of discrete fractional calculus. The
investigation in this work focused on the results for both delta- and nabla-type fractional
difference equations.

2. Preliminaries

In this section, we review some notations, definitions, and well-known results of
discrete fractional calculus that are widely treated throughout the remaining part of this
paper. The terms and notations were adopted from different resources.

The empty sums and products were taken to be zero and one, respectively. Denote by
N the set of all natural numbers, R the set of all real numbers, and R the set of all positive
real numbers. Defineby N, = {a,a+1,a+2,...} and Ng ={a,a+1,a+2,...,b} forany
a,b € Rsuchthatb —a € Nj.

Definition 1 ([19,20]). The Euler gamma function is defined by:

T(z) = /0 TE et R(z) >0,
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Using its reduction formula, the Euler gamma function can also be extended to the half-plane
R(z) < Oexceptforz e {...,—2,—1,0}.

Definition 2 ([21]). The generalized falling function is defined by:

T(t+1)

=
rt—r+1)

for those values of t and r such that the right-hand side of this equation makes sense. If t —r +1isa
nonpositive integer and t + 1 is not a nonpositive integer, then we use the convention that t* = 0.
The generalized rising function is defined by:

- T(t+r)
T

for those values of t and r so that the right-hand side of this equation is sensible. If t is a nonpositive
integer, but t 4 r is not a nonpositive integer, then we use the convention that t" = 0.

Definition 3 ([22]). Let u : N — Rand N € Ny. The first-order forward (delta) and backward
(nabla) differences of u are defined by:

(Au)(t) = u(t+1) —u(t), teNL,
(Vu) () = u(t) —u(t=1), teNp,,,
respectively. The N"-order delta and nabla differences of u are defined recursively by
(aNu)(t) = (AN M) ) (1), te N,

and:
(V) (0) = V(T 1)) (), £ e NGy,

respectively.

Definition 4 ([21]). Let u : N, — Rand v > 0. Then, the v"-order delta fractional sum of u
based at a is defined by:

1 t—v

(A Y u)(t) = ) & Z(t—s— 1)YLu(s), t€ Ny,

Definition 5 ([21]). Let u : N;pq — Rand v > 0. Then, the vi-order nabla fractional sum of u
based at a is defined by:

1 t

(Vi u)(t) ~ T, Z (t—s+1)""Tu(s), teN,.

Definition 6 ([21]). Let u : N, — R, v > 0, and choose N € Ny such that N —1 < v < N. The
vi-order Riemann—Liouville delta fractional difference of u is defined by:

() () = (AN (8 M) ) (1), t € Noynyooe

Definition 7 ([21]). Let u : N;y1 — R, v > 0, and choose N € Ny such that N —1 < v < N.
Then, the v'"-order Riemann—Liouville nabla fractional difference of u is defined by:

(Viu)(t) = (VN(V (N=) ))(t), t € Nyyn-
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Definition 8 ([23]). Let u : N, — R, v > 0, and v ¢ N. Then, the vt'-order Caputo delta
fractional difference of u is defined by:

(g.0) () = (8 N7 (V) ) (1), t € Nawnow,
where N = [v] + 1. Ifv = N € N, then:
(Avu)(t) = (ANu)(t), teN,.

Definition 9 ([24]). Let u : N,_n41 — Rand v > 0. Then, the v!"-order Caputo nabla fractional
difference of u is defined by:

(Va0 = (Ve N7 (TN) ) (), € Naga,
where N = [v].

3. Oscillation Results

The main results are given in this section. We carried out the presentation within delta
and nabla notations.

3.1. Oscillatory Behavior of Delta Fractional Difference Equations

Consider the following higher-order nonlinear delta fractional difference equations
involving the Riemann-Liouville and the Caputo operators of arbitrary order:

(AYu)(t) + AL u(t+v)) =r(t) + falt,u(t+v)), teN,
(A_(k“’)u)(t)‘t: =uy.eR, k=1,2,---,N, )
and:
(Au) () + fr(tu(t+v)) = ri(t) + fa(tu(t +v)), t>a>0,
(Aku)(t)‘t: —g,eR k=012 ,N—1 @

Here, v > 0, and choose N € Ny suchthat N—1 < v < N; f, fo : [4,00) x R — R and
r1 @ [a,00) — Rare continuous. A solution u of (1) (or (2)) is said to be oscillatory if for every
natural number M, there exists t > M such that u(t)u(t + 1) < 0; otherwise, it is called
non-oscillatory. An equation is said to be oscillatory if all of its solutions are oscillatory.

Let p1, p2 : [a,00) — RT be continuous and S, 7y be positive real numbers. We make
the following assumptions:

(A1) The functions f; satisfy the sign condition uf;(t,u) >0,i=1,2,u #0,t > a;
(A2) |fi(t,u)| = pa(8)|ul® and [fa(t,u)| < pa(D)[u]?, u #0, t > a;
(A3) |fi(t,u)| < pa()[ul? and [fo(t,u)| = pa()[u|”, u #0, t > a.

In [25], Senem et al. established some oscillation theorems given in the sequel.

Theorem 1 ([25]). Let (A1)-(A2) be satisfied with B > . If:

liminf t! Z (t—s—1) )[ 1(s) + G(s)] = —oo,

t—o0

and:

limsup ¢1~ i (t—s5—1)""D[ry(s) — G(s)] = oo,

t—o0
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for every sufficiently large T, where:

then Equation (1) is oscillatory.

Theorem 2 ([25]). Let v > 1 and (A1)—(A3) be satisfied with B < . If

hmmft Z (t—s— (v— 1)[1’1 (s) — G(s)] = —o0,

and:

lim sup ¢~ 2 (t—s—1)"Dry(s) + G(s)] = oo,

t—ro0
for every sufficiently large T, where G is defined as in Theorem 1, then every bounded solution of
Equation (1) is oscillatory.

Theorem 3 ([25]). Let (A1) and (A2) be satisfied with B > «y. If:

lim inf (1 i t—s— 1 )[ r1(s) + G(s)] = —o0,

t—00

and:

lim sup (1~ i t—s—1)""Dry(s) — G(s)] = oo,

t—ro0

for every sufficiently large T, where G is defined as in Theorem 1, then Equation (2) is oscillatory.

Theorem 4 ([25]). Let v > 1 and (A1)—(A3) be satisfied with g < . If:

hmmft i t—s—1)"V[r(s) — G(s)] = —oo,
and:
lim sup ¢t1~N) Z — 1) D (s) + G(s)] =
t— o0 s=T

for every sufficiently large T, where G is defined as in Theorem 1, then every bounded solution of
Equation (2) is oscillatory.

Following the work in [25], Li et al. [26] investigated the oscillation of forced delta
fractional difference equations with the damping term of the form:

{ (T+pa(t)) (AA u) (t) + pa(t) (AVu) (t) + f3(t, u(t)) = g1(t), t€ Ny, .

(A‘(l_")u)(t)‘t =M€ R,
where 0 < v < 1; p3, g1 : Ny = Rand f3 : Ny x R = R such that:
ufs(t,u) >0, u#0, teN,

and p3(t) > —1for t € Ny.
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Theorem 5 ([26]). For ty € Ny, suppose that:

s—1

M+ éz 81(5)V(5)
=t

t=v (1« _ 1\(v=1)
lim inf —(t s—1)
t—o0 =0 V(S)

<0,

and:
s—1

M+ ) a1@)V(©)

¢=to

t—v (t —s— 1)(1/71)

limsu
nSup Ly

where M is a constant and:

>0,

t—1

V(t) =TT +ps(s))

s=ty

Then, Equation (3) is oscillatory.

Theorem 6 ([26]). For ty € Ny, suppose that:

t—1
1
lim inf —_

s—1
o0 s; V(s) M+ ) «1(5)V()

¢=to

and:

s—1
M+ Y s1()V(©E)| =

¢=to

where M is a constant and V is defined as in Theorem 5. Then, Equation (3) is oscillatory.

7

t—1 1
limsu —
PL V)

t—o0 =

In this line, Secer et al. [27] investigated the oscillation of the following nonlinear delta
fractional difference equations:

t—1+v
A(pa(H [A (g (D ((A"u) (5)™)] ) +qz<t>f4( Y (s 1>(-”>u<s>> =0, @

fort € Ny 41_,. Here, 0 < v <1, 71 and 7, are the quotients of two odd positive numbers
such that y1y2 = 1, p4, g1 and gy are positive sequences,

© 1
by (pi/”(s)) -

f4fl”) >k keR*, uo0.

fa : R = Ris continuous, and:

Theorem 7 ([27]). If there exists a positive sequence ¢ such that:

1/7m 2
I A OI(C 2810 N
[kq)( ) 4(s)I'(1 —V)(ﬁ/“(sfh)}

t—1
lim sup Z

t—o0 sztz

then Equation (4) is oscillatory. Here:

t—1
tt) =Y <1> i=0,1,2,3,

=AVAO

and,

(Ag+)(s) = max{(Ap)(s),0}.
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Theorem 8 ([27]). Let ¢ be a positive sequence. Furthermore, we assume that there exists a double
sequence such that:

H(t,t) =0fort >0, H(t,s)>0fort>s>0,
AyH(t,s) = H(t,s+1) — H(t,s) <0fort >s>0.

If

t—1 1/m 2
sy s S (s) 1 ()[(A91)(s)] .
1 MSUP s;OH(t, ) [k (s)q2(s) BT 08 (51) .

Then, Equation (4) is oscillatory.
If we choose the double sequence:
H(t,s) = (t—s)", A>1, t>s>0,
we have the following corollary.

Corollary 1 ([27]). Under the conditions of Theorem 8 and:

im su 1 v —s) _ q}/yl(s)[(A‘PH(s)]z =00
lHoop (t —to)? s:zto(t 7| kple)aals) 4¢(5)F(1*V)(5}/71(s,t2) -

then Equation (4) is oscillatory.

In [28], Chatzarakis et al. studied the oscillatory behavior of the delta fractional
difference equation of the form:

M(A"H) ()™ + gs() fs(u(1) = 0, € Nypyay, )

where 0 < v < 1; 43 > 0is a quotient of odd positive integers; g3 is a positive sequence,
and f5 : R — R is a continuous function such that:

fSJ:‘)zz, u#0, 1>0, neN,

1

b 17
[} <-m, t>ty, b<0, m>0.
q3(t)

We also assume:

(Au)(t) (Au)(t)
G =M )

for some positive constants My, M and for all (A"u)(t) # 0and (A"u)(t+1) # 0, and:

[(Au) (1)]?
u(t)u(t+1)

> My, t=>ty,

> Ji, (A%u) (1) = ],
for some positive constants J; and J5.

Theorem 9 ([28]). Assume:
o 1
Y 432 (s) = oo.

s=ty
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Furthermore, assume that there exists a positive sequence 7 such that:

o ) [(ar) P | _
hltILSOl:Ps;]H(t/S) 17(5)173(5)—m =%

where:
(A71)(s) = max{(AF)(s),0}.
Then, Equation (5) is oscillatory.

Theorem 10 ([28]). Assume:
oo 1
2 q5° (s) = co.
S:to

Furthermore, assume that there exists a positive sequence ¥ and a double positive sequence
H(t,s) such that:

H(t,t)=0fort >to, H(ts) > 0fort>s>t,
NyH(t,s) = H(t,s+1) — H(t,s) <0fort >s > tg.

If
. 1 = - R(ts)Fs+1) | _
WP g ) | PO G | =

h(t,s) = AyH(t,s) +

7

f(s+1)
then Equation (5) is oscillatory.

Theorem 11 ([28]). Assume that there exists a positive sequence ¥ such that:

. = J1 >73 )2 _
lim H 1 _— — == — (A = 0.
ltasogps:ztl (t:5) [ 7(s) + <M2 M, (AF74)(5)| = o0

Then, Equation (5) is oscillatory.

Motivated by the above works, Adiguzel [29,30] considered the oscillation behavior of
the solutions of the following delta fractional difference equations:

t—1+v
A(ra(8) (8w) (1) + q4<t>f6< Y (s 1><“>u<s>> =0, teNgw (O
and:
A(cr(H)A(ca () (r2(£) (A1) (1)) + qa(t) (t_fv(ts — 1)<—v)u(s)> =0, teNypiy, )
s=ty

where 0 < v <1, 1y, q4, c1, and c; are positive sequences and fg : R — R is a continuous
function satisfying ufs(u) > 0 for u # 0.

Theorem 12 ([29]). Suppose that:
Z q4 (S) = 0o,
s=tp

and:
h{gglf}%(t) > 0.
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Then, Equation (6) is oscillatory.

Theorem 13 ([29]). Assume that:

Y R(s)ga(s) =
s=ty
where:
Y L cuch that tim R()
R(t) = —— such that lim R(t) = oo.
() S:Zto 2(s) t—oo

Then, every bounded solution of Equation (6) is oscillatory.

Theorem 14 ([30]). Assume that:

e}

> 1 > 1
= S;O ol Z = 0, (8)

S:to C1

and there exists a positive sequence -y such that, for all sufficiently large t,

T —v)y 1 0(1) 5 ¢(7) B c1(s) [(A’Y+)(5)]2 o
hﬂii‘jps% e ; @) & o) 50) '
If there exist positive sequences B, A such that, for all sufficiently large t,
At) — (AA <0 9
rZ(t) Zé:%l 7‘2%5) ( )(t) - ( )
and:
t—1 00 ) 2
: B(E)A (8 [(AB+) (D]
timsup 2, | 3 Y& £ 2( ) & ”) O A

then, Equation (7) is oscillatory. Here:

Further, we have:
(Ay+)(s) = max{0, (A7) ()}, (AB+)(s) = max{0, (AB)(s)}.

Theorem 15 ([30]). Let (8) hold. Assume that there exists a positive sequence 7y such that, for all

sufficiently large t,
A= 01E)nb) 2 0@ a6+ D[(Ar) 6] |
hiii‘.fpszts T L nm weeen - | W

If there exist positive sequences B, A such that (9) and (10) hold, then Equation (7) is oscillatory.
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Theorem 16. [30] Let (8) hold. Assume that there exists a positive sequence 7y such that, for all
sufficiently large t,

; v [ 9(5)7(5)4(s)
limsup ) e S -

t—o0 5:t2

(12)

r(s)9(s >[<Av+)< >12 .
4y(s) iz 1tl i o to c]

If there exist positive sequences B, A such that (9) and (10) hold, then Equation (7) is oscillatory.

Motivated by the idea in [27], Bai et al. [31] was concerned with the oscillation of a
class of nonlinear fractional difference equations with the damping term of the form:

A(c3(B)[A(ra (1) (A"u) (1)]™) + g5 () [A(rs(t) (A u)(t))] ™
+ q6(t)f7 (tirv(t —5— 1)(—V)u(s)> =0, (13)

s=ty

fort € Ny, 0 <v <1, 74 > lis a quotient of two odd positive numbers, 73, g5, 4, and c3
are positive sequences such that c3(t) > g5(t), and f7 : R — R is a monotone decreasing
function satisfying:

uf7(u) >0, %2L>0, u # 0.

Theorem 17 ([31]). Define:

B -1 C3(s
B 1:—[ 6]5( )

Assume: . 1
e (14)
s=to (x(s)c3(s)) ™

|
S:Zto ns) (15)
and: |
o i L ix(s—i—l) (s) ﬁ_oo 16)
&=ty r3(¢) —¢ c3(t)x(1) & g6 = 0.
If

S (A0 ] _
timsup 2, [L’“ 1)~ ao)x(s +1>w<s>1 =
where T is sufficiently large,
I(1-v)d(t, i‘l)r4

r3(t) '

W(t) = [

then Equation (13) is oscillatory or satisfies:

t—14v
lim [ Y (t—s— 1)(”)14(5)] =0.

t—oco s=to

Here:

52(t,t1) = Z _—
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Theorem 18 ([31]). Define x, W, and 6 as in Theorem 17. Assume that (14)—(16) hold and there
exists a positive sequence H(t,s) such that:

H(t,t)=0fort >ty, H(t,s) >0fort>s>tg,
M H(t,s) = H(t,s+1) — H(t,s) < 0fort > s > t.

If
. = ~ W2 (t,s)x(s+1) |1
fim sup H(t,to)s;[] Le()as($HES) = rm Wi | =™
where: F(t,5) (a) ()

7

h(t,s) = ApyH(t,s) + 1)

then Equation (13) is oscillatory or satisfies:

t—14v
lim[ Y (t—s—l)(_v)u(s)] =0.

t—oc0 o

In [32], Chatzarakis et al. studied the oscillatory behavior of the solutions of the delta
fractional difference equation of the form:

t—1+v

A(m(t)gz((A”u)(t)))+p4(t>fs< Y. (t—s—l)“)u(s)) =0, teNypy, (17)

s=tp

where 0 < v < 1, 14, p4, are positive sequences; g2, fs : R — R are continuous functions
with:
u u
fs() > ky, > ka,
u 82(u)
for some constants kq, k; and for all u # 0. Further, we also assume that ug, (1) > 0 for
u # 0 and there exists a positive constant y such that ¢o (uqup) < puigs(up) for uyuy # 0.

ig2(1> =

S:tl 7’4 (S)

Theorem 19 ([32]). Assume:

Furthermore, assume that there exists a positive sequence ¥ such that:

t—1 1
limsup ) {kllp(s)m(s) - szl(s)] = oo,

t—o0 S:tl

where:

2
Rate) = P HEED - (a9 = max{ (390610}

Then, Equation (17) is oscillatory.

NERR

S:tl r4 (S)

Theorem 20 ([32]). Assume:

Furthermore, assume that there exists a positive sequence y and a double positive sequence
H(t,s) such that:

H(t,t) =0fort >to, H(ts) > 0fort>s>t,
MyH(t,s) = H(t,s+1) — H(t,s) < 0fort >s > tg.
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If
. =1 . R2(t,s)P(s+ Dra(s +1)]
timeup ). |9 ()Pt S) == L BT —v) )
where:
: A(t,s) (M) (5

h(t,s) = AyH(t,s) +

4

P(s+1)
then Equation (17) is oscillatory.
Motivated by the above-mentioned works, Alzabut at al. [33] investigated the oscil-

latory behavior of the nonlinear fractional difference equation with the damping term of
the form:

t—1+v
A(rs(t) (AVu) (t)) + ps(t) (AVu) (t) +q7(t)f9< i (t—s— 1)<—V)u(s)> =0, (18)

s=tp

for t € Ny 11-,. Here, 0 < v < 1, ps5, g7 are nonnegative sequences such that 1 — p5(t) > 0
for large t; fo : R — R is a continuous function, and there exists a constant k3 > 0 such that,

Bl
W,

7

for all u # 0. Further, we also assume that fo(111) — fo(uz) = S(uq,uz)(u; — up) for all uy,
1y # 0, where S is a nonnegative function.

Theorem 21 ([33]). Let r5(t) = 1 and:
co t—1
Y TI0—ps(s)] = co.

t:to S:to

If there exists a positive sequence ¢y such that:

t—1 . 2
M e

then Equation (18) is oscillatory.
Theorem 22 ([33]). Assume that S(u1,up) > ¢ > 0 for all uy, up # 0. If there exists a positive
sequence ¢y such that:

e8] 1 o0

s:zto ©eG) S:Zto g7(s)a(s +1) =00, 5(t) (Ag2) (£) = ps(pa(t+1), t > to,

. ga(s + 1)pa(s) © rs(s)[(Ag2) (5)]*
S:Zto r5(s) s;to Pr(s+1)

then Equation (18) is oscillatory.

Theorem 23 ([33]). Let r5(t) = 1 and:

oo t—1
Z H [1— p5(s)] = .

t=ty s=ty
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Furthermore, assume that there exists a positive sequence ¢ and a double positive sequence
H(t,s) such that:

H(t,t)=0fort >ty, H(t,s)>0fort>s>tg,
M H(t,s) = H(t,s+1) — H(t,s) < 0fort > s > t,.
If

) = - R2(t,s)p2(s + 1) _
TP & File ) |0 g G ara -y = O

where,
(A1) (s) = ps(s)¢1(s)]

h(t,s) = AyH(t,s) + H(t,s) o1 1) ,

then Equation (18) is oscillatory.
If we set ¢ () = 1forall t >ty and,
H(t,s) = (t—s)!, A>1, t>s>1,
we have the following corollary.

Corollary 2 ([33]). If the condition (19) in Theorem 23 is replaced by:

. =1 At —s —1)A1 $)(t —s)M?

t—o0 S:tl
then Equation (18) is oscillatory.

Selvam et al. [34,35] examined the new oscillation criteria for forced delta fractional
nonlinear difference equations of the form:

t—14v

A(re(t) 3 (u(t)) (A"u) (1)) +qs(t) fro ( Y (t—s— 1)(V)”(5)> = (1), (20)

s=tp

and:

t—1+v
A(re(t) (A"u) (1)) + po(t) (A"u) (t) + qs(t) fia ( i (t—s— 1)(%(5)) =0, (21

s=tp

fort >ty > 0. Here, 0 < v < 1; pg, g8, £2 : [to, 00) — R are continuous functions such that
pe(t) < 0,and gg(t) > 0; 1 : [to,00) — RT is a continuously differentiable function such
that r¢(t) < A for some A > 0;0 < ¢3(u(t)) < my for some positive constant n7 and for
all u # 0:

oy fuo (TR (=5 = D) u(s)
_s—_1)(=v) 0
f10< 5:2 . (t—s—1) u(s)> > 0 such that ST s T Tu() > ky,

s=tg

for some positive constant k4 and,

t—14v

Y, (t—s—=1)Vu(s) £0, >ty

S:to



Mathematics 2022, 10, 894 14 of 28

f11 : R — Ris a continuous function with u f11 (1) > 0 for u # 0, and there exists a constant
y1 such that,
fi1(u)
u

Zl/llr M#O

Theorem 24 ([34]). Assume that for any L1 > ty, there exists a1, B1, a2, B2 such that Ly < aq <
B1 < ap < By satisfying:
<0, te€ay,pil,
gz(t){

>0, teay, Bl

If there exists a positive function p € CY[[ty, 00), RT| such that:

. T1—-v) & 1
lim = 00,
toeo miAy S p(s)

and:
-1 )
fim, ; [’%P(S)%(S) - m = oo,

then Equation (20) is oscillatory.
Theorem 25 ([34]). Assume that for any L1 > ty, there exists a1, B1, a, B2 such that Ly < g <

B1 < ap < B satisfying:
<0, te€ay,pl,
t
2( ){2 0, te[ag, pa]

If there exists a positive function p € CV|[[ty,00), R™"] and a double positive sequence H(t,s)

such that:
H(t,t)=0fort >to, H(ts) > 0fort>s>t,
Ny H(t,s) = H(t,s+1) — H(t,s) < 0fort > s > t,.
If:
=1 2
. 1 - h5(t,s)p(s)miAq
lim su ———— | kap(s)gg(s)H(t,s) — 2~ | = oo,
t%mps;to H(t, to) 3p($)gs(s) H(E5) 4H(t,s)['(1—v)
where,

ho(t,s) = AyH(t,s) + H(t,s)
then Equation (20) is oscillatory.

Theorem 26 ([35]). Assume there exists a positive function p1(t), t > tg, such that:

1
o 5t
lim <r<1 ”>)2 —,
t—o0 )\1 s=to f1 (S)

|
—_
—_

and:
. 1 P pR(s)pals) | M(A%1) ()
tlinolo{<16r(1—v)/\1) s_to[ : )\11 e

Then, Equation (21) is oscillatory.
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Theorem 27 ([35]). Assume there exists a positive function p1(t), t > to, and a double positive
sequence H(t,s) such that:

H(t,t)=0fort >ty, H(t,s) >0fort>s>tg,
M H(t,s) = H(t,s+1) — H(t,s) < 0fort > s > t.

If
1 2
limsup Zt) H(tlt ) [#191( 5)qs(s)H(t,s) — 4132 if;((l)_v)] /
where,

h3(t,s) = AyH(t,s) + H(t,s)

(8p1)(s)  ps(s)
p(s) Mo

then Equation (21) is oscillatory.

Chatzarakis et al. [36] examined the oscillatory behavior for a class of nonlinear delta
fractional difference equations with the damping term of the form:

Afca(B)[A(r7(£)ga (A u)(£)))]™) + q9 (1) [A(r7 (1) g3 ((Au)(£)))]"
+ fio (t,tfv(t—s—l)(_")u(s)> —0, teN, (22

s=tg

where 0 < v < 1; ¢4, 17, g9 : [to,0) — RT are continuous sequences with ¢4 (t) >
g9(t); 75 > 1 is a quotient of two odd positive integers; for the continuous function
fi2 ¢ [to,00) X R — R, there exists a continuously differentiable function g1 : [ty,00) — RT
such that,

t Zt 1+V —s—1 (71/)14 S
fial toe b @zmw
{zng< —s = 1)(u(s)]

for:
t—1+v

Yo (t—s—1)Vu(s) £0, u#0, t>t

s=tg

Furthermore, g3 is an increasing function, for which there exists a constant /; such

that,
u

g3(u)

g3 1. R — Ris a continuous function with:

>1; >0, ugs(u)#0.

ug;l(u) >0, u#0,

and for that function, there exists a positive constant /; such that,
gil(uluz) < lzulggl(uz), ujuy # 0.

Theorem 28 ([36]). Define:
- ca(s)

=1l o= m

Assume that u is an eventually positive solution of Equation (22) and:

t—1
lim ) S, (23)

1

o0 st (y(s)ea(s)) ™
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t—1 1
. -1 o
fim s () == @

and:

t—1 1 1 00 1 00 7175
lim . s+1 S = 00, 25
L 85| m@) & |atop YD) @)
then there exists a sufficiently large T € Ny such that,

[A(r7(£)g3((A"u)(1)))] > 0, t€ [T, 00),

and one of the following two conditions holds: (i) (A'u)(t) > 0on [T, o) or (ii) (AVu)(t) < 0on
[T, o0) and,

t—1+4v (—v)
lim (t—s—1)\"7" u(s)} =0.
t—>oo[ S:Zto

Theorem 29 ([36]). Assume that u is an eventually positive solution of Equation (22) such that,
[A(r7(£)ga((A"u)(1)))] >0, (A"u)(t) >0, t €& [h,00),

where ty is sufficiently large and t| > to. Then:

t—1+v
ALY (tsl)(_v)u(s)]
s=ty

> LT (1 —v)(y(t)ca(t)) 75 [A(ry ()83 (A u)(1)))] ti L :
70 S (y(s)eals))

Theorem 30 ([36]). Assume that (23)—(25) hold. If:

lim sup til lqm(s) - q%(S)] =0
t—oo  s=t, 4CE<S)R2(S>y(S) '

where t; is sufficiently large,

LT(1—v) & 1 "
Ry(t) = [l ) T ] ,

70T ys)es) s

then Equation (22) is oscillatory or satisfies:

t—1+v
lim [ Y (t—s— 1)(V)u(s)] =0.

t—oc0 s=to

Theorem 31 ([36]). Assume that (23)—(25) hold. If:

. 1 [(Ay)&)1* |
e L [”“O(S)y O Ry 1)

where t is sufficiently large, then Equation (22) is oscillatory or satisfies:

t—14+v
lim [ Y (t—s— 1)(”)14(5)] =0.

t—o0 s=to
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Theorem 32 ([36]). Assume that (23)—(25) hold. Furthermore, we assume that there exists a
double sequence such that:

H(t,t) =0fort >0, H(t,s)>0fort>s>0,
AyH(t,s) = H(t,s+1) — H(t,s) <0fort >s>0.

If

‘ 1 t—1 hz(t,S)

hﬁsogp H ) s;() lH(t,S)ﬂllo(S) T IH({, SAL)Rz(s)y(s)] -
where,

h4(t,S) = AzH(t,s) _ H(tls)q9(5),

then Equation (22) is oscillatory or satisfies:

t—1+v
lim [ Y (t—s— 1)(V)u(s)] =0.

t—o0 s=to

Theorem 33 ([36]). Assume that (23)—~(25) hold. Furthermore, we assume that there exists a
double sequence such that:

H(t,t) =0fort >0, H(t,s)>0fort>s>0,
AyH(t,s) = H(t,s+1)— H(t,s) <0fort >s>0.

If
t—1 h2(t,s
lirgsotlp (tl,to) S;O lH(t,S)‘hO(S)]/(S) - LLH(E,(:)R)Z(S)] -
where,

(Ay)(s)
y(s+1)’

hs(t,s) = AyH(t,s) + H(t,s)

then Equation (22) is oscillatory or satisfies:

t—14v
lim[ Y (t—s—l)(_v)u(s)] =0.

t—o0 s—1o

Grace et al. [37] investigated the non-oscillatory solutions of the delta fractional
difference equations of the following form:

{(Agv) () =e(t+v)+ f(t+v,u(t+v)), teNi_, 26)

v(0) = co,

where 0 < v < 1; f: Ny x R — R is continuous and satisfies uf(t,u) > 0 for u # 0, and e
is a positive sequence. Grace at al. carried out the investigation for the following particular
cases of (26):

o(t) = A(r(t)\ (Au)(t)|‘5‘1(Au)(t)), 5>1, (27)
o(t) = (Au)(t), (28)
o(t) = u(t). (29)

where r is a positive sequence.
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Theorem 34 ([37]). Consider (26) with (27). Assume that the function f satisfies:
uf(t,u) <t Vn)ulft, u#o0,

for some function h : (t;,00) — R™ and real numbers y > 0 and 0 < B < 8. For the sake of
simplification, define:

R(t) = t_z}%»

and,
t—v
gty = Y (t—s—1) V(s +v) 0V =0 (s 1 v)/ C=F)(s 4-v),
s=t1—v
where t; € Ny and m is a positive sequence. Let q be a conjugate number of p > 1, p(v—1)+1 >0,
andy=2—v— %. Suppose that for any positive integer t1, we have:

o 1 t—1
Y (s4+v)TIRP(s+v)mi(s+v) < oo, limsup> Y gi(s) < oo,
s=t—v too 1 s=h

1 t=1 v
iminf = —_s—1)v1D _
lim inf ; Yo M (t=s—1)"Ve(s+v) > —oo,

T=t) s=1—v

t=1 T—v
limsup% Y Y (r-s—1)"Ve(s +v) < 0.

t—o0 T=t1 s=1—v

Then, every non-oscillatory solution u satisfies:
u(t)] = o(tWR(t)), t— co.
Theorem 35 ([37]). Consider (26) with (28). Assume that the function f satisfies:
uf(t,u) < t(7*1)h(t)|u|/\+1, u#£0,

for some function h : (t;,00) — R and real numbers v > 0and 0 < A < 1. For the sake of
simplification, define:

t—v
o)=Y (t—s—1)U V(s +v) DM AD (s L y)pl/ -V (s 4 v),

s=t—v

where t1 € Ny and m is a positive sequence. Let q be a conjugate number of p > 1, p(v—1)+1 >0,
andy=2—-v— % Suppose that for any positive integer t1, we have:

Y. (s+v)Tmi(s+v) < oo, limsupgs(t) < oo,
s=t1—v f—00
t—v t—v
liminf ) (t—s— D Ve(s +v) > —c0, limsup Y (t—s— 1D Ve(s +v) < co.
LA =00 g=1—v

Then, every non-oscillatory solution u satisfies:

u(t)| = O(t), t— co.
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Theorem 36 ([37]). Consider (26) with (29). Let q be a conjugate numberof p > 1, p(v—1)+1 >
Oand y=2—-v— % Suppose that for any positive integer t1, we have:

Y. mi(s+v) <eo, limsupgs(t) < oo,
s=t—v t—o0
Y v-1) v (v-1)
lim inf (t—s—1)""e(s+v) > —oco, limsup (t—s—1)""He(s+v) < oo.
LS t—=oo  s=1—v

Then, every non-oscillatory solution u is bounded.

3.2. Oscillatory Behavior of Nabla Fractional Difference Equations

Letv > 0, and choose N € Ny suchthat N—1 <v < N.Takep, q;, 7 : Ny n_1 = R,
i=1,2,-- ~1’l,'f1,f2 : Na+Nfl xR — R,f R - R; p1,p2: NaJrN,l — R*;w,h : Na — R;
7,8 : Ngy1 = Ry x,z: Np = R, wp : Ny — RT; yis a positive function defined on Ny;
B, 7y are positive real numbers; A; (1 < i < n) are the ratios of odd positive integers with
M>>A>1>A0> > A,

We make the following assumptions:

(H1). The functions f; satisfy the sign condition ufi(t,u) >0,i=1,2,u #0,t € Nyyn_1;
(®2). | fi(t,u(t)] > pr(8)]ulf and | fo(t,u(t)] < pa(t)|u]”, u # 0, t € Noyn-a;
E3). |fi (t,u(t)] < pr(8)]ulf and [ fo(t,u(D)] > pa(B)lu]T, 1 # 0, t € Nopn1;
(H4). &tt) > 0forallt # 0and x(t) < 1forall t € Ny;
(H5). uf(u) > 0foru #0and q(t) > 0forall t € Ny q;
(H6). uf(u) > 0 foru # 0and w(t) > 0 forall t € N,.
Alzabut et al. [38] initiated the study of the oscillation of solutions of nabla fractional
difference equations. In [38], the authors established several oscillation criteria for the

following nonlinear nabla fractional difference equations involving the Riemann-Liouville
and Caputo operators of arbitrary order.

(VZJerZu) (t) +f1(tru(t)) = T’(t) +f2(t,1/l(t)), te Na+N—l/ (30)
(V;S\]j/%u) (t)‘t:HNil =u(a+N-1)=c¢, c€R,

and:
(Vian—1a) () + fltu(t)) =r(t) + fo(t,u(t)), t€Noyn-1, 1)
(Vku(a+N—-1)=b, beR, k=012 - ,N-1

A solution u of (30) (or (31)) is said to be oscillatory if for every natural number M,
there exists t > M such that u(t)u(t + 1) < 0; otherwise, it is called non-oscillatory. An
equation is said to be oscillatory if all of its solutions are oscillatory.

Theorem 37 ([38]). Let f, = 0 and Condition (H1) hold. If:

t -
liminft'™ Y (t—s+1)""1r(s) = —oo,
f=reo s=a+N-1
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and:
t

limsupt'™ Y (t—s+ 1)" Tr(s) = oo,
t—oo s=a+N-1

then Equation (30) is oscillatory.

Theorem 38 ([38]). Let Conditions (H1) and (H2) hold with p > 1and v = 1. If:

liminf 17V Zt; (t—s+1)""1[r(s) + Hp(s)] = —oo,

t—o0

s=a+N-1
and: ;
limsupt " ) (t—s+1)""[r(s) + Hg(s)] = oo,
t—roco s=a+N-1
where,

5 2
Hg(s) = (B=1)p"Fpy "(s)py  (s),
then Equation (30) is oscillatory.

Theorem 39 ([38]). Let Conditions (H1) and (H2) hold with p = 1 and v < 1. If:

t
T 1—v _ v—1 = —
11{gg1ft Y. (t=s+1)""r(s) + Hyls)] = —oo,
s=a+N-1

and.:
t

limsup '™ Y (t—s+1)""[r(s) + Hy(s)] = o0,
t—o0 s=a+N-1

where,

then Equation (30) is oscillatory.

Theorem 40 ([38]). Let Conditions (H1) and (H2) hold with B > 1 and v < 1. If:

liminf Z (t—s—l—l)ﬁ[”(s)‘FHﬁn(s)] = %,

t—o0

s=a+N-1
and: ;
lim sup p-v Z (t—s—b—l)ﬁ[7(5> +Hﬁ,7(5)] = 09,
t—00 s=a+N-—1
where,

1 B v
T

B = B
Hpy(s) = (B=1)B"Fpy "(5)5P 1 (s) + (1 = 7)v
with ¢ : Nyyny—1 — R, then Equation (30) is oscillatory.

Theorem 41 ([38]). Let f, = 0 and Condition (H1) hold. If:

t -
liminf' =N Y (t—s4+1)""r(s) = —oo,
f=ve0 s=a+N-1

and:
t

limsup ¢!~V Y (t—s+ 1)ﬁr(s) = o,
t—ro0 s=a+N-1
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then Equation (31) is oscillatory.

Theorem 42 ([38]). Let Conditions (H1) and (H2) hold with B > 1 and y = 1. If:

liminf ¢!~ N i (t—s+1)""1[r(s) + Hp(s)] = —c,

t—o0

s=a+N-1
and: ;
limsupt'™N Y (t—s+ 1)ﬁ[7’(5) + Hg(s)] = o,
t—o0 s=a+N-1
where,

gy olp o
Hg(s) = (B=1)p"Fpy "(s)py ~ (s),
then Equation (31) is oscillatory.

Theorem 43 ([38]). Let Conditions (H1) and (H2) hold with p = 1 and v < 1. If:
t _
liminf N (t—s+1)""Lr(s) + Hy(s)] = —oo,
t—o0 S:ﬂg\ffl v

and:

t
limsupt'™N Y (t—s+1)""r(s) + Hy(s)] = oo,
t—o0 s=a+N-1

where,

then Equation (31) is oscillatory.

Theorem 44 ([38]). Let Conditions (H1) and (H2) hold with B > 1 and v < 1. If:

iminf N Y (f—s+1)" " r(s) + Hpy(s)] = —oo,

t—o0

s=a+N-1
and: ,
limsupt!™N Y (t—s+ 1)ﬁ[1’(s) + Hg,,(s)] = oo,
t—00 s=a+N-1
where,
Hp(s) = (B=1)BTFp; " (s)EFT(s) + (L =)y T757 1 (s)py " (),

with & : Nyy N1 — R, then Equation (31) is oscillatory.

Following the work in [38], Abdalla et al. [39] established new oscillation criteria
for (30) and (31) using the fractional Volterra sum equations and Young's inequalities. The
authors in [39] observed that the cases B > v > 1 and ¢ > B > 1 were not considered
for (30) in [38]. The purpose of the paper [39] was to cover this gap and establish new
oscillation criteria that improve the results in [38].

Theorem 45 ([39]). Let Condition (H2) hold with B > v > 0. If:

t
liminf !~ t—s+1)""1r(s)+ H(s)] = —oo,
minte' = ) (6= s+ 17 6) £ HO)
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and:
t

limsup t17Y Y (t—s+ 1)ﬁ[7’(5) — H(s)] = oo,
t—o0 s=T+1

for sufficiently large T, where,

then Equation (30) is oscillatory.

Theorem 46 ([39]). Let v > 1 and Condition (H3) hold with v > B > 0. If:

t

T 1-v v—1 _

hgglft ) (t—s+1)""1r(s) — H(s)] = —oo,
s=T+1

and:

t -
limsup '™ Y (¢ —s+1)"1r(s) + H(s)] = oo,
t—o0 s=T+1

for sufficiently large T, where H is defined in Theorem 45, then every bounded solution of Equa-
tion (30) is oscillatory.

Theorem 47 ([39]). Let Condition (H2) hold with B > v > 0. If:

t _
liminft—N t—s+1)"1rs) + H(s)] = —o00,
minfr! N 3 )" Tr(s) + H()

and:

t _
limsup t'™N Y (t—s+1)""[r(s) — H(s)] = oo,
t—oo s=T+1

for sufficiently large T, where H is defined in Theorem 45, then Equation (31) is oscillatory.

Theorem 48 ([39]). Let v > 1 and Condition (H3) hold with v > B > 0. If:

t _
liminft—N t—s+1)""1r(s) — H(s = —o09,
minfr ™ ) ( ) Tlr(s) — H()]

and:

t _
limsup ¢!~V Y (t—s+ 1)Y= Yr(s) + H(s)] = oo,
t—o0 s=T+1
for sufficiently large T, where H is defined in Theorem 45, then every bounded solution of Equa-
tion (31) is oscillatory.

In alignment with the above works, Abdalla et al. [40] investigated the oscillation of
solutions for nabla fractional difference equations with mixed nonlinearities of the forms:

(VN 30|, =ue+N-1)=c ccR 2

{(VZH\]z”)(t) = p(Bu(t) + Ty qi()|u() " = (1), € Nayw,
t=a+N-1

and:
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(Vi) () = pOu() + T O =r(0), teNanr, oo
(VFu(a+N—-1)=b, beR, k=012, ,N—1
Theorem 49 ([40]). Let:
>0, 1<i<]
t)y>0andq;(t)s — =~ 7 34
p(t) > Oan m{ga i 9

If for some constant K > 0, we have:

t
lminft' =" Y (t—s+1)""T

f=o0 s=a+N

and:
t

limsupt'™" Y (t—s+ 1t
t—o0 s=a+N

L
+KZP (s)|i(s) 1200, (36)
then Equation (32) is oscillatory.

Corollary 3 ([40]). Letl = nin (32), then Ay > Ay > --- A, > 1. Suppose p(t) > 0, q;(t) > 0,
i=1,2,---n. If (35) and (36) hold for some constant Ky > O, then Equation (32) is oscillatory.

Corollary 4 ([40]). Let ] = 0in (32), then 1 > Ay > Ay > - -+ Ay,. Suppose p(t) < 0, q;(t) <0,
i=1,2,---n.If (35) and (36) hold for some constant Ky > 0, then Equation (32) is oscillatory.

Corollary 5 ([40]). Let:

>0, 1<i<lI[;

p(t) =0and qi(t){_ Py (37)

<0, I+1<i<n.

If there exists a positive function v on N,y n_1 such that for some constant K3 > 0, we have:

t
liminf ¢!~ Y (t—s+ 1

e s=a+N

L
+sz s)|9:(s) )‘]:—oo,

and:
t

limsupt'™ Y (t—s+ 1t

t—oo s=a+N

—i—KZv s)|qi(s) 1]:00,

then Equation (32) is oscillatory.

Theorem 50 ([40]). Assume that Condition (34) holds. If:

t
liminf£ N Y (t—s+1)" T

f=oo s=a+N

+KZP“ " (s)lqi(s )1] = -0,  (38)

and:
t

limsup 1N Y (t—s+ 1)ﬂ

t—oo s=a+N

i 1
r(s) + K Z phi=1(s)|qi(s)] 1":‘] = oo, (39)
for some constant K > 0, then Equation (33) is oscillatory.

Corollary 6 ([40]). Suppose p(t) > 0, q;(t) > 0,i=1,2,---n. If (38) and (39) hold for some
constant Ky > 0, then Equation (33) is oscillatory.
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Corollary 7 ([40]). Suppose p(t) < 0, q;(t) <0,i=1,2,---n. If (38) and (39) hold for some
constant Ky > 0, then Equation (33) is oscillatory.

Corollary 8 ([40]). Let (37) hold. If there exists a positive function v on N, N_1 such that for
some constant Kz > 0, we have:

t -
liminft'™ N Y (t—s+1)v?

t—o0 s—at+N

(s +Kiv5"l<s>mi<s>|ﬂ - 0,

and:
t

limsup ¢! =N ) (t‘—s—l—l)m

t—o0 s=a+N

L 1
r(s) +K) ot (S)Iﬂli(S)I”lw = o,
then Equation (32) is oscillatory.

Following the above trend, in [41], Alzabut et al. considered the following forced and
damped nabla fractional difference equation:

{(1 —x(£)) (VVEu) (#) + x(1) (Vu) (1) + wa (D) f(u(t)) = 2(1), teN, 0

(vg“*”)u)(t)‘t:l —u(l)=c, ceR,

where 0 < v < 1, and established sufficient conditions for the oscillation of the solutions of
Equation (40).

Theorem 51 ([41]). Let Assumption (H5) and the following conditions hold:

Lo(t—s+1)" T s
liminf ) ~———— A+ z(T)P(1)| <0,
SR i N TS
and: o
t _ v—1 s
limsup }_ (=)™, y z(T)P(T)] >0,
o =1 P(s) T=f+1

where A is a constant and,

t 1 )
P(t) = — ], toe€Nj.
0= (=) wem
Then, Equation (40) is oscillatory.

Theorem 52 ([41]). Let Assumption (H5) and the following conditions hold:

A+ i z(T)P(T)] = —oo,

t
1

lim inf E —_

1 P(s) T=to+1

t—o0
S=

and:

Lo(t—s+1)" T
limsu —_—
nsup ) pG)

where A is a constant and,

A+ i Z(T)P(T)] = o0,

T=tp+1

P(t) = S]j()<11x(5)>, to € Ny.

Then, Equation (40) is oscillatory.
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Motivated by the paper [38], the authors [42] investigated the oscillation of a nonlinear
fractional nabla difference system of the form:

(Vi) (0) +q()f(u(t) = (1), t€Nasa,
(v

V)u) t) ’_ u(a) =c¢, c€R, (1)

where 0 < v < 1, and obtained some sufficient conditions for oscillation.

Theorem 53 ([42]). Let Condition (H5) hold. If:

t _
liminf(t —a)'™" Y (t—s+1)""Tg(s) = —o,

f—oo s=a+1

and.:

t -
limsup(t —a)t~" Y (t—s+ 1)V 1g(s) = oo,

t—00 s=a+1

then Equation (41) is oscillatory.

Theorem 54 ([42]). Let Condition (H5) hold. Assume that there exists tqg € N, 1 such that:

t
lim inf 2 g(s) = —oo,
f=e0 s=tg+1

and:
t

limsup ) g(s) =00,

=00 s=ty+1

then Equation (41) is oscillatory.

In [43], the authors investigated the oscillation of fractional nabla difference equations
of the form:

h(t), teN,,

| =u@)=c cer (2)

——
<
<
_|_

£

=

=
|

where 0 < v < 1.
Theorem 55 ([43]). Let Condition (H6) hold. If the inequality:
(VVhu)(t) < h(t), teN,
has no eventually positive solutions and the inequality:
(VVhu)(t) > h(t), teN,
has no eventually negative solutions, then every solution u of Equation (42) is oscillatory.

Theorem 56 ([43]). Let condition (H6) be hold. Assume that u is a solution of (42) and there
exists tg € N, such that (Viu) (t)‘t = C exists. If:

t
liminf(t —a)'™" Y (t—s+1)"

0 s=a+1

C+Zh]

T t0+1
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and:
t

limsup(t —a)l™" Y (t—s+ 1)v1

t—ro0 s=a+1

C+ ZS: h(T)] = 00,

T=tp+1

then, Equation (42) is oscillatory.

Theorem 57 ([42]). Let condition (H6) be hold. Assume that u is a solution of (42) and there
exists ty € N, such that (Viu) (t)‘ = C exists. If:
t=tg

lim inf Zt; (1 i 1)h(s) = —co,

t—o0 setot t

and:

. ! s—1
limsup ) <1— ; )h(s):oo,

t=00 =ty 4+1

then, Equation (42) is oscillatory.

4. Conclusions

The oscillation of difference equations has been a considerable topic due to its widespread
applications in science and engineering. For this purpose, many researchers have con-
tributed to this topic by studying several types of equations. With the rise of fractional
calculus, the oscillation of fractional difference equations has become the object of an exten-
sive investigation, and consequently, distinguishable results have been elaborated during
the recent years.

In this paper, we presented a scientific platform that provided a comprehensive survey
on the recent developments for the oscillation results of fractional difference equations.
Different types of equations were investigated and presented by using both the nabla
and delta operators. We believe that the results presented in this paper will provide a
cornerstone literature for the relevant audience that is interested in the investigation of
oscillation theory. The theoretical presentation in this paper is promising in the sense that it
can be used to develop results for the oscillation of solutions for other types of equations
such as the functional dynamic equations and fuzzy dynamic equations.
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