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Abstract: This work aims at investigating the geometry of surfaces corresponding to the geometry of
solutions of the vortex filament equation in Euclidean 3-space E3 using the quasi-frame. In particular,
we discuss some geometric properties and some characterizations of parameter curves of these
surfaces in E3.
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1. Introduction

The aim of this article is the study of geometric flow solutions
D; = Og x Dy, @

where @ is a curve in 3D Euclidean space parameterized by its arc length s. This equation
was first considered more than a century ago by Da Rios [1,2] and rederived in 1965 by
Arms and Hama [3,4] as a simplified model for dynamics of a vortex filament in an inviscid
incompressible fluid. Equation (1) can be equivalently rewritten as

q)t = KB,

where « is the curvature of ® and B the binormal vector field of the Frenet frame. The other
form, called the Schrédinger map onto the sphere, is obtained by differentiating (1) with
respect to s and rewriting the result in terms of the tangent vector T

Ty =T X Tss,

which is a particular case of the Landau-Lifshitz equation for ferromagnetism [5]. It is also
known as the vortex filament equation (VFE), or the localized induction approximation
(LIA), or the binormal Equation (BE). Some of their explicit solutions are the line, the circle,
and the helix.

Many mathematicians have been interested in studying connections between geomet-
ric motions of a curve in different spaces and integrable non-linear equations (non-linear
soliton equations)—in particular, a connection between the non-linear Schrodinger equation
and the motion of a thin vortex filament in an incompressible fluid; see [6—10]. In soliton
theory, integrable non-linear equations has an important role in the surfaces construction,
in particular, Hasimoto surface that owes its name to the Japanese physicist Hidenori
Hasimoto.
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A quasi-Hasimoto surface is a surface whose parameter curves are equipped with
the quasi-frame. It is defined in (1). This surface is generated by the vortex filament.
In 2012, Abdel-All et al. [11] established Hasimoto surfaces by integrating the Gauss—
Weingarten equations. In 2014, Erdogdu and Ozdemir [12] discussed Hasimoto surfaces in
Minkowski 3-space E? by using the Frenet frame. In 2015, Aydin et al. [13] studied surfaces
corresponding to solutions of the local induction equation in the pseudo-Galilean space G1.
In 2019, Kelleci et al. [14] discussed Hasimoto surfaces in E? by using the Bishop frame. In
2021, Elzawy [15] investigated Hasimoto surfaces in the Galilean space G3.

The quasi-frame (or Q-frame) as one of the most efficient and effective moving frames
has an important role in studying curves and surfaces in various domains (Frenet, Bishop).
At all locations, the Q-frame is well-defined, it is straightforward to calculate, and its
construction is unaffected by whether the curve is parameterized by arc-length or not.
Among many papers dealing with this subject, we refer the reader to the following [16-18].

The aim of this paper is to study the geometry of quasi-Hasimoto surfaces correspond-
ing to the geometry of solutions of the quasi-vortex filament equation in 3D Euclidean space
E3. The following is a summary of the paper’s structure: We offer some basic concepts
on the Q-frame along a curve and some fundamental principles about regular surfaces
in E3, in Section 2. In Section 3, we obtain the Q-curvatures of quasi-Hasimoto surfaces
in E® and provide a necessary and sufficient condition for quasi-Hasimoto surfaces in
E3 to be developable (flat) and minimal surfaces. In Section 4, we give necessary and
sufficient conditions for parameter curves of quasi-Hasimoto surfaces in E? to be geodesics,
asymptotic lines, and principal lines. Finally, in Section 5, a summary is provided at the
end of the article.

2. Preliminaries

The Euclidean 3-space E® is the real vector space R with the Cartesian metric g
= dx% + dx% + dx%, where (x1, X2, x3) is a coordinate system of E3. For the vectors
P = (p1,p2, p3) and Q = (41, 92, q3) in E3, we define Cartesian inner and cross prod-
ucts as

(P, Q) = p1q1 + p2g2 + P393

and
er ey e3
PxQ=|p1 p2 ps|=(p29s— P32, P3d1 — P193, P192 — P21)-
1 92 43
Additionally, the Cartesian norm of the vector P is defined by ||P|| = / (P, P), where

(e1, €2, e3) is the natural basis of R3.
Assume that a(s) is an arc-length parameterized curve in E®. Along the curve a(s),
the Frenet frame {T, N, B} is defined by

T = &/(s) (unit tangent vector),
N =T'/||T'|| (principal normal vector), ()

B =T x N (binormal vector).

Therefore, for the curve «a(s), the Frenet equations are

T 0 k 0 T
N/ = —K O T N 7 (3)
B’ 0 -7t O B

where the functions x and 7 are Frenet curvatures of a(s) [19].
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Along the curve a(s), the Q-frame {T,Ngq, Bq } is defined by [20]
T = &/(s) (unit tangent vector),
Ng = (T x k)/||T x k|| (quasi-normal vector), 4)

Bgq = T x Nq (quasi-binormal vector),

where k is called the projection vector.

Remark 1. In our study, we have chosen k = (0, 0, 1). However, the Q-frame is singular if T and
k are parallel. In this case, the projection vector can be chosen as k = (1,0, 0) or k = (0, 1, 0).

For a Cartesian angle ¢(s) between the principal normal N and the quasi-normal Ng,
the relation matrix between the Q-frame and the Frenet frame is given by

T 1 0 0 T
Ng | =] 0 cos¢(s) sing(s) N |. ()
Bgq 0 —sing(s) cos¢(s) B
Thus, we have
T 1 0 0 T
N | =] 0 cos¢(s) —sing(s) Ng |- (6)
B 0 sing(s) cos¢(s) Bg
Then, the quasi equations for «(s) are
T’ 0 K1 Ko T
Ng |=| -1 0 x3 Ng |, @)
le —Ky —K3 0 Bq

where the functions {x;|i = 1,2, 3} are quasi-curvatures (or Q-curvatures) of a(s) and are
defined by

K1 = Kkcosd(s), kp = —ksing(s), k3 =¢ (s) + 7. (8)
From the above equation, we have
K2 =13 4+13, ¢(s) = — arctan(f). 9)
1

For a regular surface ® = ®(s, t) in E?, we define the following [21]:

- The unit normal vector of ® by

q)s X q)t
W=———, 10
[, (10
where &; = aa%’ and &; = aait)'
- The first fundamental form of ® as
I = (d®,d®) = Lds® +2Mdsdt + Nd#?, (11)

where
L= <q>S/ cI>S>/ M= <CD51 q)t>/ N = <q>tl q>t>

- The second fundamental form of ® by

Il = —(dW, d®) = Eds® + 2Fdsdt + Gdt?, (12)
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where
E= <q)SS/ W>/ F= <(I)St/ W>/ G= <q)fi/ W>

- The Gaussian curvature, mean curvature, and principal curvatures of ® as

EG — F?
LN — M2’
LG — 2MF + NE

M = SaN—wp) (13)

Bl = M+VM2-H, Bp=M-VM2-1H,

respectively.

For a regular curve a(t) on a surface ®(s, t) in E3, the geodesic torsion, geodesic curvature,
and normal curvature are given by

7§:<a,WxW>, }Cg:w’WXM, Kn:<b'c,W>, (14)

s 112
]

respectively.
In light of the above, we give the following definitions [22]:

Definition 1. A regular surface ®(s, t) is termed a developable (flat) surface if the Gaussian
curvature H = 0, whereas it is termed a minimal surface if the mean curvature M = 0.

Definition 2. For a regular curve a(t) on a surface ®(s, t), the following facts are well-known:
- «(t) is a principal line if and only if the geodesic torsion Tg = 0.

- w(t) is an asymptotic line if and only if the normal curvature KC;;, =0

- «(t) is a geodesic curve if and only if the geodesic curvature Ko = 0.

3. Some Geometric Properties of a Quasi-Hasimoto Surface

In this section, we obtain the quasi-Gaussian curvature, quasi-mean curvature, and
quasi-principal curvatures of a quasi-Hasimoto surface in E® and give a necessary and
sufficient condition of a quasi-Hasimoto surface in E? in order for it to be a developable
(flat) surface and a minimal surface.

Proposition 1. Let ® = ®(s, t) be a solution of the vortex filament equation in E3. If ®(s, 0) is
an arc-length parameterized curve, then ® = (s, t) is an arc-length parameterized curve for all t.

Proof. It is enough to prove that (®s, @), = 0 for all solutions of (1).
(Ds, q)5>t = 2<(q)$>t' ;)
2((Pr), Ps)
(D5 x Dgs), Ds)
(
(Ps

|
N

= 2(DPss X D5 + Ds X Dgg5, q)s>
= 2 X Dgss, q>s>

=

The proof is complete. [

Theorem 1. Let & = ®(s, t) be a quasi-Hasimoto surface in E3 such that ® = ®(s, t) is an
arc-length parameterized quasi-curve for all t. Then, the evolution equations for the Q-frame
{T,Ng, Bq}:

+Nqs Pq
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- with respect to s can be expressed as
T 0 K1 K2 T
Ng = —x1 0 x3 Ng |/ (15)
Bq s —Ky —K3 0 Bq
- with respect to t can be expressed as
T 0 p o T
Ng = - 0 w Ng |/ (16)
Bg |, -0 —w 0 Bq
where the functions p, o and w are
p = —Kzs — K1K3,
0 = Kis— KoK3, (17)
1
w = 3 [(Klss — 2K5K3 — Kot )K1 + (Kass + 2K15K3 + K1t )k — KzK%},

respectively. Here, the functions {x;|i = 1,2, 3} are Q-curvatures of & = (s, t) for all t and
2

2_ 2
K* = K] + 5.
Proof. Firstly, It is evident that the evolution equations for the quasi frame {T, Ng, Bq }
with respect to s are given directly from the quasi-equations given in (7).

Secondly, It is known that the general time evolution equations for the Q-frame
{T,Ng, Bq} take the form [9,11]

T 0 p o T
Ng | =| 0 0 w Ng |,
Bg |, - —w 0 Bq

where p, 0 and w are smooth functions of s and t. Our goal is to find the functions {p, o, w}
in terms of the Q-curvatures {x;|i =1,2,3} of & = ®(s, t) for all . By applying the
compatibility conditions Tys = Tsr and (Ng),, = (Ng),, we get

0s = K1 — WKy +0K3,
Os = Kyt + WKy — pK3, (18)
ws = K3 — 0K + pK.

We suppose that the time evolution equation for the quasi-curve & = ®(s, t) can be
expressed by the form
®; = AT + uNq + vBq. (19)

By applying the compatibility condition ®;s = P4, we get the following equations:

0 = As—uxy —vky,
P = Hs+Ax] — ks, (20)
o = Vs+ Akp + uxs.

From the first and second equation of (18), we obtain

1
w = ﬁ[(PK';s + 05 — Kot )x1 + (0K3 — Ps + K1t )K2]. @1)
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We know that the time evolution equation for the quasi-curve ® = ®(s, t) is given by

D = D5 x Py
T x (Kqu + Kqu)

From (19) and (22), we find
{A vy =H{0, —xo, x1}-

By substituting from the above equation in (20) and (21), we get the functions p, ¢, and
w given in (17). The proof is complete. [

Theorem 2. Let & = ®(s, t) be a quasi-Hasimoto surface in E3 such that ® = ®(s, t) is an
arc-length parameterized quasi-curve for all t. Then, the quasi-Gaussian curvature, quasi-mean
curvature, and quasi-principal curvatures of the surface ® = ®(s, t) are given by

-1
My = = |(oia = ras) o (s + sk
IV ) 5 2, 2.2
T 7 23 (1ss — 2Kasi3) K1 + (Koss + 2K15K3 ) K2 — (K7 4153 ) K7,
s 1 ) ) 2, .2).2
g = @{(Klss— K5k )iy + (Kass + 2i15K3) 12 — (K +K3)K]

—1—L (r1ss — 2K0sK3)K1 + (Kass + 2K15K3) Ko — (K% + K3 ) k2 ’
21(3 1ss 2sh3 )11 2ss 1sh3)R2 3

2 2,2 1/2
+4((K15K2 - KZSKl) + (KlssKl + KZssKZ)K )K } ’

1
Byg = 53 {(Klss — K053 ) K1 + (Koss + 2K15K5) K — (K2 + Ké) KZ}
1 2, .2),2)?
5.3 ((Klss — 2K05K3)K1 + (Koss + 2K15K3)Kp — (K + KS)K ) (23)

2 2,2 172
+4((K15K2 - KZsKl) + (KlssK1 + K2SSK2)K )K } ’

respectively. Here, the functions {x;|i = 1,2, 3} are Q-curvatures of ® = (s, t) for all t and
2,22
ke = K] + K5

Proof. The first partial derivatives set {®s, ®;} of the surface ®(s, t) is given by

¢S = T/
24
o, = —K;)_Nq + K]Bq. (24)
From (10), the unit normal vector of ®(s, ) is
W = _7 [k1Nq + 12Bq]. (25)
From (11), the coefficients of the first fundamental form of ®(s, t) are
L=1,
M=0, (26)
N = 2.
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The second partial derivatives set {®ss, Ps;, Pyt } of the surface P(s, t) is given by

D55 = K1Ng + x2Bg,
s = pNg + 0By, (27)
Oy = (px — 1) T— (k2 + wi1)Ng + (k1; — wiz)Bg,

From (12), the coefficients of the second fundamental form of ®(s, t) are

E=—x,
F= %[p;q + 017], (28)
G = =Ly — xy11 — wi?],

where the functions p, o, w are given in (17). Thus, from (13), the quasi-Gaussian curva-
ture, quasi-mean curvature, and quasi-principal curvatures can be expressed as in (23),
respectively. The proof is complete. O

Corollary 1. The quasi-Hasimoto surface ® = ®(s, t) in E3 is
- a developable (flat) surface if and only if

(K1skz — Kask1) + (K1e6K1 + Kasska )k = 0;
- a minimal surface if and only if
(Klss — 2K25K3)K1 + (Kzss + 2K15K3)K2 — (Kz + K%) Kz = O,
where the functions {x;|i = 1,2, 3} are Q-curvatures of ® = ®(s, t) for all t and x> = 3 + 3.
Proof. The proof follows directly from Theorem (2). O

4. Some Characterizations of Parameter Curves of a Quasi-Hasimoto Surface

In this section, we give necessary and sufficient conditions for parameter curves of a
quasi-Hasimoto surface in [E3 to be geodesics, asymptotic lines, and principal lines. Here,
we define the following:

Definition 3. The family of all s parameter curves and the family of all tparameter curves of a
quasi-Hasimoto surface in E3 are denoted by Q and T, respectively.

Theorem 3. Let ® = ®(s, t) be a quasi-Hasimoto surface in E3 such that ® = ®(s, t) is an
arc-length parameterized quasi-curve for all t. Then, the following statements are satisfied:

- Every curve that belongs to ) is a geodesic.

- Every curve that belongs to I is a geodesic if and only if

(x15 — KoK3)K1 + (K5 + K1K3) K2 = O,
where the functions {x;|i = 1,2, 3} are Q-curvatures of & = ®(s, t) for all t.

Proof. Firstly, from (24), (25) and (27), we have

¢S = T/

-1
W — 7 [Kqu + Kqu] ’
¢)SS = Kqu + KZBq.

Thus, from (14), we find that the quasi-geodesic curvature equals zero. This means
that every curve that belongs to () is a geodesic.
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Secondly, From (24), (25) and (27), we have
CD,} = —K2Nq + Kqu,

-1

7 [Kqu + K2Bq] ’

Oy = (pKo — oK) T— (Kot + wikq)Ng + (k14 — wk2)Bg,

where the functions p, o, w are given in (17). Thus, from (14), we obtain the quasi-geodesic

curvature as
K1s — Kok3)Kq + (K5 + K1K3)K2
5 .
K

(
’Cg -
This means that every curve that belongs to I' is a geodesic if and only if
(re1s — x2K3 )11 + (25 + K1K3) K2 = 0.
The proof is complete. [

Theorem 4. Let & = ®(s, t) be a quasi-Hasimoto surface in E3 such that ® = ®(s, t) is an
arc-length parameterized quasi-curve for all t. Then, the following statements are satisfied:
- Every curve that belongs to () is an asymptotic line if and only if

k= 0.
- Every curve that belongs to I is an asymptotic line if and only if

%3 =0,

(*15s — 2n53) K1 + (K255 + 2K15K3) K2 — K
where the functions {x;|i = 1,2, 3} are Q-curvatures of ® = ®(s, t) for all t and > = x? + x3.

Proof. Firstly, from (24), (25) and (27), we have

®S — T,

-1
W = 7 [Kqu + Kqu] ,
©SS = Kqu + K2Bq

Thus, from (14), we get the quasi-normal curvature as
Kn = —x.

This means that every curve that belongs to (2 is an asymptotic line if and only if
x=0.
Secondly, from (24), (25), and (27), we have

b, = —Kqu + K]Bq,
-1
W = 7 [Kqu —+ Kqu] ,
Oy = (pKko — oxy)T— (ko + wiy)Ng + (k14 — wk2)Bg,

where the functions p, ¢, and w are given in (17). Thus, from (14), we obtain the quasi-
normal curvature as

(K155 — 2K25K3 )1 + (Kass + 2K15K3) Ko — K2K3

K, =
n K3
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This means that every curve that belongs to I' is an asymptotic line if and only if
(K1ss — 215K3)K1 + (Kass + 2K15K3) Ky — K7K3 = 0.
The proof is complete. [

Corollary 2. If every curve that belongs to () is an asymptotic line, then every curve that belongs
to I is also an asymptotic line.

Proof. The proof follows directly from Theorem 4. [J

Theorem 5. Let & = ®(s, t) be a quasi-Hasimoto surface in E3 such that ® = ®(s, t) is an
arc-length parameterized quasi-curve for all t. Then, every curve that belongs to Q and I is a
principal line if and only if

K1Kas — K15k + K32 = 0,

where the functions {x;|i = 1,2, 3} are Q-curvatures of ® = (s, t) for all t and x* = 13 + x3.
Proof. Firstly, from (24) and (25), we have

b, = T,
W = “[sNg+raBg).

By using (15), we find
Ws = % [K3T+(K1KS — K15k + K2K3%)Ng + (k2K — Kok — K1K3K)Bq} .
Thus, from (14), we get the quasi-geodesic torsion as
Te = % [Kles — K15K2 + K3K2}.
This means that every curve that belongs to () is a principal line if and only if
KiKas — K1ska + K32 = 0.
Secondly, from (24) and (25), we have

b, = —Kqu-‘rKqu,

W = “[aNg+r:Bg).

By using (16), we find
1
W, = = [(pxlx + o10K) T4 (KK — K14K + wkok )N + (KoKt — Kopk — wxlx)Bq],
where the functions p, o, and w are given in (17). Thus, from (14), we obtain the quasi-

geodesic torsion as

1 2
Te = = [Klf% — K15Kp + K3K }

This means that every curve that belongs to I' is a principal line if and only if
K1Kps — K1sK2 + K3K2 =0.

The proof is complete. [
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Corollary 3. If every curve that belongs to ) is an asymptotic line, then every curve that belongs
to Q) and T is also a principal line.

Proof. The proof follows directly from Theorems 4 and 5. [

5. Conclusions

In this article, by employing the Q-frame, the geometry of Hasimoto surfaces corre-
sponding to the geometry of solutions of the vortex filament equation in Euclidean 3-space
E?® was investigated. In detail, the Q-curvatures of a quasi-Hasimoto surface in E® were
obtained, and the necessary and sufficient condition of a quasi-Hasimoto surface in E3 in
order for it to be a developable (flat) surface and a minimal surface was presented. The
necessary and sufficient conditions for parameter curves of a quasi-Hasimoto surface in
[E3 to be geodesics, asymptotic lines, and principal lines were given. This surface is a new
contribution to the field, and it may be useful for some specific applications in theoretical
physics and fluid dynamics.
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