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Abstract: The failure of harmonic gear drive is mainly caused by the fatigue fracture of flexible
wheels and the fatigue damage of flexible bearings. In this paper, the stress sensitivity and fatigue
life characteristics of flexible wheels with thin-walled vulnerable components are studied. Firstly,
the structure of the flexible wheel of a B3-80 general harmonic gear reducer is designed, the finite
element model of the flexible wheel is established by using ANSYS finite element software, and the
finite element analysis results are compared with the theoretical calculations to verify the correctness
of the model. Finally, by changing the cylinder length, smooth cylinder wall thickness and load,
the maximum equivalent stress curves of the flexible gear ring, smooth cylinder and flexible wheel
bottom are obtained, and the influence law of structural parameters on the stress characteristics of
flexible wheel is obtained. At the same time, the influence laws of flexible wheel cylinder length
and smooth cylinder wall thickness on the fatigue life of flexible wheel is studied, which provides a
theoretical basis for the structural optimization design of the cup flexible wheel.

Keywords: flexible wheel of harmonic reducer; finite element model; stress sensitivity; fatigue life;
study on influence law

MSC: 65N30

1. Introduction

Harmonic gear drive is widely used in industrial robots, aerospace and optics and
other fields, and has the ability to work normally in vacuum, strong radiation and large
temperature difference environments. The failure of harmonic gear transmission is mainly
caused by the fatigue fracture of the flexspline and the fatigue damage of flexible bear-
ings [1]. Therefore, it is of great engineering significance to analyze the contact mechanical
characteristics and study on fatigue life characteristics of the flexspline of thin-wall frag-
ile components. Domestic and international scholars have conducted extensive research
on gear tooth meshing, flexspline strength, mechanical characteristics and fatigue life in
harmonic gear transmission. Jia et al. [2] studied the motion error of the harmonic drive,
analyzed the beat frequency phenomenon caused by it, and carried out experimental verifi-
cation with a harmonic reducer. Li et al. [3] took the wave generator of a harmonic drive as
the research object. Based on the support function, the stress of spline is optimized by de-
signing different contours, and its stress and deformation are studied by the finite element
method. Dennis et al. [4] estimated the contact stress and bending stress of flexible gear
teeth through the combination of nonlinear dynamic simulation and finite element analysis,
and determined the influence of flexible gear tooth shape change on harmonic transmission
performance. Li [5] carried out finite element simulation analysis on a cylindrical flexible
wheel, cup flexible wheel and top hat flexible wheel; studied the stress characteristics of
flexible wheels with different structures; and verified the simulation results with reference
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to experiments. Pacana et al. [6] established four wave generator models of double roller,
four roller, CAM and disc. Under no-load and load conditions, they numerically calculated
the stress value at the flexible gear teeth of harmonic drive and studied the influence of
the type of wave generator on the stress distribution of flexible gear teeth. Oguz et al. [7]
proposed a stress–strain analysis method based on the finite element method to calculate
the stress of flexspline teeth and found the best tooth profile to maximize the service life
of flexspline. Ostapski [8,9] analyzed the stress distribution of flexible bearings under
symmetrical radial load and the influence of assembly error on fatigue damage of flexible
bearings by the finite element method. In 1961, Sun Wei introduced harmonic gear drive
technology into China, and he made outstanding contributions in the theoretical research
and practical application of harmonic drive technology [10]. Leno et al. [11] determined the
influence of the geometric structure change of flexible gear teeth on the performance of a
double wave harmonic drive through statistical analysis to evaluate the motion error, load
capacity, bending fatigue strength and pitting corrosion. Gravagno et al. [12] studied the
influence of the shape of the wave generator on the motion error in the process of harmonic
drive and quantitatively evaluated it. Zhang et al. [13] studied the materials of the flexible
wheel and the changes of material properties in the manufacturing process, and analyzed
the control strategy of austenite grain refinement and homogenization of the flexible wheel.
In 2011, Xiao et al. [14] established the mathematical model of harmonic drive CAM wave
generator and optimized the structure of CAM wave generator by using finite element
software. Based on the theory of rigid-flexible coupling and transient dynamics analysis,
Ye Nanhai et al. [15] obtained the stress distribution state and fatigue failure position of the
flexspline during assembly and meshing, and then carried out fatigue life sensitivity analy-
sis on the geometric structure and material parameters of the flexspline and established the
fatigue life model of the flexspline.

According to the research on harmonic gear reducer geometric parameters on flexural
stress sensitivity and fatigue life of the law of the study, harmonic drive is based on
the thin wall shell elastic deformation theory on the basis of a new transmission mode,
and harmonic gear reducer research is usually conducted with the help of finite element
software. Generally, the model is simplified to a certain extent, such as the Flexspline being
simplified as a smooth cylindrical shell, the wave generator being simplified as a CAM, or
the approximate model being an axisymmetrical structure, which represents one-quarter
of the analysis. Different degrees of simplification will inevitably affect the mechanical
properties of the model. Therefore, this paper first designs the complete structure of the
flexible wheel, and then establishes the finite element model of the flexible wheel according
to its structural size. Finally, the effects of cylinder length and smooth cylinder wall
thickness on the mechanical and fatigue characteristics of the flexspline are analyzed.

2. Structure Design and Model Establishment of a Harmonic Gear Reducer Flexible Wheel

According to [16], when the inner diameter of the flexspline is 80 mm, the nominal
transmission ratio can be selected in five cases: 85, 100, 125, 160 and 200. Different
transmission ratios correspond to different modulii and allowable torque of the low-speed
shaft. The transmission ratio of the reducer is determined by the number of teeth of
the flexspline and working conditions. Considering the size of the finite element model,
simulation time and other factors, this paper selected the first case in the literature [16] for
analysis. The inner diameter of the flexible wheel was 80 mm, the nominal transmission
ratio of the flexible wheel was 85, the module 0.5 mm, the allowable torque of the low-speed
shaft was 90 N·m, the allowable radial load of the low-speed shaft was 3000 N, and the
weight was 9.2 kg.

Flexspline mainly adopts an involute tooth profile and double circular arc tooth
profile [17,18]. An involute tooth profile has simple structure, convenient processing and
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manufacturing, and is widely used. This paper studied the involute tooth profile, and its
equation can be described by Equation (1).{

x = rb(cos θ + θ sin θ)
y = rb(sin θ − θ cos θ)

(1)

where rb is the radius of the base circle and θ is the angle between the connecting line
between the fixed point and the center of the circle and the x axis.

The flexspline teeth of a harmonic gear reducer mainly adopt an involute narrow
cogging, and there are three types of pressure angles: 20◦, 30◦ and 28◦35′′ [19]. Because
the tooth profile with 20 pressure angle is easy to process and widely used, the pressure
angle α = 20◦ is selected for the involute tooth. In order to prevent interference in the
meshing process between the flexspline and rigid wheel, the modification coefficients of
the flexspline and rigid wheel are designed as follows:{

x f = [(D−mz f )/2 + δ′ + (h∗a + c∗)m]/m

xg = x f + (w∗ − 1)
(2)

where D is the outer diameter of flexible bearing, z f is the number of flexspline teeth, δ′ is
the wall thickness of the flexspline ring gear, h∗a is the coefficient of tooth crest height,
c∗ is the coefficient of top clearance, m is the modulus, and w* is the coefficient of radial
deformation. The crest height coefficient h∗a = 1.0 is selected, and the crest clearance
coefficient c∗ = 0.35 when the modulus m ≤ 1. The radial deformation coefficient was
generally in the range of w* = 0.8~1.2 and w* = 1.0 in this paper. According to [19], the
value range of wall thickness coefficient of the flexspline is 0.01~0.0145. The wall thickness
of the flexspline ring gear was obtained by the product of wall thickness coefficient and
flexspline inner diameter, and δ′ = 1 was taken in this paper.

According to its different shapes and structures, flexspline can be divided into
two forms [20]: a cylindrical cup shape and bell shape. In this paper, the flexspline
was designed according to the cylindrical cup structure, and the coupling mode adopted
a screw connection. The structure schematic of the flexspline is shown in Figure 1, and
the main geometric structure parameters of the flexspline obtained by the calculations are
presented in [20].
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Figure 1. Structure diagram of the flexible wheel. Figure 1. Structure diagram of the flexible wheel.

After completing the structural design, the finite element model of the flexible wheel is
established according to the structural parameters. Because the structure of the flexible gear
is complex and there are many teeth in its circumferential direction, if it is modeled with
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the help of other three-dimensional software, after importing the finite element software,
the meshing near the ring gear will become very complex, with a long solution time and
poor mesh quality, which will affect the accuracy of the calculation results. Therefore, this
paper adopts the bottom-up method to directly establish the flexible wheel finite element
model in ANSYS. The flexible wheel finite element model is shown in Figure 2.
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Figure 2. Finite element model of the flexible wheel.

This paper focuses on the contact mechanical characteristics between the wave gen-
erator and the flexible wheel. The chamfers R1, R2 and R3, as shown in Figure 1, as well
as the pin holes and smooth holes on the bottom flange of the flexspline are ignored in
modeling. The flexible wheel was made of alloy structural steel 30CrMnSi, with an elastic
modulus of 204 GPa, Poisson’s ratio of 0.29, density of 6691 kg/m3, and a yield limit of
885 MPa. When modeling, we first defined the four node plane182 element and eight
node solid185 element, and completed the setting of 30CrMnSi material parameters, then
generated the finite element model of a single tooth surface by using the mapping mesh
division method; finally, we made the flexible wheel model corresponding to a single tooth
by stretching the tooth surface, and converting the Cartesian coordinate system into the
first kind of the cylindrical coordinate system. The complete finite element model of the
flexible wheel was obtained by copying along the circumferential direction. As shown in
Figure 2, the model contained 1,445,694 units and 1,840,442 nodes.

3. Verification of the Finite Element Model
3.1. Simplification of the Mesh Model of the Flexspline Tooth Profile

Because the meshing process of the gear teeth is not involved in the analysis of the
influence law of the geometric structure parameters on the mechanical characteristics of
flexible gear, it was necessary to re-divide the mesh of the tooth profile in the flexible gear
finite element model to reduce the calculation scale.

The mesh division of the tooth profile of the flexible wheel finite element model is
shown in Figure 3. The numbers of elements and nodes of the single-tooth plane model
are, respectively, 361 and 409. On the basis of Figure 3, after the thinning the operation of
removing elements at the edge of the tooth profile, the simplified tooth profile meshing was
obtained and is shown in Figure 4. The numbers of elements and nodes of the single-tooth
plane model are, respectively, 80 and 101. Then, the assembly simulation of the middle
section of the flexible gear ring and the section of the cosine CAM wave generator was
carried out to explore the deformation and force changes of the flexible gear before and
after the simplification of the tooth profile mesh.



Mathematics 2022, 10, 868 5 of 20

Mathematics 2022, 10, x FOR PEER REVIEW 5 of 20 
 

 

carried out to explore the deformation and force changes of the flexible gear before and 
after the simplification of the tooth profile mesh. 

 
Figure 3. Mesh model of the flexible wheel profile. 

 
Figure 4. Simplified mesh model of the flexible wheel profile. 

First, the contact wizard was used to set the contact pair, and the static friction coef-
ficient was 0.02 and the normal contact stiffness coefficient was 0.05. Then, the zero-dis-
placement constraint of Cam section in the y-axis direction was set to control the left and 
right half Cam sections to move 0.5 mm along the negative and positive directions of the 
x axis to simulate the assembly process of the flexspline and cosine cam. Finally, the aug-
mented Lagrange algorithm was used to solve the problem, and the cross-section defor-
mation nephogram and stress nephogram of flexspline ring gear before and after tooth 
profile mesh simplification are shown in Figures 5 and 6, respectively. 

 
 

(a) (b) 

Figure 5. Flexible wheel deformation comparison. (a) Deformation nephogram before tooth profile 
mesh simplification. (b) Deformation nephogram after tooth profile mesh simplification. 

It can be seen from Figures 5 and 6 that the variation trend of the deformation neph-
ogram and stress nephogram in the cross section of flexspline ring gear before and after 
tooth profile mesh simplification is consistent. In the deformation nephogram, the 

Figure 3. Mesh model of the flexible wheel profile.

Mathematics 2022, 10, x FOR PEER REVIEW 5 of 20 
 

 

carried out to explore the deformation and force changes of the flexible gear before and 
after the simplification of the tooth profile mesh. 

 
Figure 3. Mesh model of the flexible wheel profile. 

 
Figure 4. Simplified mesh model of the flexible wheel profile. 

First, the contact wizard was used to set the contact pair, and the static friction coef-
ficient was 0.02 and the normal contact stiffness coefficient was 0.05. Then, the zero-dis-
placement constraint of Cam section in the y-axis direction was set to control the left and 
right half Cam sections to move 0.5 mm along the negative and positive directions of the 
x axis to simulate the assembly process of the flexspline and cosine cam. Finally, the aug-
mented Lagrange algorithm was used to solve the problem, and the cross-section defor-
mation nephogram and stress nephogram of flexspline ring gear before and after tooth 
profile mesh simplification are shown in Figures 5 and 6, respectively. 

 
 

(a) (b) 

Figure 5. Flexible wheel deformation comparison. (a) Deformation nephogram before tooth profile 
mesh simplification. (b) Deformation nephogram after tooth profile mesh simplification. 

It can be seen from Figures 5 and 6 that the variation trend of the deformation neph-
ogram and stress nephogram in the cross section of flexspline ring gear before and after 
tooth profile mesh simplification is consistent. In the deformation nephogram, the 
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First, the contact wizard was used to set the contact pair, and the static friction
coefficient was 0.02 and the normal contact stiffness coefficient was 0.05. Then, the zero-
displacement constraint of Cam section in the y-axis direction was set to control the left
and right half Cam sections to move 0.5 mm along the negative and positive directions
of the x axis to simulate the assembly process of the flexspline and cosine cam. Finally,
the augmented Lagrange algorithm was used to solve the problem, and the cross-section
deformation nephogram and stress nephogram of flexspline ring gear before and after
tooth profile mesh simplification are shown in Figures 5 and 6, respectively.
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Figure 6. Flexible wheel stress comparison of the front and rear of the tooth profile simplified mesh.
(a) Stress nephogram before tooth profile mesh simplification. (b) Stress nephogram after tooth profile
mesh simplification.

It can be seen from Figures 5 and 6 that the variation trend of the deformation
nephogram and stress nephogram in the cross section of flexspline ring gear before and
after tooth profile mesh simplification is consistent. In the deformation nephogram, the
maximum deformation in x-axis direction and y-axis direction is 0.503 mm before and
0.501 mm after tooth profile mesh simplification, which is reduced by 2 µ m. In the stress
nephogram, the stress value at the tooth root of the section is evidently greater than that
in other areas, which shows that the stress concentration phenomenon occurs at the root
of the tooth. The maximum equivalent stress of tooth profile mesh is 241 MPa before
simplification and 245 MPa after simplification, which is increased by 4 MPa. On the whole,
the simplification of the flexspline tooth profile mesh hardly affects its deformation and
stress. Therefore, the following analysis of the flexspline in this section is carried out on the
basis of simplifying the tooth profile grid.

3.2. Mechanical Analysis of the Flexspline under Cosine Cam

When the flexspline is assembled with the cosine cam wave generator, the neutral layer
section of the flexspline will be deformed along the generatrix direction. The shape changes
of the flexspline and wave generator before and after assembly are shown in Figure 7.
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Figure 7. Diagram of the deformation of the flexible wheel structure before and after assembly.
(a) Structure before assembly. (b) Long axis area structure after assembly. (c) Structure of short shaft
area after assembly.

As can be seen from Figure 7, in the long axis area of the wave generator, the flexspline
is deformed and inclined to the outside, while in the short axis area of the wave generator,
the flexspline is inclined to the inside. Moreover, the deformation of each section of
flexspline is different along the axial direction.
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In order to quantitatively analyze the displacement and stress distribution of the
flexspline under the action of cosine cam, the static analysis of the flexspline was carried
out. Fixed constraints are imposed on all the nodes of the inner hole surface of the flange at
the bottom of the flexspline, and then the left and right half cams are controlled to move
0.5 mm along the negative and positive directions of x axis to simulate the assembly process
of the flexspline and cosine cam. Finally, the augmented Lagrange algorithm [21] is used to
solve the problem. The displacement nephogram of the flexspline under the action of the
cosine cam and the equivalent stress distribution curve of the middle section of gear ring
are shown in Figures 8 and 9, respectively.
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Figure 9. Equivalent stress distribution curve of the section in the ring gear.

As can be seen from Figures 8 and 9, the cross-sectional shape of the flexspline is
greatly deformed under the action of cosine cam. The unit near the x-axis moves outward
and the unit near the y-axis moves inward. The maximum displacement is 0.532 mm,
which is slightly larger than the maximum radial deformation of the flexspline by 0.5 mm.
The distribution curve of equivalent stress in the middle section of the flexspline ring gear
is symmetrical with respect to the coordinate axes. The equivalent stress value near the
x-axis direction is the largest, about 250 MPa, and the equivalent stress value near the y-axis
direction is the smallest, about 50 MPa.
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In order to further analyze the displacement of flexspline at different sections and polar
angles, a circular path is defined along the counterclockwise direction with the forward
direction of x axis as the starting point. Displacement data at the bottom (Z = 0) of the
flexspline in Section 1, the middle (Z = 35) of the flexspline in Section 2 and the middle
(Z = 63) of the ring gear in Section 3 were extracted as shown in Figure 7, and the results
are shown in Figure 10.
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Figure 10. Deformation of the flexible wheel at different sections. (a) Radial displacement;
(b) Circumferential displacement; (c) Axial displacement; (d) Total displacement.

It can be seen from Figure 10 that the greater the axial distance from the bottom of
the flexspline, the greater the radial displacement and circumferential displacement of the
corresponding points in the neutral layer of the flexspline. Although the numerical values
are different, the variation trend of the displacement along the circumferential direction
satisfies the sine and cosine variation law. The axial displacement at different sections is
almost constant, because the flexspline is in an alternating stress state during the contact
between the wave generator and the flexspline, and its circumferential stress and tangential
stress are much greater than the axial stress, so the axial displacement is small and relatively
stable. The total displacement is similar to the radial displacement and axial displacement.
The displacement is the largest at the major and minor axes of the wave generator, and the
smallest at θ = 45◦, 135◦, 225◦, 315◦, which is in accord with the characteristics of the cosine
cam profile.

3.3. Comparison between Simulation Results and Theoretical Calculations

According to the polar coordinate equation of the cosine cam wave generator profile
described above, the radial displacement at any point of the flexspline can be determined
by the following functional relationship:

ω = 0.5Z cos(2θ)/L (3)
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The displacement of the neutral layer line element during flexspline deformation is
shown in Figure 11, and the line element ab is displaced to a2b2 under the action of cam
wave generator. This process can be divided into two stages: first, the line element ab is
displaced radially ω and ω + dω to a1b1; and second, the circumferential displacement v
and v + dv to a2b2 takes place. The increment of line element length in the first stage is dω,
and the increment of line element length in the second stage is dυ.
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Figure 11. Deformation of the flexible wheel neutral layer line element.

Assuming that the neutral layer section of the flexspline is not elongated and the bus
bar is not twisted, the sum of the length increments of line elements should be zero [1], so
there are:

dω+dυ= 0 (4)

The circumferential displacement at any point of the flexspline can be expressed as:

υ = −
∫ θ

0
ωdθ (5)

υ = −Z sin(2θ)/(4L) (6)

where θ is the position angle between any point on the section of the neutral layer of the
flexspline and the line connecting the center of the circle and the long axis of the wave
generator, Z is the axial distance from any point on the section of the neutral layer of the
flexspline to the bottom of its cylinder, and L is the length of the flexspline cylinder.

Axial displacement and angular displacement at any point of flexspline can be ex-
pressed as: {

u = −Rcos(2θ)/(8L)
φ = 3Z sin(2θ)/(4RL)

(7)

where R is the cross-sectional radius of the neutral layer of the flexspline.
In order to more intuitively find out the relationship between radial displacement,

circumferential displacement, axial displacement and angular displacement of the flexs-
pline and polar angle and axial distance from the cylinder to cylinder bottom, the spatial
distribution state diagram of flexspline displacement was projected in plane, as shown in
Figure 12.



Mathematics 2022, 10, 868 10 of 20
Mathematics 2022, 10, x FOR PEER REVIEW 10 of 20 
 

 

360

270

180

90

0
0 10 20 30 40 50 60 70

0.5

0

-0.5

0.5

0

-0.5
0 10 20 30 40 50 60 70

ω
/m

m

0.6

0.3

0

-0.3

-0.6

0.5

0

-0.5

ω
/m

m

0.6

0.3

0

-0.3

-0.60 90 180 270 360
/ degθcylinder body - cylinder bottom Z/mmcylinder body - cylinder bottom Z/mm

/d
eg

θ

 
(a) (b) (c) 

0.2

0

-0.2
0 10 20 30 40 50 60 70

360

270

180

90

0

0.2

0

-0.2
0 10 20 30 40 50 60 70   

   
   

   
   

   
 /m

m
υ

0.3

0.15

0

-0.15

-0.3

0.2

0

-0.2

   
   

   
   

   
   

 /m
m

`
υ

0.3

0.15

0

-0.15

-0.3
0 90 180 270 360

/ degθcylinder body - cylinder bottom Z/mmcylinder body - cylinder bottom Z/mm

/d
eg

θ

 
(d) (e) (f) 

360

270

180

90

0
0 10 20 30 40 50 60 70

0.06

0

-0.06

0.072

0.036

0

-0.036

-0.072
0 90 180 270 360

 u
/m

m
0.06

0

-0.06
0 10 20 30 40 50 60 70

0.06

0

-0.06

0.072

0.036

0

-0.036

-0.072

  u
/m

m

/ degθcylinder body - cylinder bottom Z/mmcylinder body - cylinder bottom Z/mm

/d
eg

θ

 
(g) (h) (i) 

0.015

0

-0.015

0.02

0.01

0

-0.01

-0.020 90 180 270 360

   
   

   
   

   
   

 /d
eg

φ

0 10 20 30 40 50 60 70

0.015

0

-0.015

360

270

180

90

0

0.015

0

-0.015

0 10 20 30 40 50 60 70

0.02

0.01

0

-0.01

-0.02   
   

   
   

   
   

 /d
eg

φ

/ degθcylinder body - cylinder bottom Z/mmcylinder body - cylinder bottom Z/mm

/d
eg

θ

 
(j) (k) (l) 

Figure 12. Flexible wheel displacement plane projection. (a) Radial displacement xoy; (b) Radial 
displacement xoz; (c) Radial displacement yoz; (d) Circumferential displacement xoy; (e) Circum-
ferential displacement xoz; (f) Circumferential displacement yoz.; (g) Axial displacement xoy; (h) 
Axial displacement xoz; (i) Axial displacement yoz; (j) Angular displacement xoy; (k) Angular dis-
placement xoz; (l) Angular displacement yoz. 

It can be seen from Figure 12 that the spatial distribution state diagram of the radial 
displacement, circumferential displacement and angular displacement of the flexspline of 
the harmonic gear reducer has a similar shape layout in each plane, and the xoy plane 
projection is a rectangular layout, the xoz plane projection is a triangular layout, and the 
yoz plane projection is a sine–cosine waveform layout. The plane projection drawings of 
axial displacement are different. The xoy and xoz plane projections are both a rectangular 
layout, while the yoz plane projection is a sine–cosine curve layout. This is because the 
axial displacement value does not change with the axial distance Z between the cylinder 

Figure 12. Flexible wheel displacement plane projection. (a) Radial displacement xoy; (b) Radial dis-
placement xoz; (c) Radial displacement yoz; (d) Circumferential displacement xoy; (e) Circumferential
displacement xoz; (f) Circumferential displacement yoz.; (g) Axial displacement xoy; (h) Axial dis-
placement xoz; (i) Axial displacement yoz; (j) Angular displacement xoy; (k) Angular displacement
xoz; (l) Angular displacement yoz.

It can be seen from Figure 12 that the spatial distribution state diagram of the radial
displacement, circumferential displacement and angular displacement of the flexspline
of the harmonic gear reducer has a similar shape layout in each plane, and the xoy plane
projection is a rectangular layout, the xoz plane projection is a triangular layout, and the
yoz plane projection is a sine–cosine waveform layout. The plane projection drawings of
axial displacement are different. The xoy and xoz plane projections are both a rectangular
layout, while the yoz plane projection is a sine–cosine curve layout. This is because the
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axial displacement value does not change with the axial distance Z between the cylinder
and the cylinder bottom, so its yoz plane projection is a sine–cosine curve, and the different
colors in each plane projection represent the different displacement values.

The theoretical values of the radial and circumferential displacements of the flexspline
of a harmonic gear reducer at the middle of the flexspline ring gear (Z = 63) are extracted
and compared with the simulation values of the finite element analysis results. The results
are shown in Figures 13 and 14.
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It can be seen from Figures 13 and 14 that the theoretical and finite element values of the
radial displacement of the neutral layer of the flexspline are different around θ = 90 and 270,
that is, the finite element values of the radial displacement near the short axis of the wave
generator are slightly smaller than the theoretical values, and the finite element values
at other positions are basically consistent with the theoretical values. The finite element
values of the circumferential displacement are slightly smaller than the theoretical values
at the positions of θ = 45, 135, 225 and 315, and are basically consistent at other positions.
The reason for this phenomenon is that the theoretical value is calculated on the premise
that the neutral layer does not elongate, and when the finite element simulation analysis is
carried out, the neutral layer of flexspline will change, and the elongation of the neutral
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layer leads to a slight difference between the finite element value and the theoretical value
at these positions [22].

By comparing the theoretical solution of radial displacement and circumferential
displacement with the finite element simulation results, it can be seen that the finite
element simulation results of the radial displacement and circumferential displacement
of the neutral layer of the flexspline are in good agreement with the theoretical solution.
At the same time, the correctness of the finite element model established in this paper is
also verified.

4. Sensitivity Calculation of Stress Characteristics and Fatigue Life Analysis of
the Flexspline
4.1. Calculation of Meshing Force of the Flexspline Teeth

Referring to [7], the distribution law of flexspline tooth meshing force of a har-
monic gear reducer can be obtained: the load distribution of flexspline is shown in
Figure 15, and the meshing force of flexspline teeth can be approximately expressed by
Equations (8) and (9).
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In the area where φ2, φ3 are located, the meshing force between the flexspline and
rigid wheel can be expressed as Equations (8) and (9):{

Qt = Qtmax cos[π(φ− φ1)/(2φ2)]

Qr = Qt tan α
(8)

{
Qt = Qtmax cos[π(φ− φ1)/(2φ3)]

Qr = Qt tan α
(9)

The load Q on the single tooth surface of the flexspline is:

Q = B f

√
Q2

t + Q2
r (10)

The relationship between moments T and Qtmax is as follows:

T =
∫ φ1+φ2

φ1

D2
f B f Qtmax cos[π(φ− φ1)/(2φ2)]dφ (11)

After the integral operation, the relationship between Qtmax and torque T is obtained:

Qtmax = πT/(2φ2D2
f B f ) (12)

where Qt is the circumferential load on the unit tooth width of the flexspline, φ is the angle
between the long axis AA′ of the wave generator and the load, Qr is the radial load on
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the unit tooth width of the flexspline, φ1 is the angle between the long axis AA′ of the
wave generator and the load symmetry axis BB′, α is the tooth meshing angle, φ2, φ3 are
the meshing area angles, T is the torque borne by the flexspline, D f is the diameter of the
indexing circle of the flexspline, B f is the width of the flexspline ring gear, Qtmax is the
maximum value of the tangential component of the meshing force of the flexspline teeth,
and Q is the load value on the tooth surface of a single flexspline tooth.

When φ1 ≈ −π/12 and φ2 = φ3 ≈ π/8, the angle of meshing area is −5π/24~π/24
and 19π/24~25π/24, respectively. According to the Equations (8)–(12), the load values
at different meshing area angles φ of the flexspline teeth under normal load (torque T
is 70 N·m, 80 N·m and 90 N·m) and overload (torque T is 100 N m and 110 N m) are
calculated. From the load distribution diagram of the flexspline, it can be seen that the
meshing area of gear teeth has a certain symmetry, and its size is π/4, so only the load
value of the meshing area at −5π/24~π/24 is calculated.

For the convenience of the follow-up research, the meshing area −5π/24~π/24 is
divided into 20 parts according to the interval of π/80, and 21 load values are calculated.
Then, the calculated load values are loaded on the tooth surfaces of 21 teeth of flexspline
in turn during the finite element analysis. Under different torques, the load values at the
angle φ of each meshing area of flexspline teeth are shown in Table 1.

Table 1. Load value at the angle of each meshing area under different torques.

T (N·m) Q (MPa)

0 6.6021 13.050 19.172 24.822 29.861 34.164
70 37.623 40.162 41.709 42.229 41.709 40.162 37.623

34.164 29.861 24.822 19.172 13.050 6.6021 0

0 7.5798 14.914 21.911 28.368 34.126 39.045
80 43.002 45.890 47.668 48.262 47.668 45.890 43.002

39.045 34.126 28.368 21.911 14.914 7.5498 0

0 8.4396 16.778 24.649 31.914 38.392 43.925
90 48.377 51.637 53.626 54.295 53.626 51.637 48.377

43.925 38.392 31.914 24.649 16.788 8.4396 0

0 9.4373 18.642 27.388 35.460 42.658 48.806
100 53.752 57.375 59.585 60.328 59.585 57.375 53.752

48.806 42.658 35.406 27.388 18.642 9.4373 0

0 10.381 20.506 30.127 39.006 46.924 53.687
110 59.127 63.112 65.543 66.360 65.543 63.112 59.127

53.687 46.924 39.006 30.127 20.506 10.381 0

4.2. Fatigue Life Analysis of the Flexspline

The fatigue failure of the materials is usually divided into three stages: initial crack
initiation, stable propagation in the middle stage and unstable propagation to fracture
failure in the later stage. The fatigue performance of any material can be described by the
relationship between its bearing stress S and its life N when fatigue damage occurs. From
the 1950s to 1960s, Waller first put forward the concept of fatigue limit, and obtained the
S–N curve describing fatigue behavior and characterizing fatigue performance. Among
them, the double logarithmic linear relationship of the S–N curve described by a power
function can be expressed by Equation (13) [23,24].

lgS =
1
m
(lgC− lgN) (13)

In the formula, m, C are the parameters related to the properties of the tested materials,
loading methods, stress ratios, etc.

The rated working time of the flexspline is closely related to the stress it bears. There-
fore, the S–N curve of the 30CrMnSi material should be determined first when analyzing the
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fatigue life of the flexspline. The S–N curve of the material can be obtained by theoretical
derivation calculation or experiment, and then the S–N curve of the flexspline material
30CrMnSi is finally obtained by calculation in combination with Equation (13) as shown in
Figure 16 [25,26].
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4.3. Analysis of the Influence of Cylinder Length on the Flexspline
4.3.1. Analysis of the Influence of Cylinder Length on Flexspline Stress

The length L of the cylinder determines the geometrical dimension of the flexspline
in the axial direction and is one of the key structural parameters of the cylindrical cup-
shaped flexspline, which has a significant influence on the mechanical characteristics of the
flexspline [27,28]. Therefore, in this section, the length range of cylinder is L = 50~80 mm,
and the value is taken every 10 mm, and four groups of analysis are carried out altogether.
The stress nephogram of flexspline under different cylinder lengths is shown in Figure 17.
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As can be seen from Figure 17, when the length of the flexspline cylinder increases
from 50 mm to 80 mm, its maximum equivalent stress value decreases by 32%, indicating
that the increase in the cylinder length L can improve the stress of the flexspline.

The fitting curve of the analysis results is shown in Figure 18. If the flexspline is divided
into three parts, ring gear, smooth cylinder and flexspline bottom, the stress value of ring
gear and smooth cylinder is greater than that of flexspline bottom. When L = 50~70 mm, the
maximum equivalent stress values of flexspline ring gear, smooth cylinder and flexspline
bottom decrease evidently, from 683 MPa to 514 MPa, 682 MPa to 365 MPa, 142 MPa
to 98.1 MPa, respectively. When L = 70~80 mm, the decreasing trend of the maximum
equivalent stress value tends to be flat, from 514 MPa to 488 MPa, 406 MPa to 303 MPa,
98.1 MPa to 79.2 MPa, respectively. It shows that, with the increase in the length of the
cylinder, the stress concentration of the flexspline decreases, and the stress of the flexspline
can be improved by increasing the length of the cylinder.
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Figure 18. Stress influence curve of different round length flexible wheels. (a) Stress variation curve
of flexspline; (b) Stress change curve of the ring gear; (c) Cylinder stress change curve; (d) Bottom
stress variation curve.

4.3.2. Influence of Cylinder Length on Fatigue Life

From the above analysis, it can be seen that, with the increase in cylinder length L,
the maximum equivalent stress value of flexspline decreases. In this section, the range of
cylinder length L = 50~80 mm is taken, and the value is taken every 10 mm, so as to analyze
the relationship between the fatigue life of the flexspline and cylinder length. The influence
law of loading specific gravity on the fatigue characteristics of the flexspline under different
cylinder lengths is shown in Figure 19.
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Figure 19. Effect of loading specific gravity on the fatigue characteristics of flexible wheels with
different cylinder lengths.

As can be seen from Figure 19, when the cylinder length L is constant, with the increase
in loading specific gravity from 60% to 140%, the fatigue sensitive characteristic curve
of the flexspline tends to be more and more flat. When the loading specific gravity is
constant, with the increase in cylinder length L, the fatigue sensitive characteristic curve
of the flexspline moves to the upper right as a whole, indicating that the increase in the
cylinder length is beneficial to prolong the fatigue life of the flexspline.

4.4. Analysis of the Influence of Smooth Cylinder Wall Thickness on the Flexspline
4.4.1. Analysis of the Influence of Smooth Cylinder Wall Thickness on Flexspline Stress

In order to analyze the influence of smooth cylinder wall thickness δ on the mechanical
characteristics of the flexspline, the finite element model was analyzed by changing the
value of δ separately, while keeping other parameters unchanged. In this section, the
smooth cylinder wall thickness δ = 0.74~0.86 mm, and the value is taken every 0.04 mm.
The stress nephogram of the flexspline with different smooth cylinder wall thicknesses is
shown in Figure 20.
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Figure 20. Flexible wheels stress cloud chart of different smooth cylinder wall thickness.
(a) = 0.74 mm; (b) = 0.78 mm; (c) = 0.82 mm; (d) = 0.86 mm.
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It can be seen from Figure 20 that, when δ = 0.74 mm, the maximum equivalent stress
value of the flexspline is 497 MPa, and when δ = 0.86 mm, the maximum equivalent stress
value of flexspline is 538 MPa, which increases by 8.2%. The fitting curve of the analysis
results is shown in Figure 21.
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Figure 21. Stress influence curve of the different smooth cylinder wall thickness of the flexible wheels.
(a) Stress variation curve of the flexspline; (b) Stress change curve of the ring gear; (c) Cylinder stress
change curve; (d) Bottom stress variation curve.

It can be seen from Figure 21 that, in the range of δ = 0.74~0.88 mm, the maximum
equivalent stress value of the ring gear part decreases first and then increases, and when
δ = 0.82, the maximum equivalent stress value of the ring gear part is the smallest, and its
size is 514 MPa. The maximum equivalent stress value of the cylindrical part decreases
linearly and decreases from 410 MPa to 400 MPa when δ increases from 0.74 to 0.86.
The maximum equivalent stress value of the cylindrical part decreases from 410 MPa to
400 MPa, when δ increases from 0.74 to 0.86. The maximum equivalent stress at the base
of the flexspline is almost unaffected by the wall thickness of the cylinder, and its value
fluctuates around 98.1 MPa.

4.4.2. Influence of Wall Thickness of Smooth Cylinder on Fatigue Life

From the above analysis, it can be seen that, with the increase in smooth cylinder
wall thickness δ, the maximum equivalent stress value of the flexspline ring gear part
decreases first and then increases, while the maximum equivalent stress value of the
cylinder part approximately decreases linearly, but the decreasing trend is not evident, and
the maximum equivalent stress value of the flexspline bottom is almost unchanged. Taking
δ = 0.74~0.86 mm, and taking values every 0.04 mm, we analyzed the relationship between
flexspline fatigue life and smooth cylinder wall thickness. The influence law of loading
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specific gravity on flexspline fatigue characteristics under different cylinder wall thickness
is shown in Figure 22.
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Figure 22. Effect of loading specific gravity on fatigue characteristics of flexible wheels with different
wall thickness.

It can be seen from Figure 22 that the fatigue sensitivity curve of the flexspline tends
to be more and more flat with the increase in loading specific gravity from 60% to 140%
when the wall thickness of smooth cylinder is constant. When the loading specific gravity
is constant, the fatigue sensitivity curve of the flexspline almost remains unchanged with
the increase in the wall thickness of the smooth cylinder. The section of fatigue sensitive
characteristic curve with loading specific gravity of 80~100% is observed, and it can be seen
that the curve corresponds to δ = 0.74, 0.78, 0.82 and 0.86 from top to bottom, that is, the
wall thickness of the cylinder bottom hardly affects the fatigue life of the flexspline.

5. Conclusions

The structure design of a B3-80 general harmonic gear reducer flexspline was com-
pleted by using finite element software. The finite element model of the flexspline was
established, and the static simulation analysis of the flexspline was carried out. By changing
the length of the flexspline cylinder, the wall thickness of the flexspline cylinder bottom
and the wall thickness of the smooth cylinder, the influence of the length of the flexspline
cylinder and the wall thickness of the smooth cylinder on the fatigue life of the flexspline
was analyzed. The following conclusions were obtained:

(1) With the increase in the length of the cylinder, the maximum equivalent stress value
of the flexspline decreases and the service life is evidently prolonged. Therefore, the
stress condition of the flexspline can be improved by increasing the length of the
cylinder, but the increase in the cylinder length will lead to an increase in volume and
a decrease in torsional stiffness.

(2) With the increase in smooth cylinder wall thickness, the maximum equivalent stress
value of the flexspline body increases, but the increasing trend is not evident.

(3) Compared with the wall thickness at the bottom of the cylinder and the wall thickness
of the smooth cylinder, the length of the flexible cylinder has a greater impact on its
fatigue life. The increase in flexible wheel cylinder length can significantly prolong its
service life, but the increase in flexible wheel cylinder length will lead to an increase
in volume and a decrease in torsional stiffness.
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