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Abstract: When pricing OTC contracts in the presence of additional risk factors and costs, such
as credit risk and funding and collateral costs, the starting “clean price” is modified additively
by valuation adjustments (XVAs) that account for each factor or cost in isolation, while seemingly
ignoring the combined effects. Instead, risk factors and costs can be jointly accounted for ab initio
in the pricing mechanism at the level of cash flows, and this “adjusted cash flow" approach leads
to a nonlinear valuation formula. While for practitioners this made more sense because it showed
which discount factor is used for which cash flow (recall the multi-curve environment post-crisis), for
academics, the focus was on checking that the resulting nonlinear valuation formula is consistent
with the theoretical arbitrage-free “replication approach” that we also analyse in the paper. We
formulate specific reasonable assumptions, which ensure that the valuation formulae obtained by the
two approaches coincide, thus reinforcing both academics’ and practitioners’ confidence in adopting
such nonlinear valuation formulae in a multi-curve setup.
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1. Introduction

During the financial crisis, it became clear that the machinery for valuating contracts
failed to account for credit risk, funding, and collateral costs. The first step to address
this shortcoming was to adjust existing prices with nominally additive spread terms that
accounted for each risk factor in isolation. Several of such additive valuation adjustments,
which are collectively known as XVAs, were extensively studied in the existing literature
and they are formally identified in our setup in Sections 2.3 and 3.3. The major issue here
is the interplay between various costs and risks, which typically gives rise to inherently
nonlinear features of non-classical, arbitrage-free pricing. It is thus clear that the tentative
additive price decomposition is merely an approximation of an exact nonlinear solution.
A rigorous theory of valuation in the presence of all such effects can be quite challenging.
In general, it does not lead to an additive split in the above adjustments, but rather
to all-encompassing nonlinear valuation paradigms that are based on more advanced
mathematical tools, such as semi-linear PDEs or nonlinear BSDEs (see, e.g., [1-9]).

Recall that, in the classical approach, the valuation of a financial derivative can be
carried out by taking to conditional expectation of discounted cash flows under the risk-
neutral probability measure Q", which is defined by postulating that the price of the

(non-dividend-paying) risky asset, S, discounted by the risk-free cash account, B, is a

local martingale, where B} = efor rudit We will follow this approach in Section 2.1 when

introducing the concept of the clean price of a contract, namely the price of the contract in
the absence of default risk and with no funding and collateral costs. However, it should
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be emphasised that even in Section 3.2.1, our rationale is necessarily different from the
classical case, since the process, r, can be seen as a theoretical risk-free rate, which is
not necessarily available for trading and thus it cannot be used for financing hedging
strategies. Notwithstanding, we find it convenient to use it as a benchmark rate for funding
spreads, as well as a formal tool for a model calibration and, of course, the computation of
the contract’s abstract clean price. This argument is also consistent with the most recent
developments in the area of fixed income derivatives and benchmark rate definitions, and
thus a novel theoretical approach to pricing of derivatives is emerging (see, e.g., [10-16], as
well as [17-21] for technical documents and market data).

Although this is by no means formally required in our approach, it is natural to
give to the process, r, the financial interpretation of a hypothetical risk-free rate, that is,
the short-term rate for lending/borrowing between entities, which are postulated to be
completely devoid of credit risk. In practice, one can consider some market proxies for the
risk-free rate. In recent years, new benchmark rates for secured and unsecured transactions
emerged. Currently, in the European financial market, the euro short-term rate (ESTR)
is the benchmark for overnight transaction and it can be seen as a proxy for the risk-
free rate, since it is based on unsecured fixed-rate deposit transactions, but those which
were conducted and settled on the previous business day, so that we could consider the
counterparty risk contribution negligible. In the United States, the benchmark for overnight
transactions is the secured overnight financing rate (SOFR), which is based on secured
overnight transactions. In the United Kingdom, the benchmark rate is the sterling overnight
index average (SONIA), and in Japan it is the Tokyo overnight average rate (TONAR), both
based on unsecured transactions.

The adopted in practice additive XVA pricing approximation was significantly im-
proved by the “adjusted cash flows” approach (see, e.g., [2,3,22,23]) that went to first
principles and factored these risk factors and costs in the cash flows of the contract. The
approach hinges on modifying the future cash flows of the contract by adding explicit cash
contributions representing the additional risks and costs, and then taking risk-neutral ex-
pectation of the deflated adjusted cash flows. The resulting general master pricing equation
with all effects was initially introduced in Pallavicini et al. [22,23], and the existence and
uniqueness of solutions to such equations was rigorously studied, for example, in [2,3]. The
“adjusted cash flows” approach extends the cash flows to which risk-neutral expectation
applies, but such extensions do not necessarily result in additive adjustments to basic
risk-neutral prices, in that, from a pathwise point of view, the adjusted cash flows depend
on the future values of the trade itself.

A natural question that arises with this approach is whether this is consistent with the
classic “replication approach”, as presented, for instance, in [24], for the case of collateral-
ization and funding costs, but without defaults (see also [25-28] for results on pricing and
hedging of credit risk). It is entirely conceivable, without seeing an actual proof, that the
two approaches result in two different valuation formulae that are not in accord.

The contribution of this paper is to answer the above question in the affirmative in the
usual case. To explain what we mean by the usual case, recall that the “adjusted cash flow”
approach incorporates external funding costs in its full generality, and these give rise to an
external funding debit valuation adjustment (the DVA2 term in [29]) in the pricing formula.
We consider only the usual case, where these additional external costs are not considered,
and show that the two valuation formulae obtained by the two approaches are, in fact, one
and the same. Furthermore, we show that, for claims that can be replicated, the explicit
expression of the cash flows adjustments that need to be operated in the valuation is no
longer the result of astute insights into the contract cash flows, but an immediate outcome
of the replication approach.

In the present contribution, we do not perform numerical investigations, since they
are carefully described in the papers previously cited, where the “adjusted cash flows”
approach and the “replication approach” are introduced. In particular, in those papers,
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specific choices for the dynamics of interest rates and their correlations are selected and
discussed, see for example [30,31].

We stress that the choice of a formal "risk-neutral probability" is in fact largely arbitrary.
For practical reasons, it is common to focus on a proxy for the risk-free rate, which is not
traded but is employed to compute clean prices and calibrate classical models implemented
by the trading desk, such as the Black-Scholes model, the SABR model, various stochastic
volatility models, or classical term structure models—such as Vasicek’s models or market
models of LIBOR and swap rates. A practical application of this nonlinear valuation
formula is illustrated in [32], where all additional risk factors are integrated in the valuation
from first principles, without forcing separate adjustments to the clean price. When applied
to a specific vulnerable contract this valuation leads to the modified Black-Scholes option
pricing formula with dividends, which in turn allows for efficient sensitivity analysis.

The paper is organized as follows. Section 2 presents the “adjusted cash flows” ap-
proach including the margining, close-out at time of default, and funding extensions. Such
analysis shows clearly the nonlinear features affecting the valuation and discusses further
under which conditions the valuation formula can be disentangled in a series of additive
adjustments. For the derivation of the main result in that section, Proposition 1, we refer
to [22], where sound financial arguments are used to identify additional costs and benefits
and hence the associated pricing adjustments with respect to the (admittedly abstract)
clean pricing.

Sections 3 and 4 are devoted to a fully rigorous derivation of the valuation equations
under a replication approach with explicit funding accounts and suitable self-financing
conditions, first in the linear case and then when nonlinear effects show up (e.g., under
asymmetric funding rates for a hedge). The treatment provides formal proofs and general-
izes a number of results previously obtained through the risk-neutral extended cash flows
approach of Section 2. We also emphasize the connection between valuation adjustments
and solutions to either linear (in Section 3) or nonlinear (in Section 4) backward stochas-
tic differential equations (BSDEs) for the price and hedge of a defaultable collateralized
contract in a multi-curve model.

Section 5 discusses the case of an incomplete market, where we relax the replication
assumption that had been adopted implicitly in Section 2, and explicitly in Sections 3 and 4.
For the incomplete case, we can still present a derivation that is reminiscent of the previous
sections, but which holds under an alternative set of assumptions based on the idea that
the extended market should remain arbitrage-free, and thus the investor’s deflated gains
process should be a martingale under some probability measure.

2. Risk-Neutral Valuation with Adjusted Cash Flows

Consider the position of an investor who enters an over-the-counter (OTC) derivative
contract, A, with a counterparty in the market. The contract specifies, in particular, the
promised cash flows from inception to maturity, dependent on the values of underlying
assets. These cash flows form the basis of the initial valuation of the contract, which results
in its clean price, by which we mean the price of the non-defaultable uncollateralized contract
under the postulate that the hedge is funded at the risk-free rate. As is well known from
the classic theory of arbitrage-free pricing, the clean price can be computed as a conditional
expectation of discounted future cash flows under a risk-neutral probability measure.
However, in the currently prevailing market environment, this step is only the starting
point of the actual valuation of an OTC contract between default-prone counterparties,
because additional factors, such as default events, close-out payoff, collateral (margin
account), and funding costs, have significant implications on extended arbitrage-free
valuation, leading to valuation adjustments (XVAs) to the clean price.

Instead of assuming that these adjustments are additive, the valuation approach
developed in [2,3,23], with early precursors as [33] in the case of pure default risk, adjusts
the cash flows for each additional consideration—default, collateral, funding costs, and
so on—thus being referred to as the risk-neutral “adjusted cash flow” approach. In this
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section, we will revisit this approach, starting from the computation of the clean price of
an OTC contract in the absence of other risk factors, and then reviewing the cash flows
considered in the adjustment of the clean price due to collateralization, on-default close-out
cash flows and funding cash flows.

We fix a finite trading horizon date, T > 0, for our model of the financial market given
on a filtered probability space, (), G, G, "), where the filtration G = (Gt),¢ (o 1) satisfies the
usual conditions of right-continuity and completeness, and has the trivial initial o-field Gy.
We assume that all the processes to be introduced are implicitly G-adapted and, as usual,
any semimartingale is a cadlag process.

2.1. Clean Price of an OTC Contract

As explained in the introduction, we will use the process, r, to model an abstract
risk-free short-term interest rate, which typically cannot be used for trading and, in fact,
only a proxy for that rate can be observed. Still, it is possible to proceed by formally
defining the associated discount factor, D(t,s) = D (t,s), on the time interval, [t, s], by

D' (t,5) := e~ J v = Br(B]) .

In order to value an OTC contract, we first introduce the conventional, but nevertheless
practically important, notion of the contract’s clean price. To this end, it suffices to focus on
the promised cash flows of the contract and temporarily ignore all crucially important for
valuation and hedging issues related to the funding of the trade and default risk of the
investor and the counterparty.

Definition 1 (Non-defaultable, uncollateralized derivative). A non-defaultable and uncol-
lateralized version of a given contract is formally specified by a G-adapted, finite variation process,
(At)teo,1], which gives the cumulative stream of cash flows representing all future promised payoffs
from a given contract with maturity, T, with Ag = 0.

By definition, the process A describes all the cash flows associated with a contract that
is non-defaultable and uncollateralized, including a potential final payment but it needs to
be complemented by additional cash flows if a contract is defaultable and collateralized.
We stress that the initial value of the contract is not included in the cash flow stream A,
since our goal is to derive the initial value from the future contract’s cash flows, funding
arrangements, and model inputs.

For instance, for a non-defaultable zero-coupon bond maturing at T the cash flows
are AV =1 (r>1) for the buyer and A} = —1y,-1) for the seller of the bond. Similarly,
for a European call option written on equity with price S, strike K, and maturity T, we
have AY = (St — K)* 1> 7y for the buyer and Aj = —(St — K) " 1,1y for the seller of
the option, where—for any real number x—we write x = x™ — x~, where x* := x V0
and x~ := (—x) V0. We refer to [3] (Appendix A) for the valuation of this call without
credit risk.

The discounted contribution of the promised cash flows during the lifetime of the
contract, from date t onwards, is given by

TI(t, A) = /]t Db dA,

where the cash flows stream A depends on whether one takes the side of the buyer or seller
of the contract and thus it is equal to either AP (for the buy-side) or A° (for the sell-side).
This distinction is crucial in the case of nonlinear pricing where solutions to unilateral
pricing problems with the processes A and —A will typically yield prices with different
absolute values after alignment so that the bid-ask spread will arise.

We stress once again that it is not postulated that the investor may either lend or
borrow cash at the theoretical risk-free rate, r. The primary role of the abstract rate r is to
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serve as a benchmark rate with respect to which various funding spreads are computed, as
it is in fact carried out in practice. Nevertheless, we formally apply here the risk-neutral
valuation approach and thus the process r is used to define the martingale measure, Q’,
for deflated prices of non-dividend-paying traded assets. In practical implementations of
this approach, the martingale measure, ', is obtained through calibration of a model to
market quotes for the most liquid (and, presumably, also default-free) contracts, such as
overnight loans or centrally cleared trades with negligible default risk.

Definition 2 (Clean price). The clean price 7t} (A) of the uncollateralized and non-defaultable
derivative is given by the risk-neutral expectation under Q" of all discounted cash flows that occur
after time, t, as follows:

7} (4) = Eqr(~11(t, 4) | Gy). M

The role of the minus sign in (1) is to entail that negative cash flows in A produce
positive contributions to the clean price for the seller of a contract (and negative for its
buyer), which is consistent with the idea of pricing via replication, also within a nonlinear
setup. This convention should be contrasted with the mark-to-market convention at time
t, which is formally given by —7j(A) so that it yields a positive value for the option
holder and a negative value for its writer. The latter convention, which is consistent with
risk management and accounting view (as opposed to trading view), was used in related
papers [2,22,23].

Intuitively, the clean price can be seen as a purely hypothetical value of the contract,
which would be its true price if the rate » was available for trading and the market was
perfect, that is, with no counterparty credit risk, collateralization, differential funding
costs, default events, etc. The classical arbitrage-free pricing theory is mainly devoted
to clean pricing and, more recently, the term clean price was introduced in order to make
a clear distinction between the classical simplified pricing and fully developed (either
linear or nonlinear) pricing paradigms that account for market realities and thus are
more adequate for practical purposes. The latter approaches are tailored to deal with
all-inclusive selling/buying prices of a contract, which are also known as the exit price from
the perspective of the sell-side (i.e., the price that would be received to sell an asset) and the
entry price for the buy-side (i.e., the price that would be paid to buy an asset). In principle,
the computation of the clean price is independent of a company and their counterparty,
whereas the exit and entry prices depend on a company and a counterparty in a given trade
and thus they are idiosyncratic, rather than universal for all market participants.

2.2. Adjusted Price of a Defaultable Collateralized Contract

We present now a derivative contract that is collateralized and defaultable, and con-
sider the cash flows impacted by these risk factors, together with the funding situation, in
order to adjust the valuation formula (and implicitly the "clean price") by incorporating
the corresponding cash flows in the risk-neutral expectation. As is customary in the credit
risk literature (see, e.g., [28,34,35]), we assume that the filtration F is generated by the price
process, S, and the full filtration G is such that ' C G and the default times of the investor
and the counterparty, 177 and 7¢, are G-stopping times (but not necessarily F-stopping
times). For simplicity, we usually assume that Q"(17; = 7¢) = 0, which indeed holds in
most of the intensity-based models of default risk. To define a defaultable, collateralized
contract, we first specify the factors which generate the price adjustments, and then present
the resulting adjusted valuation formula.

Cost of collateralization. When default risk is present, it is customary to mitigate it
by implementing a collateralization procedure, which is also known among practitioners
as "margining". Let C; denote the level of the collateral account at time ¢, as specified by
the credit support annex (CSA), which defines the terms for the provision of collateral
by the parties in the contract. For conciseness, we do not differentiate between the initial
and variation margins so C; represents the total collateralization. By convention, C; > 0



Mathematics 2022, 10, 791

6 of 31

means that the collateral has been overall posted by the counterparty to protect the investor,
and the investor has to pay instantaneous interest ¢/ on the related amount. If C; < 0,
then the investor posts collateral for the counterparty and is remunerated at interest c!.
Therefore, the effective collateral accrual rate ¢ is given by ¢; := c/1 (01 T ch (c,<0}- Here,
we assume the collateral account can be rehypothecated (see [30] for a discussion on how
collateralization impacts the close-out specification). We denote the discounted net cash
flows due to the variation margining procedure over [t,s] by (t,s,C), where

2(t,s,C) = /tsD(t,u)Cu(c‘u vy du. %)

Note that if the collateral rates ¢’ and ¢! are both equal to the risk-free rate r, then
7v(t,s,C) vanishes.

Close-out cash flows. The most significant manifestation of the credit default risk is
the actual default itself, and we consider the cash flow to and from the investor at the first
default. Once a default event occurs, the contract is terminated (we have close-out) and all
payments that are accelerated and become due are calculated under the close out payoff.
Contractual cash flows have been exchanged up until the arrival of the first default time,
either that of the investor I or that of the counterparty C. We define the first-to-default time
T as T := T¢ A 17, resulting in an effective maturity T of the contract given by T := T A T.
An important feature of a defaultable contract is the credit support annex (CSA) close-out
payoff, which occurs when one of the parties defaults either before or at the maturity of
the contract. To define the CSA close-out payoff (R, C) on the event {T < T}, we first
define the random variable Y = Q; — C;—, where Q is the CSA close-out valuation process
of the contract inclusive of the increment AA; = Ar — Ar_, representing a (possibly null)
promised bullet dividend at T and C;_ is the value of the collateral process C at the moment
of the first default. Since the margin account is not updated at the moment of the first
default, it can be represented as @ = ]l{t<T}Ct + ]l{tZT} Cr_, so that CVT = CVT,.

We note that the “adjusted cash flows” approach includes both the risk-free close-out
valuation process, which is given by

G:),

and the replacement close-out (see Brigo, Buescu, and Morini [36] or Durand and Rutkowski [37])

Qr = —7'[;(14) + AA; = EQV(/[[ET] D(t,u) dA,

Qt = ‘Z‘l’AAtr

where V is an F-adapted process representing the pre-default marked-to-market price
of the contract for the investor (see [2,3,23]). Notice that the left-open interval is always
used when dealing with the usual ex-dividend price, that is, the price of all future cash
flows that occur strictly after time ¢. In contrast, when computing the risk-free close-out
valuation process, we follow the market convention that the cash flow that should have
occurred at the moment of default is also accounted for in valuation. Hence we deal with
the cum-dividend price and thus we need to use left-closed intervals when computing the
close-out valuation process (see also Definition 12 in Section 3.3).

One may set C; = a;Q;, where « is some F-adapted process taking values in [0,1] and
Q is either the risk-free close-out (an exogenous collateral) or the replacement close-out (an
endogenous collateral). We refer the reader to Section 3.1.3 in Crépey et al. [38] for more
comments regarding the financial interpretation of the amount owed by either party at
time of the first default and the origin of each term in Equation (3). Let R; and R¢ denote
recovery coefficients for the investor and the counterparty, respectively.
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Definition 3 (Close-out payoff). The CSA close-out payoff 9-(R, C) := R + Cr— on the event
{t < T} where the recovery payoff R is given by the following expression:

RT = 1{Tc<TI}<RCY+ - Yi) + ]]‘{T1<Tc}(Y+ - R[Yi) + 1{‘L’1:'L'C}(1{CY+ - RIY*)' (3)

Example 1. Let us examine the equality (3) from the perspective of the seller of an option. Then,
the value of the risk-free (or replacement) close-out Qy is manifestly negative; hence the seller is
always pledging collateral to the option holder. The case of full collateral means that C; = Qq for
every t, and thus, in particular, Y = 0. More generally, if C; = a;Q; for some process « taking
values in [0,1], then Y = Qr — ar—Qr— < 0, provided that Qr— = Q. In that case, Y = =Y~
and thus (3) simplifies to

Re = 1irearyY + Mg <o RrY-

This means that, as expected, the counterparty credit risk is only reflected through their default
time tc but not their recovery rate Rc.

Note that the last two terms in (3) can be dropped when computing this from the point
of view of the shareholders who do not benefit from it. For implications on the Miller—
Modigliani theorem we refer the reader to [39]. To identify various valuation adjustments
caused by the counterparty credit risk, it is convenient to represent the close-out payoff
as follows:

191—(R, C) =Qr— ]l{TC<T[}LCY+ + ]l{TI<TC}LIY7 + ﬂ{T}:TC}(LIYi - LcYJr) 4)

where Lc = 1 — Rc (respectively, L; = 1 — R;) is the loss-given default coefficient for the
counterparty (respectively, the investor). Obviously, the loss-given default coefficient equal
to one (respectively, zero) corresponds to the case of null (respectively, full) recovery. On
the one hand, when either Lc = L; = 0 or C = Q, then we obtain 9 (R, C) = Q«, so indeed
we deal here with the full recovery of the CSA close-out value Q; of the contract. On the
other hand, due to the presence of collateral, in the case of the total loss-given default, that
is, when L¢ = Lj = 1, the CSA close-out payoff to the bank equals the following:

ﬂT(R’ C) = ]l{TC<TI} (QT]I{QT<CT—} + CT_ﬂ{QTECT—})

+ (g <} (Qeligezc, } + Co-ig.<c, }) + Lire=r; Cr—

Funding costs and benefits. In this step, we focus on the funding costs for imple-
menting the trading /hedging strategy and we add the relevant cash flows by adopting the
procedure proposed in Pallavicini et al. [23]. Let F; be the cash account for the hedging
of the trade and let H; stand for the value of the investor’s positions in the underlying
risky asset, 5. We assume that S can be traded through a repo (repurchase agreement)
market, meaning that the risky asset, S, is funded using a cash account, F, and the equality
F? = —H; holds for every t € [0, T]. The case of collateralized risky assets can be treated
in the same way by interpreting the cash account as the collateral account for such as-
sets. We assume there are two funding rates—f? for borrowing money and f' for lending
money—and similarly two repo rates, h’ and 1'. The funding policy of the bank’s treasury
is determined by funding rates for cost, f, and benefit, f!, of carry of hedge accounts,
which both depend on the funding policy of the bank.

Definition 4 (Defaultable, collateralized contract). A defaultable, collateralized contract
(A, R, C, 1) is a contract with the promised cash flows process A, collateral account C, and close-out
payoff (R, C) occurring at the first default time T.

The “adjusted cash flows” pricing formula for the contract specified in Definition 4
was derived in detail in Pallavicini et al. [22], who used financial reasoning to identify
additional costs or benefits with respect to the clean pricing. In Proposition 1, we present



Mathematics 2022, 10, 791

8 of 31

without proof the version of the risk-neutral pricing formula obtained in Brigo et al. [3].
Notice that in Proposition 1 the processes C and Q are arbitrary but the promised cash flows
process A is stopped at T—. For extensions of Proposition 1 obtained by the replication
approach, see Corollary 3, where Q is an arbitrary process, and Proposition 3, where
the close-out valuation is given by the contract’s clean price 7'(A). We write A; :=
Ly At + 157y Ar— to denote the promised cash flows of A that are stopped either just
before the first default or at the maturity date T, whichever is sooner.

Proposition 1 (“Adjusted cash flows” pricing formula). The risk-neutral price of the default-
able, collateralized contract (A, R, C,T) inclusive of funding costs is obtained as, on the event
{t < 1} forevery t € [0,T],

n:ff'h(A, R,C, 1) =Eqg ( — /tT D(t,u) dA, + /tr D(t,u)Cy(y —ry) du ’ gt> (5)

L Eq ( e DL DR, C) + [ D) Fu(r = f)du+ [ Dt wES (r — o) | gt)-

It is important to notice that this valuation formula is recursive since the funding and
hedging amounts in the RHS of (5) depend on future values of the hedge. This structure
also breaks the linearity of adjustments, as it is a nonlinear valuation formula, in general.
This nonlinear valuation formula is intuitively appealing because it specifies the discount
factors used for each term:

. (6y — ry) for the cost-of-carry of the collateral account;

*  (ry — fu) for the costs due to the funding account;

e (ry — hy) for the costs due to hedging in the repo market;

where the effective funding rate f equals f; := fl1 (F>0) + fh1 (F,<0y and the effective repo rate
h is given by h; := hiﬂ{FfZO} + h?ﬂ{ﬂs<0}‘

The “adjusted price" of the contract in Proposition 1 is different form the “clean price"
in (1) because it also accounts for credit risk, funding and collateral costs, which are the
additional risk factors that gave rise in isolation to the valuation adjustments (or XVAs).
The combined effect of these additional factors was illustrated numerically in [32] in the
case of a vulnerable call option, via a sensitivity analysis that highlighted the impact of each
such factor, as well as jointly in their interaction. For additional studies on counterparty
risk see [40—42] in the case of longevity swaps, and [43] for considerations on the wrong-
way risk.

2.3. Risk-Neutral Approach to Nonlinear Valuation Adjustments

The risk-neutral price of the collateralized defaultable contract (A,R,C,T) can be
represented as in Proposition 1. We specialize the terms in the first line of (5) in order
to highlight the valuation adjustments implicit in (5). For simplicity, we will henceforth
assume that the event {1¢c = 17} is negligible under Q”, so that (4) reduces to

9:(R,C) = Qr — Ly y LY + 1y LY. (6)
The expressions for the funding costs are given by
A~ T el
Pr(L7) = /t D(t, u)Eu(ry — fu) du

and for either the cost/benefit of carry of the repo transaction,

T -
on(t,7T) == /t D(t, u)FS (ry, — hy) du.
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If we distinguish between the borrowing and lending of cash from treasury explicitly,
then we obtain

op(t,) = [ D) (R (F2 =) = B (fh = n) du = 9 (8,7) = (8 7).

Notice that if the investor can borrow and lend at risk-free rate so that f = r, then
¢f(t,T) vanishes.
Similarly, for ¢y, (t, T) we obtain
T
on(t, ) = [ D) ((F) (1 = ra) = (F)F (= ) i = 9y (8,7) — 90 (1,9,

t

When f? > f! > rand h? > h! > r, the funding benefit adjustments are

FBA] = Eqr(pp(t,7)|Gr), FBA! = Eg (9 (4,7) | Gr)

and the funding cost adjustments are given by

FCA] =Eqi(¢p(t,7)|Gr), FCA! = Eg(gp(t,7)|G),

leading to the funding valuation adjustment
FVA, := FCA/ + FCA!' — (FBA/ + FBA!).

Recall that Q is the CSA close-out valuation process of the contract inclusive of the
increment AA; = Ar — Ar_ representing a (possibly null) promised bullet dividend at 7,
and Cr_ is the value of the collateral process C at the moment of the first default. Then, we
introduce the usual debit valuation adjustment

DVA; = Eqy (L{7—<1yD(t, T)L1(Qr — Cr-) " | Gt),
the credit valuation adjustment
CVA; = Eqy (Lfr—re<13 D(£, T)Lc(Qr = Cr )T Gy),
and the collateral liquidity valuation adjustment
LVA; :=Eqr (7(t,7,C) | Gt).

It is now easy to check that the risk-neutral price for the collateralized defaultable
contract (A, R, C, T) can be represented in terms of XVAs as follows:

7} (A,R,C,7) = m{(A) — Egr (1r<1)Qx | Gt) — DVA; + CVA, + FVA, + LVA,
= 71j(A) — DVA; + CVA; + FVA; + LVA; @)

where the last equality holds under the risk-free close-out convention. Note here that the
XVA terms are not additive since the terms interact with one another. Furthermore, there
are DVA2 terms and external funding benefits that have been treated in other works (see [3]
for details).

3. Valuation by Replication in Linear Multi-Curve Markets

In the replication approach, the valuation of an OTC derivative focuses on computation
of the price asked by the investor from their the counterparty in such a contract, under
the assumption that it is based on investor’s costs of replication through a self-financing
trading strategy. Let us introduce the notation for interest rates and market prices of all
traded assets in our generic market model.
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Repo markets. We denote by (S g2 | Sd) the collection of prices of d non-defaultable
risky assets, which do not pay dividends. Let B/ (respectively, B*") stand for the lending
(respectively, borrowing) repo account corresponding to the ith risky non-defaultable asset.
In the special case when B! = B, the single repo account for the asset S’ is denoted by
B. We assume that dBi’l = h’t"lBi’l dt, dBi’b = hi’hBi'h dt and dB! = KBl dt and the processes
stg2 S7 are G-semimartingales. Repo markets are nowadays well established for
bonds and equities, although the lower quality as collateral means that the equity repo rate
is invariably higher than investment-grade bond repo.

Unsecured trading. Let (S971,59%2,..., S™) be the collection of prices of m non-
defaultable risky assets, which do not pay dividends and are traded through unsecured
funding from the bank’s treasury. We assume that the processes $4*1,54+2, . 53+ are
G-semimartingales. The lending (respectively, borrowing) cash account B! (respectively, B)
can be used by the investor for unsecured lending (respectively, borrowing) of cash from
the bank’s treasury. When the borrowing and lending treasury rates coincide, the single
treasury account is denoted by Bf. It is assumed that dB. = f/Bldt, dBY = f/'B! dt and

dBir = ftB{ dt where the treasury funding rates f!, f’ and f are G-adapted processes.

Defaultable securities. In order to guarantee that hedging of default risk is feasible,
we also postulate that some defaultable securities are available for trade. Specifically, let
Z(t,T) and Z2(t, T) be the prices of T-maturity unit zero-coupon bonds issued by the
investor’s bank and the counterparty’s entity. Of course, it is also possible to introduce
credit default swaps (CDSs) in the present market model (see, e.g., Brigo et al. [32]). Let
T =7 AT = 7\ Tc where 1y = 77 and T» = 7¢ are G-stopping times, representing the
default times of the investor and the counterparty, respectively. As before, we denote by
T := T A T the effective maturity of the contract.

3.1. Linear Markets with Funding Costs and Default Risk

We start by examining a special case of the linear market with funding costs and
defaults. By the linear market, we mean a particular instance of a general semimartingale
model where the borrowing and lending rates for the funding account are equal, and the
repo rates are also symmetric.

3.1.1. Clean Price of a Financial Contract

We first recall the definition of a self-financing trading strategy (also known as a
dynamic portfolio) associated with a non-defaultable uncollateralized contract within the
linear setup (see, for instance, Definition 2.3 in [24]). We henceforth assume that the investor
decided to enter at time 0 into an OTC contract with the cumulative cash flows process
A, which is specified by the clauses of the contract, and a (yet unknown) initial price po.
Notice, however, that the contract is not assumed to be a traded asset after time 0 and thus
we assume that the investor invests all their wealth in traded assets and funding accounts.
Nevertheless, the dynamics of the value of his dynamic portfolio depend on the process A
and thus we use the notation V/ (g, A).

Definition 5. The value process of a portfolio ¢ = (¢f,x*,x%, ¢, ..., v, &, ..., &™) of traded
assets and the corresponding funding accounts equals

d m

V/ (9, A) == y[B] + ZKJZJ £ T) + 2 B+ gish) + Y. cisi 8)
j=1 i=1 i=d+1
Fof 2. m m .
=y/B] + Y xZ/(t,T)+ 2 Ft—i—ZZ] Y H;
j=1 i=d+ j=1 i=d+1

where we denote Fy := },U{Bf, Z{ = K{Zj(t, T) and Hi := &iSi. We have also used the repo trading
constraint YiBj + ¢;S; = 0 for i = 1,2,...,d, which means that all long or short trades in the
asset S' fori =1,2,...,d are funded using the account B' with the repo rate h'. Put another way,
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it is postulated that H = ¢iS! = —iBi fori = 1,2,...,d. We say that a trading strategy ¢ is
self-financing inclusive of a contract A if the value process V¥ (¢, A) satisfies (8) and

2 A o
dvl (9, A) = ¢l dBl + Y «dZI(t, T) + Y (pidBi + EidSi) + Y. EhdSi+dA; )
j=1 i=1 i=d+1
2 X ) d o ) ) d ) ) m ) .
— ¢/ dB + Y kldZi(t, T) = Y ESi(B) " dBi+ Y &idSi+ Y. cldSi+dA.
j:l i=1 i=1 i=d+1

We assume that the pre-trading endowment of the investor is null. Hence, the initial
price pg received by the investor after they entered into an uncollateralized contract A is
equal both to their initial wealth Vo(p, A) and the initial value V] (¢, A) of their portfolio.
However, when a contract is collateralized, then the investor’s initial wealth is still equal
to po, but the initial value of the investor’s portfolio equals Vop (¢, A) = po + Cy where C
is the cash collateral, which is either pledged or received by the investor at time 0. It is
expected that Cy > 0 if pg > 0, for instance, the seller of an option is posting collateral to
the buyer. Our goal is to derive a probabilistic representation for the investor’s unilateral
initial price pg using replication-based arguments.

Since (Bf)’1 dB; = hf; dtfori =1,2,...,d, we obtain from (9) the following:

2, ) d ) o m ) )
dvi (e, A) = fiFdt+ Y «,dZ/(t, T) + Y &i(dS; — hiSidt) + Y 2idS;+dA;.  (10)
j=1 i=1 i=d+1

3.1.2. Replication of a Non-Defaultable Collateralized Contract

Let us now consider the case of a collateralized version of a contract A, which is
denoted as (A, C), where the margin account C is assumed to be an exogenously given
G-semimartingale. We find it convenient to interpret the margin account as an additional
stream of cash flows added to the process A, which was assumed to specify the clean
(that is, uncollateralized and non-defaultable) version of the contract. For concreteness, we
postulate that the cash collateral C is rehypothecated, that is, it can be used for their trading
purposes by collateral receiver. The process C and its remuneration through accounts B/
and B! (or, equivalently, the rates ¢’ and c?) are included in the definition of the process A€,
given by (11), and thus they directly affect the dynamics of portfolio’s value, as specified by
the self-financing condition of Definition 6. In the case of a non-defaultable collateralized
contract with the margin process C and collateral accrual rates ¢! and ¢ for the margin
account, to compute the price and hedge for a collateralized contract, it suffices to replace
in (9) the process A by the process A® given by the following expression:

t t
A = A+ G+ [ oy (B By — [ By aBg
t -t
— A+ C +/ (cCo—vCHdu = A+ G —/ cuC dut (11)
0 0

where C; = C;" — C; for every t € [0, T] and where we use the effective collateral accrual
rate, which equals

Ct := Cf‘]l{Ct<0} + C?]l{thO}‘ (12)

We thus see that the collateralized contract (A, C) can be formally identified with
the stream AC of cash flows. Note that the process V7 (¢, A®) is the value process of the
investor’s dynamic portfolio, whereas the process V (¢, AC) := VP (¢, A®) — C represents
the investor’s wealth In particular, their terminal wealth satisfies Vr (g, AC) = V{f (¢, AC) —
Cr. We will now describe the dynamics of the value process of a self-financing trading
strategy ¢ inclusive of cash flows of a collateralized contract (A,C). As was already
mentioned, it suffices to extend Definition 5 to the case of a non-defaultable collateralized
contract.
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Definition 6. We say that a trading strategy ¢ is self-financing inclusive of a non-defaultable
collateralized contract (A, C) if the value process VP (¢, A©) satisfies (8) and

2 . d mo
dvl (g, AC) = fiFrdt+ Y «,dZ/(t, T) + Y_¢(dS; — hiSdt) + Y ¢idSi+dAf. (13)
j=1 i=1 i=d+1

3.1.3. Replication of a Defaultable Collateralized Contract

In the next step, we introduce the concept of replication of a collateralized defaultable
contract up its effective maturity date T = 7 A T. To this end, we first define the stream of
cash flows for a collateralized defaultable contract (A, R,C, T). We set, for every t € [0, T|,

~ tAT
A? = ]l{t<1—}At + ]l{tZT}AT* + ]l{t<1—}ct + ]]'{tZT}CT* — /0 ¢,Cydu (14)

and N
AFC = AF + 150 Re. (15)

The random variable R represents a generic cash flow at time 7 if the first default
occurs either before or at T. Then the process ARC gives all the cash flows of a default-
able collateralized contract (4, R, C, T) up to its effective maturity T. Definition 6 can be
extended in such a way that the process ARC determines the value process VP (¢, ARC)
on the stochastic interval [0, 7] and thus also the terminal value V¥ (¢, ARC) on the event
{t < T}

Definition 7. We say that a trading strategy ¢ is self-financing, inclusive of a collateralized
defaultable contract (A, R,C,T), if the value process VP (@, ARC) satisfies on [0, 7] equality (8)
and

2 . d ) o m ) )
dV/ (¢, ARC) = fiFdt + Y «}dZI(t,T) + Y ¢i(dS; — hisidt) + Y &ldsi+dANC. (16)
j=1 i=1 i=d+1

It is worth noting that AF € = AC = A€ on the event {t < T}, and thus the equalities
Vi(p, ARC) = V] (9, ARC) = Ci = V[ (9, A°) = G = V] (9, A°) = &

hold on the event {t < T} for every t € [0, T]. However, the values of V7 (¢, AC) and
VP (g, AC) depend also on the cash flow R through the initial price pg of the contract.
These considerations lead to the following definition of the investor’s wealth, in which we
assume that they enter into a collateralized defaultable contract (4, R, C, T) at the initial
price po and apply a self-financing strategy up to the contract’s effective maturity 7.

Definition 8 (Wealth process). The investor’s wealth process V (¢, ARC) equals, on the event
{t < t} forevery t € [0,T],

Vi(g, ARC) = VI (9, ARC) = Ct = V) (9, A) - s
and on the event {T < T},
Ve(g, ARC) = VI (9, ARC) = VI (9, A) + Re.

Note that Definition 8 is consistent with the fact that any particular specification the
cash flow R; must also encompass the collateral either pledged or received by the investor
just before the time of the first default, that is, the quantity C_. Incidentally, we note that
under strong contagion, the collateral can be inadequate to cover the loss triggered by
the default, so that a sizeable credit effect can be present even with daily collateralization,
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see [44] for a discussion and the related gap risk. We are now in a position to introduce the
concept of a replicating strategy for a collateralized defaultable contract.

Definition 9 (Replication). We say that a self-financing strategy ¢ replicates a collateralized
defaultable contract (A, R,C,T) if Vz (@, ARC) = 0 or, equivalently, the following equality holds

VE(9, AC) = Crlra) — Rel roty- (17)

Then the investor’s unilateral ex-dividend price t(A, R, C, T) for the collateralized defaultable
contract (A, R, C, T) is given by, on the event {t < T} forall t € [0, T|,

(A, R,C,7) = Vi(¢, ARC) = VP (9, AC) — C;. (18)

Remark 1. It is clear that Definitions 8 and 9 cover also the valuation of non-defaultable con-
tracts. Formally, it suffices to postulate that T > T. In that case, we have that Vi(g, AC) =
V} (¢, AC) — Ci for every t € [0, T) and replication of a contract (A, C) means that Vr (g, AC) = 0
or, equivalently, that VI (¢, A€) = Cr.

3.2. Valuation in a Linear Multi-Curve Market

For the sake of clarity of presentation, we first examine the valuation of a non-
defaultable collateralized contract and thus we now assume that defaultable bonds are not
traded. Furthermore, to emphasize that the default times are not modeled, we denote the
filtration by F = (F#),¢[o,1), rather than G = (Gi)¢ o 1}, since the latter filtration includes
also the information about default times. In view of Definition 9 and Remark 1, the repli-
cation of a collateralized contract (A, C) by a self-financing trading strategy ¢ means that
Vr(g, AS) = Vi (¢, A) = Cr =0.

Definition 10 (Ex-dividend price). The investor’s ex-dividend price rt(A, C) for the collateral-
ized contract (A, C) equals, forall t € [0, T],

(A, C) = Vi(p, A®) = VI (9, A®) - Ci
where ¢ is a self-financing trading strategy that replicates (A, C).

Assuming that a contract (A, C) can be replicated, its initial investor’s unilateral price
po is equal to 71o(A, C). In the next result, we have that, for all t € [0, T],

m .
V/(p,A)=F+ ) Hi
i=dt+1

since we set k! = x> = 0in Equation (8). For concreteness, in the next result we assume
that Ay = I;_ry X forall t € [0, T].

Lemma 1. Assume that bonds Z' and Z? are not traded and A; = 1 (=1} X, where X is a
square-integrable Fr-measurable random variable. Then, the self-financing condition (13) yields
the following dynamics for the investor’s wealth process V (¢, A©):

mo @ moo
dVi(p, A) = fi (Vilg, AC) = Y HI)dt+ ) ci(dS|—hiSid) + ) gidsi+dC (19)
i=d+1 i=1 i=d+1

where the process C is given by

Cr= [ fuCr du— [ (&= f)CEdu= [ (fu—c)Cud (20)
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Proof. Equality (19) follows from (11), (13) and the equality V (¢, AC) = VP (¢, A®) —C. O

Example 2. Equation (19) can be interpreted as a backward stochastic differential Equation (BSDE)
for (Y, ), where Yy = 11;(A,C) for t € [0, T). For concreteness, let us examine the valuation of a
call option on the asset S = S'. If the investor sells the call option, then AAS. = — (St — K)* and
thus the terminal condition in the pricing BSDE is Y5 = (St — K) ™. This is, of course, consistent
with the standard concept of replication of the call payoff by its writer. If the investor buys the call at
time 0, then AAL. = (St — K)* and thus the terminal condition becomes Y2 = — (St — K) ™, since
to hedge their exposure, the buyer needs to replicate the payoff — (St — K) ™. Note that the collateral
C; = —(CF)~ will be pledged at time t by the investor who writes the call, but the collateral will
be received by them if he buys the call, meaning that C? = (C)* in the latter case. In view of the
symmetry of collateralization, it is natural to postulate that C? = —C; for all t € [0, T}, especially
in the case where a collateral amount is exogenously determined. If ' # c?, then it is expected that

(A5, C%) # —m (=A%, —C%) = —m (AL, CP),

that is, the absolute value of the investor’s price will depend on whether he is willing to sell or buy
an option. In contrast, the equalities

(A5, C%) = —m(— A%, —C°) = —m; (AP, CP)
are valid when ¢! = ¢ = ¢, even if c # f. This illustrates the general property that the
buying/selling investor’s prices are equal in the linear setup when ¢! = c? = c if the symmetry of
collateral is postulated. Formally, if ¢! = c* = c, then mr;(A,C) = —m;(—A, —C) forall t € [0, T]
and an arbitrary specification of the processes A and C.

3.2.1. Auxiliary Lemma

To obtain a general version of probabilistic representation for ex-dividend price, we
will need to establish Lemma 2. We start by introducing the following notation:

; o i to ; t
B? = exp (/ 7 du>, B} :=exp (/ Vi du>, Bf :=exp (/ vy, du>
0 0 0

where ¢/, 7/, and v! are arbitrary G-adapted and integrable processes. Then, the processes
Zi(t,T) := (BY)~1Zi(t, T) for j = 1,2 satisfy

dZi(t, T) = (B "1(dZ/(t, T) — {7/ (1, T) dt).

For the risky assets traded under repo convention, we define the processes S’ :=
(BVI)_lsi fori=1,2,...,d, so that we can write

dsi = (B))"1(dSi — yisidt), i=1,2,...,d.

Similarly, for the risky assets directly traded on the spot market, we set S’ := (B‘/i )~lsi
fori=d+1,d+2,...,mand thus

45 = (BY)Y1(dSi —visidt), i=d+1,d+2,...,m.

Definition 11. Let (J,v,v) = (4259495 ..., ¥4 v v342 v™) be an (m + 2)-
dimensional, G-adapted, integrable process. Then, we denote by Q%7 a probability measure
on (O, Gr), such that the processes Z/(t,T), j = 1,2 and §',i = 1,2,...,m are Q%""'—local
martingales.

The existence of a probability measure Q%7 is not obvious a priori, but it can be
established in most market models encountered in the existing literature and thus we
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will henceforth postulate that such a probability measure is well defined. Then, from
Definition 11, it follows that the processes

. £
I(t,T) /CLZJ u,T)d /%,sl du, s;—/ V.St du
0

are (Q%7", G)-local martingales. In other words, Q%" is a local martingale measure for
prices ZI (t, T) discounted by BY , St discounted with the processes BY fori = 1,2,...,d
and S discounted with the processes BY fori=d +1,d4+2,...,m

For an arbitrary G-adapted and integrable process #, we define the process B’ by

setting, for every t € [0, T],
t
B! :=exp (/ Nu du)
0

and, for brevity, we write D" (t,s) = B/(B!)~!. The following lemma underpins the
probabilistic approach to the valuation of contracts under funding costs.

Lemma 2. Assume that VP (¢, AC) is the value process of a self-financing trading strategy, in
the sense of Definition 6, so that (13) holds for t € [0, T] with A€ = AC. Let 1y be an arbitrary
G-adapted and integrable process and let the process V' (¢, A®) be given by

. t 2 t .
V! (¢, AC) :=th((p,AC)+/ D”(t,u)ochudu+Z/ D (t,u)8,Z), du (21
0 = o

d ot . ~
+2/ DY (t, )i, Hi, du + / D (t, )y Hl du—/( D' (t,u) dAC.
i=17/0 £

i=d+1 0,t]

If the following equalities hold for every t € [0, T|
wo=nm—fu O =n—0, Bi=W- xi=n—v (22)
then the process V' (@, AC) := (B") =V (¢, AC) is a (Q"",G)-local martingale.

Proof. Letus denote V' = V'(¢p, AC) and VP = VP (g, AC). From Equation (21), we obtain

2 .. d mo -
AV =aV}] + wFdt+ Y olzldat+ Y BiHjdt+ Y xiHjdt+ (V! — V] )y dt — dAS.
j=1 i=1 i=d+1

Since V =F+ 22 1 Z] + Y At Hg, we obtain

av)! — V' dt = fiFedt + Zx; dZi(t, T) + Y_ &(dS; — hiSidt) + Y & dS}+ aFydt
i=1

j=1 i=d+1
2, d m o
+Y olzjdt+ Y BiHjdt+ Y xiHjdt—nV/ dt,
j=1 i=1 i=d+1

which in turn yields
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2 . . , 2 , . .
avil — Vil dt = (e + fr — ) Fedt + Y (8] + 0y —me)Zat + Y «)(dZ) (¢, T) — 3LZ(t, T) dt)
]

j=1 ]
+ ) (Bi 4+t —hi)Hpdt + ) & (dS; — viSpdt) + Y (xi +vi — i) Hp dt
i i=1 i=d+1

+

i

¢} (dSy — viSidt).
1

F= -

Since dV}! = (B/)~1(dV,' — ;]! dt), it is now clear that if the processes a, J, f and x
satisfy (22), then the process VI = (B7)~'V" is a (Q%"",G)-local martingale. [

3.2.2. Linear Probabilistic Valuation Formula

We are in a position to prove the main result in this section, which gives a general prob-
abilistic representation for the ex-dividend price. We stress that a financial interpretation
of processes 7, 7,2,y fori=1,2,...,d,and v' fori =d+1,d +2,...,mis completely
irrelevant for the derivation of representations (24) and (25). Recall that we denote

Ay =1y A+ lgsnAc, CG=144C+1310Co, (23)

the effective collateral rate ¢ is given by (12), and 9:(R,C) = R; + C_ is the close-out
payoff at T.

Theorem 1. Assume that the collateralized defaultable contract (A, R, C, T) can be replicated by a
trading strategy . If the associated process V' (¢, AC) = (B1) =1V (¢, AC), where V' (¢, A€)
is given by (21), is a true (Q%"", G)-martingale, then the value process V} (¢, ARC) equals, on
the event {t < T} for every t € [0, T],

Vf(@, AR’C) = EQ;%V ( — / R D' (t,u) dAVS + D(t, T)CT]I{T>T} — D'(t, T)RT]I{TgT} ’ gt)

Jt/7]
i - [T i\zl
+ Egeaw (/t D(t,u)(u — fu)Fudu + Zl/t D(t,u)(ny — Cu)Zy du ‘ Qt) (24)
j=
d (7 . S " T Lo
# g (L [ D000 Hidu s 3 [T~ M| )
1= 1=

Furthermore, the ex-dividend price for the collateralized defaultable contract (A, R,C,T) is
given by the following probabilistic expression, on the event {t < T} for every t € [0, T],

7Tt(A, R,C, T) = EQg,«W < — /]t D (t,u) dAvu — D’7(t, T)ﬁT(R, C)]l{'rgT}‘ gt)

]
T 2 T S
+E@m( ;DY) O = fu) B+ 3 [ D 6000 = ) du]gt) 25)
=
d T , S " T S
+ B L) D~ g it 3 [T Dm0 = ) Hy 3
+ EQQ%V (~/t D’?(t, u) (C_u - Ult)cu du ‘ gt) .

Proof. Let ¢ be a trading strategy which replicates the contract (A, R,C, 7). In view of
Definition 9, this means that

VE(9, AC) = Crlrary — Rel r<7y- (26)
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Equation (24) is thus an immediate consequence of the martingale property of V' (¢, AC),
the fact that T is a G-stopping time and equality (26). It remains to show that (25) can be
deduced from (24) and the definition of the ex-dividend price. On the event {t < 7}, we
have that 71;(A,R,C, T) = Vi(o, ARCY = th(cp, ﬁc) — Ct (see (18)). Note that (14) gives
dﬁf =dA; +dC; — ¢;C; dt. The integration by parts formula yields, on the event {7 > T},

~ T
[ (BhaC, = [ (Bl 1dC, = Cr(B) T —Ci(B]) - [ Cud(Bl) !
187 16,T) t
T
= Cr(Bl)~' - Cy(BY)! +/t 7 (B1)~1C, du
whereas on the event {1 < T}, we obtain

[ B taC= [ (Bl =Co (B -G8  — [ Cua(l) !
167] 1t,7] t
=G (B — (BN + /T 7u(B)~1Cy du,
Jt

It is now easy to check that (25) is a direct consequence of (24). O

The master Equation (25) is henceforth referred to as the linear valuation formula since
in order to identify the processes F, Z/ and H' it suffices to solve a linear BSDE for which a
solution is explicitly known in a typical financial model. This property should be contrasted
with the nonlinear valuation formula of Theorem 2, where the coefficients involve the effective
rates f , ﬁi, and ¢, which are given by (38), (39), and (12), respectively, and hence they are
nonlinear functions of unknown processes F, ZJ and H!. Therefore, in order to compute the
price using (41), one needs solve a nonlinear BSDE (we refer to Section 4.3 for a very brief
discussion of BSDEs in the present context).

We stress that Equation (25) and some of its consequences (see (28) and (34)) essentially
differ from the classical risk-neutral valuation formula, which relies on computation of
conditional expectation of discounted future payoffs under the risk-neutral probability.
Since the processes F, 7/ and H! appear in the right-hand side of (25), (28), and (34), it is
not possible to compute the contract’s price from these formulae without finding also its
replicating strategy. The latter feature should be contrasted with the pricing Equation (27),
where indeed the price is given by a simple conditional expectation of discounted future
payoffs under a suitable probability measure, and thus (27) can be seen as a direct extension
of the classical risk-neutral pricing formula. It is worth recalling that the link between a
solution to the linear BSDE and the risk-neutral pricing formula was established in seminal
papers by El Karoui et al. [45], El Karoui and Quenez [46], which constitute a basis for
the present research. In essence, they show that if a pair (Y, Z) is a solution to a linear
BSDE under the real-world probability, then the process Y can be found by taking the
conditional expectation of properly discounted terminal condition under an equivalent
risk-neutral probability. All our results in Section 3 can be seen as far-reaching extensions
of that conclusion to multi-curve markets with credit risk.

We will now consider some applications of Theorem 1. The first corollary furnishes a
natural probabilistic representation for the ex-dividend price of a collateralized defaultable
contract (A, R, C, 7). It should be noted that we obtain here a closed-form solution to the
valuation problem and the right-hand side in (27) can be computed explicitly for several

cases of interest. We denote D/ (t,u) := B{ (B{f )L
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Corollary 1. If y :f,(ff =f, 'yi = hifori =1,2,...,dand v’ =ffori=d+1,d+2,...,m,
then (24) yields the following expression for the ex-dividend price of a collateralized defaultable
contract (A,R,C,T):

(A, R,C,7) = Egpas ( - /}t . D/ (t,u) dA, — 0(R,C)Df (t, 1)1 {11y ‘ gt> (27)

’

+ EQf'h'f(/tT Df(t/”)(c_u - fu)Cu du ‘ gt)-

Corollary 1 is suitable when we are concerned with computation of the investor’s
unilateral price for (A, R,C, 7). In contrast, it does not offer an immediate decomposition
of the all-inclusive price 7¢(A, R, C, T) in terms of its clean price and various valuation
adjustments, which are of practical interest so that they were extensively studied in the
existing financial literature. For this reason, we will present in the next section another
application of Theorem 1, where the valuation adjustments, such as CVA, DVA, FVA, LVA,
etc., will show explicitly. As mentioned in the introduction, the clean price is computed and
used by the trading desk, whereas various valuation adjustments (i.e., XVAs) are handled
by other divisions of a financial institution. Hence there is a clear need to obtain explicit
decompositions of the all-inclusive price (sometimes called the exit price by practitioners)
and this will be carried out in the foregoing subsections (see Corollary 2, Proposition 2, and
Equation (35)).

3.2.3. Linear Risk-Neutral Valuation with Funding, Defaults, and Collateralization

Our next goal is to show how to obtain from Theorem 1 a version of the risk-neutral
valuation formula with adjusted cash flows, which was first derived through different
means in Pallavicini et al. [23] and Brigo et al. [2]. Recall that » is a G-adapted, integrable
process and B” stands for the associated risk-free cash account

t
Bi := exp(/0 Ty du).

As before, we do not assume that the risk-free cash account B" is available to the
investor and thus the risk-free rate process r can be seen as a purely instrumental variable.

Upon setting 7 = {/ = 4/ = v/ = r in (25), we obtain representation (28), which is a
version of the risk-neutral valuation with adjusted cash flows. To alleviate the notation, we
henceforth write Q" = Q"/". Furthermore, for the sake of symmetry, we write Fti = 1/)115Bff =
—Hi. Recall that D(t, u) := Bj(B},)~ 1.

Corollary 2. The ex-dividend price for the collateralized defaultable contract (A, R, C, T) is given
by, on the event {t < T} for every t € [0, T|,

1A RCT) =g [ DA~ Dt 00ROt | )
t,T -
7 a7 .
+E@r</t D(t,u)(ry = fu)Fudu +) /t D(t,u)(ru — hy)F, du ‘ gt) (28)
i=1"
+Eqr ( /tT D(t,u)(¢y —ry)Cydu ‘ Qt>.

Observe that, by an application of Definition 11, the processes Zi(t,T) = (B])~'ZI(t,T)
forj=1,2and §' = (B{)_ls’ fori=1,2,...,m or, equivalently, the processes

. t . . t .
ZI(t, T)— / ryZ)(u, T)du, S}— / ryS;, du,
0 0
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are (Q", G)-local martingales and thus the probability measure Q" can be interpreted
as a classical risk-neutral probability, which is used to compute clean prices of financial
derivatives.

Let us consider some special cases of Formula (28). Suppose that the bank’s treasury
rate f, the repo rates ki, and the collateral accrual rates are all equal to the risk-free rate r.
Then, Corollary 2 yields the following variant of the risk-neutral valuation formula for a
collateralized defaultable contract

mt(A,R,C, 1) = Eqr ( - /]t " D(t,u)dA, — D(t,7)%-(R, C)lr<ry ‘ Qt>. (29)
T
If, in addition, the equality R; = —C;_ holds—meaning that the collateral is simply

returned at the moment of the first default to the pledging party and no additional payoff
occurs at time 7 on the event {t < T}—then (29) further reduces to the following:

(A, R,C, 1) :]EQI'(‘/]. D(t,u)dA,

7]

gt) (30)

gt) .
3.3. Linear Valuation with XVAs under Risk-Free Close-Out

Let us examine the consequences of the counterparty credit risk on the price of collat-
eralized defaultable contract. To this end, we need to specify the CSA close-out valuation
process Q for the contract (A, R, C, 7). Let us stress that any specification for the process Q
should also include the promised payoff A — A;_ at the moment of the first default. For
instance, one could set (see (27))

Gt) ,

which would mean that the idiosyncratic funding costs of the investor would affect the CSA
valuation. In the above equation, we use the same notation of Equation (27). In particular,
we recall that the expectation is taken under the measure Q%7", given in Definition 11,
with the choice { = v = f and y = h, and Df (t,u) := B{(B{,[)_l.

A more conventional form of the CSA close-out value hinges on the postulate that
funding of all assets can be carried out at the risk-free rate r, and we henceforth follow this
market convention. To be more specific, we set f = W =rfori=12,...,dand T > T
in (28) in order to obtain Equality (31). This means that the close-out valuation Q is given
by the clean price of the contract.

= ]EQ; ( — ]]'{T>T} /]t,T] D(t,u) dAu — ]]'{TST} /]t,T) D(t,u) dAu

=E D/ (t,u) dA,
Qr Qﬁhf( /[t,T] (t,u)

Definition 12. The risk-free close-out valuation process Q for the collateralized defaultable contract
(A,R,C, ) is given by

= Eqr D t, dAu
Qt Q </[t,T} (t,u)

gt> _ _(A)+ AA, (31)

where AAy = Ay — A and it} (A), t € [0, T) is the ex-dividend risk-free price of A, that is,

Tl (A) = ]E@r(—/]t . D(t,u) dA, gt>. (32)

In view of Definition 12, at the moment of the first default we have, on the event
{T < T}, that the close-out payoff that becomes due at time of default 7 is as follows:

Q: = Eg ( /[T,T] D(t,7) dA, gT> — 7 (A) + AA;. (33)
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Our goal is now to obtain the conventional valuation adjustments (XVAs). In this
section, it is assumed that the recovery payoff R; is given by Definition 3. For simplicity of
presentation, we postulate, in addition, that the event {7c = 77} is negligible under Q" and
thus the close-out payoff ¢; is given by (6) with Q given by (31). Then, we have following
result, which is a consequence of Corollary 2 and Definition 12.

We stress once again that our goal in this subsection is not merely to compute the
price of a contract or to simply compare the actual price of a contract with its clean
price but, more importantly, to explicitly identify the individual contribution of each
cost and risk to the overall price of a contract. This explains why in Proposition 2 we
use the probability measure Q", as opposed to the probability measure Q/"f employed
in Corollary 1. The advantage of (34) over (27) is that the former representation gives
more information about the intricacies of the multi-curve pricing mechanism and, at the
same time, it uses a fixed probability measure Q, which does not change with the current
market conditions. However, we recall that (34) is in fact a linear BSDE, not just a simple
conditional expectation, and thus its solution requires more steps.

Proposition 2. Under the risk-free close-out valuation Q given by (31), the ex-dividend price for
the collateralized defaultable contract (A, R, C, T) equals, on the event {t < T} for every t € [0, T},

7Tt(A, R,C, T) = 7T{<A) + E@r (D(i’, T)]I{TST} (1{TC<T1}LcY+ - ]1{1'1<TC}LIY7) ’ gt)
T d 7 S

+Eqr (/ D(t,u)(ry — fu)Fudu+ Z/ D(t,u)(r, — hi,)F, du ‘ gt) (34)
t i—1 7/t

+]E@,</t D(t,u)(c‘u—ru)Cudu‘gt)

Proof. In view of Definition 12, to obtain (34) from (28) and (6), it suffices to observe that,
on the event {t < 7},

B,) 'dA, = B,) tdA,—1 B,) tdA,
/]‘t,ﬂ( u) /];,T]< u) {T<T} /[‘T,T]( u)

and thus

Egr | — A,
Q( /]t,ﬂD(t,u)dA

G:) = Eor ( - /}t 1) )

L Dl dA+ Lery /[T,T] D(t, 1) dA,
= 7'(:(14) + EQr (]I{TST}QT | gt)
where the last equality follows from (31) and (32). O

Representation (34) of the investor’s ex-dividend price for (A, R, C, T) can be given
the following financial interpretation:

d .
(A, R,C,T) = 7t} (A) + CVA; — DVA; + FVA! + Y FVA} 4 LVA, (35)
i=1

where the credit valuation adjustment CVA; equals

CVA; = EQV (D(t, T)]I{TST}]I{TC<TI}LCY+ ‘ gt),

the debit valuation adjustment DVA; equals

DVA; = Egr (D(fl D r<ry L <ey L1Y™ ‘ gt)'
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the treasury funding valuation adjustment FVA{ is given by
o T
FVA! = Eg (/ D(t,u) (ru — fu)Fu | gt>,
the repo funding valuation adjustments FVA’Zi fori =1,2,...,d are given by
i T D\
FVAl = EQr</t D(t,u) (1 — W F | gt>,
and liquidity valuation adjustment LVA; satisfies
T
LVA; = Eqr (/t D(t,u)(¢y —ry)Cydu ’ gt).

Notice that the valuation adjustments given above can be computed independently,
provided that the processes F and F' are known. The latter processes can be found by
solving the linear BSDE, which is a special case of the pricing BSDE given in Proposition 4.

4. Nonlinear Markets with Funding Costs and Default Risk

A nonlinear extension of the linear framework introduced in the preceding section is
obtained when a single cash rate f is replaced by differential lending and borrowing rates,
denoted as f! and f?, respectively, and, similarly, by introducing differential repo rates
for long and short positions in the stock S/, which are denoted as 1"/ and h'?, respectively.
Then, we obtain the following representation of the value process V7 (¢, ARC) of a portfolio
generated by strategy ¢

2 . d m

i,b i p) ,bni,b i i i i

Vi (9, ARC) = By + !B + Yk ZI (4, T) + ) (9 By +¢"By +&isi) + ) &isi
j=1 i=1 i=d+1

where, consistently with the financial interpretation of trading within the nonlinear frame-
work, we postulate that g} > 0, < 0and gly? = 0forall t € [0, T]. Similarly, we assume

that l/J;'l >0, l[Ji’h < 0 and ¢i’l¢£'b =0fori=1,2,...,d and, in addition, we impose the
repo trading condition for risky assets S, 52, ..., $4

vy'BY + 9By +gisi =o.

For convenience, we denote

2 . m
llJtBt + 9y IB) = Vp(ﬁ" ARC) — Z KéZ](t/ T) - Z 1St
j=1 i=d+1
m .
=V} (g, ARC) - Z zl— Y H
i=d+1

where 7] = k/Zi(t,T) for j = 1,2 and Hi = &iSi = —Fifori=d+1,d+2,...,m

4.1. Nonlinear Dynamics of the Value Process of a Trading Strategy

We are now in a position to derive the nonlinear dynamics of the value process for a
collateralized defaultable contract (A, R, C, 7). Recall that T = 1 A tc so that T:= T A T is
the effective maturity of the contract.

Lemma 3. We have ¢} = (BL)'F", ¢? = —(BY)~'F andfori=1,2,...,d

gy = (BY)TN(HD T = (BY) TR,y = —(BY) T (HDT = —(BY) T (E)
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Proof. It suffices to note that
¢lBl + glBY = F, ¢/'BY 4 gi'BY = —gisi = —Hi = F
and to make use of the postulated conditions. [

Lemma 4. The value process VP (¢, ARC) of a self-financing trading strategy associated with
collateralized defaultable contract (A, R, C, T) satisfies on [0, T]

v/ (¢, AV) = fiEF dt — fIF; dt—i—z Kl dZi(t, T)
j=1
d . .
+ Y (iasi+n (F))* de — WP (F))~ dt)
i=1

m . . ~ ~
+ Y GdSi+dA;+dCi —¢Crdt +d(1 5y Re) (36)
i=d+1

where ¢ is given by (12), A and C are given by (23) and R is given by (3).

Proof. By a minor extension of Definition 7, the self-financing condition for ¢ reads, for
€[0,7],

2 ) d . . . . ) .
dvf (¢, ARC) = yidBj + g dB} + ) x,dZ) (t,T) + Y- (v dBy' + )" dBy" + &} dS})

j=1 i=1
m . .
Y, &ids;+dARC
i=d+1

where ARC is given by (15). Therefore, in view of Lemma 3, we obtain the following
expression for the dynamics of the value process:

dvl (g, ARC) = (BY)~'F dB! — (BY)1F” dBt+ZK{dzf (t,T) + Z Zdsi

]71 i=d+1
d p) pi i,b i i,b 4 i R,C
2 (B +dBi — Z(Bf; ) NE) " dB + Y ¢S, + dASC.
i=1 i=1 i=1

Under the assumption of absolute continuity of cash/repo accounts, using also (15)
and (23), we obtain (36). O

To obtain a convenient representation of the dynamics of V7 (¢, AC), we introduce the
effective funding rate, f, and the effective repo rates, h'. It is obvious that, in general, the effective
rates f and /i’ depend in a nonlinear way on investor’s strategy ¢ through processes F and F'.

Lemma 5. The process VP (g, AC) satisfies on [0, 7]

. . 2 ; . m . . ~ ~
avl (¢, AY) = (fiF + hiF —&Cy)dt + Y« dZ/(t, T) + Y &1 dS; + dA; +dC;  (37)
j=1 i=1

where the effective funding rate f equals
fi=fi Lir>0) + ff Lip <0y (38)
and the effective repo rates i, i = 1,2,...,d are given by

i i1 i,b
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4.2. Nonlinear Probabilistic Valuation Formula
Recall that

.t : to ; t
B! := exp(./O m,du), B = exp(/0 C{,du), B) = exp(‘/O %,du)

where 7,¢',0%,9',i = 1,2,...,d and v/,i = d+1,d +2,...,m are arbitrary adapted
and integrable processes. Let Q57" be a probability measure such that the processes
(BY)-1Zi(t,T),j=1,2, (BY)"18,i=1,2,...,dand (B") 'S, i=d+1,d +2,...,mare
Q&7"-local martingales.

By combining Lemma 2 with Lemma 5 we obtain the following result, which is a
nonlinear counterpart of Theorem 1. To ensure the validity of this result, one needs to
impose some mild integrability assumptions. Recall from Definition 3 that the CSA close-
out payoff satisfies 9 = R + C_.

Theorem 2. Assume that the collateralized defaultable contract (A, R, C, T) can be replicated by a
trading strategy @ and the associated process V' (@, AC) is a true martingale under Q5V. Then,
VI (@, ARC) equals, on the event {t < T} for every t € [0, T],

th((P, AR'C) = EQQ%V ( - /}t . Dq(f, M) dgs + D”(t, T)CT1{7>T} — Dn(t, T)RT]I{TST} ’ Qt>

nt(A/ RI C/ T) = EQL%V < - /] ~

d .7 . . .
+Egens ( y /t DY (t, u) (i, — 7 VHi du +
i=1

? B 2 7 o
+IEJQ§,,,V(/t D' (t,u)(ny — fu)Fu du—i-];/t D (t,u)(y, — T Z), du’gt) (40)

L T S
3 [ D) w61 ).
i=d+17t

The ex-dividend price for the collateralized defaultable contract (A, R, C, T) is given by, on the
event {t < T}, for every t € [0, T],

~ 7 _
D' (t,u)dA, — D'(t,T)01 <1} —|—/t D'(t,u)(u — fu)Fudu ‘ gt>

t,T

]

2 .7 . d /7 . . .
B (L [ D w0n ~chZhdu+ 3 [ D06 )0, — v Hidu| 6, @)
=171 i=171

m

+Egan < Y /T D(t, u) (1, — vi)H:, du + /tT D" (t,u)(ey — 17,)Cy du ‘ gt>

i=d+17!
where the effective rates f,h' and ¢ are given by (38), (39), and (12), respectively.

Proof. In view of Lemma 5, the proof of Theorem 2 is analogous to the proof of Theorem 1
and thus it is omitted. O

4.3. Nonlinear Valuation with XVAs under Risk-Free Close-Out

Theorem 2 can be used to identify contributions of various adjustments to the in-
vestor’s price with respect to the clean price computed using the non-accessible short-term
rate. To this end, one can use the following consequence of Theorem 2, which corresponds
to Corollary 2. Recall that we use the shorthand notation Q" = Q™"". As in Section 3.2, we
assume that the event {17c = 77} is negligible under Q" and thus, without loss of generality,
the CSA close-out payoff 9 is assumed to be given by (6).

Corollary 3. The ex-dividend price for the collateralized defaultable contract (A, R, C, T) satisfies,
on the event {t < T} for every t € [0,T],
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mt(A,R,C,T) = Eqr ( — /t D(t,u) dA, — D(t,r)ﬁT(R,C)]l{TST} + /tTD(t,u)(ru — fu)Fudu ‘ Qt>

+EQr(é/t

This recovers and generalizes to the market with several accounts the “adjusted cash
flow” valuation formula (5).

We maintain the assumption made in Section 3.2 about the exact specification of the
CSA close-out payoff d. Recall also that the case of the joint defaults was precluded. Then,
Proposition 2 can be easily extended to cover the case of the nonlinear setup. It suffices to
replace f,h' and c by f, ' and ¢, respectively, in Equation (34). The proof of the next result
is analogous to the proof of Proposition 2 and thus it is omitted.

LU}

D(t,u)(ry — k) FL du + /fD(t,u)(c‘u —1y)Cydu ’ gt). (42)

Proposition 3. Under the risk-free close-out valuation Q given by (31), the ex-dividend price for
the collateralized defaultable contract (A, R, C, T) equals, on the event {t < T}, for every t € [0, T],

7Tt(A, R, C, T) = 7TI(A) + EQr (D(f, T)H{TST} (1{Tc<T[}LCY+ — 1{T1<TC}LIY_) ’ gt)
T _ d 7 .
+E@,</t D(t,u)(ru — fu)Fudu+ Y [ D(t,u)(ru — ) Fidu | gt> (43)
i=1"

—|—]EQV</jD(t,u)(c‘u —ru)Cudu‘gt)

Proposition 3 leads in turn to the following formal decomposition of the ex-dividend
price for (A, R, C, T) into its clean price and valuation adjustments (for their interpretation,
see Section 3.2), which holds on the event {t < 7} for every t € [0, T],

- d .
(A, R,C,T) = mj(A) + CVA; — DVA; + FVA] + Y FVAF + LVA,. (44)
i=1

We stress that an apparent additivity property of valuation adjustments in (44) is illu-
sory since the terms in the right-hand side of (44) cannot be computed independently since,
in fact, to compute the price given by (43), and hence, to obtain the price decomposition (44),
one needs to solve the nonlinear BSDE for the price and replicating strategy, which is for-
mally stated in Proposition 4.

4.4. Nonlinear Pricing BSDE

As opposed to the linear market framework of Section 3.1, Theorem 2, Corollary 3,
and Proposition 3 do not furnish closed-form expressions for the price, since their right-
hand sides depend in a nonlinear way on several unknown processes. In fact, the pricing
equations from those results should be interpreted as nonlinear BSDEs and thus their
solutions are not known explicitly and require suitable numerical method. Under the
standing assumption that the investor’s initial endowment is null, Equation (37) yields
the nonlinear BSDE (45) for the portfolio’s value Y := V7 (¢, A€) and hedge ratios (x, &),
whereas all other components of the replicating strategy ¢ can be found using Lemma 3.
Then, the equality 71:(A, R,C,T) = Y; — C; holds on the event {t < T} for every t € [0, T].

Proposition 4. The portfolio’s value Y = VP (¢, AC) and the hedge ratios (x,&) satisfy the
backward stochastic differential equation, as follows:

dYi = (fiYe = Y Bigis| - aCe) dt+ Y x| dZI(t,T) + Y cids} +dA; +dC;  (45)

i=1 j=1 i=1
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where
=N 2 . m o
Ye=Y—Y «Z/(t,T)- Y &S
j=1 i=d+1
and from (38) and (39)

fri= ftl ]l{?,zo} +ftb ]l{f/t<o}r

Tl il o ib L

(%]l

Al b
t = Ct]l{C¢<0} + Ct]l{CtZO}‘

The terminal condition at T reads Yz = 1. 1yCr — i<y R where the recovery payoff
Rt equals
Re = Tireery (REYT =Y 7) + 1oy (YT —RyYT)

whereY = Q7 — Cr_.

Given any specific semimartingale model for risky assets and any funding costs, it is
usually possible to show that the pricing BSDE has a unique solution in a suitable space of
stochastic processes. For instance, Nie and Rutkowski [7-9] studied pricing and hedging
BSDE: for a contract (A, C) (so defaults were not considered) with both the exogenous
and endogenous collateralization whereas Bichuch et al. [1] included also the default risk.
For pricing BSDEs with a single jump martingale, the reader is referred to Crépey [5,6],
Crépey and Song [47], Dumitrescu et al. [48], and Peng and Xu [49], and for BSDEs driven
by discontinuous martingales, we refer the reader to Carbone et al. [50] and Nie and
Rutkowski [51].

5. Incomplete Market with Funding Benefit at Default

In the “adjusted cash flows” approach, the derivation was agnostic of any replication,
while in the “replication approach”, the concept of replication is clearly an integral part.
With this in mind, we ask ourselves whether we can reconcile these two in a more general
setting of an incomplete market where we relax the replication assumption and we postulate
instead that the properly deflated investor’s gains process is a martingale. We show in this
section what pricing means and present conditions under which the net funding benefit
of the issuer of the contract vanishes, rendering the knowledge of the specific hedging
strategy unnecessary for computation of valuation adjustments.

In the previous section, we have assumed that the contract that we are evaluating can
be replicated. Now we wish to examine briefly what happens if this assumption is relaxed.
We will concentrate here on the case where the contract is subject to defaults of both the
bank (investor) and the counterparty, while the bank cannot trade its own or counterparty’s
bonds (i.e., we postulate that kKl =x2 = 0). Of course, this means that we deal with an
incomplete market model in which some contracts cannot be replicated and thus other
means should by employed to assess the marked-to-market value of a contract.

To further simplify the setup, we suppose that all of the hedging instruments, default-
free bonds and equities are traded on the repo market (i.e., we set d = m), and that repo
rates are the same across all positions and directions of the trade (i.e., we assume that
hi! = Wit = h for all i). Furthermore, we postulate that the borrowing account B’ satisfies

dBf = fPBYdt — LiB}_dl >,

which models the property that at the bank’s default only a fraction Ry = 1 — Lj of the
bank’s debt will be repaid to its creditors. The same recovery rate R; applies to the amount
due to the counterparty at time of investors default. Since we are including default in
our model, we will also make use of Equations (14) and (15) to define the stream of cash
flows generated by the contract. In order to mark to market a contract that cannot be
replicated, we find it convenient to extend slightly the definition of trading strategy of



Mathematics 2022, 10, 791

26 of 31

Section 3 by including the contract itself. To be more specific, we are interested in buy-
and-hold strategies ¢ of the form (1, 1,1)%, l,bﬁ’, l[Jl, s, 1pd, §1,. .., Cd), where 1 means that one
unit of the derivative asset with the promised cash flows A is held by the investor till its
effective maturity. Notice that, if the investor has sold at time 0 a call or put option, then
the marked-to-market value of their position is negative for t > 0 (it is simply equal to the
negative of the price at time ¢ in the classical linear arbitrage-free framework).

We denote by W (¢, ARC) and WP (¢, ARC) the investor’s wealth and the marked-to-
market value of their portfolio of assets, respectively, so that on the event {t < 7},

d . .
WF (¢, ARC) = i+ yiBl + ¢!BY + Y (YiBi + EiS}) = A + ¢iBj + Y/B} = & + Fr (46)
i=1

and W (g, ARCY = th (o, AR'C) — C;, where 71; is the shorthand for the market-to-market
value, 7it(A, R, C, T), and where we used the equality B + ¢iS! = 0. Recall that the
convention regarding the collateral is that C; > 0 means that the investor receives the
collateral, while C; < 0 means that the investor posts it. Hence the minus sign in front of
the collateral account is needed since the wealth W; (¢, ARC) is what the investor would
obtain at time ¢ if the investor were to liquidate every asset owned. At default time, the
portfolio’s value and the investor’s wealth satisfy, on the event {t < T},

WE (g, ARC) = Wr(g, ARC) = Re + ¢l Bl + ¢¥BL. (47)

In essence, our valuation arguments in this subsection are based on the premise that
the extended market model where the contract already held by the investor should remain
arbitrage-free, as seen from their perspective. More specifically, we will assume that the
contract is already held by the investor and we search for the process 7T, such that the
suitably deflated investor’s wealth has the martingale property under a chosen martingale
measure. Notice that the convention regarding the sign of 7 is different from the one
previously adopted in Sections 2 and 3 where we examined the investor’s unilateral selling
price for the contract at time ¢, since the process 7T now represents the marked-to-market
value of the contract held by the investor.

Definition 13. The net gains process of the investor’s portfolio is given by, on [0, 7],

N AT ZL by d AT AT
Gt = ]l{t<T}7Tt + /0 Py dB, + /O P dB, + Z (/0 & dSy, + /0 Py dBu)
i=1\"
t
+ /0 dAE’C — ]l{t<1—}ct

where _ N
dAYC = dA, +dCy — 1y 8uCudu+ Red(ly5y)

Recall that A; = Loy At + 10y Ar— and Cr = Loy Cr + L7y Co—. We consider
only self-financing strategies, that is, those satisfying on [0, 7]

Wt(Q), AR’C) = Wo((p, AR'C) + Gt — Go.

Let us denote by # the prevailing deposit rate at which the bank may lend cash to other
entities. For the investor’s deflated wealth, W/ (¢, ARC) := (B])"1W;(¢p, ARC), we obtain

W/ (¢, ARC) = W]l (¢, ARC) + GI - G

where the deflated net gains process G, satisfies



Mathematics 2022, 10, 791 27 of 31

dGy = (BY) ™' d#, + (B]) 'yl Bl + (BJ)~ %JB”Z Bi) ™ (Cu dSy + i dBy)
i=1

- (BZ)_l]l{u«}EuCu du+ (B])~'dA, + (Bl) "' Cr- d(Lfp>qy) + (B! d(1>rRe) (48)
_WM(BZ)_ (nu+¢uBl +¢u3b)d”+771t( ) ]l{u<T}C du.

To proceed further, we henceforth postulate that the process G is a martingale stopped

at T with respect to the filtration G and under a probability measure Q", which can be

identified with the probability measure @Qh’”, introduced in Definition 11. The choice of

¢ and v is immaterial here and thus it suffices to observe that Q" is characterized by the
property that the processes 5' = (B")~1S, i = 1,2,...,d or, equivalently, the processes

dS = (B ~1(dSi — ;i dt) (49)

are Q"-local martingales. Since the default risk cannot be eliminated and thus we deal with
an incomplete market model, the uniqueness of a probability measure Q" fails to hold since
the intensity of default times is not uniquely specified under Q". Therefore, it should be
acknowledged that our tentative valuation result presented in Proposition 5 hinges, in fact,
on a choice of a particular measure Q" and possibly also on the hedging error W — 7 of a
strategy ¢ chosen by the investor.

Proposition 5. The process @ = 7" (A, R, C, T) satisfies on {t < T}
D(t, ”)(f Wu)(( Wy — 7ty + Cy ) (Wu—ﬁu+Cu)‘)du’gt)

U A — U
+Eqg /]t,ﬂ D'(t,u) dA, /t DY (t,10) (€ — 1) Cu | gt) (50)
Dv(t/ T)]]'{T<T} (QT + ]l{T:T;}LI(QTI - CTI*)_ - ]l{T:TC}LC(QTC - CTC*)+) ‘ gt)

D(t, T)]I{T<T}]1{T:T1}LI(WT_ — T+ Cro)” | gt>'

Proof. The postulated martingale property of G’ under Q" yields, for every t € [0, T] on
{t <7},
EQh(GTAT 7/\'( |Gt) = EQh(G G |Gt) =

and thus we obtain from (48)

T T .
<B?)1ﬁt:EQh( | B lasl+ | <BZ>*1¢Z_de+Z / (Bi) ™ (81 dS, + ¢ dBy)

)

~ T
+E@h(/]tﬂ(BZ)—1 dAu—/t (BZ)_lc'uCudu+]1{T<T}(BZ)_1(RT+CT)‘gt>
T I nl T b b T 1
_EQh(/t UulpuBudu—i-/t Iyul/JuBudu—/t iyu(BZ)* Cudu’Qt>.

~ We substitute the expressions for differentials and use (3) and the equality &S+
¢! B, = 0 to obtain, for every t € [0, T] on {t < T},

ﬁt_JEQh(/]' D dAu+/ D (t,u)(f — nu)Fudu—/t DY (t, 1) (Cu — 1 Cudu‘gt>
+]E@h (Dr](trT)]l{T<T} [QT+1{T:TI} (LI(QTI =Gy ) LllPTI— )] ‘gt)

- ]EQh (Dﬁ(t’ T)]l{T<T}]l{T:TC}LC(QTC — CTC*)+ ‘ gt)



Mathematics 2022, 10, 791

28 of 31

where
Fr=yiBi+¢/Bl = (Wi — &+ C) " — (Wi — &+ C)~ = K" — F

and W; = W; (g, ARC). Equation (46) now shows that equality (50) holds on the event
{t <7} foreveryt e [0,T]. O

A priori, some valuation adjustments appearing in the right-hand side in the tentative
pricing Formula (50) depend explicitly on the wealth process W. However, if we interpret
1 as the deposit rate and we set

fe=mlip 0y + (pe + 5{)]1{530}
where s{ is the funding spread of the bank borrowing with respect to the prevailing deposit
rate 17, then it is clear that the first and last terms in the right-hand side of Equation (50)
may cancel out provided that the bank’s funding spread is “fair”, in the sense that the
bank’s default and recovery are priced correctly by the market.
To examine the last claim in more detail, we denote Y; s = D" (¢,s)(Ws — 7Ts + Cs) ~

and we compute the net funding/default benefit, DVA{ - FCA%r , which in the present setup
is given by the following expression:

T
Ji = E@/r(]1{T<T}]1{T:T,}L1Yt,r_ | Gt) — Eqn </t S{;Yt,u du ‘ Qt>.

Our next goal is to provide explicit conditions under which the investor’s net funding
benefit vanishes. To this end, we postulate that L; is a constant and default times 77 and 7¢
are conditionally independent under Q", with respect to the reference filtration I (see, for
instance, Example 9.1.5 in [34]), with stochastic intensities A and A€, respectively. Then, the
intensity of T = 77 A T satisfies A = A + A and we can use the standard intensity-based
approach to complete the computations of J;. In particular, we obtain (see, for instance,
Propositions 5.1.1 and 5.1.2 in [34] and Lemma 3.8.1 in [28])

AT
Jt =L EQh (]]'{T<T}]1{T:TI}YT1— | gt) - EQh (/t S{LYu du ’ gt)

T T
ey IE?Qh( /t ALy, du’}'t) -1 {KT}E@h( /t Mgl du‘]-'t)

where the hazard process A of T satisfies Ay = fot Ay du. It is thus clear that if s{ = LAl for
allt € [0, T], then J; = 0 forall € [0, T] and thus the equality FCA{ = DVA{r " is satisfied
at all times, meaning that, in some circumstances, the funding cost may perfectly offset the
benefit at default.

We conclude this paper by establishing a simplified pricing formula in an incomplete
market, which does not require specific knowledge of the investor’s hedging strategy.
Recall that we work under the postulate that for any self-financing strategy the investor’s
deflated gains process G is a martingale under Q". We denote

0

Qt> = 7" (A) + AA;.

A" (A) := Eg ( /]t . D'(t,u) dA,

and

nh . _ n
QI IEQh(/[tT]D (t,1) dA,

’

The following result shows that the double counting of benefits, which may arise due
to a possibility of the bank’s default, does not appear if the bank’s trading arrangement are
modelled adequately, although the net funding/default benefit does not necessarily vanish.
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Proposition 6. Assume that Ly is a constant and default times 17 and tc are conditionally inde-
pendent under Q" with respect to the reference filtration F. Let the intensity of the bank’s default
time T under Q" with respect to the filtration F equal A! and let for all t € [0, T]

fr =il g=01 + (gt + LA L5 <q

so that the bank’s funding spread equals s{ = LAl forall t € [0, T). Then FCA{ = DVA{r " on

the event {t < T}, so that the net funding/default benefit vanishes and ﬁ?'h(A, R, C, T) satisfies
the following:

7
7I"(A,R,C,T) = &l"(A) — Eg ( /t D' (t,u)(Gy — 1u)Cy dul ‘ gt>
Eg (D7 (¢, 7)1 Loy Li(QY" = Cop)™ = e Le(QY — Cre )
+ Qh< (b D)L rery (Lprmry L1(Q7, — Cr—) {r=1c}Lc(Q7z = Cre=) ") | Gi
where Q1" = ﬁ?’h(A) + AA~. Hence the price 7t/ ’h(A, R, C, T) admits the following representation:
71"(A,R,C,T) = @™ (A) + DVA; — CVA, — LVA,.

Proof. Using (50) and noting that, under the present assumptions, we have that J; = 0 for
all t € [0, T], we obtain on the event {t < T},

oy . TAT
;" (AR C, 1) =Eg (/]t ; D" (t,u)dA, —l—/t D"(t,u)(1y — ¢u)Cudu ‘ gt>
+ ]EQh (DU (t, T)]]'{T<T} (QT + ]]'{T:T[}LI(QTI - CTI*)i - H{T:Tc}LC(QTC - CTc*)+) | gt) :

If we postulate that Q = Q' then to derive the desired representation for 7/ & (AR,C,1),
it suffices to proceed as in the proof of Proposition 2. [

It is worth noting that, under the assumptions of Proposition 5, the ex-dividend selling
price 7" (A, R, C, T) is independent of the wealth process W of a strategy ¢ chosen by the
investor. Observe also that the quantities DVA; and CVA; are always non-negative. In
contrast, the sign of LVA; depends on the relationship between 7 and ¢, as well as on the
sign of C.

6. Conclusions

In this paper, we have derived the adjusted price of a derivative contract in the
presence of credit risk (default of counterparties) and with funding and collateral costs
using two approaches, concerned that they may not lead to the same valuation formula.

The starting point was the “clean price” of the contract that is computed in (1) in
the absence of credit risk or any funding and collateral costs. We then incorporated these
additional risk factors and costs in the cash flows under the “adjusted cash flow” approach,
which resulted in a nonlinear valuation formula (Proposition 1). We illustrated that using
additive valuation adjustments (XVAs) to express the adjusted price, as in (7), ignored
the interactions between the terms. Instead, we showed that asymmetric borrowing and
lending rates for the funding sources, as well as asymmetric repo rates for long and short
positions, naturally led to a nonlinear valuation formula (Proposition 3) that can be solved
numerically via nonlinear BSDEs (Proposition 4).

The second approach used to derive the adjusted price of the contract was the “repli-
cation approach”, presented in Section 3. A closed-form solution to the valuation problem
was presented in Corollary 1, and can be computed explicitly for several cases of interest,
while the general nonlinear valuation formula was proved in Theorem 2.

Finally, we are able to answer in the affirmative the question that motivated this
research: the “adjusted cash flow” and the “replication” approaches lead to the same
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valuation formula, and we prove this in Corollary 3 under the specific and reasonable
assumption that external costs, such as DVA2 terms, are not considered. This reconciles
the views of academics and practitioners on nonlinear valuation formulae in the current
multi-curve environment.
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