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Abstract: Given a triangular mesh, we obtain an orthogonality-free analogue of the classical local
Zlamal-Zenisek spline procedure with simple explicit affine-invariant formulas in terms of the
normalized barycentric coordinates of the mesh triangles. Our input involves first-order data at mesh
points, and instead of adjusting normal derivatives at the side middle points, we constructed the
elementary splines by adjusting the Fréchet derivatives at three given directions along the edges with
the result of bivariate polynomials of degree five. By replacing the real line R with a generic field K,
our results admit a natural interpretation with possible independent interest, and the proofs are short
enough for graduate courses.
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1. Introduction

With the rapid increase in computing capacity, spline interpolation over triangular
meshes became a popular issue in numerical mathematics: given the data of the coordi-
nates of points from some 2D surface, triangularization techniques and then C!-spline
constructions are widely used for approximating the underlying surface with high accuracy.
The related literature with large computational demands and a spectacular outcome is
enormous. Beautiful examples relatively close to our context are Hahman (2000) [1] and
Cao (2019) [2] and the references therein.

Our aim in this short note is somewhat in the opposite direction. We investigate
“minimalist” approaches: given a triangular mesh on the plane, find a method producing
a Cl-spline with polynomials of low degree on the mesh triangles, which is “local” in the
sense that the coefficients for any mesh triangle can be calculated with an explicit formula
depending only on the location and the given data (as function values, differential require-
ments, etc.) associated with the vertices of two adjacent triangles. Our presented results
originate from computer algebraic studies of the classical method by Zlamal et al. (1971) [3]
based on the fact that the requirement of adjusting fifth-degree polynomials for function,
gradient, and Hessian values along with normal derivatives at edge middle points of a
single mesh triangle gives rise to a C!-spline. Originally, they only proved that the linear
system of 21 equations for calculating the 21 coefficients for the adjustment admits a unique
solution. Recently, Sergienko et al. (2014) [4] published the rather sophisticated related ex-
plicit formulas, which motivated us to develop an axiomatic approach to locally generated
polynomial spline methods Staché (2019) [5] The recent work is a non-straightforward
application of the results there, although it is self-contained formally. We only used the
principal shape functions ® and © below provided by Theorem 2.3 in Staché (2019) [5] in
the simplest form without the need for any hint of their provenience.

We describe a family of local C!-spline procedures with really simple explicit affine-
invariant five-degree polynomials in terms of barycentric coordinates by adjusting first-
order data at the vertices. Though the result seems to be a variant of the procedure by
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Zlamal-Zenigek (ZZ), it cannot be deduced as a special case as it is free of the concept of
orthogonality. The proof, which may have independent interest, is basically different from
that of ZZ.

2. Main Results
Throughout this work, let:

O(t) ;= t3(10 — 15t + 6t2),  O(t) := t3(4 — 3t).

Fix also any non-degenerate triangle T with vertices py, p2, p3 on the plane R? along with
three affine functions x — f; + A;(x — p;) (thatis, f; € R, A; € L(R* R)), and define:

3
Fo(x) = Y [@(Ai(x)) fi + O (Xi(x)) As(x — pi)| M)
=1

1

where A1, Ay, A3 : R? — R are the barycentric weights determined unambiguously by the
relations:

3 3 )

Y Ai(x) =1, x=)_M(x)p; (xeR?).

i=1 i=1

1

Theorem 1. Let uy, up, u3 € R? be arbitrary vectors such that uy|f (p; — pi) whenever {i, j, k} =
{1,2,3}. Then, there exist constants {1, (2, (3 € R that can be formulated explicitly in terms of
A1, Ap, Az (see (18) later) such that the function:

3
F(x) := Fy(x) + ; Core(x) T Am(x)? @)
=1

along with its Fréchet derivatives F'(x)v := % T:oF(x + Tv) behave on the edges of T for any

triple (i, j, k) of different indices as follows:

F(pi) = fi, Fy(pi)=Ap (veR?), (©)
F(tpi+(1-t)p;) = ®(t) fit+t[1-@(1)]fi+[(1-1)O(t) Ai—tO(1-1) Aj](pj—pi), (4
F(tpi+(1=t)pj)ux = [O(H) A; + O(1—1) Aj]uy. )

As a consequence, given a triangular mesh, we can obtain modifications of the cel-
ebrated Zldmal-Zenisek (ZZ) spline procedure Zldmal et al. (1971) [3], Sergienko et al.
(2014) [4] regardless of second-order data, but with simple explicit scalar-product-free
formulas in terms of affine functions. Notice that, due to affine invariance, our results
cannot be deduced from ZZ, e.g., by setting the input second derivatives at the vertices
to zero.

Recall that by a triangular mesh, we mean a family 7 = {Ty,... Ty} of closed triangles
in R? such that the intersection T, N T}, is either a common edge or a common vertex or
empty for different indices m, n. Given any triangle T C R?, Vert(T), resp. Edge(T), will
denote the set of its vertices, resp. edges, and we write Vert(7) := UnN:1 Vert(T,), resp.
Edge(T) := UY_, Edge(T,). By a dataset of first order for the mesh 7, we mean a family:

F={(p.fr,Ap): p € Vert(T)} with f, € R, A, € L(R*R). (6)

We call a C'-smooth function f: UT := UN_; T, — R a polynomial C'-spline for the data F
over T if the restrictions f|T; are polynomials R*— R with Taylor expansion f,+Ap,(x—p)
around the points p € Vert(T}) (i.e., f is continuously differentiable on Interior( U T); fur-
thermore, there are polynomials Py, ..., Py in two-variables with f([¢,#]) = P,(¢, 1) when-
ever [§, 7] €T, (n=1,...,N) satisfying f(p) = fp, 0P,/ 9¢]| =Ap[1,0],0P, /07| [
A,[0,1] at the points p € Vert(T;,)).

Enl=p Enl=p
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For our later considerations, 7 = {T,..., Ty} will stand as a fixed triangular mesh.
Given any mesh triangle T, we write A, , (p € Vert(T;)) for its barycentric weights (i.e.,
X = Ypevert(T,) (x)p for any p € R?), and Ey,p denotes the edge opposite the vertex p in T;,.

Theorem 2. Let (6) be afirst-order dataset for T, and let {ug : E€ Edge(T)} C R? bea family
of vectors with ug || E. Then, we can find constants:

{¢p,r: EcEdge(T), peVert(T)\E for some Te T} C R

such that the union F : UT — R of the polynomial functions F,, : T, — R obtained by replacing
the terms Ay (£=1,2,3) in (1), (2) with Ay, (p € Vert(Ty)) as:

Fo(x):= Y. L@()\n,p(x)) fp +O(Anp(x)) Ap(x = P) + G,y A (6) T A (x)?]
peVert(T, geVert(Ty)

is a polynomial C-spline for the data JF over T such that:
Fl(tp+(1—t)q)ug = (O(t)Ap+O(1—t)Ay)ur whenever E=|p,q] € Vert(T), 0<t<1.

Remark 1. In the course of the proof, with a straightforward adaptation of Theorem 1, we ob-
tain an explicit expression for {p g in terms of the barycentric weights of the triangle T :=
[Convex hull of {p} UE] € T.

3. Preliminaries and Straightforward Observations

Our basic polynomials ®, © have the Hermitian interpolation properties:

P(0) =d'(0) =d'(1) =0, ®(1)=1, @'(t)=302(1—1t)% @)
O0)=0'(0)=0(1)=0, 0(1)=1, () =1213(1-1t). (8)

Given any indices 7, j, k with {i,j, k} = {1,2,3},
)L,‘(pi) =1, )\i(x) =0 for x € [p], Pk} = {(1—t)p]'+fpk D te [O, 1]}; 9)

Ai(z)v = Aj(z4pj) =Ai(z4pe) =Ai(z+(1—t)pj+tp)  independently of z, . (10)

Remark 2. It is customary to express the weight A; in terms of the natural inner product
(([&1, &2 |[m,m2)) = Xy Eome of R as Aj(x) = (x — pj|(mi|m;) ~Vm;) where m; = p; —r; is
the height vector of the triangle T with the closest point r; to p; on the line connecting p; with py.
The formulas obtained by means of this inner product (as the explicit form of the ZZ basic functions
published recently Sergienko et al. (2014) [4]) are only invariant with respect to the isometries of
IR?, while our approach is free of metric considerations and can be generalized to purely algebraic
settings by replacing R with an arbitrary field K. In the sequel, we write:

Gi:= [v— Ay(pi)v] (11)

for the (constant) Fréchet derivative of A;, regarded as a linear functional R — R, but avoiding
1

identifying it with the gradient vector (m;|m;)~ " m;.

Notice that, as it is formulated in terms of polynomials R2— R, the functions A1, Ay, A3
and F in Theorem 1 extend to to R? by means of the same algebraic expressions; furthermore,
the identities (4) and (5) hold on the whole line {tp; + (1 —t)p; : t € R}. By (9), we have
Am(Pn) = Omn in terms of the Kronecker symbol 8y, = [1 ifm=mn,0 else] ; furthermore,

the monomials:
Cup v (X) = A1(x)"1A2(x)"2A5(x)"

satisfy:
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Cuiipus(x) =0 forx € 0T = (edges of T) if min{vy, 1,13} > 1,
3
[CVI/VZrV?,] /(x)v = Z Vé/\f(x)_lCVerZIVB (x)Gyo.
=1
In particular, independently of the choice of the coefficients {,
F(x) = Fyp(x) forx € 9T, (12)

3 /
| CA T TTARL] ()0 =Gedi(x)(x)Gro for x € [py, pj] if i, K} = {1,2,3}. (1)
(=1 m=1

Proof of Theorem 1. Fix the indices i, j, k arbitrarily such that {i,j,k} = {1,2,3}. Consider
a generic point:
Xt = tp; + (1 — t)p] (14)

on the edge [p;, pj] of the triangle T. Since the weights A, are affine functions,
Ai(xt):t, )\]‘(Xt)=1—t, )\k(xt)zo (0§t§1) (15)

Since ®(1 —t) = 1 — ®(t), in view of (15), we obtain:

Fo(xt) = Z [Q()‘Z(xt))fé+®(/V(xf))A€(xt_pe)} -

0=ijk
= [@(O)fi + 1O Ax(pj—pi) | + [ (1= (1)) f; + 1O -D A(pi—p)) | +
+ | @(0) fi + ©(0) Ak (tpit+-(1-D)p—p) |
That is, by (7) and (8),

F(x;) =t3(10 — 15t + 6£2) f; + (1 — £)> (1 4 3t + 6£%) f;+

X 3 (16)
+ 2 (1—1)(4 — 3t) Ai(pj—pi) + (1—1)°t(1 + 3t) Aj(pi— pj)-

As for the Fréchet derivatives along the edge [p;, p;], in view of (12) and (13), we obtain:
F'(xt)v = Fy(tpi+(1—t)pj)o + Lt (1 — £)*Gyo.

Notice that in general, we have:

Bxjo= 3 [ () [Geolfs +© (Ae(x)) [Geol Ac(x = pe) + O (Ae(x)) Aco].
l=i,jk

In particular, since at the generic point (14) on [p;, pj|, we have x;—p; = (1—t)(pj—p;), resp.
xi—pj=t(pi=pj),

Fj(xt)v = F} (tpi—F(l—t)pj)v =
= [@/()[Galfi + @/ (1[Gl (1— DA (p; — i) + ©(1)A0] +
+[@' (1= DIGplf; +©'(1 = H[Gyelt Aj(ps — pj) +O(1 — ) Apo| +

+ |@(0)[Giol i + ©'(0)[Gro] Ar(x: — pi) + ©(0) Ago] .
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Thus, in view of (7) and (8), it follows that:
Fp(xi)o = [30£2(1 = 2[Giol fi +12£2(1 = (G0 Ai(p; — pi) + (4 = 3t) Ao +
+ [302(1 = 2[Gyol f; +122(1 = 1[Gyl A (pi — pj) + (1= D1+ 31) Ao .
Hence, in view of (13), we conclude that:

F'(xt)v= t*(1—)*[[Gkv]+ M; jv] + (4 — 3t) Ajo + (1 — £)*(1+ 3t) Ajo

17
where M; v := 30([Giv]ﬁ+[GjU]fj)+12([Giv]Ai—[GjU]Aj)(pj—pi). 17)

At this point (3), (4) and (5) are immediate. Namely (3) follows from (16) and (17) by setting
t := 1. Equation (4) is an equivalent form of (17). To verify (5), consider (17) with v := u.
Observe that Giuy#0 since uy [f (pj—p;i). Thus, the coefficient:

Ml-,juk B 1

Tk = [30([Giuk]ﬁ+[cjuk}ﬁ)+12([Giuk]Ai*[Gj”k]Aj)(Pj*Pi)} (18)

Gy Gy

is well defined. Applying it, for the generic point (14) on the edge [p;, p;], we obtain:
F/(xp)up = £2(4 = 3t) Ajug + (1 — £)> (1 + 3t) Ajug

independently of the location of the third vertex pj of the triangle T. [

Corollary 1. By writing v = auy + B(p; — p;), we have:

F'(xt)v = aF (xt)ug + B[F' (x1)] (pi — pj) =

19
:a[q>(t)Ai+ [1—¢(t)}A]}uk+ﬁ%F(xt). (19)

Proof of Theorem 2. It suffices to verify the following two statements:

(i) Givenp € Vert(T) and v € R?, we have F(p) = f, and F'(p)v = Apv;

(i) Given two adjacent mesh triangles Ty, T,, € T, with common edge [p, q], for the points
x; = tp+(1—1)q on the line connecting p,q, we have F(x;) = Fy,(x¢) = F,(x¢) and
F!,(xt)v = F(x)v for any v € R2.

As for (i): Choose any mesh triangle T, € T with p € Vert(T},). By writing p1, p2, p3
with p; = p for the vertices of T;;, an application of (3) in Theorem 1 with F := F, shows
that F,(p) = Fu(p1) = fp, = fp and F;(p)v = F(p1)v = Ajv = A,v independent of
which mesh triangle T, with vertex p is considered.

As for (ii): Let Ty, Ty, € T be two adjacent triangles with common edge [p, 9]. Necessar-
ily, Vert(T,,) = {p,q,r} and Vert(T,,) = {p, g, 7} with suitable mesh points r,7 € Vert(7).
An application of (4) in Theorem 1 with p; := p, p2 := g, p3 :=r, and F := F,;, shows that:

Fu(xi) = ®(t) f1 + [1 = ®(t)]f2
=@(t)fp +[1 - 2(B)lfg

The same conclusion holds when replacing (r, F;) with (7, F,). Thus, we have F,(x;) =
F.(x;) along the edge [p,q| (moreover, along the whole straight line connecting p and
q) independently of the location of the third vertices r resp. 7. Since the functions F;,
(n=1,...,N) are R? — R polynomials, their union F : U_, T, — R with F(x) = F,(x)
whenever x € T, is a well-defined continuous function.

[O(H) AL +O(1 — t) Az (pj — pi) =

+
+[0(H)Ap +O(1 - 1) Ag)(q - p).
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From a similar application of (5) in Theorem 1 and (19) finishing its proof applied with
F:=Fy, p1:=p, p2:=q,p3=1,U3:= U, 0= auz + p(p2 — p1) = aup, g + p(q—p),
and {3 := [obtained from (18)] we conclude that:

d
Fl (x)o = [cp(t)A,, +- @(t)]Aq} Ujpg) + B Fn ().
We obtain the same when the index m is replaced with n, though the values {3 may
differ in (18) when calculating with p3 := r for m and p3 := 7 for n, respectively. We

know already that the functions Fy, F, coincide along the common edge [p, 4]. Therefore,
with the combined function F (F(x) = F,(x) for x € T;;; 1 <n < N) we indeed have

F'(x)o = F,(x;)0 = F,(x;)0 = zx[CID(t)Ap . CID(t)]Aq} Uy +BAF(x). O

4. Version in the Pure Algebraic Setting

We consider the possibility of replacing the real line R with an arbitrary (possibly finite)
field K. Though ordering is no longer available, in particular, we cannot speak of edges
[p,q) = {tp+(1—1t)q : 0<t<1} or triangles T = {tp+sq+ (1—s—t)r: 0<s,t,s+t<1} in
K any longer, the concept of lines Line(p,q] := {tp+ (1 —t)q : t € K} connecting distinct
points p,q € K makes sense and is widely used in algebraic geometry. From classical
geometry, we can also save the concept of non-degenerate point triples {p1, p2, p3} C K? by
requiring that the expression py Apy+p2Aps+p3Ap1 (which corresponds to a non-zero
multiple of the area of the triangle with vertices p; in the case K = R) should not vanish.
The parallelity of two vectors u, v € K2 can also be well defined with the property uAv # 0.

On the other hand, it is also well known that the formal derivation % Yi-o aTE =
Yiq ko Tk 1 (ag, ..., an € K) gives rise to a calculus with multivariate polynomials with
coefficients in K preserving the familiar identities as the linearity, Leibniz rule, and deriva-
tion formula of composite maps. Thus, since our computations in Algorithm 1 involve only
polynomial functions, we can conclude that the following theorem holds.

Theorem 3. Let [py, ..., pk| be a sequence of distinct points in K2, and let [[in1,in2,in] : 1=
1,...,N| be a sequence of distinct triples of indices 1 <i, 1 <inp <in3 <K such that the triples:

Tw :={Pi,\s Pina Pirs} (m=1,...,N)

of points are non-degenerate. Then, given any sequence [fy : n =1,...K]|, constants in K along
with a sequence [A, : n =1,...K] of linear forms K— K and any family [uy,, : 1 <m <n<K]
of vectors in K2 such that uyuA(pm — pn) #0 (1 < m <n < K), the sequence [Fy, ..., Fy]
of polynomial functions K— K obtained with the calculations in Algorithm 1 has the following
properties:

(i) Fu(pr) = fr, Fi(px)v= Ao (vEK?) whenever py € Ty, for some n;

(ii)  Fn|Line(p;, p;) = Fa|Line(p;, p;) whenever i # jand {p;, p;} = Ty N Ty,

(iii) Fy(tpi+(1—t)pj)o = [O(t)A; + O(1—1t) Aj) uy (t € K whenever {pj, pj, pr} = Tn.
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Algorithm 1. Triangular C!-spline with first order data

Require: K € N = {1,2,...} for the number of mesh points;
List v = [0f, v%] €R? (k=1,...,K) of mesh points;
Listfy e R (k=1,...,K) for function data at mesh points;
List Ag(¢,17)=AFZ+Aln, A7, AJeR (k=1,...,K)
N € N for the number of mesh triangles;
of linear forms for prescribed derivatives at mesh points;
List [in1,in2,in3] € N® (n=1,...,N) of indices with 1 <i,1 < iys <iy3 <N
such that Vert(T,) = {Vin,l’vin,Z’Vin,S };
List uy,, = [u%,n,ugnln] €R? (0<m,n <N, m#n) of vectors
such that wu, = wum ff (Vie—Vn);
Ensure: ListF,(¢,7) (n=1,...,N) of polynomials with coefficients in R.
Calculation: Consecutively, for each indexn =1,2,..., N, we compute the
polynomial F, (&, 17) by applying Theorem 1 and (18) as follows:

For/ =1,2,3, let:
pe=vi, fo="% ., A& n) = A (En),

Uy = uin,Zrin,3’ Uy = uin,S/in,l’ Uz = uin,lrin,z;
For technical reasons, for m = 1,2,3, we set also

Pmt3 = Pms fms 7= fn, Amy3 (8, ) = Am(E,1), o3 = tm;

After setting the actual values for using the formulas in the theorem, for £ = 1,2, 3,
establish the barycentric weights and their derivatives as affine, resp. linear, forms,
in terms of the outer product [a, B] A [7, 0] := det[} Pl = ad— Py (see [6] Berger(1987)):

D := p1Ap2+ p2Ap3 + psip1,
Ae&m) = [[E A (pesi—pesa) + PesaApesa) /D,

Go&m) = [[EMA(pri1—pesa) |/ D;
For cyclic indexing, we set also:

)\m+3(§/ 77) = Am (Cr 77)! Gm+3(§r 77) = G (C/ 77) (m =12, 3)
Then, for k = 1,2,3, we compute the correction coefficients by means of (18):

2
O = — leuk d; [30[Gk+d”k]fk+d — (—=1)"12[Gyyauir] Aksa(Pry2 — Pk+l)}?
Finally, we let: 3
Fu(C, 1) = 2: {q’(/\z(éfﬂ))fé +OA(E 1) Ac([E 1) — pe)+
=1

+CAE A e (@) Aol (& )7

5. Conclusions

Our spline interpolation described above is a ZZ-type procedure providing well-
articulated explicit formulas of independent theoretical interest working even in abstract
algebraic settings. From practical view points, for classical plane splines, the method
is completely parallelizable, and it is clearly easy to optimize with respect to its free (-
parameters. Applications on 3D triangular complexes even with a non-trivial topology can
also be expected, though this seems to be no longer a straightforward task.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Conflicts of Interest: The author declares no conflict of interest.



Mathematics 2022, 10, 776 8of8

References

1.  Hahmann, S.; Bonneau, G.-P. Triangular Gl interpolation by 4-splitting domain triangles. Comput. Aided Geom. Des. 2000, 17,
731-757. [CrossRef]

2. Cao,].; Chen, Z.; Wei, X.; Zhang, Y.]. A finite element framework based on bivariate simplex splines on triagle configurations.
Comput. Methods Appl. Mech. Eng. 2019, 357, 112598. [CrossRef]

3. Zlamal, M.; ZéniSek, A. Mathematical aspects of the FEM. In Technical Physical and Mathematical Priciples of the FEM; Kolaz, V.,
Kratoci-Ivil, F,, Zlamal, M., Zenisek, A., Eds.; Publising House: Praha, Czech Republic, 1971; pp. 15-39.

4. Sergienko, L.V,; Lytvyn, O.M.; Lytvyn, O.0.; Denisova, O.I. Explicit formulas for interpolating splines of degree 5 on the triangle.
Cybern. Syst. Anal. 2014, 50, 670-678. [CrossRef]

5. Stach¢, L.L. Locally Generated Polynomial C1-Splines over Triangular Meshes. arXiv 2019, arXiv:1903.11336.

6.  Berger, M. Geometry I; Springer: Berlin, Germany, 1987.


http://doi.org/10.1016/S0167-8396(00)00021-2
http://dx.doi.org/10.1016/j.cma.2019.112598
http://dx.doi.org/10.1007/s10559-014-9657-x

	Introduction
	Main Results
	Preliminaries and Straightforward Observations
	Version in the Pure Algebraic Setting
	Conclusions
	References

