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1 Department of Media and Communication, University North, 48000 Koprivnica, Croatia;
djilda.pecaric@unin.hr

2 Croatian Academy of Sciences and Arts, 10000 Zagreb, Croatia; pecaric@element.hr
3 Department of Mathematics, Faculty of Science, University of Split, 21000 Split, Croatia
* Correspondence: jperic@pmfst.hr

Abstract: In this paper we give a new refinement of the Lah–Ribarič inequality and, using the
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1. Introduction

Research of the classical inequalities, such as the Jensen, the Hölder and similar, has
experienced great expansion. These inequalities first appeared in discrete and integral forms,
and then many generalizations and improvements have been proved (for instance, see [1,2]).
Lately, they are proven to be very useful in information theory (for instance, see [3]).

Let I be an interval in R and f : I → R a convex function. If x = (x1, . . . , xn) is any
n-tuple in In and p = (p1, . . . , pn) a nonnegative n-tuple such that Pn = ∑n

i=1 pi > 0, then
the well known Jensen’s inequality

f

(
1
Pn

n

∑
i=1

pixi

)
≤ 1

Pn

n

∑
i=1

pi f (xi) (1)

holds (see [4,5] or for example [6] (p. 43)). If f is strictly convex then (1) is strict unless
xi = c for all i ∈

{
j : pj > 0

}
.

Jensen’s inequality is one of the most famous inequalities in convex analysis, for
which special cases are other well-known inequalities (such as Hölder’s inequality, A-G-H
inequality, etc.). Beside mathematics, it has many applications in statistics, information
theory, and engineering.

Strongly related to Jensen’s inequality is the Lah–Ribarič inequality (see [7]),

1
Pn

n

∑
i=1

pi f (xi) ≤
M− x̄
M−m

f (m) +
x̄−m
M−m

f (M), (2)

which holds when f : I → R is a convex function on I, [m, M] ⊂ I, −∞ < m < M < +∞,
p is as in (1), x = (x1, . . . , xn) is any n-tuple in [m, M]n and x̄ = 1

Pn
∑n

i=1 pixi. If f is strictly
convex then (4) is strict unless xi ∈ {m, M} for all i ∈

{
j : pj > 0

}
.
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The Lah–Ribarič inequality has been largely investigated and the interested reader can
find many related results in the recent literature as well as in monographs such as [6,8,9]. It
is interesting to find further refinements of the above inequality.

Our main result will be refinement of the inequality (2).
Using the same technique, we will give a refinement of the inequality (1) (see [10]).
In addition, we deal with the notion of f -divergences which measure the distance be-

tween two probability distributions. One of the most important is the Csiszár f -divergence,
some special cases of which are the Shannon entropy, Jeffrey’s distance, Kullback–Leibler
divergence, the Hellinger distance, and the Bhattacharyya distance. We deduce the relations
for the mentioned f -divergences.

Let us say few words about the organization of the paper. In the following section we
give a new refinement of the Lah–Ribarič inequality and state a known refinement of the
Jensen inequality using the same technique. Using obtained results we give a refinement of
the famous Hölder inequality and some new refinements for the weighted power means
and quasi-arithmetic means. In addition, we give a historical remark regarding the Jensen–
Boas inequality. In Section 3, we give the results for various f -divergences. These are
further examined for the Zipf–Mandelbrot law.

2. New Refinements

The starting point of this consideration is the following lemma (see [11]).

Lemma 1. Let f be a convex function on an interval I. If a, b, c, d ∈ I such that a ≤ b < c ≤ d,
then the inequality

c− u
c− b

f (b) +
u− b
c− b

f (c) ≤ d− u
d− a

f (a) +
u− a
d− a

f (d)

holds for any u ∈ [b, c].

The main result is a refinement of the Lah–Ribarič inequality (2). As we will see, its
proof is based on the idea from the proof of the Jensen–Boas inequality.

Theorem 1. Let f : I → R be a convex function on I, [m, M] ⊂ I, −∞ < m < M < +∞,
p is as in (1), x = (x1, . . . , xn) be any n-tuple in [m, M]n and x̄ = 1

Pn
∑n

i=1 pixi. Let Ni ⊆
{1, 2, . . . , n}, i = 1, . . . , m where Ni ∩ Nj = ∅ for i 6= j, ∪m

i=1Ni = {1, 2, . . . , n}, ∑j∈Ni
pj > 0,

for i = 1, . . . , m and mi = min{xj : j ∈ Ni}, Mi = max{xj : j ∈ Ni}, for i = 1, . . . , m. Then

1
Pn

n

∑
i=1

pi f (xi) (3)

≤ 1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)[
Mi − x̄i
Mi −mi

f (mi) +
x̄i −mi
Mi −mi

f (Mi)

]
≤ M− x̄

M−m
f (m) +

x̄−m
M−m

f (M)

holds, where

x̄ =
1
Pn

n

∑
i=1

pixi, x̄i =
1

∑j∈Ni
pj

∑
j∈Ni

pjxj.

If f is concave on I, then the inequalities in (3) are reversed.

Proof. We have

1
Pn

n

∑
i=1

pi f (xi) =
1
Pn

[
m

∑
i=1

∑
j∈Ni

pj f (xj)

]
=

1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)[
1

∑j∈Ni
pj

∑
j∈Ni

pj f (xj)

]
.
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Using the Lah–Ribarič inequality (2) for each of the subsets Ni, we obtain

1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)[
1

∑j∈Ni
pj

∑
j∈Ni

pj f (xj)

]

≤ 1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)Mi − 1
∑j∈Ni

pj
∑j∈Ni

pjxj

Mi −mi
f (mi)

+

1
∑j∈Ni

pj
∑j∈Ni

pjxj −mi

Mi −mi
f (Mi)


=

1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)[
Mi − x̄i
Mi −mi

f (mi) +
x̄i −mi
Mi −mi

f (Mi)

]
.

Using m ≤ mi ≤ x̄i ≤ Mi ≤ M, m < M, mi < Mi and Lemma 1, we obtain

1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)[
Mi − x̄i
Mi −mi

f (mi) +
x̄i −mi
Mi −mi

f (Mi)

]

≤ 1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)[
M− x̄i
M−m

f (m) +
x̄i −m
M−m

f (M)

]
=

M− x̄
M−m

f (m) +
x̄−m
M−m

f (M)

Remark 1. If Ni =
{

xj
}
(|Ni| = 1), the related term in the sum on the right-hand side of the first

inequality in the proof of Theorem 1 remains unaltered (i.e., is equal to f
(
xj
)
).

Using the same technique, we obtain the following refinement of the Jensen inequality (1).

Theorem 2. Let I be an interval in R and f : I → R a convex function. Let x = (x1, . . . , xn)
is any n-tuple in In and p = (p1, . . . , pn) a nonnegative n-tuple such that Pn = ∑n

i=1 pi > 0.
Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩ Nj = ∅ for i 6= j, ∪m

i=1Ni = {1, 2, . . . , n} and
∑j∈Ni

pj > 0, i = 1, . . . , m. Then

f

(
1
Pn

n

∑
i=1

pixi

)
≤ 1

Pn

m

∑
i=1

(
∑

j∈Ni

pj

)
f

(
∑j∈Ni

pjxj

∑j∈Ni
pj

)
≤ 1

Pn

n

∑
i=1

pi f (xi) (4)

holds.
If f is concave on I, then the inequalities in (4) are reversed.

Proof. We have

f

(
1
Pn

n

∑
i=1

pixi

)
= f

(
1
Pn

m

∑
i=1

[
∑

j∈Ni

pjxj

])

= f

(
1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)
∑j∈Ni

pjxj

∑j∈Ni
pj

)
.
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Using Jensen’s inequality (1), we obtain

f

(
1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)
∑j∈Ni

pjxj

∑j∈Ni
pj

)

≤ 1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)
f

(
∑j∈Ni

pjxj

∑j∈Ni
pj

)

≤ 1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)[
1

∑j∈Ni
pj

∑
j∈Ni

pj f
(
xj
)]

=
1
Pn

m

∑
i=1

∑
j∈Ni

pj f
(
xj
)
,

which is (4).

We can find this idea for proving the refinement of our main result (and the refinement
of the Jensen inequality) in one other well-known result (see [6] (pp. 55–60)).

In Jensen’s inequality there is a condition “p = (p1, . . . , pn) a nonnegative n-tuple
such that Pn = ∑n

i=1 pi > 0”. In 1919, Steffensen gave the same inequality (1) with slightly
relaxed conditions (see [12]).

Theorem 3 (Jensen–Steffensen). If f : I → R is a convex function, x is a real monotonic n-tuple
such that xi ∈ I, i = 1, . . . , n, and p is a real n-tuple such that

0 ≤ Pk ≤ Pn, k = 1, . . . , n, Pn > 0.

Then (1) holds. If f is strictly convex, then inequality (1) is strict unless x1 = x2 = · · · = xn.

One of many generalizations of the Jensen inequality is the Riemann–Stieltjes integral
form of the Jensen inequality.

Theorem 4 (the Riemann–Stieltjes form of Jensen’s inequality). Let φ : I → R be a continuous
convex function where I is the range of the continuous function f : [a, b]→ R. Inequality

φ

(∫ b
a f (x)dλ(x)∫ b

a dλ(x)

)
≤
∫ b

a φ( f (x))dλ(x)∫ b
a dλ(x)

(5)

holds provided that λ is increasing, bounded and λ(a) 6= λ(b).

Analogously, integral form of the Jensen–Steffensen’s inequality is given.

Theorem 5 (The Jensen–Steffensen). If f is continuous and monotonic (either increasing or
decreasing) and λ is either continuous or of bounded variation satisfying

λ(a) ≤ λ(x) ≤ λ(b) for all x ∈ [a, b], λ(a) < λ(b),

then (5) holds.

In 1970, Boas gave the integral analogue of Jensen–Steffensen’s inequality with slightly
different conditions.

Theorem 6 (the Jensen–Boas inequality). If f is continuous or of bounded variation satisfying

λ(a) ≤ λ(x1) ≤ λ(y1) ≤ λ(x2) ≤ · · · ≤ λ(yn−1) ≤ λ(xn) ≤ λ(b)
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for all xk ∈ 〈yk−1, yk〉, and λ(b) > λ(a), and if f is continuous and monotonic (either increasing
or decreasing) in each of the n− 1 intervals 〈yk−1, yk〉, then inequality (5) holds.

In 1982, J. Pečarić gave the following proof of the Jensen–Boas inequality.

Proof. If λ(a) < λ(x1) < λ(y1) < λ(x2) < · · · < λ(yn−1) < λ(xn) < λ(b) with the
notation

pk =
∫ yk

yk−1

dλ(x), tk =

∫ yk
yk−1

f (x)dλ(x)∫ yk
yk−1

dλ(x)
, k = 1, . . . , n

we have

φ

(∫ b
a f (x)dλ(x)∫ b

a dλ(x)

)
= φ

(
∑n

k=1
∫ yk

yk−1
f (x)dλ(x)

∑n
k=1
∫ yk

yk−1
dλ(x)

)
= φ

(
∑n

k=1 pktk

∑n
k=1 pk

)
.

Using Jensen’s inequality (1), we obtain

φ

(
∑n

k=1 pktk

∑n
k=1 pk

)
≤ 1

∑n
k=1 pk

n

∑
k=1

pkφ(tk) =
1

∑n
k=1 pk

[
n

∑
k=1

pkφ

(∫ yk
yk−1

f (x)dλ(x)∫ yk
yk−1

dλ(x)

)]
.

Using Jensen–Steffensen’s inequality (5) on each subinterval [yk−1, yk], k = 1, . . . , n,
we obtain

1
∑n

k=1 pk

[
n

∑
k=1

pkφ

(∫ yk
yk−1

f (x)dλ(x)∫ yk
yk−1

dλ(x)

)]

≤ 1
∑n

k=1 pk

[
n

∑
k=1

pk
1∫ yk

yk−1
dλ(x)

∫ yk

yk−1

φ( f (x))dλ(x)

]

=
1

∑n
k=1
∫ yk

yk−1
dλ(x)

n

∑
k=1

∫ yk

yk−1

φ( f (x))dλ(x) =

∫ b
a φ( f (x))dλ(x)∫ b

a dλ(x)
.

If λ(yj−1) = λ(yj), for some j, then dλ(x) = 0 on [yj−1, yj] and we can easily prove
that the Jensen–Boas inequality is valid.

If we look at the previous proof, we see that the technique is the same as for our main
result and the refinement of the Jensen inequality.

By using Theorem 2, we obtain the following refinement of the discrete Hölder in-
equality (see [13,14]).

Corollary 1. Let p, q > 1 such that 1
p + 1

q = 1. Let a = (a1, a2, . . . , an), b = (b1, b2, . . . , bn)

such that ai, bi > 0, i = 1, . . . , n. Then:

n

∑
i=1

aibi ≤
(

n

∑
i=1

bq
i

) 1
q
 m

∑
i=1

(
∑

j∈Ni

bq
j

)1−p(
∑

j∈Ni

ajbj

)p
 1

p

(6)

≤
(

n

∑
i=1

ap
i

) 1
p
(

n

∑
i=1

bq
i

) 1
q

.

Proof. We use Theorem 2 with pi = bq
i > 0, xi = aib

− q
p

i > 0. Then pixi = bq
i aib

− q
p

i =

aib
q− q

p
i = aib

q(1− 1
p )

i = aib
q 1

q
i = aibi and from (4), we obtain
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f

(
1

∑n
i=1 bq

i

n

∑
i=1

aibi

)
≤ 1

∑n
i=1 bq

i

m

∑
i=1

(
∑

j∈Ni

bq
j

)
f

(
∑j∈Ni

ajbj

∑j∈Ni
bq

j

)

≤ 1

∑n
i=1 bq

i

n

∑
i=1

bq
i f
(

aib
− q

p
i

)
. (7)

For the function f (t) = tp from (7), we obtain(
1

∑n
i=1 bq

i

n

∑
i=1

aibi

)p

≤ 1

∑n
i=1 bq

i

m

∑
i=1

(
∑

j∈Ni

bq
j

)(
∑j∈Ni

ajbj

∑j∈Ni
bq

j

)p

≤ 1

∑n
i=1 bq

i

n

∑
i=1

bq
i

(
aib
− q

p
i

)p
=

1

∑n
i=1 bq

i

n

∑
i=1

ap
i

Multiplying with
(

∑n
i=1 bq

i

)p
, and raising to the power of 1

p , we obtain

n

∑
i=1

aibi ≤
(

n

∑
i=1

bq
i

)1− 1
p
 m

∑
i=1

(
∑

j∈Ni

bq
j

)1−p(
∑

j∈Ni

ajbj

)p
 1

p

≤
(

n

∑
i=1

bq
i

)1− 1
p
(

n

∑
i=1

ap
i

) 1
p

which is (6).

Corollary 2. Using the same conditions as in previous corollary for p ∈ R, p < 1, p 6= 0,
we obtain (

n

∑
i=1

ap
i

) 1
p
(

n

∑
i=1

bq
i

) 1
q

≤
m

∑
i=1

(
∑

j∈Ni

bq
j

) 1
q
(

∑
j∈Ni

ap
j

) 1
p

≤
n

∑
i=1

aibi. (8)

Proof. First for 0 < p < 1. We use Theorem 2 with pi = bq
i > 0, xi = ap

i b−q
i > 0. Then

pixi = bq
i ap

i b−q
i = ap

i and from (4), we obtain

f

(
1

∑n
i=1 bq

i

n

∑
i=1

ap
i

)
≤ 1

∑n
i=1 bq

i

m

∑
i=1

(
∑

j∈Ni

bq
j

)
f

(
∑j∈Ni

ap
j

∑j∈Ni
bq

j

)

≤ 1

∑n
i=1 bq

i

n

∑
i=1

bq
i f
(

ap
i b−q

i

)
.

For the function f (t) = t
1
p , we obtain

(
1

∑n
i=1 bq

i

n

∑
i=1

ap
i

) 1
p

≤ 1

∑n
i=1 bq

i

m

∑
i=1

(
∑

j∈Ni

bq
j

)(
∑j∈Ni

ap
j

∑j∈Ni
bq

j

) 1
p

≤ 1

∑n
i=1 bq

i

n

∑
i=1

bq
i

(
ap

i b−q
i

) 1
p .

Multiplying with
(

∑n
i=1 bq

i

) 1
p , and then with

(
∑n

i=1 bq
i

) 1
q , we obtain

(
n

∑
i=1

ap
i

) 1
p
(

n

∑
i=1

bq
i

) 1
q

≤
m

∑
i=1

(
∑

j∈Ni

bq
j

) 1
q
(

∑
j∈Ni

ap
j

) 1
p

≤
n

∑
i=1

aibi,
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which is (8).
If p < 0, then 0 < q < 1, and the same result follows from symmetry (see comments

in Corollary 1).

It is interesting to show how the previously obtained results impact the study of the
weighted discrete power means and the weighted discrete quasi-arithmetic means.

Let n ∈ N, n ≥ 2, x = (x1, . . . , xn), p = (p1, . . . , pn), xi, pi ∈ R+. The weighted
discrete power means of order r ∈ R are defined as

Mr(x, p) =


(

1
Pn

∑n
i=1 pixr

i

) 1
r , r 6= 0,(

∏n
i=1 xpi

i

) 1
Pn , r = 0.

Using Theorem 2, we obtain the following inequalities for the weighted discrete power
means. Let us notice that left-hand side and right-hand side of both inequalities are the
same; only mixed means in the middle, which are a refinement, change.

Corollary 3. Let n ∈ N, n ≥ 2, x = (x1, . . . , xn), p = (p1, . . . , pn), xi, pi ∈ R+. Let s, t ∈ R
such that s ≤ t. Then

Ms(x, p) ≤
[

1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)
Mt

s(xNi , pNi
)

] 1
t

(9)

≤ Mt(x, p),

Ms(x, p) ≤
[

1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)
Ms

t (xNi , pNi
)

] 1
s

(10)

≤ Mt(x, p),

where xNi = (xi
j1

, . . . , xi
jki
), pNi

= (pi
j1

, . . . , pi
jki
), ki = |Ni|, Ni = {ji1, . . . , jiki

}, for i = 1, . . . , m.

Proof. We use Theorem 2 with f (x) = x
t
s for x > 0, s, t ∈ R, t > 0, s 6= 0, s ≤ t. From (4),

we obtain(
1
Pn

n

∑
i=1

pixi

) t
s

≤ 1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)(
∑j∈Ni

pjxj

∑j∈Ni
pj

) t
s

≤ 1
Pn

n

∑
i=1

pix
t
s
i .

Substituting xi with xs
i , and then raising to the power 1

t , we obtain( 1
Pn

n

∑
i=1

pixs
i

) 1
s
t

≤ 1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)(∑j∈Ni
pjxs

j

∑j∈Ni
pj

) 1
s
t

≤ 1
Pn

n

∑
i=1

pi(xs
i )

t
s ,

which is (9).
Similarly, we use Theorem 2 with f (x) = x

s
t for x > 0, s, t ∈ R, s, t > 0, s ≤ t.

We obtain(
1
Pn

n

∑
i=1

pixi

) s
t

≥ 1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)(
∑j∈Ni

pjxj

∑j∈Ni
pj

) s
t

≥ 1
Pn

n

∑
i=1

pix
s
t
i .

Substituting xi with xt
i , and then raising to the power 1

s , inequality (10) easily follows.
Other cases follow similarly.
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Let I be an interval in R. Let n ∈ N, n ≥ 2, x = (x1, . . . , xn), p = (p1, . . . , pn), xi ∈ I,
pi ∈ R+. Then, for a strictly monotone continuous function h : I → R, the discrete weighted
quasi-arithmetic mean is defined as

Mh(x, p) = h−1

(
1
Pn

n

∑
i=1

pih(xi)

)
.

Using Theorem 2, we obtain the following inequalities for quasi-arithmetic means.

Corollary 4. Let I be an interval in R. Let n ∈ N, n ≥ 2, x = (x1, . . . , xn), p = (p1, . . . , pn),
xi ∈ I, pi ∈ R+. Let h : I → R be a strictly monotone continuous function such that f ◦
h−1 convex. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩ Nj = ∅ for i 6= j, ∪m

i=1Ni =
{1, 2, . . . , n} and ∑j∈Ni

pj > 0, i = 1, . . . , m. Then

f (Mh(x, p)) ≤ 1
Pn

m

∑
i=1

(
∑

j∈Ni

pj

)
f
(

Mh(xNi , pNi
)
)
≤ 1

Pn

n

∑
i=1

pi f (xi),

where xNi = (xi
j1

, . . . , xi
jki
), pNi

= (pi
j1

, . . . , pi
jki
), ki = |Ni|, Ni = {ji1, . . . , jiki

}, for i = 1, . . . , m.

Proof. Theorem 2 with f → f ◦ h−1 and xi → h(xi) gives

f

(
h−1

(
1
Pn

n

∑
i=1

pih(xi)

))
≤ 1

Pn

m

∑
i=1

(
∑

j∈Ni

pj

)
f

(
h−1

(
∑j∈Ni

pjh(xj)

∑j∈Ni
pj

))

≤ 1
Pn

n

∑
i=1

pi f (xi).

3. Applications in Information Theory

In this section we give basic results concerning the discrete Csiszár f -divergence. In
addition, bounds for the divergence of the Zipf–Mandelbrot law are obtained.

Let us denote the set of all probability densities by P, i.e., p = (p1, . . . , pn) ∈ P if
pi ∈ [0, 1] for i = 1, . . . , n and ∑n

i=1 pi = 1.
In [15], Csiszár introduced the f -divergence functional as

D f (p, q) =
n

∑
i=1

qi f
(

pi
qi

)
, (11)

where f : [0,+∞〉 is a convex function, and it represents a “distance function” on the set of
probability distributions P.

In order to use nonnegative probability distributions in the f -divergence functional,
we assume, as usual,

f (0) := lim
t→0+

f (t), 0 · f
(

0
0

)
:= 0, 0 · f

( a
0

)
:= lim

t→0+
t f
( a

t

)
and the following definition of a generalized f -divergence functional is given.

Definition 1 (the Csiszár f -divergence functional). Let J ⊂ R be an interval, and let f : J → R
be a function. Let p = (p1, . . . , pn) be an n-tuple of real numbers and q = (q1, . . . , qn) be an
n-tuple of nonnegative real numbers such that pi/qi ∈ J for every i = 1, . . . , n. The Csiszár
f -divergence functional is defined as
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D̂ f (p, q) :=
n

∑
i=1

qi f
(

pi
qi

)
. (12)

Theorem 7. Let I be an interval in R and f : I → R a convex function. Let p = (p1, . . . , pn) be
an n-tuple of real numbers and q = (q1, . . . , qn) be an n-tuple of nonnegative real numbers such
that pi/qi ∈ I for every i = 1, . . . , n. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩ Nj = ∅ for

i 6= j, ∪m
i=1Ni = {1, 2, . . . , n}, ∑j∈Ni

qj > 0, i = 1, . . . , m and
∑j∈Ni

pj

∑j∈Ni
qj
∈ I, i = 1, . . . , m. Then

f
(

Pn

Qn

)
≤ 1

Pn

m

∑
i=1

(
∑

j∈Ni

qj

)
f

(
∑j∈Ni

pj

∑j∈Ni
qj

)
≤ 1

Qn
D̂ f (p, q) (13)

holds.

Proof. Using Theorem 2 with pi → qi and xi →
pi
qi

, we obtain

f

(
1

Qn

n

∑
i=1

qi
pi
qi

)
≤ 1

Pn

m

∑
i=1

(
∑

j∈Ni

qj

)
f

∑j∈Ni
qj

pj
qj

∑j∈Ni
qj

 ≤ 1
Qn

n

∑
i=1

qi f
(

pi
qi

)
,

which is (13).

Corollary 5. If in the previous theorem we take p and q to be probability distributions, and we
directly obtain the following result:

f (1) ≤
m

∑
i=1

(
∑

j∈Ni

qj

)
f

(
∑j∈Ni

pj

∑j∈Ni
qj

)
≤ D f (p, q). (14)

Theorem 8. Let f : I → R be a convex function on I, [m, M] ⊂ I, −∞ < m < M < +∞. Let
p = (p1, . . . , pn) be an n-tuple of real numbers and q = (q1, . . . , qn) be an n-tuple of nonnegative
real numbers such that m ≤ pi

qi
≤ M, i = 1, . . . , n. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m

where Ni ∩ Nj = ∅ for i 6= j, ∪m
i=1Ni = {1, 2, . . . , n}, ∑j∈Ni

qj > 0, for i = 1, . . . , m and
mi = min{pj/qj : j ∈ Ni}, Mi = max{pj/qj : j ∈ Ni}, for i = 1, . . . , m. Then

D̂ f (p, q) ≤
m

∑
i=1

(
∑

j∈Ni

qj

)Mi −
∑j∈Ni

pj

∑j∈Ni
qj

Mi −mi
f (mi) +

∑j∈Ni
pj

∑j∈Ni
qj
−mi

Mi −mi
f (Mi)


≤

M− Pn
Qn

M−m
f (m) +

Pn
Qn
−m

M−m
f (M) (15)

holds.

Proof. Using Theorem 1 with pi → qi and xi →
pi
qi

, we obtain
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1
Qn

n

∑
i=1

qi f
(

pi
qi

)

≤ 1
Qn

m

∑
i=1

(
∑

j∈Ni

qj

)Mi − 1
∑j∈Ni

qj
∑j∈Ni

qj
pj
qj

Mi −mi
f (mi)

+

1
∑j∈Ni

qj
∑j∈Ni

qj
pj
qj
−mi

Mi −mi
f (Mi)


≤

M− 1
∑n

i=1 qi
∑n

i=1 qi
pi
qi

M−m
f (m) +

1
∑n

i=1 qi
∑n

i=1 qi
pi
qi
−m

M−m
f (M),

which is (15).

Corollary 6. If, in the previous theorem, we take p and q to be probability distributions, we directly
obtain the following result:

D f (p, q) ≤
m

∑
i=1

(
∑

j∈Ni

qj

)Mi −
∑j∈Ni

pj

∑j∈Ni
qj

Mi −mi
f (mi) +

∑j∈Ni
pj

∑j∈Ni
qj
−mi

Mi −mi
f (Mi)


≤ M− 1

M−m
f (m) +

1−m
M−m

f (M) (16)

If p and q are probability distributions, the Kullback–Leibler divergence, also called
relative entropy or KL divergence, is defined as

DKL(p, q) :=
n

∑
i=1

pilog
(

pi
qi

)
.

The next corollary provides us bounds for the Kullback–Leibler divergence of two
probability distributions.

Corollary 7. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩ Nj = ∅ for i 6= j, ∪m
i=1Ni =

{1, 2, . . . , n} and ∑j∈Ni
qj > 0, i = 1, . . . , m.

• Let p = (p1, . . . , pn) and q = (q1, . . . , qn) be n-tuples of nonnegative real numbers. Then

Pn

Qn
log

Pn

Qn
≤ 1

Pn

m

∑
i=1

(
∑

j∈Ni

pj

)
log

∑j∈Ni
pj

∑j∈Ni
qj
≤ 1

Qn

n

∑
i=1

pi log
pi
qi

.

• Let p = (p1, . . . , pn) and q = (q1, . . . , qn) ∈ P be probability distributions. Then

0 ≤
m

∑
i=1

(
∑

j∈Ni

pj

)
log

∑j∈Ni
pj

∑j∈Ni
qj
≤ DKL(p, q).

Proof. Let p = (p1, . . . , pn) and q = (q1, . . . , qn) be an n-tuples of nonnegative real num-
bers. Since the function t 7→ t log t is convex, first inequality follows from Theorem 7 by
setting f (t) = t log t.

The second inequality is a special case of the first inequality for probability distribu-
tions p and q.

Corollary 8. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩ Nj = ∅ for i 6= j, ∪m
i=1Ni =

{1, 2, . . . , n} and ∑j∈Ni
qj > 0, for i = 1, . . . , m.



Mathematics 2022, 10, 755 11 of 18

• Let p = (p1, . . . , pn) and q = (q1, . . . , qn) be n-tuples of nonnegative real numbers. Let
m = min{pi/qi : i = 1, . . . , n}, M = max{pi/qi : i = 1, . . . , n}, mi = min{pj/qj : j ∈
Ni} and Mi = max{pj/qj : j ∈ Ni}, for i = 1, . . . , m. Then

n

∑
i=1

pi log
pi
qi

≤
m

∑
i=1

(
∑

j∈Ni

qj

)
1

Mi −mi
log

m
mi(Mi−

∑j∈Ni
pj

∑j∈Ni
qj

i M
Mi(

∑j∈Ni
pj

∑j∈Ni
qj
−mi)

i


≤ 1

M−m
log
(

mm(M− Pn
Qn )MM( Pn

Qn −m)
)

.

• Let p = (p1, . . . , pn) and q = (q1, . . . , qn) ∈ P be probability distributions. Let m =
min{pi/qi : i = 1, . . . , n}, M = max{pi/qi : i = 1, . . . , n}, mi = min{pj/qj : j ∈ Ni}
and Mi = max{pj/qj : j ∈ Ni}, for i = 1, . . . , m. Then

DKL(p, q)

≤
m

∑
i=1

(
∑

j∈Ni

qj

)
1

Mi −mi
log

m
mi(Mi−

∑j∈Ni
pj

∑j∈Ni
qj

i M
Mi(

∑j∈Ni
pj

∑j∈Ni
qj
−mi)

i


≤ 1

M−m
log
(

mm(M−1)MM(1−m)
)

.

Proof. Let p = (p1, . . . , pn) and q = (q1, . . . , qn) be an n-tuples of nonnegative real num-
bers. Since the function t 7→ t log t is convex, the first inequality follows from Theorem 8 by
setting f (t) = t log t.

The second inequality is a special case of the first inequality for probability distribu-
tions p and q.

Now we deduce the relations for some more special cases of the Csiszár f -divergence.

Definition 2 (the Shannon entropy). For a p ∈ P, the discrete Shannon entropy is defined as

SE(p) = −
n

∑
i=1

pi log pi.

Corollary 9. Let q ∈ P. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩ Nj = ∅ for i 6= j,
∪m

i=1Ni = {1, 2, . . . , n} and ∑j∈Ni
qj > 0, i = 1, . . . , m. Then

− log n ≤
m

∑
i=1

(
∑

j∈Ni

qj

)(
log ∑

j∈Ni

qj − log |Ni|
)
≤ −SE(q).

Proof. Using Theorem 7 with f (t) = − log t, t ∈ R+ and q ∈ P, we obtain

− log(Pn) ≤
m

∑
i=1

(
∑

j∈Ni

qj

)(
− log

(
∑j∈Ni

pj

∑j∈Ni
qj

))
≤

n

∑
i=1

qi

(
− log

pi
qi

)
.

For pi = 1, i = 1, . . . , n inequality (17) follows.

Corollary 10. Let [m, M] ⊂ R+, −∞ < m < M < +∞, q ∈ P such that m ≤ 1
qi
≤

M, i = 1, . . . , n. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩ Nj = ∅ for i 6= j, ∪m
i=1Ni =

{1, 2, . . . , n}, ∑j∈Ni
qj > 0, for i = 1, . . . , m and mi = min{1/qj : j ∈ Ni}, Mi = max{1/qj : j ∈

Ni}, for i = 1, . . . , m. Then
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−SE(q) ≤
m

∑
i=1

(
∑

j∈Ni

qj

) |Ni |
∑j∈Ni

qj
−Mi

Mi −mi
log mi +

mi−|Ni |
∑j∈Ni

qj

Mi −mi
log Mi


≤ n−M

M−m
log m +

m− n
M−m

log M (17)

holds.

Proof. Using Theorem 8 with f (t) = − log t, t ∈ R+, q ∈ P and pi = 1, . . . , n, we obtain

n

∑
i=1

qi

(
− log

1
qi

)

≤
m

∑
i=1

(
∑

j∈Ni

qj

)Mi − |Ni |
∑j∈Ni

qj

Mi −mi
(− log mi) +

|Ni |
∑j∈Ni

qj
−mi

Mi −mi
(− log Mi)

,

and (17) easily follows.

Definition 3 (Jeffrey’s distance). For the p, q ∈ P the discrete Jeffrey distance is defined as

Jd(p, q) =
n

∑
i=1

(pi − qi) log
pi
qi

.

Corollary 11. Let p, q ∈ P. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩ Nj = ∅ for i 6= j,
∪m

i=1Ni = {1, 2, . . . , n} and ∑j∈Ni
qj > 0, i = 1, . . . , m. Then

0 ≤
m

∑
i=1

(
∑

j∈Ni

pj − ∑
j∈Ni

qj

)
log

∑j∈Ni
pj

∑j∈Ni
qj
≤ Jd(p, q). (18)

Proof. Using Corollary 5 with f (t) = (t− 1) log t, t ∈ R+, we obtain

(1− 1) log 1 ≤
m

∑
i=1

(
∑

j∈Ni

qj

)(
∑j∈Ni

pj

∑j∈Ni
qj
− 1

)
log

∑j∈Ni
pj

∑j∈Ni
qj
≤

n

∑
i=1

qi

(
pi
qi
− 1
)

log
pi
qi

,

and (18) easily follows.

Corollary 12. Let [m, M] ⊂ R+, −∞ < m < M < +∞, p, q ∈ P such that m ≤ pi
qi
≤ M, i =

1, . . . , n. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩Nj = ∅ for i 6= j, ∪m
i=1Ni = {1, 2, . . . , n},

∑j∈Ni
qj > 0, for i = 1, . . . , m and mi = min{pj/qj : j ∈ Ni}, Mi = max{pj/qj : j ∈ Ni}, for

i = 1, . . . , m. Then

Jd(p, q) (19)

≤
m

∑
i=1

(
∑

j∈Ni

qj

)Mi −
∑j∈Ni

pj

∑j∈Ni
qj

Mi −mi
(mi − 1) log mi +

∑j∈Ni
pj

∑j∈Ni
qj
−mi

Mi −mi
(Mi − 1) log Mi


≤ log

(
M
m

) (1−m)(M−1)
M−m

holds.
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Proof. Using Corollary 6 with f (t) = (t− 1) log t, t ∈ R+, we obtain

n

∑
i=1

qi

(
pi
qi
− 1
)

log
pi
qi

≤
m

∑
i=1

(
∑

j∈Ni

qj

)Mi −
∑j∈Ni

pj

∑j∈Ni
qj

Mi −mi
(mi − 1) log mi +

∑j∈Ni
pj

∑j∈Ni
qj
−mi

Mi −mi
(Mi − 1) log Mi


≤ M− 1

M−m
(m− 1) log m +

1−m
M−m

(M− 1) log M,

and (19) easily follows.

Definition 4 (the Hellinger distance). For the p, q ∈ P, the discrete Hellinger distance is
defined as

Hd(p, q) =
n

∑
i=1

(
√

pi −
√

qi)
2.

Corollary 13. Let p, q ∈ P. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩ Nj = ∅ for i 6= j,
∪m

i=1Ni = {1, 2, . . . , n} and ∑j∈Ni
qj > 0, i = 1, . . . , m. Then

0 ≤
m

∑
i=1

√ ∑
j∈Ni

pj −
√

∑
j∈Ni

qj

2

≤ Hd(p, q). (20)

Proof. Using Corollary 5 with f (t) = (
√

t− 1)2, t ∈ R+ (20) follows.

Corollary 14. Let [m, M] ⊂ R+, −∞ < m < M < +∞, p, q ∈ P such that m ≤ pi
qi
≤ M, i =

1, . . . , n. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩Nj = ∅ for i 6= j, ∪m
i=1Ni = {1, 2, . . . , n},

∑j∈Ni
qj > 0, for i = 1, . . . , m and mi = min{pj/qj : j ∈ Ni}, Mi = max{pj/qj : j ∈ Ni}, for

i = 1, . . . , m. Then

Hd(p, q) ≤
m

∑
i=1

(
∑

j∈Ni

qj

)Mi −
∑j∈Ni

pj

∑j∈Ni
qj

Mi −mi
(
√

mi − 1)2 +

∑j∈Ni
pj

∑j∈Ni
qj
−mi

Mi −mi
(
√

Mi − 1)2


≤ M− 1

M−m
(
√

m− 1)2 +
1−m
M−m

(
√

M− 1)2 (21)

holds.

Proof. Using Corollary 6 with f (t) = (
√

t− 1)2, t ∈ R+ (21) follows.

Definition 5 (Bhattacharyya distance). For the p, q ∈ P, the discrete Bhattacharyya distance is
defined as

Bd(p, q) =
n

∑
i=1

√
piqi.

Corollary 15. Let p, q ∈ P. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩ Nj = ∅ for i 6= j,
∪m

i=1Ni = {1, 2, . . . , n} and ∑j∈Ni
qj > 0, i = 1, . . . , m. Then

−1 ≤ −
m

∑
i=1

√
∑

j∈Ni

pj ∑
j∈Ni

qj ≤ −Bd(p, q). (22)

Proof. Using Corollary 5 with f (t) = −
√

t, t ∈ R+ (22) follows.
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Corollary 16. Let [m, M] ⊂ R+, −∞ < m < M < +∞, p, q ∈ P such that m ≤ pi
qi
≤ M, i =

1, . . . , n. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩Nj = ∅ for i 6= j, ∪m
i=1Ni = {1, 2, . . . , n},

∑j∈Ni
qj > 0, for i = 1, . . . , m and mi = min{pj/qj : j ∈ Ni}, Mi = max{pj/qj : j ∈ Ni}, for

i = 1, . . . , m. Then

−Bd(p, q) ≤
m

∑
i=1

(
∑

j∈Ni

qj

)(√mi Mi +
∑j∈Ni

pj

∑j∈Ni
qj

)(√
mi −

√
Mi
)

Mi −mi

≤ (
√

mM + 1)(
√

m−
√

M)

M−m
(23)

holds.

Proof. Using Corollary 6 with f (t) = −
√

t, t ∈ R+ (23) follows.

Now we are going to derive the results from the Theorems (7) and (8) for the Zipf–
Mandelbrot law.

The Zipf–Mandelbrot law is a discrete probability distribution and is defined by the
following probability mass function:

f (i; M, s, t) =
1

(i + t)s HM,s,t
, i = 1, . . . , M,

where

HM,s,t =
M

∑
i=1

1
(i + t)s

is a generalization of the harmonic number and M ∈ N, s > 0 and t ∈ [0, ∞〉 are parameters.
If we define q as a Zipf–Mandelbrot law M-tuple, we have

qi =
1

(i + t2)s2 HM,s2,t2

, i = 1, . . . , M,

where

HM,s2,t2 =
M

∑
i=1

1
(i + t2)s2

,

and the Csiszár functional becomes

D̂ f (p, i, M, s2, t2) =
M

∑
i=1

1
(i + t2)s2 HM,s2,t2

f
(

pi(i + t2)
s2 HM,s2,t2

)
,

where f : I → R, I ⊆ R, and the parameters M ∈ N, s2 > 0, t2 ≥ 0 are such that pi(i +
t2)

s2 HM,s2,t2 ∈ I, i = 1, . . . , M.
If p and q are both defined as Zipf–Mandelbrot law M-tuples, then the Csiszár func-

tional becomes

D̂ f (i, M, s1, s2, t1, t2) =
M

∑
i=1

1
(i + t2)s2 HM,s2,t2

f
(
(i + t2)

s2 HM,s2,t2

(i + t1)s1 HM,s1,t1

)
,

where f : I → R, I ⊆ R, and the parameters M ∈ N, s1, s2 > 0, t1, t2 ≥ 0 are such that
(i+t2)

s2 HM,s2,t2
(i+t1)

s1 HM,s1,t1
∈ I, i = 1, . . . , M.

Now, from Theorem 7, we have the following result.

Corollary 17. Let I be an interval in R and f : I → R a convex function. Let p = (p1, . . . , pn)
be an n-tuple of real numbers and q = (q1, . . . , qn) be an n-tuple of nonnegative real numbers such



Mathematics 2022, 10, 755 15 of 18

that pi/qi ∈ I for every i = 1, . . . , n. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩ Nj = ∅ for
i 6= j, ∪m

i=1Ni = {1, 2, . . . , n}. Suppose s2 > 0, t2 ≥ 0 are such that pi(i + t2)
s2 Hn,s2,t2 ∈ I, i =

1, . . . , n, ∑j∈Ni
pj(j + t2)

s2 Hn,s2,t2 ∈ I, i = 1, . . . , m. Then

f (Pn) ≤
1
Pn

m

∑
i=1

(
∑

j∈Ni

1
(j + t2)s2 Hn,s2,t2

)
f

 ∑j∈Ni
pj

∑j∈Ni
1

(j+t2)
s2 Hn,s2,t2


≤ D̂ f (p, i, n, s2, t2) (24)

holds.

Proof. If we define q as a Zipf–Mandelbrot law n-tuple with parameters s2, t2, then from
Theorem 7 it follows

f (Pn) ≤
1
Pn

m

∑
i=1

(
∑

j∈Ni

1
(j + t2)s2 Hn,s2,t2

)
f

 ∑j∈Ni
pj

∑j∈Ni
1

(j+t2)
s2 Hn,s2,t2


≤

n

∑
i=1

1
(j + t2)s2 Hn,s2,t2

f (pi(i + t2)
s2 Hn,s2,t2),

which is (24).

From Theorem 8 we have the following result.

Corollary 18. Let f : I → R be a convex function on I, [m, M] ⊂ I, −∞ < m < M < +∞. Let
p = (p1, . . . , pn) be an n-tuple of real numbers. Suppose s2 > 0, t2 ≥ 0 are such that m ≤ pi(i +
t2)

s2 Hn,s2,t2 ≤ M, i = 1, . . . , n. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩ Nj = ∅ for

i 6= j, ∪m
i=1Ni = {1, 2, . . . , n}, pi(i + t2)

s2 Hn,s2,t2 ∈ I, i = 1, . . . , n,
∑j∈Ni

pj

∑j∈Ni
1

(j+t2)
s2 Hn,s2,t2

∈ I, i =

1, . . . , m and mi = min{pj/(j + t2)
s2 Hn,s2,t2 : j ∈ Ni}, Mi = max{pj/(j + t2)

s2 Hn,s2,t2 : j ∈
Ni}, for i = 1, . . . , m. Then

D̂ f (p, i, n, s2, t2) (25)

≤
m

∑
i=1

(
∑

j∈Ni

1
(j + t2)s2 Hn,s2,t2

)
Mi −

∑j∈Ni
pj

∑j∈Ni
1

(j+t2)
s2 Hn,s2,t2

Mi −mi
f (mi)

+

∑j∈Ni
pj

∑j∈Ni
1

(j+t2)
s2 Hn,s2,t2

−mi

Mi −mi
f (Mi)

 ≤ M− Pn

M−m
f (m) +

Pn −m
M−m

f (M)

holds.

Proof. If we define q as a Zipf–Mandelbrot law n-tuple with parameters s2, t2, then from
Theorem 8 it follows
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n

∑
i=1

1
(j + t2)s2 Hn,s2,t2

f (pi(i + t2)
s2 Hn,s2,t2)

≤
m

∑
i=1

(
∑

j∈Ni

1
(j + t2)s2 Hn,s2,t2

)
Mi −

∑j∈Ni
pj

∑j∈Ni
1

(j+t2)
s2 Hn,s2,t2

Mi −mi
f (mi)

+

∑j∈Ni
pj

∑j∈Ni
1

(j+t2)
s2 Hn,s2,t2

−mi

Mi −mi
f (Mi)

 ≤ M− Pn
1

M−m
f (m) +

Pn
1 −m

M−m
f (M),

which is (25).

Now, from Theorem 7, we also have the following result.

Corollary 19. Let I be an interval inR and f : I → R a convex function. Let Ni ⊆ {1, 2, . . . , n}, i =
1, . . . , m where Ni ∩ Nj = ∅ for i 6= j, ∪m

i=1Ni = {1, 2, . . . , n}. Suppose s1, s2 > 0, t1, t2 ≥ 0

are such that
(i+t2)

s2 Hn,s2,t2
(i+t1)

s1 Hn,s1,t1
∈ I, i = 1, . . . , n, ∑j∈Ni

(j+t2)
s2 Hn,s2,t2

(j+t1)
s1 Hn,s1,t1

∈ I,
∑j∈Ni

1
(j+t1)

s1 Hn,s1,t1
∑j∈Ni

1
(j+t2)

s2 Hn,s2,t2

∈ I, i =

1, . . . , m. Then

f (1) ≤ 1
Pn

m

∑
i=1

(
∑

j∈Ni

1
(j + t2)s2 Hn,s2,t2

)
f

∑j∈Ni
1

(j+t1)
s1 Hn,s1,t1

∑j∈Ni
1

(j+t2)
s2 Hn,s2,t2


≤ D̂ f (i, n, s1, s2, t1, t2) (26)

holds.

Proof. If we define p, q as a Zipf–Mandelbrot law n-tuples with parameters s1, t1, s2, t2,
then from Theorem 7, we obtain (26).

From Theorem 8, we have the following result.

Corollary 20. Let f : I → R be a convex function on I, [m, M] ⊂ I, −∞ < m < M < +∞.

Suppose s1, s2 > 0, t1, t2 ≥ 0 are such that m ≤ (i+t2)
s2 Hn,s2,t2

(i+t1)
s1 Hn,s1,t1

≤ M, i = 1, . . . , n. Let Ni ⊆

{1, 2, . . . , n}, i = 1, . . . , m where Ni ∩Nj = ∅ for i 6= j, ∪m
i=1Ni = {1, 2, . . . , n}, (i+t2)

s2 Hn,s2,t2
(i+t1)

s1 Hn,s1,t1
∈

I, i = 1, . . . , n,
∑j∈Ni

1
(j+t1)

s1 Hn,s1,t1
∑j∈Ni

1
(j+t2)

s2 Hn,s2,t2

∈ I, i = 1, . . . , m and mi = min{ (j+t2)
s2 Hn,s2,t2

(j+t1)
s1 Hn,s1,t1

: j ∈ Ni},

Mi = max{ (j+t2)
s2 Hn,s2,t2

(j+t1)
s1 Hn,s1,t1

: j ∈ Ni}, for i = 1, . . . , m. Then

D̂ f (i, n, s1, s2, t1, t2) (27)

≤
m

∑
i=1

(
∑

j∈Ni

1
(j + t2)s2 Hn,s2,t2

)
Mi −

∑j∈Ni
1

(j+t1)
s1 Hn,s1,t1

∑j∈Ni
1

(j+t2)
s2 Hn,s2,t2

Mi −mi
f (mi)



Mathematics 2022, 10, 755 17 of 18

+

∑j∈Ni
1

(j+t1)
s1 Hn,s1,t1

∑j∈Ni
1

(j+t2)
s2 Hn,s2,t2

−mi

Mi −mi
f (Mi)

 ≤
M− 1
M−m

f (m) +
1−m
M−m

f (M)

holds.

Proof. If we define p, q as a Zipf–Mandelbrot law n-tuples with parameters s1, t1, s2, t2,
then from Theorem 8, we obtain (27).

Since the minimal value for qi is min{qi} = 1
(n+t2)

s2 Hl,s2,t2
and its maximal value is

max{qi} = 1
(1+t2)

s2 Hl,s2,t2
, from the right-hand side of (24) and the left-hand side of (25), we

obtain the following result.

Corollary 21. Let f : I → R+ be a convex function on I, [m, M] ⊂ I,−∞ < m < M < +∞. Let
p = (p1, . . . , pn) be an n-tuple of real numbers. Suppose s2 > 0, t2 ≥ 0 are such that m ≤ pi(i +
t2)

s2 Hn,s2,t2 ≤ M, i = 1, . . . , n. Let Ni ⊆ {1, 2, . . . , n}, i = 1, . . . , m where Ni ∩ Nj = ∅ for

i 6= j, ∪m
i=1Ni = {1, 2, . . . , n}, pi(i + t2)

s2 Hn,s2,t2 ∈ I, i = 1, . . . , n,
∑j∈Ni

pj

∑j∈Ni
1

(j+t2)
s2 Hn,s2,t2

∈ I, i =

1, . . . , m and mi = min{pj/(j + t2)
s2 Hn,s2,t2 : j ∈ Ni}, Mi = max{pj/(j + t2)

s2 Hn,s2,t2 : j ∈
Ni}, for i = 1, . . . , m. Then

1
Pn(n + t2)s2 Hn,s2,t2

m

∑
i=1
|Ni| f

 ∑j∈Ni
pj

∑j∈Ni
1

(j+t2)
s2 Hn,s2,t2

 (28)

≤ D̂ f (p, i, n, s2, t2)

≤ 1
(1 + t2)s2 Hn,s2,t2

m

∑
i=1

[
Mi|Ni| − (1 + t2)

s2 Hn,s2,t2 ∑j∈Ni
pj

Mi −mi
f (mi)

+
(n + t2)

s2 Hn,s2,t2 ∑j∈Ni
pj −mi|Ni|

Mi −mi
f (Mi)

]

holds.

Proof. Using min{qi} = 1
(n+t2)

s2 Hl,s2,t2
and max{qi} = 1

(1+t2)
s2 Hl,s2,t2

from the right-hand

side of (24) and the left-hand side of (25), we obtain

1
Pn

m

∑
i=1

(
∑

j∈Ni

1
(n + t2)s2 Hn,s2,t2

)
f

 ∑j∈Ni
pj

∑j∈Ni
1

(j+t2)
s2 Hn,s2,t2


≤ D̂ f (p, i, n, s2, t2)

≤
m

∑
i=1

(
∑

j∈Ni

1
(1 + t2)s2 Hn,s2,t2

)
Mi −

∑j∈Ni
pj

∑j∈Ni
1

(1+t2)
s2 Hn,s2,t2

Mi −mi
f (mi)

+

∑j∈Ni
pj

∑j∈Ni
1

(n+t2)
s2 Hn,s2,t2

−mi

Mi −mi
f (Mi)

,

and (28) follows.
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4. Conclusions

In this paper we have obtained a refinement of the Lah–Ribarič inequality and a
refinement of the Jensen inequality which follows from using the Lah–Ribarič inequality
and the Jensen inequality on disjunctive subsets of {1, 2, . . . , n}.

Using these results, we find a refinement of the discrete Hölder inequality and a
refinement of some inequalities for the discrete weighted power means and the discrete
weighted quasi-arithmetic means. In addition, some interesting estimations for the discrete
Csiszár divergence and for its important special cases are obtained.

It would be interesting to see whether using this method one can give refinements of
some other inequalities. In addition, we can try to use this method for refining the Jensen
inequality and the Lah–Ribarič inequality for operators.
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