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Abstract: The main goal of this article is to provide estimates of mild solutions of Navier-Stokes
equations with arbitrary external forces in R” for n > 2 on proposed weak Herz-type Besov—Morrey
spaces. These spaces are larger than known Besov-Morrey and Herz spaces considered in known
works on Navier-Stokes equations. Morrey-Sobolev and Besov—-Morrey spaces based on weak-Herz
space denoted as WKz,qM; and WK%/qN i
This class of spaces and its developed properties could also be employed to study elliptic, parabolic,

respectively, represent new properties and interpolations.
and conservation-law type PDEs.
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1. Introduction

Let us consider R” with n > 2, and a fixed interval with 0 < T < oo. The incompress-
ible Navier-Stokes equations system in R” x (0, T) is written in the form

%fAu+u~Vu+Vp:f,
V.u:O, (1)
u(0) = ug,

where vector values 1 and f denote the velocity of the fluid and external forces acting on
the fluid, respectively. The scalar value p represents the pressure.
The nonstationary Navier-Stokes equations are invariant under the following change
of scaling:
uy(x,t) = Au(Ax, A%t), pa(x,t) = A%p(Ax, A%t), Vt > 0.

In Refs. [1,2], the authors considered the problem of applying hybrid spaces, such
as Besov—-Morrey or Triebel-Lizorkin-Morrey spaces, to nonlinear PDEs, for instance,
nonlinear heat and Navier-Stokes equations. Properties of mild solutions of PDE in
Lebesgue [3] and Sobolev [4] spaces were investigated. Additionally, they were observed
in spaces, such as Hardy [5], Besov [6], Triebel-Lizorkin [7], Morrey [8], Herz [9], and other
spaces.

There are several works [7,10,11], where properties of the Besov—Morrey space were
provided, and they also included related Ky ,-method real interpolations. The properties of
the Besov-weak Herz space BWK%J were explored in [12]. Herz-type Besov Kg’p B; and

K,’;’p FE Triebel-Lizorkin spaces were considered in [6,7]. These spaces were introduced to
explore global solutions of NSE in the case that f = 0 and to prove the Jawerth-Franke
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embeddings, respectively. The unique maximally strong solution for the Navier—Stokes
equations with f # 0 on corresponding Triebel-Lizorkin-Lorentz spaces was constructed
in [13]. The application of hybrid and global spaces to nonlinear heat and Navier-Stokes
equations was observed in [1]. In addition, properties of local spaces and their applications
to mild solutions of NSE with f # 0 were researched in [2].

The main idea of this article came from researching mild solutions of (1) on Besov—
Morrey spaces, which were investigated in [10], and exploring the NSE with f = 0, realized
on (weak) Herz spaces in [14]. According to the results of Besov—-Morrey and (weak) Herz
spaces from [10,14], we imply estimates of mild solutions of NSE with f # 0 on weak
Herz-type Besov—Morrey spaces. In this article, we propose weak Herz-type Besov-Morrey
space in Definition 5. Then, we prove interpolations of offered spaces, and three estimates
containing the heat semigroup operator are proved in Lemma 1, engaging an estimate on
weak Herz space in Corollary 1.

The proposed weak Herz-type Besov—Morrey spaces were not attended to in other
works, so proper interpolations, wavelets, atomic decomposition, and embeddings are not
provided. Theorem 3 and Lemma 1 can be used to find new interpolations and wavelet
characterizations and further establish relations with other global and hybrid spaces.

Let us denote a projection onto the divergence-free vector fields, so-called Leray
projection P, on both sides of the first equation of (1). Then, we study the simpler equation,
where PVp = 0. [P can be represented as

P= (Pij)lgi,jgnr Pi]’ = 51']‘ + R,‘R]', i,j=1,..,n,

where (517')131',]‘9
can be represented by using Fourier transform:

9, i r(5t) X —
Rif = —~ :]-"1<—]]-' > = l'm/ Tt —dy,
== A7) = e B e O =g

FUFE) = [, fx)e 2 e dx, F7H(f(x)) = F(f(—x)),

where f € S(R").

From the Calderén—Zygmund operator theory, for 1 < p < o0, 0 < p < n, the
boundedness of Riesz transform R; on the Morrey space M, ;, implies that " is bounded on
My, as it was remarked in [10].

The Navier-Stokes equations can be transformed into an integral formula

is the Kronecker symbol and Rj,j=1,..,nare the Riesz transforms that

u(t) = euy + /Ote(t*S)AIP’f(s)ds + B(u,u), 2)

where 1 g
B(u,v) = _E/ PY L (4@ v+ 0@ u)ds. 3)
0

Functions that satisfy (2) are called mild solutions of the NSE.

Applying P to (1), we have

% +Au+PV - (u®@u)=Pfon (0,T),

4)
u(0) = uo,

where A = —PA is the Stokes operator.

In [15], mild solutions were constructed for L%* (0, oo; LP*°(R")), where2/a+n/p = 3
and max{1,n/3} < p < co. In [10], these properties were extended to homogeneous
Besov-Morrey space N/ gur(R"), and especially estimates of heat semigroup operator eth.
According to interpolations and Lemma 2.3 from [12] for Besov-weak Herz space, we prove

the interpolation of the proposed weak Herz-type Besov—-Morrey spaces. The motivation
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of our research is to propose new hybrid spaces (weak Herz-type Besov—Morrey spaces),
which contain the properties of several global spaces (Herz, Besov—-Morrey spaces), and
explore mild solutions of the incompressible Navier-Stokes equations with f # 0. Mild
solutions were researched on Besov—-Morrey and Herz spaces with proper interpolations,
embeddings, and estimates in [9,10], respectively. Herz-type Besov K,’;’p BIS3 and Triebel-
Lizorkin spaces Kg"pFE were engaged in [6], and BWK;;ZI Besov-weak Herz spaces in [12].
In our manuscript, we explore weak Herz-type Besov—Morrey spaces WKZ,q./\'/' (R,
which were not met in other publications. Therefore, it would be reasonable to provide
their properties and study mild solutions of NSE on such spaces.
Our main results are

Theorem 1. Let 1 < g < 00,0 < <n, 1 <a < ay < oo —00 <5 < sy < 0o, and
—n/q <y <é<n(l—1/q) such that

2 2
;0—50—&_5_2. (5)
Let 1 < p < co satisfy
nop B2 nop ©)
9 P %o q

Suppose that a measurable function u on R" x (0, T) is a mild solution of (4) and satisfies
uy, Au € LY(0,T; WKZ,I./\/';,OQ) with u(0) = ug € WK‘;’ZNP’f,,for k=2+n—pu)/p—2/a+
(n—p)/q—s).

Then

u € L7 (0, T; WK{ N @)
holds with estimate

HM ) < ||etA]P)MO||LaO,r(

, VKT A0 KT A0
20 "0, TWKY NG 0T;WK] AY)

+C(|”fHLW(O,T;WKg/lN;m) + ”Au||L"‘"(0,T;WK2/ZN;;,OO)>' (8)

tA
le Puo”mo/f(o,oo;wkg,/\'/;g) < C||”0HWI<«;/1/\7}5,V,

where C = C(n,pu,q,a,7,9,s, p,r) is independent of u, ug and T.

Theorem 2. [et1 < g<oo,1<a<o00,0<yu<nand—1<s<o,2/a+(n—pu)/qg—s=23,
1<p<gandl <r<oowithd € R, 1< 1 < ooandameasurable function u on R" x (0, T) is
a mild solution of (4) with

ug, Au € L (0, T, WK) JN; o),

it holds P(u - Vu) € L“"(0, T; WK; lNﬁ,oo) with the estimate
tA
||P(u . Vu) ||L“’V(O,T}WK$J-/\'/;§,00) S C (HE ]PMO HL“O’Y(O,T;WK;IJ\'/;%)

2
+ ||1/lt ||L“’V(O,T;WKg,,M§,m) + ||AM ||L”‘/7(O,T;WK$,I./\'/5,OO)) ’ (9)

for some . < wp < 00, g < o0 and s < sy < oo such that 2/ay + (n — pu)/q—so = 1, where
C=C(n,u,d,q,a x,p,r)isa constant independent of 0 < T < oo.
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Extension of (weak) Herz and Besov—Morrey spaces to (weak) Herz-type Besov—
Morrey spaces allows enlarging their properties, especially embedding, interpolations
and wavelet characterizations. Moreover, atomic partition and oscillations in [1,2] make
it possible to receive useful estimates and properties of solutions of nonlinear PDEs and
investigate the similar extension on Triebel-Lizorkin-Morrey spaces researching mild
solutions of NSE with f # 0.

Our main contribution to the theory of Navier-Stokes equations is providing estimates
in Theorems 1 and 2, which can state the maximal Lorentz regularity of a function u in
WKg,q./\'/';,, (R™). This allows us to approach establishing the unique existence of local strong
or weak solutions to (1) for arbitrary large initial data u(y and large external force f. The
maximal Lorentz regularity is exploited for Besov-Morrey space in [10].

The current problems of nonlinear PDEs need new tools, such as embedding, wavelet
characterization, real (K- and J-types), and complex interpolations. In our manuscript,
we provide and prove K-real interpolations for Herz-type Besov—Morrey spaces, which
allow us to imply useful estimates in Lemma 1 that engage not only the heat semigroup
operator, but also the Leray projection. In [10] in Lemma 2.2 for Besov—-Morrey spaces,
Leray projection was not considered, while for weak Herz space, it was shown in [14]
(Corollary 1). Combining Besov—-Morrey and weak Herz spaces into Herz-type Besov—
Morrey spaces allows us to imply new estimates in Lemma 1, by real interpolation of new
proposed spaces.

The remaining of the paper is organized as follows. Section 2 is devoted to function
spaces and some necessary statements from references. Section 3 defines weak Herz-type
Besov—Morrey space and proves the interpolation of Theorem 3 and Lemma 1, providing
essential properties and inequalities. Section 4 and 5 are devoted to proofs of Theorems 1 and
2, respectively.

2. Preliminaries

Let us define Herz spaces and weak Herz spaces from [12,14], respectively.

Definition 1. Let 0 < p,q < coand a € R. One defines the homogeneous Herz space Kg,q (R™) as

Kpq(R") = {f € L, (R"\ {0}); |fllgg, < o},
where

1/q
1£llgg, = (Z zkwnfnimk)) ,

keZ

with the usual modification in the case § = oo and Ay = {x € R"; 2k=1 < |x| < 2F}.

Definition 2. With the same conditions as in Definition 1, one defines the homogeneous weak Herz
space WK%(R”) as the space of measurable functions such that

1/q
(ZkeZ zkaq”fHZv,w(AkQ <X, <,

Ifllwge =
" suprey 25| fll o (a,), G = oo

The definition and the basic properties of Morrey and Besov-Morrey spaces were
reviewed in [6,10,11].

From [13] we recall the definition of the Lorentz space that is applied in the proofs of
the theorems.

Definition 3. Let (X, A) be a measure space. Let f be a scalar-valued A-measurable function and

Agisy = Mx: f(x) > s}
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Then, the rearrangement function f* of f is defined by: f*(t) = inf{A,) < t}. For any
1 < p < oo, the Lorentz spaces LP4 is defined by LPA(R") = {f : R" — C : || f||ra < co} where

1 fllpa == {fo (tnf* >dt} %/ q < oo,
sup.o{t7 (1)}, 4= 0.

In particular, LP®° agrees with the weak-L? (Marcinkiewicz space) LF*(R") = {f :
R" — C: ||f||rr+ < oo}, equipped with the following quasi-norm || f||;»+ = sup,. ¢ [)\f(t)}.
Let us provide Proposition 2.2 and Corollary 2.1 in [14].

Proposition 1. Let 1 < p < 00,0 < q < coand m > 0. Suppose that ¢ € L' N L, with
1=1/p+1/r, such that |¢p(x)| < Ci|x|~™ for all x # 0. Then we have the following estimate:

1£5 Py, < Cllflwis, (10

provided that one of the following cases holds:

(1) 0<g<1, —%<,B§zx§n(1—%),n—tx+ﬁ§mandﬁ+%<m,
(2) 1<g<oo, —%<‘B§a<n(1—%)andn—tx+‘3§m,

(3) gq=oo, —%§,B§tx<n(1—%),n—a+ﬁ§mandn(1—%)—a<m.

Some properties of the operators e'® and '] are investigated and proved in [14],
which gives us a necessary estimate.

Corollary 1. Let 1 < p<o0,0<g<oco, —n/p<p<a<n(l—1/p). Then

[€4BF g < CE P2l (11)

Let B,(xg) be the open ball in R” centered at xy and radius r > 0. The definition of the
Morrey-type (weak) Herz space is provided in [14].

Definition 4. Let 1 < p < 00,0 < g < oo, 0 € Rand 0 < yu < n, the Morrey-type (weak)
Herhztslfice K oM (R") (WK M, (R")) is defined to be the set of functions f € LP(By(xo))
such tha

- := sup supr P <
||f\|1<g,q/\/1;, xodgn DI; ||f||1<“ 4(Br(x0))

.For weak Morrey-type Herz space, we substitute the norm of the WK, , instead the norm of
o
the K ;.
Asin the [10,11] fors € Rand 1 < p < oo, the homogeneous weak Sobolev—Morrey-
type Herz space WK} , M5, = (— N/ 2WK$ M, is the Banach space with the norm
— /2
Al aas, = 180" Fllwics aa,

Additionally, the Herz-type Sobolev space can be defined by means of the Riesz
potential I° = (—A)*/2, as in [16], defined as

N\:

r ;
2 /f y)ly| "o dy.

§
2

FPf(x)=2"°m"
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3. Weak Herz-Type Besov—-Morrey Space and Its Properties

Let S(R") and S’ (R") be the Schwarz space and the tempered distributions space,
respectively. Let ¢ € S(R") be a non-negative radial function such that

supp(¢) C {G € R";1/2 < [¢] <2}

and

Y $k() =1, ¥ #£0,

keZ

where ¢ () = ¢(27%7).

Let us define the homogeneous weak Herz-type Besov—Morrey space.

Definition 5. For 1 < p < 00,0 < q < 00,0 <y < nands,a € R, the homogeneous weak

Herz-type Besov—Morrey space WK% q/\/ o With v € [1,00] is the set of f € S/ P, where P is the

set of polynomials, such that F 1y * f € WKgqu u and

1/r
<Zkez 257 || F gy * ks, <o, 1<7 < oo,

||wa1< Ny T
wr
SUPez sz”j 14’k *waKglqu, r = o0.

We denote the localization operators of the Littlewood-Paley decomposition as
Ajf = F 7l f.

The space WK"‘ N 1 » is Banach and in particular, WK ./\/‘OS corresponds to the ho-
mogeneous Besov space w1th weak-Lebesgue space, Wthh 1mphes the Kg ,-method real-
interpolation properties.

Theorem 3. Let 6 € (0, 1), 50, 51 € R, 50 # 51,0 < p,q # oo and r,rg,r1 € (0,00]. Suppose
s = (1—0)sg + 0sq, then

% S > S
WK N7, = (WK M3 WKS M) (12)
and
WK NGy = (WK N, WK (NG ) (13)

Proof. Let f = fo+ f; with f; € WK"‘ ./\/l ,1=0,1. By using Lemma 2.3 from [12] for weak
Herz-type Sobolev space, we note that W ’X,q is an Herz-Sobolev space and it holds that

18if lwky, < 18ifollwky, + 18if1llwks,
< (8o llwig, a, + 18 lwics, a1, )-
where C' is a constant. Therefore,
18 follwig, at, < € (185Follwig,an, + 18 filwis ua, )
< C<2750]H150Ajf0||wK“ M, 27N fllwges )
< (271 follwicg gy + 2T fullywrg, ua,
—soj A (so—s1)j - )
< C27 (| follwig g + 2~V fillwis, reg )
It follows that

HAij”WK,“;,qMV < C2 %K (2001 7, WK M2, WKS M)
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Multiplying the previous inequality by 2/Sand s — so = —0(sg — s1), we obtain
2sf‘|Ajf0||ngny < C(Z(SO s1)j = 9K(2 s0—5s1)j ,f WK Mso WKa MSl)
and then (see Lemma 3.1.3 from [17]) we can conclude that
HfHWK"‘ /\/}5,, < CHfH WK%,qMZO,WK%,qul)' (14)

To prove the reverse inequality of (14), note that by using Lemma 2.3 from [12], again
we have

Z(S_SO)j](Z(SO_Sl)j,A]'f WK”‘ _/\/150 WK"‘ MS}) =

2(5=50) max (]| A 2<s0 s1i|| A

Jf”ww JMY JfHWK"‘ MS])

S 250j max (250] ||Ajf||ng’ny/250] ||A]f||WKg,ny)
< 25 max(IIAijwK;;,qM;,' HAijng,qu
= ZSJIIAijng,qM,f

Now the equivalence theorem (see Lemma 3.2.3 from [17]) leads us to

Hf”(wj'(g,q °0 JWKS, M‘ < CHf”WK”‘

/S
;zr

In the remainder of the proof, we need to show that in fact f € WKg,q./\./ﬁ,r implies that
f € WKj .M} + WK% Ml Suppose that sy > s1 (without loss of generality). Using the
decomposition f =i o Ajf + ¥j>04Ajf = fo + f1 and Lemma 2.3 from [12], we obtain

I follyky, a0 < Z 18w, g0 < 220727185 fllwicg, aa,
j<0

1/1,/ 1/r
< c(Zz(“’_S”r) (DS”IAJHW ) < Cllfollwic, 43,
j<0 j<0

Similarly, one has

Ifillyky, agn < Z 187 ks g < 3 26728 f ks aa,
j>0

l/r’ 1/r
< (s1-9)i" S| £ < _—
c(}gz ) (}gz |A]f||WKgquy> < Clfillwig,

and then (12) is valid.
By using (12) and the reiteration theorem (see [17], Theorem 3.5.3 and its remark), we
conclude that (13) is valid. O

Now we provide Lemma 1 for weak Herz-type Sobolev—-Morrey and Besov-Morrey
spaces.

Lemmal. Lets,so € R, 1< p <o00,0<g<o00 (s9—5s) <2withs <sp,0<u<n,
—n/p < B <a<n(l—1/p), then the following inequalities hold:

A —(a—pB)/2
W) 1P Fllp i < P72 kg, 15)
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for every t > 0and f € WK, M,.
@ 1B g0 < O P72 i, i, (16)
foreveryt > 0and f € S’/ P.
tA . —(a=p)/2 o
O 1B lyggp g < P 2y i, 7)

foreveryt > 0,7 € [1,00) and f € S'/P.
For all inequalities « — B < sg — s and C is a constant.

Proof. (1) We use inequality

e Ef| sup supr/7|[(—A) /2 B

B s —
WKpgMi  eR? r>0

B
WKy 4

< Ct (P2 sup supr P (=A)2f|lyygy, = Ct P

2 Fllwgg
WK% H
xg€R™ r>0 paMi

from Corollary 2.1 (iv) in [14] for Herz-type Sobolev—Morrey spaces.
Now we use the Lemma 2.2 (i) from [10] and to get

A A —(s0—s)/2
I€°BFlyes w0 < CHBf gy ag < CE 021l agy
Finally, if &« — < sp — s, then we obtain

tA —(a—p)/2 . .
e llygs ags, = Ct 1w, s

(2) As in first part of this proof we can use Corollary 2.1 (iv) in [14] with respect to
weak Herz space

1/r
tA ksr tA
etP BNz, = 25| F 7 g x P .

Particularly we estimate the norm of the weak Herz-type Morrey space

1F ™ = eS| < Clle™Pf|

b B M
WK, M, WK,

< C P2 fllyks .
Then it follows that

1/r
tA <t (@=p)/2 ksr|| ——1 ro
le PfHWK,é/qNﬁ,r < Ct (k[;z [ F 7~ (x *f)HWK‘;,qMH>

< C P2 g x,- (18)
Now by applying the Lemma 2.2 (ii) from [10] and properties of first part of this proof
to (18), it implies that

||etAPf||w1'<g’q/\'/;f’, < CHetAfHWI-(%’Mg < Ctloos /zl\f||w1< N

wr

Additionally, if &« — < sg — s, then we receive (16).
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(3) Applying the K-method real interpolation (12):
w vrs , s . s
WEG NG = (WK ML WEG M)

WED NG5, = (WD, Myt WK M3?)

0,r
for inequality (16) with's = (1 — 0)s1 + 65y, 51 # s, we obtain
A —(a—P)/2
1Pl o> < CF P2 g

and
A —(a—pB)/2
12 M i, < O W i

Using (13) for ngquﬁfo%*s and WK}, (N5 o, with (259 —s)(1 —1/2) +5(1/2) = s, it

follows that WK% (N0 = (WK NS, WKS N )12, that yields (17). O
Example L L?t p > 0 be such that B,(0) C R" and set f(x) = |x|’”)(3p(0)(x),ff)r n > 2. This
function satisfies the norm of weak Herz space and then Besov—Morrey spaces, which means that
fe WKg,qNﬁ,,forac >n—%,1 <pg<oo,0<pu<mnrelloandscR.

Example 2. In B%(O) C R" weset f(x) = |x|7"(| log |x||)_1)(3%(0)(x), where f € WKg,q/\'f;,r

foroc:n—%,lgpgoo,1<q§oo,0§y<n,r€[1,oo]ands€R.

Examples 1 and 2 demonstrate functions belonging to weak Herz-type Besov—Morrey
spaces that satisfy inequalities in Lemma 1.

In function space theory [18,19], it could be useful to provide a norm of WK%,qNﬁ,w
defined by derivatives and differences, equivalent to the norm in Definition 5. In the case
of Besov spaces, such an approach was used in [20,21], where the authors established the
equivalence between the norms defined by Fourier analytic tools and by derivatives and
differences, respectively.

Theorems 1 and 2 allow to provide the maximal Lorentz regularity theorem of Stokes
and Navier-Stokes equations. They can help in establishing the unique existence of local
strong solutions to Navier—Stokes equation on proposed weak Herz-type Besov—Morrey
spaces, as it is made in [10] for homogeneous Besov—Morrey spaces and in [15] in Lorentz
spaces.

The properties of Herz-type Besov-Morrey spaces, such as the interpolations in Theorem 3
and the inequalities in Lemma 1, can be also used to study other nonlinear PDEs. For exam-
ple, a mathematical model of waves on shallow water surfaces described by Korteweg-de
Vries equation [22]; the Keller-Segel system [23] presents a cellular chemotaxis model; and
Fokker—Planck equations [24] demonstrate models of anomalous diffusion processes. De-
veloping atomic decomposition, oscillations, real and complex interpolations can advance
the study of the WK%,qA[ﬁ,r spaces, especially observing them not only with the Fourier
approach ([25]), but by the finite difference approach, in the same fashion of Besov spaces
in [26,27].

4. Proofs of the Theorem 1
Let u be a mild solution of the NSE (1). Then, by using representation (4), we obtain

f(t) = ur+ Au, (19)
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as in [10]. Then it holds that u(t) = e"uy + fot e=DAf(T)dr. By (19), we have f €
L7 (0, T; WK“; N, 00) With the estimate

A W0 riwge K5y < Wtellor o i A ) 1A% Lo mwis 7)

As s < 59 by Lemma 1 (ii), we have that

/t e=DAPf(T)dr

0

t
N
WK N 0 WA
t
< _ )~ (s0—s)/2 S
<c (- 1) v 5,47

t
< C/o (t—T)—(é—v)/2‘|f(r)||WKg/lNﬁde

t
<C [(t= D FO e 5.7 (20)
witho —1 = —%(so —s).Since2/ag—sg =2/a—s—2and 1 < & < g, we obtain
1 1 1 1
1 (sp—§) =~ — — <~
7 Z(SO s) « tx0<zx'

whichyields 0 < ¢ < 1land 1 < &« < 1/0. Being 1/&9 = 1/a — 0 and applying Proposition 3.1
from [10] we obtain the following inequality

t
/0 =TIAPF(T)dT

< CHHfHWKg,,J\'/’;,w

Y NS0 ar
WK NG L207(0,T) L&r(0,T)
<C Hf||w1’<5 N3 oo . (21)
q1* 1 L& (0,T)

Then we obtain

t
H/ OAPF(T)dT
0

S C (” Ut H L“”(O,T}WKg,lNﬁ,oo)

, WK A0
LE07(0, ;WK N3 )
+ | Aul L& (0,T;WKS N o) ) ’

where C = C(n,q,s,a,s0,00,7,0,7) is independent of T. Now we need to show that
A Puy € LaO,r(WK;lN ;01) for ug € WKf} Nk, We assume that

p<q k=m—pu)/p—2/a+(n—pu)/q—s-2) <sp,

and hence there exist k1, k; and 0 < 0 < 1 with k; < k < ky < sg such thatk = (1 —0)k; +
0k,. Lemma 1 (iii) implies

_lfnop nop g k.
e Puollys s, < €+ 2T TR

<0
WK Nyl
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where i = 1,2 for any t > 0. The real interpolations (WKi N k}w,WKi N k,200>9 —
’ ’ v

WKi,lJ\'/;’f/, and (L**(0, ), L*>*(0,00)), , = L*7(0,0) implied by (1 — 0)a; + ay =

Hn—w)/p—(n—u)/q)+L(s0—k) = 10 lead to the following estimate:

T

where C = C(n,q,a,s,x9,5s0,7,7,0). This proves Theorem 1.

A
< . .
He Puo”""@z@% < C||u0|\w1<g/l/\/,’;,/

L*0"(0,00)

5. Proofs of the Theorem 2

Letw < g < coand sy € Rso that ag = 2a, max{(n —pu)/p—1/a,s+2—-1/a} <
(n—pu)/q, max{s+1,(n—pu)/p—1} <spand

2/ag+ (n—u)/q—so=1.
Since 0 < s +1 < sp by hypothesis, then there exists ¢ € R such that
0<o<sg—(s+1).

As in [10], we obtain
[PV - (u®u) ||WI'<31/\'/,3‘,00 = |P(u®u) HnglN;;g

<Cllu® u||WK§,,J\75,t3 < C””HIZ/\/K;,N;,%O’
namely

PV - (u® u)Hch,r(WKsllNﬁ'oo) < CHuHiaOmng’M%),
where C = C(n, i, q,a,a0,7,6) is a constant independent of 0 < T < oco. Since p <
g, m—pu)/p—1<sp,and2/ag+ (n —p)/q —so =1, we have

(m—pu)/g<(n—u)/p<so+1=2/ag+ (n—pu)/q,

k=2+m—u)/p—2/a+(n—p)/qg—s)=-1+mn—u)/p.

Hence from Theorem 1,
tA \
e s s iy < C (1" Proll oor s

+ ||1/lt HLa’r(WKg,l-/\Tﬁ,oo) + ||AM HL“’"(WKg/Z-/\Tﬁ,oo))’
where C = C(n, 1, q,a,x9,7,6) independent of 0 < T < oo. This proves Theorem 2.

6. Conclusions

This article focused on mild solutions of the incompressible Navier-Stokes equations
with external forces on R” for n > 2 on Herz-type Besov—Morrey spaces. We introduced
real interpolations on WK%M; and WK%/qN i and discussed some useful properties,
which were proved in Theorem 3. The inequalities in Lemma 1 were extended from
WK (R"), M5, (R"), and N, ,(R") into WKY M5, (R") and WK5 N . (R"). Applying
such properties, we achieved some estimates for mild solutions of Navier-Stokes equations,
described in Theorems 1 and 2.

The function spaces theory propagates not only for nonlinear PDEs and abstract har-
monic analysis, but for global and geometric analysis. For example, Besov and Triebel-
Lizorkin spaces are defined on the Riemannian manifold, Lie groups, and fractals. Weak
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Herz-type Besov-Morrey spaces can be applied, for instance, in Riemannian geometry, global
and geometric analysis, pseudo-differential operator theory, and approximation theory.

The provided estimates can be helpful to explore mild solutions of Navier-Stokes equa-
tions and imply the existence and uniqueness of weak and strong solutions. Theorems 1.2-1.4
from [10] show the uniqueness of strong solutions for Navier-Stokes equations, from prop-
erties of mild solutions on Besov—Morrey spaces. Future works could focus on obtaining
some features of weak Herz-type Besov—Morrey spaces, such as their interpolations, atomic
decompositions, and representation via finite differences. Combining (weak) Herz and
Triebel-Lizorkin-Morrey spaces may be useful for further studying nonlinear PDEs.

Author Contributions: Conceptualization, R.A.; Formal analysis, R.A.; Funding acquisition, P.L.;
Investigation, R.A.; Methodology, P.L.; Project administration, P.L.; Resources, R.A.; Supervision, P.L.
Writing—original draft, R.A.; Writing—review & editing, P.L. All authors have read and agreed to
the published version of the manuscript.

Funding: The work of Ruslan Abdulkadirov is supported by the North-Caucasus Center for Math-
ematical Research under agreement Ne075-02-2022-892 with the Ministry of Science and Higher
Education of the Russian Federation. The work of Pavel Lyakhov is supported by the Ministry of
Science and Higher Education of the Russian Federation ‘Goszadanie” Ne075-01024-21-02 from 29
September 2021 (project FSEE-2021-0015).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Acknowledgments: We thank the anonymous reviewers for their valuable comments, which signifi-
cantly improved the quality of the article.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Triebel, H. Hybrid Function Spaces, Heat and Navier-Stokes Equations; EMS Tracts in Mathematics; EMS: Jena, Germany, 2015;
Volume 24.

2. Triebel, H. Local Function Spaces, Heat and Navier-Stokes Equations; EMS Tracts in Mathematics; EMS: Jena, Germany, 2013;
Volume 20.

3. Maekawa, Y.; Terasawa, Y. The Navier-Stokes equations with initial data in uniformly local L? spaces. Differ. Integral Equ. 2006,
19, 369-400.

4. Planchon, F. Global strong solutions in Sobolev or Lebesgue spaces to the incompressible Navier-Stokes equations in R3. Annales
de I'Institut Henri Poincaré Analyse Non Linéaire 1996, 13, 319-336. [CrossRef]

5. Choi, K;; Vasseur, A.F. Estimates on fractional higher derivatives of weak solutions for the Navier—Stokes equations. Annales de
UInstitut Henri Poincaré C Non Linear Anal. 2014, 31, 899-945. [CrossRef]

6.  Drihem, D. Caffarelli-Kohn-Nirenberg inequalities on Besov and Triebel-Lizorkin-type spaces. arXiv 2018, arXiv:1808.08227.

7. Mazzucato, A.L. Besov-Morrey Spaces: Function Space Theory and Applications to Non-linear PDE. |. Trans. Am. Math. Soc. 2002,
355,1297-1364. [CrossRef]

8. Lemarié-Rieusset, P.G. Interpolation, extrapolation, Morrey spaces and local energy control for the Navier-Stokes equations.
Banach Cent. Publ. 2019, 119, 279-294. [CrossRef]

9.  Wang, H; Liu, Z. Boundedness of singular integral operators on weak Herz type spaces with variable exponent. Ann. Funct. Anal.
2020, 11, 1108-1125. [CrossRef]

10. Guo, B.; Qin, G. Navier-Stokes equations with external forces in Besov-Morrey spaces. |. Appl. Anal. 2019, 100, 1-27. [CrossRef]

11. de Almeida, M.E,; Precioso, ].C. Existence and symmetries of solutions in Besov-Morrey spaces for a semilinear heat-wave type
equation. . Math. Anal. Appl. 2015, 432, 338-355. [CrossRef]

12.  Ferreira, L.C.E; Perez-Lopez, ].E. Besov-weak-Herz spaces and global solutions for Navier-Stokes equations. J. Math. Anal. Appl.
2018, 296, 57-77. [CrossRef]

13.  Hobus, P; Saal, ]. Triebel-Lizorkin-Lorentz Spaces and the Navier-Stokes Equations. Z. Anal. Anwend. 2019, 38, 41-72. [CrossRef]

14. Tsutsui, Y. The Navier-Stokes equations and weak Herz spaces. J. Adv. Differ. Equ. 2011, 16, 1049-1085.

15.  Kozono, H.; Shimizu, S. Strong solutions of the Navier-Stokes equations based on the maximal Lorentz regularity theorem in
Besov spaces. J. Funct. Anal. 2019, 276, 896-931. [CrossRef]

16. Grafakos, L. Modern Fourier Analysis; Springer: New York, NY, USA, 2014.

17.  Bergh, J.; Lofstrom, J. Interpolation Spaces: An Introduction; Springer: Berlin/Heidelberg, Germany, 1976.


http://doi.org/10.1016/s0294-1449(16)30107-x
http://dx.doi.org/10.1016/j.anihpc.2013.08.001
http://dx.doi.org/10.1090/S0002-9947-02-03214-2
http://dx.doi.org/10.4064/bc119-16
http://dx.doi.org/10.1007/s43034-020-00075-9
http://dx.doi.org/10.1080/00036811.2019.1690140
http://dx.doi.org/10.1016/j.jmaa.2015.06.044
http://dx.doi.org/10.2140/pjm.2018.296.57
http://dx.doi.org/10.4171/ZAA/1627
http://dx.doi.org/10.1016/j.jfa.2018.06.006

Mathematics 2022, 10, 680 13 of 13

18.
19.
20.
21.
22.

23.

24.

25.

26.
27.

Triebel, H. Theory of Function Spaces; Springer: Jena, Germany; Basel, Switzerland, 1983.

Triebel, H. Theory of Function Spaces II; Springer: Jena, Germany; Basel, Switzerland, 1992.

Besov, O.V. Spaces of Functions of Fractional Smoothness on an Irregular Domain. Math. Notes 2003, 74, 157-176. [CrossRef]
Besov, O.V. Equivalent Normings of Spaces of Functions of Variable Smoothness. Proc. Steklov Inst. Math. 2003, 243, 80-88.
Capistrano-Filho, R.A.; Sun, S.M.; Zhang, B.Y. Initial boundary value problem for Korteweg—de Vries equation: A review and
open problems. Sdo Paulo J. Math. Sci. 2019, 13, 402-417. [CrossRef]

Chen, X. Well-Posedness of the Keller-Segel System in Fourier-Besov—-Morrey Spaces. |. Anal. Its Appl. 2018, 37, 417-433.
[CrossRef]

Barbu, V.; Rockner, M. Solutions for nonlinear Fokker-Planck equations with measures as initial data and McKean-Vlasov
equations. arXiv 2020, arXiv:2005.02311v4.

Suleimenov, K.; Tashatov, N.N. On the embedding of anisotropic Nikol’skii-Besov mixed norm spaces. Sib. Math. |. 2014, 55,
356-371. [CrossRef]

Vasil’chik, M.Y. On almost everywhere differentiability of functions in Besov spaces. Sib. Math. ]. 1999, 40, 622—-627. [CrossRef]
Maz'ya, V.; Mitrea, M.; Shaposhnikova, T. The inhomogeneous Dirichlet problem for the Stokes system in Lipschitz domains with
unit normal close to VMO. Funct. Anal. Its Appl. 2009, 43, 217-235. [CrossRef]


http://dx.doi.org/10.1023/A:1025095906229
http://dx.doi.org/10.1007/s40863-019-00120-z
http://dx.doi.org/10.4171/ZAA/1621
http://dx.doi.org/10.1134/S0037446614020189
http://dx.doi.org/10.1007/BF02675665
http://dx.doi.org/10.1007/s10688-009-0029-7

	Introduction
	Preliminaries
	Weak Herz-Type Besov–Morrey Space and Its Properties
	Proofs of the Theorem 1
	Proofs of the Theorem 2
	Conclusions
	References

