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Abstract

:

In this paper, first, we give a definition of Besicovitch almost periodic functions by using the Bohr property and the Bochner property, respectively; study some basic properties of Besicovitch almost periodic functions, including composition theorem; and prove the equivalence of the Bohr definition and the Bochner definition. Then, using the contraction fixed point theorem, we study the existence and uniqueness of Besicovitch almost periodic solutions for a class of abstract semi-linear delay differential equations. Even if the equation we consider degenerates into ordinary differential equations, our result is new.
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1. Introduction


The concept of almost periodicity was first proposed by the Danish mathematician, H. Bohr [1,2,3]. Once this concept was put forward, it immediately attracted the attention of many famous mathematicians, such as W. Stepanov, H. Weyl, N. Wiener, S. Bochner, and so on. They put forward many important generalizations and variants of Bohr almost periodic concept. It is worth mentioning that the generalization of the concept of almost periodic functions can be considered in two different ways. One is to use Bohr property or Bochner property to define almost periodic functions in more general function spaces, and the other is to define almost periodic functions as the elements in the closure of the set composed of trigonometric polynomials in a more general function space according to a certain norm or seminorm. A. S. Besicovitch adopted the second approach [4,5,6,7,8,9,10,11,12].



On the one hand, Besicovitch’s almost periodicity is a natural extension of Bohr’s almost periodicity [4,5,7]. The space of Besicovitch almost periodic functions is the completion of trigonometric polynomials in the form of


   a 1   e  i  λ 1  t   +  a 2   e  i  λ 2  t   + … +  a n   e  i  λ n  t    








with respect to the seminorm


    ∥ f ∥  M  =    lim sup  T → + ∞    1  2 T    ∫  − T  T    ∥ f  ( t )  ∥   X  ♭  d t   1 ♭   ,  








where   1 ≤ ♭ < ∞   (see in [5,7]). The Besicovitch almost periodic functions defined in this way (denote by   B ♭   the space of all such functions) possess both the Bohr and the Bochner properties [7]. C. Corduneanu and A.S. Besicovitch have given some basic properties of Besicovitch almost periodic functions in [5,7]. Besicovitch almost periodic functions can also be defined in Marcinkiewicz space using the Bohr property or the Bochner property. However, Besicovitch almost periodic functions defined in the above ways are equivalent classes of functions rather than usual functions. This brings great difficulties to the study of Besicovitch almost periodic solutions of differential equations. Therefore, there are few results on Besicovitch almost periodic solutions of differential equations.



On the other hand, it is well known that the existence of periodic solutions and almost periodic solutions is one of the important research contents of the qualitative theory of differential equations, see in [13,14,15,16,17,18,19,20,21,22] and the references therein. Nevertheless, there are still few results on the existence of Besicovitch almost periodic solutions for differential equations [23].



Based on the above discussion, the main purpose of this paper is to study some basic properties of Besicovitch almost periodic functions defined in the first way, that is, to give the definition of Besicovitch almost periodic functions by using the Bohr property and the Bochner property, respectively, and to study some basic properties of this kind of Besicovitch almost periodic functions, including composition theorem and proves the equivalence of Bohr’s definition and Bochner’s definition. As an application, the existence and uniqueness of Besicovitch almost periodic solutions for a class of abstract semi-linear delay differential equations are studied by using the contraction fixed point theorem.



The remainder of this paper is arranged as follows. In Section 2, we introduce some basic definitions and lemmas. In Section 3, we first give the definition of Besicovitch almost periodic functions by using the Bohr property, deduce some basic properties of Besicovitch almost periodic functions in Bohr’s sense, including translation invariance and composition theorem, and then prove the equivalence between the concept of Besicovitch almost periodic functions defined by the Bohr property and the concept of Besicovitch almost periodic functions defined by the Bochner property. In Section 4, we study the existence and uniqueness of Besicovitch almost periodic solutions for a class of abstract semi-linear delay differential equations. In Section 5, we give a brief conclusion.




2. Preliminaries


Let   ( X , ∥ ·  ∥ X  )   be a Banach space. We denote by   C ( R , X )   the collection of continuous functions from  R  to  X  and by   B C ( R , X )   be the set of bounded continuous functions from  R  to  X .



For   1 ≤ ♭ < ∞  , we denote by    L  l o c  ♭   ( R , X )    the set of measurable functions from  R  into  X  that are ♭-th power locally integrable and by    M ♭   ( R , X )    the collection of functions   f ∈  L  l o c  ♭   ( R , X )    satisfying


    ∥ f ∥   M ♭   : =    lim sup  T → + ∞    1  2 T    ∫  − T  T    ∥ f  ( t )  ∥   X  ♭  d t   1 ♭   < + ∞ .  











Let    L ∞   ( R , X )    be the space of functions   f : R → X   that are measurable and essentially bounded. Then, space    L ∞   ( R , X )    is a Banach space when it is endowed with the norm


    ∥ f ∥  ∞  : = inf  D ≥   0 : ∥ f  ( t )  ∥  X  ≤ D  a . e .  t ∈ R  .  











Definition 1

([7]). Let   f ∈ C ( R , X )  . A function f is said to be (Bohr) almost periodic if for any   ε > 0  , there exists an   l = l ( ε ) > 0   such that in each interval of length l of  R , there is a number   τ ∈ ( a , a + l )   with the property (Bohr’s property)


      sup  t ∈ R     ∥ f  ( t + τ )  − f  ( t )  ∥  X  < ε .     



(1)




The set of such functions will be denoted by   A P ( R , X )  .





Lemma 1

([8]). The space   ( A P  ( R , X )  , ∥ ·  ∥  A P   )   is a Banach space, where     ∥ f ∥   A P   =  sup  t ∈ R     ∥ f  ( t )  ∥  X    for   f ∈ A P ( R , X )  . If   f ∈ A P ( R , X )  , then f is bounded and uniformly continuous on  R  with respect to    ∥ · ∥   A P   .





Lemma 2

([7], Bochner property). If   f ∈ B C ( R , X )  , then   f ∈ A P ( R , X )   if only if the family   F = { f ( t + h ) ; h ∈ R }   is relatively compact in   B C ( R , X )  .





Lemma 3

([7]). The space   (  M ♭   ( R , X )  , ∥ ·  ∥  M ♭   )   is a complete seminorm space.






3. Besicovitch Almost Periodic Functions


Denote


   L ♭  =  f : f ∈  M ♭   ( R , X )  ,   lim sup  T → + ∞    1  2 T    ∫  − T  T    ∥ f  ( t )  ∥   X  ♭  d t = 0  .  











Lemma 4

([7]). The set   L ♭   is a closed linear manifold in    M ♭   ( R , X )   .





Define a relation in    M ♭   ( R , X )    as follows:


  u ≃ v ,  u , v ∈  M ♭   ( R , X )  ,  i f  u − v ∈  L ♭  .  











One can easily verify that the relation ≃ is indeed an equivalence relation.



The quotient space    M ♭   ( R , X )  /  L ♭    is the set of equivalence classes with respect to the relation ≃, organized in accordance with the operations   [ u ] + [ v ] = [ u + v ]  ,   u , v ∈  M ♭   ( R , X )   , and   λ [ u ] = [ λ u ]   for   u ∈  M ♭   ( R , X )    and for   λ ∈ R  .



Definition 2

([7]). The quotient space    M ♭   ( R , X )  /  L ♭    is called Marcinkiewicz space and denoted by   M ♭  .





Lemma 5

([7]). The Marcinkiewicz function space    M ♭   ( R , X )    is a Banach space with the norm defined by


    ∥  [ x ]  ∥   M ♭    = ∥ x +   L ♭    ∥   M ♭   : =   inf { ∥ y ∥   M ♭   : y ∈ x +  L ♭   } ,   








where    [ x ]  ∈  M ♭  .  





Remark 1.

One can easily check that    ∥ x +   L ♭    ∥   M ♭   =   ∥ x ∥   M ♭     for every   x ∈  M ♭   ( R , X )   .





Remark 2.

If   f , g ∈  M ♭   ( R , X )   , then    ( f +  L ♭  )  −  ( g +  L ♭  )  = f − g +  L ♭   .





Definition 3

(Bohr’s definition). Let   f ∈  M ♭   ( R , X )   , then f is said to be Besicovitch almost periodic if f posses the following two properties:




	(1)

	
f is uniformly continuous in the   M ♭  -norm, and




	(2)

	
for every   ε > 0  , there is an   l = l ( ε ) > 0   such that each interval with length l contains a number   τ = τ ( ε )   satisfying


    ∥ f  ( t + τ )  − f  ( t )  ∥   M ♭   < ε .  

















The τ is called a ε-translation number of f. The set of such functions will be denoted by    B  A P  ♭   ( R , X )   . For   f ∈  B  A P  ♭   ( R , X )   , we denote     ∥ f ∥   B ♭   =   ∥ f ∥   M ♭    .





Remark 3.

R. Doss has used the Bohr property to define Besicovitch almost periodic functions in space    L  l o c  ♭   ( R , R )    [4,24,25]. Here, we use the Bohr property to define Besicovitch almost periodic functions in Marcinkiewicz space space    M ♭   ( R , X )  /  L ♭   . Therefore, Doss’s Besicovitch almost periodic functions are ordinary functions, while the Besicovitch almost periodic functions defined by Definition 3 are not ordinary functions but the equivalence classes of functions.





In the sequel, let us denote by   U C  M ♭   ( R , X )    the set of all functions   f ∈  M ♭    that satisfy the condition (1) in Definition 3.



Remark 4.

It should be noted that, in general, when we write that a function   f ∈  B  A P  ♭   ( R , X )    we do not have in mind the function f itself, it does represent a whole class that is equivalent to f.





Lemma 6.

Let   f ∈  B  A P  ♭   ( R , X )    and   α ∈ R  , then   f  ( · − α )  ∈  B  A P  ♭   ( R , X )   .





Proof. 

As   f ∈  B  A P  ♭   ( R , X )   , for every   ε > 0  , there is an   l = l ( ε ) > 0   such that each interval with length l contains a number   τ = τ ( ε )   satisfying


    ∥ f  ( t + τ )  − f  ( t )  ∥   B ♭   < ε .  








Noting that


       ∥ f  ( t + τ + α )  − f  ( t + α )  ∥   B ♭        =    lim sup  T → + ∞    1  2 T    ∫  − T + α   T + α     ∥ f  ( t + τ )  − f  ( t )  ∥   X  ♭  d t   1 ♭            ≤    lim sup  T → + ∞    1  2 T    ∫  − T − α   T + α     ∥ f  ( t + τ )  − f  ( t )  ∥   X  ♭  d t   1 ♭   < ε .     








One concludes that   f  ( · − α )  ∈  B  A P  ♭   ( R , X )   . This completes the proof. □





Remark 5.

In the proof of Lemma 6, the f’s in the left side of the formula are equivalence classes and the f’s in the right side are representative elements of the equivalence classes. We will not make an explanation later, it is clear from the context.





Lemma 7.

If   f ∈  B  A P  ♭   ( R , X )    and   λ ∈ R  , then   λ f ∈  B  A P  ♭   ( R , X )   .





Proof. 

For every   ε > 0  , there exists an   l = l ( ε ) > 0   such that each interval of length l contains a  τ  satisfying


    ∥ f  ( t + τ )  − f  ( t )  ∥   B ♭   < ε .  








Noting the fact that


    ∥ λ f  ( t + τ )  − λ f  ( t )  ∥   B ♭   =   | λ | · ∥ f  ( t + τ )  − f  ( t )  ∥   B ♭   <  | λ |  ε .  








We have   λ f ∈  B  A P  ♭   ( R , X )   . The proof is completed. □





Lemma 8.

If   f ∈  B  A P  ♭   ( R , X )   , then we have that the family   F = { f ( t + h ) ; h ∈ R }   is relatively compact in the topology of   M ♭  .





Proof. 

If     {  h n  }   n ∈ N   ⊂ R  , then   { f  ( t +  h n  )  ;  n ≥ 1 } ⊂ F   is a sequence of translates of f. By   f ∈  B  A P  ♭   ( R , X )   , there exists an   l = l ( ε ) > 0   such that every interval   [ −  h n  , −  h n  + l ]   contains a number    τ n  =  τ n   ( ε )    in this interval with the property that


   ∥ f   ( t +  τ n  )  − f  ( t )    ∥   B ♭   < ε .  



(2)




From Definition 3, one has that f is uniformly continuous in the norm    ∥ · ∥   B ♭   , that is, there is a   δ = δ ( ε ) > 0   such that


    ∥ f  ( t + h )  − f  ( t )  ∥   B ♭   < ε ,  



(3)




for all   h ∈ R   with   | h | < δ  . Moreover, for every    h n  ∈ R  , one has    τ n  +  h n  ∈  [ 0 , l ]   , which implies that there exists a subsequence    {  h  n k   ; k ≥ 1 }  ⊂   {  h n  }   n ∈ N     such that   {  τ n  +  h  n k   ; k ≥ 1 }   is convergent. Consequently, there is an integer   N = N ( ε ) > 0   such that


   |   τ n  +  h  n k   −  τ n  +  h  n  k ′     | < δ ,   








for   k ,   k ′  > N  . It follows from (2) and (3) that


      ∥ f   ( t +  h  n k   )  − f  ( t +  h  n  k ′    )    ∥   B ♭         ≤ ∥ f   ( t +  h  n k   )  − f  ( t +  τ n  +  h  n k   )    ∥   B ♭               + ∥ f   ( t +  τ n  +  h  n k   )  − f  ( t +  τ n  +  h  n  k ′    )    ∥   B ♭               + ∥ f   ( t +  τ n  +  h  n  k ′    )  − f  ( t +  h  n  k ′    )    ∥   B ♭            < 3 ε ,     








which implies that   { f  ( t +  h  n k   )  ; k ≥ 1 }   is uniformly convergent in the   B ♭  -norm, thus, the family   F = { f ( t + h ) ; h ∈ R }   is relatively compact. This completes the proof. □





Definition 4

(Bochner’s definition). Function   f ∈ U C  M ♭   ( R , X )    is called Besicovitch almost periodic if for every sequence     {  h n ′  }   n ∈ N   ⊂ R  , there exists a subsequence     {  h n  }   n ∈ N   ⊂   {  h n ′  }   n ∈ N     such that   { f  ( t +  h n  )  ; n ∈ N }   converges in the norm    ∥ · ∥   M ♭   .





Lemma 9.

The Bohr definition and the Bochner definition of Besicovitch almost periodicity are equivalent.





Proof. 

According to Lemma 8, one can easily see that Bohr’s definition implies the Bochner definition. To finish the proof, we only need to prove that the Bochner definition implies the Bohr definition, that is, for   f ∈ U C  M ♭   ( R , X )   , we need to show that if the set   F = { f ( t + h ) ; h ∈ R }   is relatively compact set of    M ♭   ( R , X )   , then f posses Bohr’s property, that is, for each   ε > 0  , there exists an   l = l ( ε ) > 0   such that in every interval   ( a , a + l ) ⊂ R  , there exists a  τ  such that


       ∥ f  ( t + τ )  − f  ( t )  ∥   M ♭   =    lim sup  T → + ∞    1  2 T    ∫  − T  T    ∥ f  ( t + τ )  − f  ( t )  ∥   X  ♭  d t   1 ♭   < ε .     



(4)




Otherwise, if f does not possess Bohr’s property, then one can find a    ε 0  > 0   such that   l = l (  ε 0  )   does not exist. That is to say, for every   l > 0  , we can find an interval of length l that does not contain any  τ  such that (4) holds. Now, choose an arbitrary    h 1  ∈ R   and an interval   (  a 1  ,  b 1  ) ⊂ R   of length larger than    2 |   h 1   |    such that   (  a 1  ,  b 1  )   does not contain any  τ  satisfying (4). Set    h 2  =    a 1  +  b 1   2   , then    h 2  −  h 1  ∈  (  a 1  ,  b 1  )   , and thus    h 2  −  h 1    cannot be chosen as  τ , which implies that


   ∥ f   ( t +  h 2  −  h 1  )  − f  ( t )    ∥   M ♭   =    lim sup  T → + ∞    1  2 T    ∫  − T  T    ∥ f  ( t +  h 2  −  h 1  )  − f  ( t )  ∥   X  ♭  d t   1 ♭   ≥  ε 0  .  








Let us choose an interval   (  a 2  ,  b 2  ) ⊂ R   of length larger than   2 ( |  h 1  | + |  h 2  | )   that does not contain any  τ  such that (4) holds. Continue this process, letting    h 3  =    a 2  +  b 2   2   , then one has    h 3  −  h 2   ,    h 3  −  h 1  ∈  (  a 2  ,  b 2  )   , and this implies that    h 3  −  h 2    and    h 3  −  h 1    cannot be chosen as  τ , that is,


   ∥ f   ( t +  h 3  −  h 1  )  − f  ( t )    ∥   M ♭   =    lim sup  T → + ∞    1  2 T    ∫  − T  T    ∥ f  ( t +  h 3  −  h 1  )  − f  ( t )  ∥   X  ♭  d t   1 ♭   ≥  ε 0   








and


   ∥ f   ( t +  h 3  −  h 2  )  − f  ( t )    ∥   M ♭   =    lim sup  T → + ∞    1  2 T    ∫  − T  T    ∥ f  ( t +  h 3  −  h 2  )  − f  ( t )  ∥   X  ♭  d t   1 ♭   ≥  ε 0  .  








Proceeding similarly, one constructs the numbers    h 4  ,   h 5  , … ,   with the property that none of the differences    h i  −  h j   ,   i > j  , could be chosen as number  τ  in (4). Therefore, for   i > j  , one gets


      ∥ f   ( t +  h i  −  h j  )  − f  ( t )    ∥   M ♭       =    lim sup  T → + ∞    1  2 T    ∫  − T  T    ∥ f  ( t +  h i  −  h j  )  − f  ( t )  ∥   X  ♭  d t   1 ♭            =    lim sup  T → + ∞    1  2 T    ∫  − T −  h j    T −  h j      ∥ f  ( t +  h i  )  − f  ( t +  h j  )  ∥   X  ♭  d t   1 ♭   ≥  ε 0  .     








Therefore, one obtains


      ∥ f   ( t +  h i  )  − f  ( t +  h j  )    ∥   M ♭       =    lim sup  T → + ∞    1  2 ( T +  h j  )    ∫  − T −  h j    T +  h j      ∥ f  ( t +  h i  )  − f  ( t +  h j  )  ∥   X  ♭  d t   1 ♭            =    lim sup  T → + ∞    1  2 T    ∫  − T −  h j    T +  h j      ∥ f  ( t +  h i  )  − f  ( t +  h j  )  ∥   X  ♭  d t   1 ♭            ≥    lim sup  T → + ∞    1  2 T    ∫  − T −  h j    T −  h j      ∥ f  ( t +  h i  )  − f  ( t +  h j  )  ∥   X  ♭  d t   1 ♭   ≥  ε 0  ,     








which contradicts the property of relative compactness of the family   F = { f ( t + h ) ; h ∈ R }  . Consequently, f does posses Bohr’s property. The proof is completed. □





Lemma 10.

Let     {  f n  }   n ∈ N   ⊂  B  A P  ♭   ( R , X )    satisfy that there exists   f ∈  M ♭   ( R , X )    with    ∥   f n    − f ∥   B ♭   → 0   as   n → ∞  , then   f ∈  B  A P  ♭   ( R , X )   .





Proof. 

It is easy to see that f is uniformly continuous in the norm    ∥ · ∥   B ♭   . As    ∥   f n    − f ∥   B ♭   → 0   as   n → ∞  , for any   ε > 0  , there is a large enough integer    N 1  =  N 1   ( ε )  > 0   such that


   ∥   f  N 1     − f ∥   B ♭   < ε .  








Because    f  N 1   ∈  B  A P  ♭   ( R , X )   , then there is an   l = l ( ε )   such that every interval of length l contains a number  τ  satisfying


   ∥   f  N 1    ( t + τ )  −  f  N 1      ( t )  ∥   B ♭   < ε .  








Consequently, we have


       ∥ f  ( t + τ )  − f  ( t )  ∥   B ♭       ≤     ∥ f  ( t + τ )  −   f  N 1      ( t + τ )  ∥   B ♭    + ∥   f  N 1    ( t + τ )  −  f  N 1      ( t )  ∥   B ♭   +   ∥  f  N 1    ( t )  − f  ( t )  ∥   B ♭        <    ε + ε + ε = 3 ε ,     








which implies that   f ∈  B  A P  ♭   ( R , X )   . The proof is completed. □





Using the proof method of Proposition 3.21 in [7], one can easily show that



Lemma 11.

If    f k  ∈  B  A P  ♭   ( R , X )  , k = 1 , 2 , … , n  , then for each   ε > 0  , there are common ε-translation numbers for these functions.





Lemma 12.

Let   f , g ∈  B  A P  ♭   ( R , X )   , then   f + g ∈  B  A P  ♭   ( R , X )   .





Proof. 

According to Lemma 11, for any   ε > 0  , there exists   l = l ( ε ) > 0   such that every interval of length l contains a  τ  with the property


    ∥ f  ( t + τ )  − f  ( t )  ∥   B ♭   < ε    and      ∥ g  ( t + τ )  − g  ( t )  ∥   B ♭   < ε .  








Hence, we have


       ∥ f  ( t + τ )  g  ( t + τ )  − f  ( t )  g  ( t )  ∥   B ♭       ≤      ∥ f  ( t + τ )  g  ( t + τ )  − f  ( t )  g  ( t + τ )  ∥   B ♭   +   ∥ f  ( t )  g  ( t + τ )  − f  ( t )  g  ( t )  ∥   B ♭        ≤      ∥ f  ( t + τ )  − f  ( t )  ∥   B ♭     ∥ g  ( t + τ )  ∥   B ♭   +   ∥ f  ( t )  ∥   B ♭     ∥ g  ( t + τ )  − g  ( t )  ∥   B ♭        ≤      ε ∥ g  ( t + τ )  ∥   B ♭   + ε   ∥ f  ( t )  ∥   B ♭   ,     








therefore,   f + g ∈  B  A P  ♭   ( R , X )   . The proof is complete. □





Lemma 13.

The space    B  A P  ♭   ( R , X )    is a Banach space with the norm    ∥ · ∥   B ♭   .





Proof. 

Clearly,    B  A P  ♭   ( R , X )  ⊂  M ♭   ( R , X )    and by Lemma 10, the space    B  A P  ♭   ( R , X )    is closed. Therefore,    B  A P  ♭   ( R , X )    is also a Banach space. The proof is complete. □





Remark 6.

Unlike in the case of Bohr almost periodic functions, the product   f · g   does not necessarily belong to    B  A P  ♭   ( R , X )   . However, we replace a Besicovitch almost periodic function with a Bohr almost periodic function, the result is still valid.





Lemma 14.

If   f ∈ A P ( R , X )   and   g ∈  B  A P  ♭   ( R , X )   , then we have   f · g ∈  B  A P  ♭   ( R , X )   .





Proof. 

Clearly, we have   f · g ∈  M ♭    and   f · g   is uniformly continuous in the norm    ∥ · ∥   B ♭   . As   f ∈ A P ( R , X )  , for any sequence    {  h n  }   n ∈ N    of real numbers there exists a subsequence    {  h  1 n   }   n ∈ N    of    {  h n  }   n ∈ N    such that   { f  ( t +  h  1 n   )  ; n ∈ N }   converges uniformly on  R . As   g ∈  B ♭   ( R , X )    it follows that for the sequence   { g  ( t +  h  1 n   )  ; n ∈ N }  , there exists a subsequence     {  h  2 n   }   n ∈ N   ⊂   {  h  1 n   }   n ∈ N     such that the sequence of functions   { g  ( t +  h  2 n   )  ; n ∈ N }   converges in the norm    ∥ · ∥   B ♭   . It is then clear that   { f  ( t +  h  2 n   )  ; n ∈ N }   converges uniformly in   t ∈ R  .



Now, for any   ε > 0  , there exists a large enough integer   N = N ( ε )   such that


       ∥ f   ( t +  h  2 n   )  g  ( t +  h  2 n   )  − f  ( t )  g  ( t )    ∥   B ♭        ≤     ∥ f   ( t +  h  2 n   )  g  ( t +  h  2 n   )  − f  ( t +  h  2 n   )  g  ( t )    ∥   B ♭   +   ∥ f  ( t +  h  2 n   )  g  ( t )  − f  ( t )  g  ( t )  ∥   B ♭        ≤     ∥ f   ( t +  h  2 n   )    ∥   B ♭    ∥ g   ( t +  h  2 n   )  − g  ( t )    ∥   B ♭    + ∥ f   ( t +  h  2 n   )  − f  ( t )    ∥   B ♭     ∥ g  ( t )  ∥   B ♭        ≤     ∥ f   ( t +  h  2 n   )    ∥   A P    ∥ g   ( t +  h  2 n   )  − g  ( t )    ∥   B ♭    + ∥ f   ( t +  h  2 n   )  − f  ( t )    ∥   A P     ∥ g  ( t )  ∥   B ♭        <      ∥ f ∥   A P   ε + ε   ∥ g  ( t )  ∥   B ♭   ,     








for   n ≥ N  , which means that   { f  ( t +  h  2 n   )  g  ( t +  h  2 n   )  ; n ∈ N }   converges in the norm    ∥ · ∥   B ♭   . Hence,   f · g   satisfies the Bochner definition, namely,   f · g ∈  B  A P  ♭   ( R , X )   . The proof is complete. □





Lemma 15.

If   x ∈ A P ( R , R )   and   f ∈  B  A P  ♭   ( R , X )   , then   f  ( · − x  ( · )  )  ∈  B  A P  ♭   ( R , X )   .





Proof. 

Step 1. We will show that   f  ( · − x  ( · )  )  ∈ U C  M ♭   ( R , X )   . Since   f ∈  B  A P  ♭   ( R , X )    and   x ∈ A P ( R , R )  , f and x are bounded and uniformly continuous in their corresponding norms, and for every   ε > 0  , there exists   0 < δ = δ ( ε ) < ε   such that


       ∥ f  ( t + h )  − f  ( t )  ∥   B ♭   < ε    and      ∥ x  ( t + h )  − x  ( t )  ∥   A P   < ε ,     



(5)




for   | h | < δ , h ∈ R  . By the fact that the set   { t − x ( t ) : t ∈ R } ⊂ R   and the boundedness of f and x, one can easily get that   f ( · − x ( · ) )   is bounded in    ∥ · ∥   B ♭   . Thus,   f  ( · − x  ( · )  )  ∈  M ♭   ( R , X )   . From (5), we have


       ∥ f  ( t + h − x  ( t + h )  )  − f  ( t − x  ( t )  )  ∥   B ♭       ≤      ∥ f  ( t + h − x  ( t + h )  )  − f  ( t + h − x  ( t )  )  ∥   B ♭           + ∥ f ( t + h − x  ( t )  − f ( t − x  ( t )  ∥   B ♭       <    2 ε .     








Therefore,   f ( · − x ( · ) )   is uniformly continuous.



Step 2. We will show that   f  ( · − x  ( · )  )  ∈  B  A P  ♭   ( R , X )   . Thanks to Lemma 9, to complete the proof, we only need to show the family   F = { f ( t + h − x ( t + h ) ) : h ∈ R }   is relatively compact.



As   f ∈  B  A P  ♭   ( R , X )   ,   x ∈ A P ( R , R )  , by Lemmas 2 and 9, for any   ε > 0   and     {  h q  }   q ∈ N   ⊂ R  , we can have


   ∥ f   ( t +  h  1 q   )  − f  ( t +  h  1  q ′    )    ∥   B ♭   < ε ,  for  q ,  q ′  ≥  N 1   ( ε )  ,  










   | x   ( t +  h  1 q   )  − x  ( t +  h  1  q ′    )   | < δ   ( ε )  ,  for  q ,  q ′  ≥  N 2   ( ε )  ,  








where     {  h  1 q   }   q ∈ N   ,   {  h  1  q ′    }   q ∈ N   ⊂   {  h q  }   q ∈ N     and   δ ( ε )   is mentioned in Step 1. By the uniform continuity of f in the norm    ∥ · ∥   B ♭   , denote   N = max {  N 1  ,  N 2  }  , one gets


       ∥ f   ( t +  h  1 q   − x  ( t +  h  1 q   )  )  − f  ( t +  h  1  q ′    − x  ( t +  h  1  q ′    )  )    ∥   B ♭        ≤     ∥ f   ( t +  h  1 q   − x  ( t +  h  1 q   )  )  − f  ( t +  h  1  q ′    − x  ( t +  h  1 q   )  )    ∥   B ♭          +  ∥ f ( t  +  h  1  q ′    − x  ( t +  h  1 q   )  − f   ( t +  h  1  q ′    − x  ( t +  h  1  q ′    )  ∥   B ♭        <    ε + ε = 2 ε ,     








for   q ,   q ′  ≥ N  , which means that the function   f ( · − x ( · ) )   satisfies the Bochner definition. Therefore,   f  ( · − x  ( · )  )  ∈  B  A P  ♭   ( R , X )   . The proof is complete. □





Let   ( Y , ∥ ·  ∥ Y  )   be a Banach space.



Definition 5.

A function   f : R × X → Y , ( t , x ) ↦ f ( t , x )   with   f  ( · , x )  ∈  M ♭    for each   x ∈ X  , is said to be Besicovitch almost periodic in   t ∈ R   uniformly in   x ∈ X   if the following properties hold true:




	(1)

	
For every bounded subset   B ⊂ X  ,   f ( t , x )   is uniformly continuous in   x ∈ B   with respect to the norm    ∥ · ∥   B ♭    uniformly for   t ∈ R  .




	(2)

	
For each   ε > 0   and each bounded subset   B ⊂ X  , there exists   l = l ( ε ) > 0   such that every interval of length l contains a number τ with the property


      lim sup  T → + ∞    1  2 T    ∫  − T  T    ∥ f  ( t + τ , x )  − f  ( t , x )  ∥   Y  ♭  d t   1 ♭   < ε ,   











uniformly in   x ∈ B  .











The collection of these functions will be denoted by    B  A P  ♭   ( R × X , Y )   .




4. Besicovitch Almost Periodic Solutions


Consider the following semi-linear differential equation with delay:


   x ′   ( t )  = A x  ( t )  + F  ( t , x  ( t )  , x  ( t − τ  ( t )  )  )  ,  



(6)




in which A is the infinitesimal generator of a   C 0  -semigroup   { T ( t ) : t ≥ 0 }   on a Banach space  X ,   F : R × X × X → X   is a measurable function.



A function   x : R → X   is said to be a mild solution of (6), if for   x  ( θ )  = φ  ( θ )  , θ ∈  [  t 0  −  τ ¯  ,  t 0  ]   , where   φ ∈ C (  t 0  −  τ ¯  ,  t 0  ]   and    τ ¯  =  sup  t ∈ R   τ  ( t )   , it satisfies the integral equation


  x  ( t )  = T  ( t −  t 0  )  x  (  t 0  )  +  ∫   t 0   t  T  ( t − s )  F  ( s , x  ( s )  , x  ( s − τ  ( s )  )  )  d s ,   t ≥  t 0  .  











In the following, in order to distinguish, let


      L  ♭ 1   =  f : f ∈  M ♭   ( R , X )  ,   lim sup  T → + ∞    1  2 T    ∫  − T  T    ∥ f  ( t )  ∥   X  ♭  d t = 0  ,     








and   L  ♭ 2    be the set of functions   f ∈  M ♭   ( R ×  X 2  , X )    with


   lim sup  T → + ∞    1  2 T    ∫  − T  T    ∥ f  ( t , x )  ∥   X  ♭  d t = 0  








uniformly in   x ∈ B  , where  B  is any bounded subset of   X 2  . The quotient spaces corresponding to   L  ♭ 1    and   L  ♭ 2    are denoted by   M  ♭ 1    and   M  ♭ 2   , respectively.



We assume that the following conditions hold throughout the rest of the paper:




	  (  H 1  )  

	
  τ ∈ A P ( R ,  R +  )   and F satisfies   F +  L  ♭ 2   ∈  B  A P  ♭   ( R ×  X 2  , X )   .




	  (  H 2  )  

	
There exist positive constants   L 1   and   L 2   such that for all    x 1  ,  y 1  ,  x 2  ,  y 2  ∈ X   and   t ∈ R  ,


   ∥ F   ( t ,  x 1  ,  y 1  )  − F  ( t ,  x 2  ,  y 2  )    ∥  X  ≤  L 1   ∥   x 1  −  x 2    ∥  X  +  L 2    ∥  y 1  −  y 2  ∥  X   








and   F ( t , 0 , 0 ) = 0  .




	  (  H 3  )  

	
A is the infinitesimal generator of an exponentially stable   C 0  -semigroup   { T ( t ) : t ≥ 0 }  , that is, there exist numbers   N , λ > 0   such that    ∥ T  ( t )  ∥  ≤ N  e  − λ t   , t ≥ 0  .




	  (  H 4  )  

	
  κ : =   N (  L 1  +  L 2  )  λ  < 1  , where N is defined in   (  H 3  )  .









Let


  W = { y ∈  L ∞   ( R , X )  :  y +  L  ♭ 1   ∈  B  A P  ♭   ( R , X )  }  








with the norm     ∥ · ∥  W  : =   ∥ · ∥  ∞   .



Lemma 16.

The space  W  is a Banach space when it is endowed with the norm    ∥ · ∥  W  .





Proof. 

Let   {  f n  ; n ≥ 1 }   be a Cauchy sequence in  W . Then, for every   ε > 0  , there exists a positive integer   N = N ( ε )   such that


   ∥   f n  −  f m    ∥  W  < ε ,   n , m > N .  








Because   (  L ∞   ( R , X )  , ∥ ·  ∥ ∞  )   is a Banach space and   W ⊂  L ∞   ( R , X )   , so there exists   f ∈  L ∞   ( R , X )    such that    ∥   f n    − f ∥  ∞  → 0   as   n → ∞  . As    ∥   f n    − f ∥   M ♭   ≤   ∥  f n  − f ∥  ∞   , we have


   ∥   f n    − f ∥   M ♭   → 0  as   n → ∞ ,  



(7)




which implies that   f ∈  M ♭   ( R , X )    by the completeness of    M ♭   ( R , X )   . Moreover, we have   f +  L  ♭ 1   ∈  M ♭   ( R , X )   . In view of (7), for every   ε > 0  , there is a large enough    N 1  =  N 1   ( ε )    such that    ∥   f  N 1     − f ∥   M ♭   < ε  . Due to the fact that    f  N 1   +  L  ♭ 1   ∈  B  A P   ♭ 1    ( R , X )    is uniformly continuous with respect to the norm    ∥ · ∥   B ♭   , there is a   δ = δ ( ε )   such that


   ∥   f  N 1    ( t )  +  L  ♭ 1   −  (  f  N 1    ( t + h )  +  L  ♭ 1   )    ∥   B ♭   < ε ,  








for   | h | < δ  . Therefore, we have


      ∥ f  ( t + h )  +   L  ♭ 1   −  ( f  ( t )  +  L  ♭ 1   )    ∥   M ♭        ≤ ∥ f  ( t + h )  +   L  ♭ 1   −  (  f  N 1    ( t + h )  +  L  ♭ 1   )    ∥   M ♭              + ∥   f  N 1    ( t + h )  +  L  ♭ 1   −  (  f  N 1    ( t )  +  L  ♭ 1   )    ∥   M ♭              + ∥   f  N 1    ( t )  +  L  ♭ 1   −  ( f  ( t )  +  L  ♭ 1   )    ∥   M ♭            < 3 ε ,     








which means that   f +  L  ♭ 1     is uniformly continuous in the norm    ∥ · ∥   M ♭   . Denote by  τ  the  ε -translation number of    f  N 1   +  L  ♭ 1    , then


      ∥ f  ( t + τ )  +   L  ♭ 1   −  ( f  ( t )  +  L  ♭ 1   )    ∥   M ♭   ≤      ∥ f  ( t + τ )  +   L  ♭ 1   −  (  f  N 1    ( t + τ )  +  L  ♭ 1   )    ∥   M ♭             + ∥   f  N 1    ( t + τ )  +  L  ♭ 1   −  (  f  N 1    ( t )  +  L  ♭ 1   )    ∥   M ♭             + ∥   f  N 1    ( t )  +  L  ♭ 1   −  ( f  ( t )  +  L  ♭ 1   )    ∥   M ♭        <    ε + ε + ε = 3 ε ,     








which yields   f +  L  ♭ 1   ∈  B  A P   ♭ 1    ( R , X )   . Therefore,   f ∈ W  . The proof is completed. □





Lemma 17.

Let   (  H 1  )   and   (  H 2  )   hold. If   x ∈ W  , then   F  ( · , x  ( · )  , x  ( · − τ  ( · )  )  )  ∈  L ∞   ( R , X )    and   F  ( · , x  ( · )  , x  ( · − τ  ( · )  )  )  +  L  ♭ 1   ∈  B  A P  ♭   ( R , X )   .





Proof. 

Step 1, we will prove that   x ( · − τ ( · ) ) ∈ W  . As   τ ∈ A P ( R ,  R +  )  , so   { t − τ ( t ) ;  t ∈ R } ⊂ R  , then


    ∥ x  ( t − τ  ( t )  )  ∥  X  ≤   ∥ x ∥  ∞  ,  








which means   x  ( · − τ  ( · )  )  ∈  L ∞   ( R , X )   . In addition, in view of Lemma 15, we see that   x  ( · − τ  ( · )  )  +  L  ♭ 1   ∈  B  A P  ♭   ( R , X )   . Thus,   x ( · − τ ( · ) ) ∈ W  .



Step 2, we will show that   F  ( · , x  ( · )  , x  ( · − τ  ( · )  )  )  ∈  L ∞   ( R , H )  ∩  M ♭   . Based on   (  H 2  )  , for all   t ∈ R  , one has


       ∥ F  ( t , x  ( t )  , x  ( t − τ  ( t )  )  )  ∥  X  ≤      L 1    ∥ x  ( t )  ∥  X  +  L 2    ∥ x  ( t − τ  ( t )  )  ∥  X  ,     








which implies   F  ( · , x  ( · )  , x  ( · − τ  ( · )  )  )  ∈  L ∞   ( R , H )   . Moreover, by virtue of the Minkowski inequality, one get


             1  2 T    ∫  − T  T    ∥ F  ( t , x  ( t )  , x  ( t − τ  ( t )  )  )  ∥  X ♭  d t   1 ♭            ≤    1  2 T    ∫  − T  T   (   L 1    ∥ x  ( t )  ∥  X  +  L 2    ∥ x  ( t − τ  ( t )  )  ∥  X    )  ♭  d t   1 ♭            ≤  L 1     1  2 T    ∫  − T  T    ∥ x  ( t )  ∥  X ♭  d t   1 ♭   +  L 2     1  2 T    ∫  − T  T    ∥ x  ( t −  τ q   ( t )  )  ∥  X ♭  d t   1 ♭   ,     








then


       ∥ F  ( · , x  ( · )  , x  ( · − τ  ( · )  )  )  ∥   M ♭   ≤  L 1    ∥ x ∥   M ♭   +  L 2    ∥ x ∥   M ♭   ,     








which implies   F  ( · , x  ( · )  , x  ( · − τ  ( · )  )  )  ∈  M ♭   .



Step 3, we will prove that   F  ( · , x  ( · )  , x  ( · − τ  ( · )  )  )  +  L  ♭ 1   ∈  B  A P  ♭   ( R , X )   . As   x , x  ( · − τ  ( · )  )  ∈  L ∞   ( R , X )   , there exists a bounded subset   B ⊂  X 2    such that


  ( x ( t ) , x ( t − τ ( t ) ) ) ∈ B ,  








for all   t ∈ R  . From Lemma 11 it follows that for each   ε > 0  , there exists an   ℓ = ℓ ( ε ) > 0   such that every interval of length ℓ contains an h satisfying


     lim sup  T → + ∞    1  2 T    ∫  − T  T    ∥ F  ( t + h , u , v )  − F  ( t , u , v )  ∥   X  ♭  d t   1 ♭   < ε ,   u , v ∈ X ,  










         ∥ x  ( t + h )  +   L  ♭ 1   −  ( x  ( t )  +  L  ♭ 1   )    ∥   B ♭        =      ∥ x  ( t + h )  − x  ( t )  ∥   M ♭   < ε     








and


         ∥ x  ( t + h − τ  ( t + h )  )  +   L  ♭ 1   −  ( x  ( t − τ  ( t )  )  +  L  ♭ 1   )    ∥   B ♭        =      ∥ x  ( t + h − τ  ( t + h )  )  − x  ( t − τ  ( t )  )  ∥   M ♭   < ε .     











Based on the inequalities above, for   t ∈ R   and   | h | < δ = min {  δ 1  ,  δ 2  }  , one gets


         ∥ F  ( t + h , x  ( t + h )  , x  ( t + h − τ  ( t + h )  )  )  +   L  ♭ 1   −  ( F  ( t , x  ( t )  , x  ( t − τ  ( t )  )  )  +  L  ♭ 1   )    ∥   M ♭        =     ∥ F  ( t + h , x  ( t + h )  , x  ( t + h − τ  ( t + h )  )  )  − F  ( t , x  ( t )  , x  ( t − τ  ( t )  )  )  ∥   M ♭       ≤    (  lim sup  T → + ∞    1  2 T    ∫  − T  T   ∥ F  ( t + h , x  ( t + h )  , x  ( t + h − τ  ( t + h )  )  )              − F  ( t , x  ( t + h )  , x  ( t + h − τ  ( t + h )  )  )  ∥  X ♭  d t  )  1 ♭            +    lim sup  T → + ∞    1  2 T    ∫  − T  T    ∥ F  ( t , x  ( t + h )  , x  ( t + h − τ  ( t + h )  )  )  − F  ( t , x  ( t )  , x  ( t − τ  ( t )  )  )  ∥   X  ♭  d t   1 ♭        ≤    ε ( 1 +  L 1  +  L 2  ) ,     








which means that   F  ( · , x  ( · )  , x  ( · − τ  ( · )  )  )  +  L  ♭ 1   ∈  B  A P  ♭   ( R , X )   . This completes the proof. □





Lemma 18.

Let   (  H 1  )  –  (  H 3  )   hold. If   x ∈ W  , then the function   U : R → X   defined by


   U  ( t )  =  ∫  − ∞  t  T  ( t − s )  F  ( s , x  ( s )  , x  ( s − τ  ( s )  )  )  d s   



(8)




belongs to  W .





Proof. 

By Lemma 17, one sees that   F  ( · , x  ( · )  , x  ( · − τ  ( · )  )  )  +  L  ♭ 1   ∈  B  A P  ♭   ( R , X )   . First of all, let us to show that U is well defined. According to   (  H 3  )  , one has


       ∥ U  ( t )  ∥  X  =       ∫  − ∞  t  T  ( t − s )  F  ( s , x  ( s )  , x  ( s − τ  ( s )  )  )  d s  X      ≤     ∫  − ∞  t    ∥ T  ( t − s )  ∥  X    ∥ F  ( s , x  ( s )  , x  ( s − τ  ( s )  )  )  ∥  X  d s      ≤     ∫  − ∞  t  N  e  − λ ( t − s )    (   L 1    ∥ x  ( s )  ∥  X  +  L 2    ∥ x  ( s − τ  ( s )  )  ∥  X   ) d s       ≤       (  L 1  +  L 2  )    ∥ x ∥  W   λ  ,     








which implies that


    ∥ U ∥  ∞  ≤   (  L 1  +  L 2  )  λ    ∥ x ∥  W  .  








Therefore, U is well defined, in addition, one has gained that   U ∈  L ∞   ( R , H )   .



Next, we will prove   U +  L  ♭ 1   ∈  B  A P  ♭   ( R , X )   . As   x ∈ A P ( R , X )  , from Lemma 17, we have   F  ( · , x  ( · )  , x  ( · − τ  ( · )  )  )  +  L ♭  ∈  B  A P  ♭   ( R , X )   . Based on this fact, for every   ε > 0  , let   σ = σ ( ε ) > 0   be the  ε -translation number of   F  ( · , x  ( · )  , x  ( · − τ  ( · )  )  )  +  L  ♭ 1    , then we have


         ∥ F  ( t + σ , x  ( t + σ )  , x  ( t + σ − τ  ( t + σ )  )  )  +   L  ♭ 1   −  ( F  ( t , x  ( t )  , x  ( t − τ  ( t )  )  )  +  L  ♭ 1   )    ∥   B ♭        =       ∥ F  ( t + σ , x  ( t + σ )  , x  ( t + σ − τ  ( t + σ )  )  )  − F  ( t , x  ( t )  , x  ( t − τ  ( t )  )  )  ∥   M ♭   < ε .     











In addition, by using the Höld inequality, we have


         ∥ U  ( t + σ )  − U  ( t )  ∥  X p      =      ∫  − ∞   t + σ   T  ( t + σ − s )  F  ( s , x  ( s )  , x  ( s − τ  ( s )  )  )  d s −  ∫  − ∞  t  T  ( t − s )  F  ( s , x  ( s )  , x  ( s − τ  ( s )  )  )   X p      =    ∥  ∫  − ∞  t  T  ( t − s )  F  ( s + σ , x  ( s + σ )  , x  ( s + σ − τ  ( s + σ )  )  )  d s          −  ∫  − ∞  t  T  ( t − s )  F  ( s , x  ( s )  , x  ( s − τ  ( s )  )  )  d s  ∥ X p       ≤    ∥  ∫  − ∞  t  T  ( t − s )   [ F  ( s + σ , x  ( s + σ )  , x  ( s + σ − τ  ( s + σ )  )  )  d s − F  ( s , x  ( s )  , x  ( s − τ  ( s )  )  )  ]  d s  ∥ X p       ≤       ∫  − ∞  t    ∥ T  ( t − s )  ∥   q p   d s   p q    ∫  − ∞  t    ∥ T  ( t − s )  ∥   p q    ∥ F  ( s + σ , x  ( s + σ )  , x  ( s + σ − τ  ( s + σ )  )  )  d s             − F  ( s , x  ( s )  , x  ( s − τ  ( s )  )  )  ∥  X p  d s      ≤     N p     ∫  − ∞  t   e  −  q p  λ  ( t − s )    d s   p q    ∫  − ∞  t   e  −  p q  λ  ( t − s )     ∥ F  ( s + σ , x  ( s + σ )  , x  ( s + σ − τ  ( s + σ )  )  )  d s             − F  ( s , x  ( s )  , x  ( s − τ  ( s )  )  )  ∥  X p  d s      ≤     N p     p  λ q     p q    ∫  − ∞  t   e  −  p q  λ  ( t − s )     ∥ F  ( s + σ , x  ( s + σ )  , x  ( s + σ − τ  ( s + σ )  )  )  d s             − F  ( s , x  ( s )  , x  ( s − τ  ( s )  )  )  ∥  X p  d s ,     








where    1 p  +  1 q  = 1  .



By a change of variables, Fubini’s theorem and Lebesgue’s dominated convergence theorem, from the inequality above, we have


         ∥ U  ( t + σ )  − U  ( t )  ∥    M ♭   p      =     lim sup  l → ∞    1  2 l    ∫  − l  l    ∥ U  ( t + σ )  − U  ( t )  ∥  X p  d t      ≤     N p     p  λ q     p q    lim sup  l → ∞    1  2 l    ∫  − l  l  [  ∫  − ∞  t   e  −  p q  λ  ( t − s )     ∥ F  ( s + σ , x  ( s + σ )  , x  ( s + σ − τ  ( s + σ )  )  )              − F  ( s , x  ( s )  , x  ( s − τ  ( s )  )  )  ∥   X  p  d s ] d t      =     N p     p  λ q     p q    lim sup  l → ∞    1  2 l    ∫  0  ∞   e  −  p q  λ s   [  ∫  − l  l   ∥ F  ( t − s + σ , x  ( t − s + σ )  , x  ( t − s + σ − τ  ( t − s + σ )  )  )              − F  ( t − s , x  ( t − s )  , x  ( t − s − τ  ( t − s )  )  )  ∥   X  p  d t ] d s      ≤     N p     p  λ q     p q    ∫  0  ∞   e  −  p q  λ s    ∥ F  ( t − s + σ , x  ( t − s + σ )  , x  ( t − s + σ − τ  ( t − s + σ )  )  )              − F  ( t − s , x  ( t − s )  , x  ( t − s − τ  ( t − s )  )  )  ∥   M ♭   d s      <     N p     p  λ q     p q    q  λ p   ε ,     








thus


   ∥ U  ( t + σ )  +   L  ♭ 1   −  ( U  ( t )  +  L  ♭ 1   )    ∥    M ♭   p  <  N p     p  λ q     p q    q  λ p   ε ,  








which implies that   U +  L  ♭ 1     meets Bohr’s property. When  σ  is replaced by a small enough real number, we see that    U p  +  L  ♭ 1     is uniformly continuous. Consequently,   U +  L  ♭ 1   ∈  B  A P  ♭   ( R , H )   . The proof is completes. □





Definition 6.

By a Besicovitch almost periodic mild solution   x =   (  x 1  ,  x 2  , ⋯ ,  x n  )  T  : R → X   of system (6), we mean that   x +  L  ♭ 1   ∈  B  A P  ♭   ( R , X )    and x satisfies


  x  ( t )  =  ∫  − ∞  t  T  ( t − s )  F  ( s , x  ( s )  , x  ( s − τ  ( s )  )  )  d s ,  t ∈ R .  













Theorem 1.

If   (  H 1  )  –  (  H 4  )   hold, then system (6) posses a unique Besicovitch almost periodic mild solution.





Proof. 

Consider the operator   Ψ : W → W   defined by


   ( Ψ x )   ( t )  =  ∫  − ∞  t  T  ( t − s )  F  ( s , x  ( s )  , x  ( s − τ  ( s )  )  )  d s ,   x ∈ W ,   t ∈ R .  








By Lemma 18, we see that  Ψ  is well defined and maps  W  into  W . Therefore, we only need to prove that   Ψ : W → W   is a contraction mapping. Indeed, for every   x , y ∈ W  , one has


       ∥  ( Ψ x )   ( t )  −  ( Ψ y )   ( t )  ∥  X  ≤      ∫  − ∞  t  N  e  − λ ( t − s )     L 1    ∥ x  ( s )  − y  ( s )  ∥  X  +  L 2    ∥ x  ( s − τ  ( s )  )  − y  ( s − τ  ( s )  )  ∥  X   d s      ≤      N (  L 1  +  L 2  )  λ    ∥ x − y ∥  W  ,   t ∈ R ,     








which combined with   (  H 4  )   yields


    ∥ Ψ x − Ψ y ∥  W  ≤ κ   ∥ x − y ∥  W  .  








Thus,  Ψ  is a contraction mapping from  W  to  W . By the Banach fixed point theorem,  Ψ  posses a unique fixed point in  W . Consequently, system (6) posses a unique Besicovitch almost periodic mild solution. The proof is completed. □





Finally, we present an example to illustrate the feasibility of our results obtained in this section.



Example 1.



        ∂  ∂ t   u  ( t , x )  =   ∂ 2   ∂  x 2    u  ( t , x )  + f  ( t , u  ( t , x )  , u  ( t − τ  ( t )  , x )  )  ,   t ≥ 0 , x ∈  ( 0 , π )  ,       u ( t , 0 ) = u ( t , π ) = 0 ,   t ≥ 0 ,       u  ( θ , x )  = φ  ( θ , x )  ,   θ ∈  [ −  τ ¯  , 0 ]  ,   x ∈  [ 0 , π ]  ,       



(9)




where   φ ∈ C  (  [ −  τ ¯  , 0 ]  ×  [ 0 , π ]  )  , τ  ( t )  = 3 − sin  (  3  t )    and


         f ( t , u ( t , x ) , u ( t − τ ( t ) , x ) )      =     1 60   cos t + 2 cos  5  t + 4  e  − | t |   −  3  1 +  t 2      ( sin u  ( t , x )  + 3 sin u  ( t − τ  ( t )  , x )  )  .      








Take   X =  L 2   ( 0 , π )  ,  ( A u )  x =  u  ″    ( x )    for   x ∈ [ 0 , π ]   and   u ∈ D  ( A )  = { u ∈  C 1   [ 0 , π ]  :  u ′    is absolutely continuous on    [ 0 , π ]  ,  u  ″    ∈ X , u  ( 0 )  = u  ( π )  = 0 }   . It is well known that A generates a   C 0   semigroup   T ( t )   with the property that    ∥ T  ( t )  ∥  ≤  e  − t     for   t ≥ 0  .



Clearly,   f ∈  B  A P  ♭   ( R ,  X 2  )  , τ ∈ A P  ( R ,  R +  )   ,   N = λ = 1  ,    L 1  =  1 6  ,  L 2  =  1 2   . By a simple calculation, we have   κ =  2 3   . Therefore, conditions   (  H 1  )  –  (  H 3  )   are verified. Therefore, by Theorem 1, system (9) posses a unique Besicovitch almost periodic solution.






5. Conclusions


In this paper, we have proposed a definition of Besicovitch almost periodic functions in Marcinkiewicz space by using the Bohr property and the Bochner property; studied some basic properties of Besicovitch almost periodic functions, including composition theorem; and proved the equivalence of the Bohr definition and the Bochner definition. On this basis, using the contraction fixed point theorem, we have obtained the existence and uniqueness of Besicovitch almost periodic solutions for a class of abstract semi-linear delay differential equations. Our results are new, and our results and methods can be used to study the existence of Besicovitch almost periodic solutions for other types of equations, such as abstract semi-linear evolution equations with or without delay, semi-linear neutral differential equations and so on.







Author Contributions


Conceptualization, Y.L.; formal analysis, Y.L., M.H. and B.L.; investigation, Y.L., M.H. and B.L.; writing¡—original draft preparation, Y.L., M.H.; writing—review and editing, Y.L. and B.L.; supervision, Y.L.; funding acquisition, Y.L. and B.L. All authors have read and agreed to the published version of the manuscript.




Funding


This work is supported by the National Natural Science Foundation of China under Grant No. 11861072 and the Applied Basic Research Foundation of Yunnan Province under Grant No. 2019FB003.




Institutional Review Board Statement


Not applicable.




Informed Consent Statement


Not applicable.




Data Availability Statement


Not applicable.




Acknowledgments


Not applicable.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Bohr, H. Zur theorie der fastperiodischen funktionen, I. Acta Math. 1925, 45, 29–127. [Google Scholar] [CrossRef]

	



Bohr, H. Zur theorie der fastperiodischen funktionen, II. Acta Math. 1925, 46, 101–214. [Google Scholar] [CrossRef]

	



Bohr, H. Zur theorie der fastperiodischen funktionen, III. Acta Math. 1926, 47, 237–281. [Google Scholar] [CrossRef]

	



Andres, J.; Bersani, A.M.; Grande, R.F. Hierarchy of almost periodic function spaces. Rend. Math. Ser. VII 2006, 26, 121–188. [Google Scholar]

	



Besicovitch, A.S. Almost Periodic Functions; Dover: New York, NY, USA, 1954. [Google Scholar]

	



Bochner, S.; Von Neumann, J. Almost periodic functions in groups II. Trans. Am. Math. Soc. 1935, 37, 21. [Google Scholar]

	



Corduneanu, C. Almost Periodic Oscillations and Waves; Springer: New York, NY, USA, 2009. [Google Scholar]

	



Diagana, T. Almost Automorphic Type and Almost Periodic Type Functions in Abstract Spaces; Springer: New York, NY, USA, 2013. [Google Scholar]

	



Eberlein, W.F. Absract ergodic theorems and weak almost periodic functions. Trans. Am. Math. Soc. 1949, 67, 217–240. [Google Scholar] [CrossRef]

	



Levitan, B.M.; Zhikov, V.V. Almost Periodic Functions and Differential Equations; Cambridge University Press: London, UK, 1982. [Google Scholar]

	



Sepulcre, J.M.; Vidal, T. Bohr’s equivalence relation in the space of Besicovitch almost periodic functions. Ramanujan J. 2019, 49, 625–639. [Google Scholar] [CrossRef]

	



Weyl, H. Integralgleichungen und fastperiodische funktionen. Math. Ann. 1926, 97, 338–356. [Google Scholar] [CrossRef]

	



Chang, Y.K.; Wei, Y. S-asymptotically Bloch type periodic solutions to some semi-linear evolution equations in Banach spaces. Acta Math. Sci. 2021, 41, 413–425. [Google Scholar] [CrossRef]

	



Diagana, T. Weighted pseudo-almost periodic solutions to some differential equations. Nonlinear Anal. 2008, 68, 2250–2260. [Google Scholar] [CrossRef]

	



Diagana, T.; Hassan, J.H.; Messaoudi, S.A. Existence of asymptotically almost periodic solutions for some second-order hyperbolic integrodifferential equations. Semigroup Forum 2021, 102, 104–119. [Google Scholar] [CrossRef]

	



Diagana, T.; Mophou, G.M.; N’Guérékata, G.M. Existence of weighted pseudo-almost periodic solutions to some classes of differential equations with Sp-weighted pseudo-almost periodic coefficients. Nonlinear Anal. 2010, 72, 430–438. [Google Scholar] [CrossRef]

	



Jendoubi, C. μ-pseudo almost periodic solutions for delayed partial functional differential equations in admissible spaces. Appl. Anal. 2021, 100, 772–790. [Google Scholar] [CrossRef]

	



Jendoubi, C. Dichotomy and μ-pseudo almost automorphic solutions for delayed partial functional differential equations in admissible spaces. Math. Nachr. 2021, 294, 338–353. [Google Scholar] [CrossRef]

	



Kostić, M. Weyl-almost periodic solutions and asymptotically Weyl-almost periodic solutions of abstract Volterra integro-differential equations. Banach J. Math. Anal. 2019, 13, 64–90. [Google Scholar] [CrossRef]

	



Li, Y.; Huo, N.; Li, B. On μ-pseudo almost periodic solutions for Clifford-valued neutral type neural networks with delays in the leakage term. IEEE Trans. Neural Netw. Learn. Syst. 2021, 32, 1365–1374. [Google Scholar] [CrossRef]

	



Li, Y.; Wang, Y.; Li, B. The existence and global exponential stability of μ-pseudo almost periodic solutions of Clifford-valued semi-linear delay differential equations and an application. Adv. Appl. Clifford Algebras 2019, 29, 105. [Google Scholar] [CrossRef]

	



Liu, S. The existence of almost-periodic solutions for 1-dimensional nonlinear Schrödinger equation with quasi-periodic forcing. J. Math. Phys. 2020, 61, 031502. [Google Scholar] [CrossRef]

	



Li, Y.M.; Huang, M.; Li, B. Besicovitch almost periodic solutions for fractional-order quaternion-valued neural networks with discrete and distributed delays. Math. Meth. Appl. Sci. 2021; in press. [Google Scholar] [CrossRef]

	



Bertrandias, J.P. Espaces de fonctions bornees et continues en moyenne asymptotique d’ordre p. Bull. Soc. Math. France Mémoire 1966, 5, 1–106. [Google Scholar] [CrossRef]

	



Doss, R. On generalized almost periodic functions. Ann. Math. 1954, 59, 477–489. [Google Scholar] [CrossRef]












	
	
Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.











© 2022 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






nav.xhtml


  mathematics-10-00639


  
    		
      mathematics-10-00639
    


  




  





media/file0.png





