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Abstract: This study is concerned with dynamical investigation, electrical circuit realization, and
emulation of a fractional three-echelon supply chain system. In the financial realm, long-term
memory effects play important roles. On the other hand, most financial systems are uncertain
with unknown nonlinear dynamics. However, most studies on nonlinear supply chains neither
consider the fractional calculus nor take advantage of state-of-the-art emulation methods. These
issues motivated the current study. A fractional-order chaotic three-echelon supply chain system
is studied. At first, the system’s dynamic is studied through Lyapunov exponent and bifurcation
diagrams. It is shown that a slight deferent in some parameters of the system can dramatically
change the behavior of the system. Then, a real-time analog circuit is designed and implemented to
investigate the system’s chaotic behavior. This way, the system’s chaotic attractors are empirically
demonstrated. Finally, emulation and interpolation of the fractional-order chaotic system using the
Gaussian process have been studied, and its luminous results have been presented.

Keywords: supply chain; economy; fractional calculous; electrical circuit; Lyapunov exponent;
bifurcation diagrams; Gaussian process

1. Introduction

Supply chains are nonlinear dynamical systems triggered by various uncertain factors
such as customer demands [1–6]. In recent years, several studies have been devoted to
understanding the mechanism of supply chain systems [7–9]. A supply chain’s goal is to
meet consumer needs in the right place, at the right time, and at the right service level,
while requiring the least amount of money [10,11]. Because of rising customer expectations
and fierce competition in global markets, business enterprises have always tried to achieve
the best operation by managing their supply chain networks [12]. Although the success
of supply chains depends on various factors, including transportation fleets, machinery,
and equipment, the effectiveness of such systems is primarily determined by the quality of
management decisions [13–15]. However, uncertainties in such systems make their control
and management demanding tasks [16–18].
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Since management and control of financial systems play a vital role in human life,
this field of study has recently received extensive attention [19–32]. Due to the complexity
of today’s financial systems, applying state-of-the-art control techniques to them will be
beneficial [33]. However, the identification and prediction of nonlinear systems always
play key roles in their control [34–49]. The more we know about the dynamical behavior of
real-world financial systems, the more reliable results can be provided by management’s
decisions [50]. Actually, to move towards the best management decisions, we should
enhance our understanding of systems and processes. Although many techniques are
proposed for the regulation and synchronization of these systems, by taking advantage
of control theory, some important matters are entirely ignored in this field of study. For
instance, where chaos occurs, and which parameters can change the behavior of the three-
echelon supply chain system, are yet to be studied.

On the other hand, most of the time we have limited observations of financial systems,
and available data are noisy [51,52]. Hence, to be able to forecast and interpolate these
systems, strong emulation and regression methods are required [53]. The Gaussian process
(GP) is one of the best emulation and regression methods for nonlinear systems [54,55].
Nonetheless, to the best of our knowledge, there is no study in the literature investigating
the GP for a three-echelon supply chain system. Motivated by this, in the last part of
the current study, we have investigated the application of GP to a three-echelon supply
chain system.

The remainder of this paper is arranged as follows: In Section 2, the governing
equations of the fractional-order supply chain are presented, and its dynamical behavior
is illustrated. In Section 3, to investigate the behavior of the nonlinear system empirically,
an electrical circuit of the system is performed. In Section 4, GP is presented and applied
for emulation and regression of the system. Finally, concluding remarks are presented
in Section 5.

2. Literature Review

In Reference [56], various classes that have been proposed for modeling the dynamics
of supply chains have been studied. In that study, all approaches were categorized as fol-
lows: discrete event models, discrete-time difference models, continuous-time differential
equation models, and classical operational methods. Additionally, from another point of
view, modeling of supply chains can be classified based on the deterministic and stochastic
properties. In Reference [57], models of supply chains are classified as: deterministic mod-
els, where all the parameters are known; stochastic models, where at least one parameter is
unknown, but follows a probabilistic distribution; economic game-theoretic models; and
models based on simulation, which evaluate the performance of various supply chain
strategies. The vast majority of these models are steady-state models based on average
performance, or steady-state static models. In Table 1, some important studies on modeling,
control, and investigation of supply chains are presented.

Up to now, many scholars have attempted to model supply chain networks (see
Table 1). Additionally, in the literature, there are some useful studies that assess and
propose simulation (dynamic) models of supply chains. For instance, the specialized
program anyLogistix, built based on a simulation model, does an excellent job of modeling
supply chains of varying complexity (see [68–70]). Among the models presented for supply
chain networks, the nonlinear model proposed by Anne et al. [58] has attracted a lot of
attention. That model considers a nonlinear supply chain model that takes into account
safety stock, information distortion, and retailer order fulfillment. Nonetheless, there is still
room for modeling and investigation of these systems. For instance, since long memory
of systems is important in supply chain systems, the application of fractional calculus
can bring about luminous results for these systems. In comparison with integer-order
derivatives, fractional ones have benefits in describing the long memory of systems.
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Table 1. Some important studies on nonlinear supply chains.

The
Reference Methodology Disadvantage/Limitation/Possible Direction for

Improvement

[58]
The study has proposed a nonlinear model supply chain

network, which is now the most popular model for
these systems.

It is supposed we know all parameters of the system.
Fractional calculus is not used.

[59] A supply chain network where the evaluation of the
causes of uncertainties within the network is considered.

Assumes we know all parameters of the system.
Fractional calculus is not used.

[60] This study has used a system dynamic simulation to
investigate how agility is built into supply chains. Fractional calculus is not used.

[61]
A robust controller method has been proposed, ensuring
that shipment flows in supply chain networks remain

robustly stable in the face of interruptions.

For the controller, the effects of nonlinear external
disturbances have not been considered.

[62]
A mathematical model for a supply chain, incorporating

a computer-aided digital manufacturing process, has
been presented and controlled.

The controller is not robust.

[63]
A feedback control law has been designed for inventory
control, and several mixed inventory control strategies

have been proposed for the model.

For the feedback control law, all parameters of the
system need to be known.

[64]
A new supply chain model has been proposed assuming

that demand of a product does not increase
monotonically with the increase in inventory.

Fractional calculus is not used.

[65] Effects of cooperation mechanism on the chaotic
behaviors in nonlinear supply chains have been studied. Fractional calculus is not used.

[66] A metaheuristic method, called hybrid bat algorithm,
has been used to find a near-optimum solution.

The model is considered to be fully deterministic.
Fractional calculus is not used.

[67]
A revised ant algorithm for solving location-allocation
problem with risky demand in a multi-echelon supply

chain network has been proposed.

The model is considered to be fully deterministic.
Fractional calculus is not used.

Motivated by the issues and possible directions in Table 1, in the current study we
investigate a fractional-order model. The effects of various parameters, including fractional
derivatives, are studied on the nonlinear dynamics of the system. To realize the chaotic
behavior of the system, a real-time analog circuit is designed and implemented.

Last but not least, from a management point of view, we want to design control
strategies or manage supply chains as efficiently as possible, even if we have limited
data from these systems. In this condition, rare data cannot work well for management
purposes, and this is an obstacle in the management of these systems. In the last part of
the current study, we want to propose a method to tackle this issue. One interesting way
provided in the literature for other systems (no supply chains) is to use surrogate modeling
approaches. Using surrogate methods, we can predict the behavior of the system even
in unseen conditions. There are many surrogate models in the literature, and each has
its advantages and disadvantages. Among all surrogate models, GP is known as one of
the best methods when data are rare, which is the case in some supply chains. Motivated
by this, the current study as a pioneer uses GP for surrogate modeling of fractional order
supply chain systems.

3. Fractional-Order Three-Echelon Supply Chain

Inspired by [58], we investigate a fractional-order supply chain system as follows

C
0 Dq

t x1 = m x2 − (n + 1)x1 + d1
C
0 Dq

t x2 = r x1 − x2 − x1x3 + d2
C
0 Dq

t x3 = x1 x2 + (k− 1)x3 + d3

(1)
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where qi (i = 1, 2, 3) denotes fractional derivative. The parameters of the model are listed
in Table 2.

Table 2. Parameters of the systems as well their definition and value.

Parameter Definition Value

qi Fractional derivative 0.97

m Rate of customer demand satisfaction at retailer. 13

n Distributors’ inventory levels 10

r Rate of product information distortion requested by retailers 42

k Manufacturer’s safety stock coefficient −1

Figures 1 and 2 show the chaotic attractors of the proposed system. In the current
study, MATLAB 2021b has been used for numerical simulation. The initial conditions
are considered as (x1(0), x2(0), x3(0)) = (1, 1, 1). As demonstrated in these figures, the
proposed system acts chaotically in this condition.
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Lyapunov exponents and bifurcation diagrams are used to better understand the
impact of variable-order derivatives and various parameters on the behavior of the system.
The Lyapunov exponents of the system are shown in Figure 3, indicating that the system
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is chaotic. In addition, the effects of the variable derivative on the behavior of the system
are seen in Figure 3. The system enters chaos for α > 0.971, according to the bifurcation
diagram in Figure 4.
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derivative (q).

Figure 5 shows the bifurcation diagram by changing the value of parameter m. As
illustrated, when m ∈ [5.42, 21.15]∪[23.12, 27.77], the system acts chaotically. As shown in
the bifurcation diagram, parameter m considerably affects the behavior of the system.
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Figure 5. Bifurcation diagram of proposed fractional-order system by changing parameter m.

To investigate the effects of all parameters on the behavior of the system, we have
continued extracting different bifurcation diagrams. Figure 6 illustrates the bifurcation
diagram by changing the value of parameter n. As demonstrated, when the value of n is
between 2.81 and 13.87, the system acts chaotically. The bifurcation relating to parameter
r is displayed in Figure 7. As shown in this figure, in this situation the system exhibits
antimonotonicity phenomenon for r ∈ [24.20, 93.14]∪[107.27, 123.292], which means that
the chaotic and periodic orbits are created and annihilated.
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Remark 1. There is no ground truth to be compared with both integer and fractional models, but
when we use the fractional-order model without any doubt, it will act better, since this model has
one more degree of freedom in comparison with the integer one. Additionally, in the fractional-order
model, when the fractional-order derivative approaches1, it acts like the integer one. Therefore, in
summary, the fractional-order model has more degrees of freedom and is better than the integer one,
and in some cases, the integer one can provide the same results as the fractional-order model.

4. Electrical Circuit

Here, we dealt with the realization of the fractional integrator of the chain system
(q1, q2, q3) = (0.97, 0.97, 0.97). In [71], Ahmat et al. designed the Bode plot approximation
chart in the frequency domain with maximum error of 2 and 3 dB. Following this approach,
we realized the approximation transfer function of 1

s0.97 at 1 dB approximation error in the
frequency domain. According to Reference [72], we can obtain:

1
s0.97 ≈

1.2974s + 1459.13
s2 + 1422.5s + 16

A circuit design where resistors and capacitors are connected in parallel was proposed
in Reference [73] to realize fractional calculus. When q = 0.97, the fractional-order chain
circuit unit is as shown in Figure 8.
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By using Electronics Workbench’s MultiSIM Software, we selected LF353D as the
amplifier and AD633JN as the multiplier to design the fractional-order circuits. In order to
restrict the change in state variables to the operating voltage of the analog circuit, the state
variables are reduced by 20 times, i.e., (x1, x2, x3) → (20X1, 20X2, 20X3) . As a result,
the new chain system can be rewritten as:

dqX1
dt = 13X2− 11X1

dqX2
dt = 42X1− X2− 20X3
dqX3

dt = 20X1X2− 2X3
(2)

The schematic circuit of the fractional-order chain system is demonstrated by Figure 9.
The circuit equation is as follows:

dqX1
dt = R2

R1R4
X2− R2R5

R1R3R6
X1

dqX2
dt = R8

R7R10
X1− R8R11

R7R9R12
X2− R8R11

R7R9R13
X1X3

dqX3
dt = R15

R14R17
X1X2− R15R18

R14R16R19
X3

(3)

The input supplies are: Vcc = +9 V, and Vee = −9 V. The values of the electronic
components in Figure 4 are chosen to match the known parameters of the system:

R1 = R4 = R5 = R6 = R7 = R10 = R11 = R13 = R14 = R15 = R17 = R18 = R19 = 1 kΩ,
R2 = 1.3 kΩ, R3 = 1.18 kΩ, R8 = R9 = 4.2 kΩ, R12 = 10 kΩ, R16 = 5 kΩ.

The proposed circuit is drawn using Electronic Work Bench (EWB). Figure 10 shows the
obtained phase portraits in (X1, X2)-plane, (X1, X3)-plane, and (X2, X3)-plane, respectively.
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Mathematics 2022, 10, 625 9 of 15

Mathematics 2022, 10, x FOR PEER REVIEW 9 of 16 
 

 

 
Figure 9. The schematic circuit of the fractional-order chain system. 

The circuit equation is as follows: 𝑑 𝑋1𝑑𝑡 = 𝑅𝑅 𝑅 𝑋2 − 𝑅 𝑅𝑅 𝑅 𝑅 𝑋1 𝑑 𝑋2𝑑𝑡 = 𝑅𝑅 𝑅 𝑋1 − 𝑅 𝑅𝑅 𝑅 𝑅 𝑋2 − 𝑅 𝑅𝑅 𝑅 𝑅 𝑋1𝑋3 𝑑 𝑋3𝑑𝑡 = 𝑅𝑅 𝑅 𝑋1𝑋2 − 𝑅 𝑅𝑅 𝑅 𝑅 𝑋3 

(3)

The input supplies are: Vcc = +9 V, and Vee = −9 V. The values of the electronic compo-
nents in Figure 4 are chosen to match the known parameters of the system: 

R1 = R4 = R5 = R6 = R7 = R10 = R11 = R13 = R14 = R15 = R17 = R18 = R19 = 1 kΩ, R2 = 1.3 kΩ, R3 = 
1.18 kΩ, R8 = R9 = 4.2 kΩ, R12 = 10 kΩ, R16 = 5 kΩ. 

The proposed circuit is drawn using Electronic Work Bench (EWB). Figure 10 shows 
the obtained phase portraits in (X1, X2)-plane, (X1, X3)-plane, and (X2, X3)-plane, respec-
tively. 

 

U1A

LF353D

3

2

4
8

1

U2B

LF353D

5

6

4
8

7

U3A

LF353D

3

2

4
8

1

U4B

LF353D

5

6

4
8

7

U5A

LF353D

3

2

4
8

1

U6B

LF353D

5

6

4
8

7

U7A

LF353D

3

2

4
8

1

U8B

LF353D

5

6

4
8

7

U9A

LF353D

3

2

4
8

1

R1

1kΩ

R2

1.3kΩ

R3

1.18kΩ

R4

1kΩ

R5

1kΩ

R6

1kΩ

R7

1kΩ

R8

4.2kΩ

R9

4.2kΩ

R10

1kΩ

R11

1kΩ

R12

10kΩ

R13

500Ω

R14

1kΩ

R15

1kΩ

R16

5kΩ

R17

500Ω

R18

1kΩ

R19

1kΩ

Vcc
Vcc

Vcc

Vee
Vee

Vee

Vcc
Vcc

Vcc

Vee
Vee

Vee

Vcc
Vcc

Vcc

Vee
Vee

Vee

X1

X2

X3

X1

X2

X1

X2

X1

X3

A1

1V/V 0V 

Y

X

A2

1V/V 0V 

Y

X

X3

X1

X2

SC1

FO

IO1 IO2

SC2

FO

IO1 IO2

SC3

FO

IO1 IO2

Mathematics 2022, 10, x FOR PEER REVIEW 10 of 16 
 

 

 

 

Figure 10. The phase portraits of circuit of the fractional-order chain system. 

5. GP for Regression and Emulation 
Mathematical models have been extensively used in science and technology fields to 

visualize complex dynamic processes. However, accurate models are frequently so com-
plex that they necessitate a considerable amount of computing time or other resources to 
function. Therefore, emulators have recently attracted a lot of attention. Emulators are 
known as techniques that focus on creating a mathematical description of the systems and 
processes. Emulators generally try to use available data, either noisy or not, to provide 
metamodels for processes. GP is among the most widely used methods for developing 
emulators [74–76]. We use GP to create an emulator for the three-echelon supply chain 
system in the current study. In fact, the aim is to create a metamodel based on GP and 
available noisy data. 

Consider the following input–output relationship as a single realization of the ran-
dom process: 

𝜂(𝑧) = 𝛽 𝑓 (𝑧) +  𝜉(𝑧) (4)

where the inputs in the training data are denoted by 𝑧 =  [𝑧 , 𝑧 , … , 𝑧 ] . The predeter-
mined set of basis functions is presented by 𝑓(𝑧)  =  [𝑓 (𝑧), … , 𝑓 (𝑧)] . Additionally, 𝛽 = [𝛽 , … , 𝛽 ]  indicate unknown coefficients of these bases. ξ(x) indicates a zero-mean GP, 
with the following parametric covariance function: 𝑐𝑜𝑣(𝜉(𝑧), 𝜉(𝑧′))  =  𝑐(𝑧, 𝑧′)  =  𝜎 𝑟(𝑧, 𝑧′) (5)

Figure 10. The phase portraits of circuit of the fractional-order chain system.

5. GP for Regression and Emulation

Mathematical models have been extensively used in science and technology fields
to visualize complex dynamic processes. However, accurate models are frequently so
complex that they necessitate a considerable amount of computing time or other resources
to function. Therefore, emulators have recently attracted a lot of attention. Emulators are
known as techniques that focus on creating a mathematical description of the systems and
processes. Emulators generally try to use available data, either noisy or not, to provide
metamodels for processes. GP is among the most widely used methods for developing
emulators [74–76]. We use GP to create an emulator for the three-echelon supply chain
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system in the current study. In fact, the aim is to create a metamodel based on GP and
available noisy data.

Consider the following input–output relationship as a single realization of the
random process:

η(z) =
h

∑
i=1

βi fi(z) + ξ(z) (4)

where the inputs in the training data are denoted by z = [z1, z2, . . . , zd]
T . The prede-

termined set of basis functions is presented by f (z) = [ f1(z), . . . , fm(z)]. Additionally,
β = [β1, . . . , βh]

T indicate unknown coefficients of these bases. ξ(x) indicates a zero-mean
GP, with the following parametric covariance function:

cov
(
ξ(z), ξ

(
z′
))

= c
(
z, z′

)
= σ2r

(
z, z′

)
(5)

where σ2 stands for the process variance, and r(·) is the correlation function. The Gaussian
correlation function, which is given by the following formula, is the most widely utilized
correlation function.

r
(
z, z′

)
= exp {−

(
z− z′

)TΩ
(
z− z′

)
} (6)

in which σ2 and ω are hyperparameters and to be estimated based on the available data.
Additionally, Ω = diag(10ω) and ω = [ω(1), ω(2), . . . , ω(d )]T ,−∞ < ω(i) < ∞ are the
scale parameters.

To determine hyperparameters β, ω, and σ2, we can apply maximum likelihood
estimation (MLE) or cross-validation (CV). Additionally, Bayes’ rule can be applied to find
the posterior distributions in the cases where there is prior knowledge about the value of
hyperparameters. Herein, we consider a constant process means (i.e., hi = 1) and employ
MLE to determine hyperparameters [77–79].

MLE necessitates the maximization of the multivariate Gaussian likelihood function,
which is given by

[β̂, σ̂2, ω̂] = argmin
β,σ2,ω

(
n
2

log
(

σ2
)
+

1
2

log(|R|) + 1
2σ2 (y− 1β)T R−1(y− 1β)

)
(7)

where log(.) represents the natural logarithm, R indicates the n× n correlation matrix, and
each element of it is given by r

(
zi, zj

)
where i, j = 1, . . . , n. Additionally, 1 represents an

n× 1 vector of ones. By putting the partial derivatives with respect to β and σ2 equal to
zero, we reach

β̂ =
[
1T R−11

]−11T R−1y
σ̂2 = 1

n (
(
y− 1β̂

)T R−1(y− 1β̂))
(8)

Simply replacing these obtained values into Equation (7) and removing the constants
results in:

L = (n log (σ̂2) + log(|R|)),
ω̂ = argmin

ω
(n log (σ̂2) + log(|R|)) = argmin

ω
(L) (9)

and by numerically minimizing the above equation, one may determine ω̂. To minimize
L, several global optimization methodologies have been used [80–82]. However, among
all of them, gradient-based optimization approaches are most common because of their
ease of use and improved computational efficiency [83,84]. To achieve global optimality,
the optimization is performed numerous times with different beginning guesses.

After calculating hyperparameters, we will finally be able to obtain the mean and
variance of the prediction probability distribution at any x∗ through the following formula:

E(ŷ∗) = f (z∗)β̂ + gT(z∗)V−1(y− Fβ̂
)
, (10)
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cov(ŷ∗, y′) = c(z∗, z′)− gT(z∗)V−1g(z′)
+h(z∗)T(FTV−1F

)−1h(z′)
h(z∗) =

(
f (z∗)− FTV−1g(z∗)

) (11)

In which y = [y(z1), . . . , y(zn)]
T indicates the n× 1 vector of outputs in the training

data and g(z∗) is an n× 1 vector with i-th element c(zi, z∗) = σ̂2r(zi, z∗). Additionally,
f (z∗) = [ f1(z∗), . . . , fh(z∗)], and V is the covariance matrix at which its (i, j) th ele-
ment is given by σ̂2r

(
zi, zj

)
. F is the n×m matrix with (k, l) th element Fkl = fl(xk) for

k = 1, . . . , n and l = 1, . . . , m.

Numerical Results of Emulation and Regression

Herein, we apply the presented GP in order to estimate and interpolate the chaotic
fractional three-echelon supply chain system. In fact, we suppose there are only some noisy
data due to limitations, thus for management purposes, finding the noiseless states in each
time step is essential.

Figure 11 demonstrates the results of the GP. As depicted by this figure, the findings
closely match the real value of the fractional-order chaotic system. To summarize, the
GP plays two key roles: (1) removing noises that are generated during the process and
while data are collected; (2) interpolating data, which provides a noiseless time series of
the results based on the noisy available data for all passed time units.
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6. Conclusions

In the current research, dynamical behaviors, chaos realization, as well as emulation
and regression of a fractional three-echelon supply chain, were studied. At first, through
Lyapunov exponent and bifurcation diagrams, the presence of chaos within the system
was verified, and was is demonstrated that a slight deferent in some system parameters
can considerably change the behavior of the system. Then, a real-time analog circuit was
designed, and the chaotic attractors of the system were empirically demonstrated. Lastly,
due to the advantages of metamodeling, GP, which is a strong candidate for metamodeling
and emulation when data are rare, is employed for regression and interpolation of the
three-echelon supply chain system. The results of the GP emulation clearly confirm that,
by utilizing GP, we can extract accurate information about unknown points of the system’s
time series, which is an important concern in supply chains. Another advantage of GP
is the uncertainty bound that it provides (see the prediction interval in Figure 11). GP
provides the bound of uncertainty for the points that have been estimated, which can be
considered as a level for accuracy for management applications. Consequently, the output
of the GP emulator can be used as a reliable source for management and control purposes,
which are considered as a direction of future study by the authors.
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