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1. Introduction

In the 1990s, Hom-type algebras appeared in physics literature in the context of
the quantum deformations of some algebras, such as the Witt and Virasoro algebras, in
connection with oscillator algebras [1,2]. A quantum deformation replaced the usual
derivation with a o-derivation. The algebras obtained in such a way satisfy a modified
Jacobi identity involving a homomorphism. Hartwig, Larsson, and Silvestrov in [3,4]
called this kind of algebra a Hom-Lie algebra. Considering the enveloping algebras of
the Hom-Lie algebras, the Hom-associative algebra was introduced in [5]. Another way
to study Hom-type algebras was considered by categorical approach in [6], these were
called monoidal Hom-algebras. In order to unify these two kinds of Hom-type algebras, a
generalization has been provided in [7], where a construction of a Hom-category, including
a group action, led to the concept of BiHom-type algebras. Hence, BiHom-associative
algebras and BiHom-Lie algebras involving two linear structure maps were introduced.
The main axioms for these types of algebras (BiHom-associativity, BiHom-skew-symmetry,
and the BiHom—Jacobi condition) were dictated by categorical considerations.

Joyal and Street [8] introduced the definition of a braided monoidal category (also
known as a braided tensor category) to formalize the characteristic properties of the tensor
categories of modules over braided bialgebras as well as the ideas of crossing in link and
tangle diagrams. Since the braiding structure may be considered to be the categorical
version of the famous Yang—Baxter equation (see [9]), it is worth constructing more braided
monoidal categories. Moreover, it is well-known that the category of Yetter—Drinfeld
modules is a braided monoidal category ([10]).

The main aim of this paper is to conduct more studies of left-left BiHom—Yetter—
Drinfeld modules over BIHom-Hopf algebras. The definition of left-left BIHom—Yetter—
Drinfeld modules was introduced in [11] and proved that the category EBHYD of left-left
BiHom-—Yetter-Drinfeld modules is a monoidal category. We will construct the braiding
structure of the category EBHYD. In order to obtain more properties and examples
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of left-left BIHom-Yetter-Drinfeld modules, we prove that if (M, Ppm, wum) is a left co-
module over a coquasitriangular BiHom-bialgebra (generalized the concepts in [12,13]),
then (M, wp, ¥m, Par, wy) becomes a left-left BiHom-Yetter-Drinfeld module over that
BiHom-bialgebra, and the category of finitely generated projective left-left BIHom—Yetter—
Drinfeld modules is closed for left and right duality.

This paper is organized as follows. In Section 2, we review the main definitions
and properties of BiHom-algebras. In Section 3, we provide the braiding structure of the
category of left-left BIHom—-Yetter-Drinfeld modules and discuss some elementary aspects.
The results generalize the conditions in [14] of the Hom-case. If (H, 0) is a coquasitriangular
BiHom-bialgebra with bijective structure maps, the category M of left H-co-modules
turns out to be a braided monoidal subcategory of the category ZBHYD.

In Section 4, we will show thatif (M, apr, B, Ym, wa) is a finitely generated projective
left-left (H, ay, B, Y, wi )-BiHom—Yetter—Drinfeld module, then the left and right duali-
ties of (M, apm, Bm, Pm, wi) are also left-left (H, ay, By, Yu, wy)-BiHom-Yetter—Drinfeld
modules. The special monoidal Hom-case can be found in [15].

2. Preliminaries

In this paper all the algebras, linear spaces, etc., will occur over a base field, k, with
unadorned ® means ®g. The multiplication # : V ® V — V on a linear space V is denoted
by juxtaposition: y(v ® v') = vv’. For the co-multiplication A : C — C ® C on a linear
space C, we use the Sweedler-type notation A(c) = ¢; ® ¢, for c € C.

We recall now from [7] several facts about BiHom-type structures.

Definition 1. A BiHom-associative algebra is a 4-tuple (A, u, a, B), where A is a linear space and
a,B:A— Aandpu: AR A — Aare linear maps such that x o p = o a, a(xy) = a(x)a(y),

Blxy) = B(x)B(y), and
a(x)(yz) = (xy)B(2), 1)

forall x,y,z € A. The maps « and B (in this order) are called the structure maps of A, and
condition (1) is called the BiHom-associativity condition.

A morphism f : (A, ua,aa,Ba) — (B, up,ap, Bg) of BiHom-associative algebras is a linear
map f : A — B, suchthatago f = foan, gof = foBa,and fous = pugo (f R f).

A BiHom-associative algebra (A, u, a, B) is called unital if there exists an element 1, € A
(called a unit) such that a(14) = 14,8(14) = 14, and

alg =a(a) and 1pa = p(a), Va € A.

Definition 2. Let (A, pta, a4, B a) bea BiHom-associative algebra and (M, apr, By ) a triple, where M
is a linear space, and oy, Bpr : M — M are commuting linear maps. (M, apg, By ) is a left A-module
if we have a linear map AQ M — M, a @ m — a-m, such that ap(a-m) = as(a) - ap(m),
Buila-m) = Ba(a) - Baa(m), and

ay(a)-(a'-m)=(ad")-Bp(m), V a,a’ € A, me M. )

If (M, apg, Bap) and (N, an, BN ) are left A-modules (both A-actions denoted by -), a morphism of left
A-modules f : M — N is a linear map satisfying the conditions ay o f = foap, Bnof = foBm,
and f(a-m) =a- f(m),foralla € Aand m € M.

If (A, pa,an,Ba, 14) is a unital BiHom-associative algebra and (M, apg, By ) is a left A-
module, then M is called unital if 14 - m = Bp(m), for allm € M.
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Definition 3. A BiHom-coassociative coalgebra is a 4-tuple (C, A, 1, w), in which C is a linear
space, and Pp,w : C — C,and A : C — C ® C are linear maps, such that pow = wo,
(YRYP)oA=Aoy, (WRw)oA=Aow,and

(A@Pp)oA=(w®A)oA. (3)

The maps  and w (in this order) are called the structure maps of C, and condition (3) is called
the BiHom-coassociativity condition.
Let us record the formula expressing the BiHom-coassociativity of A:

Alc1) @ P(ca) = w(c1) ® Acp), Ve e C. 4)

A morphism g : (C,Ac, Yo, wc) — (D, Ap, Yp, wp) of BiHom-coassociative coalgebras is a
linear map g : C — D, such that ypo g = goPc, wpo g = gowc,and (§® g)oAc = Apog.

A BiHom-coassociative coalgebra (C, A, , w) is called counital if there exists a linear map
e : C = k (called a counit) such that

eop=¢ ¢€eow=g,
(idec®@e)oA=w and (e®idc) oA = .

Similar to Definition 4.3 in [7], we define

Definition 4. Let (C, Ac, Yc, wc) be a BiHom-coassociative coalgebra. A left C-co-module is a
triple (M, Y1, wa ), where M is a linear space, Y, wpg : M — M are linear maps, and we have
a linear map (called a coaction) p : M — C @ M, with notation p(m) = m(_yy @ m ), for all
m € M, such that the following conditions are satisfied:

Ppm o wpm = Wy o P,
(yc@Pm)op=popum,
(we ®wm)op=pownm,
(Ac®¢pm) op = (wc @p) o p. )

If (M, Y1, wp) and (N, YN, wy ) are left C-co-modules with coactions pyr and py, respec-
tively, a morphism of left C-co-modules f : M — N is a linear map satisfying the conditions

1pNof:fosz,wNof:fowM,andeof:(idc®f)opM,

Definition 5. A BiHom-bialgebra is a 7-tuple (H, u, A, w, B, 1, w), with the property that (H, u,
«, B) is a BiHom-associative algebra, (H, A, ; w) is a BiHom-coassociative coalgebra, and, moreovet,
the following relations are satisfied, for all h,h’' € H:

A(hK') = hh) @ hoh),

xoyp =1pon, aow=wowr, Bop=9Pof, Pow=wop,
(r@a)oA=Aoca, (BRB)oA=A0p,

Y(hh') = p()p(h), w(hl') = w(h)w(H').

We say that H is a unital and counital BiHom-bialgebra if, in addition, it admits a unit 1y
and a counit ey such that

A(lH) =1g®1y, SH(lH) =1, lp(lH) =1y, (/J(lH) =1y,
egoa=c¢ey, egoP=cepy, ey(hh’) =ey(h)ey(h’), Vh,h' € H.
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Let (H, u, A, w, B, 9, w) be a unital and counital BiHom-bialgebra with a unit 1y and a counit
ey. Alinear map S : H — H is called an antipode if it commutes with all the maps «, B, , w and
it satisfies the following relation:

Bp(S(h))aw(hy) = ep(h)1g = pp(h1)aw(S(h2)), Vh € H. (6)

A BiHom—Hopf algebra is a unital and counital BiHom-bialgebra with an antipode.
We can obtain some properties of the antipode.
Remark 1. Let (H, pu, A, o, B, ¢, w, S) be a BiHom—Hopf algebra, then

S(1g) =1, egoS=eq,
S(B(a)a(b)) = S(B(b))S(a(a)), Va,be H, 7)
P(S(h)1) @ w(S(h)2) = w(S(h2)) @ ¢(S(h)), Vh € H. 8)

3. The Braiding Structure of the Category of BiHom—Yetter-Drinfeld Modules

In this section, we show that the monoidal category 2 BHYD of a left-left BilHom-
Yetter—Drinfeld module over a BiHom-Hopf algebra is bralded and find that, if (H,0) isa
coquasitriangular BiHom-bialgebra, then the category of left H-co-modules with bijective
structure maps turns out to be a subcategory of the category EBHYD.

Definition 6 ([11]). Let (H, piyy, Ay, ay, Br, Yy, wp) be a BiHom-bialgebra. (M, ap, Bm) is
a left H-module with action HQ M — M, h®m +— h-m, and (M, {p, wpn) is a left H-
co-module with coaction M — HQ M, m — m_yy ® m. Then, (M, ap, Brm, Ym, wm)
is called a left—left BiHom—Yetter—Drinfeld module over H if the following identity holds, for all
he Hme M:

Bryr ((h1-m) _q))aqwiy (ha) @ (hy-m) g ©)

= apPupuwn(m)egfupu(m_1)) @ wy(ha)mq.
Definition 7. Let (H, upy, Ay, gy, Br, Yu, wy) be a BiHom-bialgebra, such that ay, By, YH, Wy
are bijective. We denoted using 1BHYD the category whose objects are left-left BiHom—Yetter—
Drinfeld modules (M, apr, By, Yar, war) over H, with apg, By, Y, wm bijective; the morphisms
in the category are morphisms of left H-modules and left H-co-modules.

Proposition 1. Let (H, py, Ay, «y, BH, Yy, wh, Sy) be a BiHom—Hopf algebra, such that the
maps &y, Py, Yy, wy are bijective. (H,ay, By, Yu, wpy) itself is considered a left—left BiHom—
Yetter—Drinfeld module over H, by considering (H, «ry, By, $u, wy) as a left H-co-module via the
comultiplication Ay and as a left H-module via the left adjoint action defined as —: H Q@ H —

H, h— g = (ag'wy! (n)ay (9)anpBr ¢y Sh ).

Proof. We only check the conditions (2) and (9). For all h, ', g, m € H, we have

() = (i >

ap(h) = (o' wr (h)ay' (8)anPy' vy Su(hs))
= [wﬁl(hl)a ((ocH le(h’MHl( DanBy ' Su(hy))ahfr' ¢g' Su(ha)
= [wi' () (e (wi' (K))BE ¢i' Su (M) akiBr' ¢ Sk (ha)

= [("‘leH (hy)ags ( Hl h1)g) )lPHlsH 1 )]D‘Hﬁﬁ lPﬁlsH(hz)

(h1) (
= [(("‘HZ“’H (h)ag “’Hl(hll))“H ﬁH(S))¢H15H(h2)]“H/3H EL’HlsH(hZ)
= [(D‘HZ“’H (hlh/)"‘H 5H(8))¢H Su(h é)MHﬁH ¢H15H(h2)

) )

= (aglwy' (i) Bu(9) g Su () ek Bty Sh ()]
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ag'wit () ag' B (8) [BuSH (B wi () auSH (v (h2))]

)
atwit (h))eg' Br(8))Su(anBr' vy (h)anBrt vy (1))
wH wit () ag (B (8))Su(wuBrt ¢y (hahh))
hi') = Bu(g)

/-\/\/\/-\

and

Buyu((h — m)(_y))agwi(ha) © (hy — m))
= Buyu(((ag'wg' (hn)ag' (m)auBy vy Su(hz))1)agwh (h)
®(ag' 0y (hn)ay' (m) (apBy' vy Su ()2
= ﬁHlPH((“ﬁlwﬁl(’?nO“ﬁl(ml))aHﬁﬁlllJﬁlSH(hlz)l)“%qw%{(hz)
5 (hz)ag! (m2)) (Bt ' Su ()2
(Wi (h111)m1)“H¢’H Yr (St (hi2)1)adywiy ()
®(ag'wy! ()ay (m2)) (anBy vy Wi wh(SH(h12)2)
(wp (
(

Yhi)m)apy i wpSw(hin))ahwh (hy)

h)ag (m2))apBrt v wi ¢rSh (hio)

= (D‘H Buy

®(ag'wy

Wy

Tl

= Buypu(wy' (hn)m)[aeppy' wn Sy () ah By wh(h)]

®(ag wy' (h12)ay! (m2))apBy' wy' Sh ()

= Butpn(hiim) apyy'wnSh(ho)ag Bt whpy® (hao))]

(g (2o (m2))ariy' Ser (han)

Bun (him) [BupuSu (anBr ¢ wn (hao))apwn (anfrt wuyy? (ha))]
®(ag (hi2)ay' (m2))apBy Sr(ha)

= Butpn(hiim)ep(ho)ly ® (ag! (ho)ay' (m2))apByt Sl )
apButpn(himi) ® (ag' (b)) (m2))an By wpSw (h)
apBaprwn (h)apfupn(m) @ (ag'wy (wp(ho))ag! (m2))auPy' vy S (wr (h2))

= apBuynwn(h)anfuapn(m_y) @ wy(hy) = mq).

I
G

—
N
Ny

The proof is finished. [

From Proposition 1, we find that if we want to construct non-trivial examples of
left-left BiHom-Yetter-Drinfeld module, we only need to construct examples of BiHom-—
Hopf algebras.

Example 1. Let H be the linear space generated by 1y, g, x, y with the commuting linear maps
ary, B H — H defined as

apg(lp) =1n, an(g) =g, au(x) =—x, an(y) = -y,
Bu(ln) =1u, Bu(g) =g PBu(x) =2x, Bu(y) =2y

The multiplication is as follows:

my | 1g | § | x | vy
g | 1g | § | 2x | 2y
g g | 1n | 2y | 2x
x |—x |y | 0O
y |-y | x| 0]0
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(H,my, oy, By ) is an unital BiHom-associative algebra with ayy, By bijective. Next, we construct
a counital BiHom-coassociative coalgebra (H, Ay, egy, wy, Yy ), which is defined as

wa(lp) =1p, wu(g) =g wu(x)=—x, wuly) = -y,
Yu(1n) = 1n, Yu(8) =8 Yu(x) =2x, Yu(y) =2y,
Ap(ly) =1 ®1g, Ap(g) =g¢®g,

Ag(x) = (—x)®@1g+8®2x, Au(y)=(-y)®g+1g®2y,
en(ly) =en(g) =1, en(x) =en(y) =0.

Furthermore, (H, my, Ay, oy, By, wy, Yy ) forms a BiHom-bialgebra. Define the antipode
Sy:H — Has Sy(ly) = 1y, Su(g) =8 wn(x) = —y, wy(y) = x. Thus, we obtain a
BiHom—Hopfalgebra (H, my, Ay, gy, Ba, Wi, Wi, Si). From Proposition 1, (H, agy, By, wy, Y1)
is a left-left BiHom—Yetter—Drinfeld module over H with the coaction Ay and the action:

—|1lu| g x Y
1y | 1y g 2x 2y
g | 1n g —2x | =2y
x | 0 2y 0 0
Y 0 | -2y 0 0

Proposition 2. Let (H,ap, By, Yu, wi, Sy) be a BiHom—Hopf algebra satisfying the maps
oy, Br, Wi, wyy bijective. The compatibility condition (9) for a left-left BiHom—Yetter—Drinfeld
module over H is equivalent to:

(h-m)_1)® (h-m) )

= (ag'wp! (hn)ag (m_1)auBh'vg wnSh(ha) @ wi! (k) - mg). (10

Proof. Equation (9)== Equation (10). We performed a calculation as follows:

(g wy (hn)ag' (m1)apBy vy wnSh(hy) @ wg' (1) - mg)
= 0By vy eaBryrwr (Wi (hn)) e Buyu(m_1)]aufy' ¢i' waSw(h)
Rwh (Wi (h12)) - m)
= g’ By ¥y Buyn (Wi (hi) - m) (1)) aqwhy (wg® (h2)lany ¥y @i Sk ()
®(wp (1) - m) (o)
[ (@i () - m) (20) B it (m2)lar B 9! wrS () @ (w? () - m) )

—
=

=
|

—

=y ((wg?(hn) - m) (1) B ¥ (h2)au B¢y wnSh (h2)] @ (wi? (h11) - m) g
& i (it (h1) - m) (1) B ¥ (o)) au B ¥ wnSH (h)] © (wi () - m) o)
= ag' ((wg' (h) - m) (1) [Buvu (B vy (ha))anwnSh (B ¥y (ha))]

®(wj (h1) - m)(g)
6 1

=y ((wg' () -m)(_1))en(h2)1y @ (wp' (h) - m) )

Equation (10)== Equation (9). We compute

Brpr ((hy - m)(_q))agiwiy(hy) @ (hy - m) g

o Bryrl(ay' wy (hn)ag' (m-1))anpy' ¥y nSw () ladiwi (h)

® wg' (h12) - mg)
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—
—
N2

(Buprwy' (h11) B (m_1)) [apwr Sy (ho)ad By wi (h2)] © wi (hi1z) - m(g)

= (Buyu(h)Bupn(m_1)enwnSa(ha)ad By wg' W (h)] @ hiy - mg)

= (Buyr(h1) By (m_1)) [BupuSu (B ¥y wh (o)) aepwn (e B i wi ()]
®hz - m )

= (Buyu(h)Buypn(m_1))en(h2)1n @ hip - m(g)

= (Bupnwn(h)Bupr(m_1))1h @ ep(ha)ha - m )
= apPupuwn(h)apfupn(m-1) ® wy(ha) - mq.

The proof is finished. [

From [11], we know the category ﬁBHyD is a monoidal category. Let (M, apr, By,
Ym, wm), (N, an, BN, PN, wn ) be two left-left Yetter-Drinfeld modules over H and define
the linear maps - and p as follows:

H®(M®N) = M®N, h®(men)— wy' (b)) meypy () -n,
p: M®AN->H®(M®N), mon— ay (m_1)By (n_1)) @ (mg) @n)).
Then (M ® N,ap @ an, Bm @ BN, PM @ PN, wym @ wy ), these structures become a
left-left BiHom~-Yetter-Drinfeld module over H, denoted by M&N.

We discuss the braiding structure for the monoidal category 2BHYD in the follow-
ing theorem.

Theorem 1. Let (H, up, Ay, ap, Br, Yr, wi) be a BiHom—Hopf algebra with a bijective antipode
Sy Then, the category BBHYD is a braided monoidal category with the braiding

CM,N : M®®N —NM
m@n — ag'wy' (m_y)) - BN (1) @ Py (m(q))
for (M, apt, Bat, Y, wm), (N, an, BN, PN, wn) € EBHYD.
Proof. We will first show that the braiding c is natural. For all (M, apy, B, Uar, Wi ),

(N, anr, Bn, Y, wne) € BBHYD, let f : M — M/, g : N — N’ be morphisms in HBHYD
and consider the diagram

M®N CMN - NoM
f®g g f
Ml ® N/ CM’,N’ . N/ ® M/

Forall m € M,n € N, since the morphism g is left H-linear and f is left H-colinear,
we obtain

(8@ f)ocmn(m@n)

= glag'wy! (m_y)) - B! (n) @ f(p (m(g)))

= ag'wy (m_1)) - (BN (1) © f(#3) (m0)))

= ag'wg!(m_y)) - Byt (8(m) @ g (F(mg)))

= ajwi' (f(m) (1) - Byt (8(n) @ Py (F(m) )
= o (f(m)®g(n))

= cwno(f®g)(men)
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This follows (g ® f) o cpn = cpr v © (f ® g), and the diagram commutes.
Next, we prove the H-linear of cj; n:

| | /\
=

—
N
~—

cmn(h-(m®n))
emn(wit (h1) - m @yt (o) - n)
i wit (wg' () -m) 1)) - BN (W' () - 1) @ g (w0 () - m) g))

ap wi [(a wi? (b)) (m_p))en Byt o5 Su(h)] - (B 9y (h2) - BN (1))
DY Wi (hi2) - Yt (mg))

(' wid (e wp (m 1)) - B¢ wi ' Su (1) - (B vy (ha) - B (n))]
D' Wi (hi2) - Yt (mg))

(af i (hn)ag wyt (m_q))) - [(ay B i wig S (h2) Bty (h2)) - B (n)]
Yy wpt(hnz) - Yt (mg)

(e wit (hn)ag oy (m_1))) - [0 B w1 wig' S (ho1) B (ha)) - B ()]
Y wif (h12) - ¥t (mg))

(wg' wi(h)ag ' wg! (m 1)) - [(BuguSu(ay By v wy (ha))

anwn @y Bt v wn' (h22))) - By (W] @ 9wy (n2) - ¥y (mg))

(af it (h)ag wpt (m 1)) - [en(h2)1g - By ()] @ Y wif (h12) - Py (m(g))
(g wp! () wg! (m_q))) - n @ Pyt () - Py (mg))

wip () - (' wp (m( ) - B (1) @ g (h2) - i ()

h- ("‘leH( 1) BN (n ) @ Py ' (m )

h- CM,N(WI X Tl)

-1))
)

and H-colinear of cj n:

—
=

PNeM © CMN (Mm@ n)

onem(ag @y (m_1)) - Byt (1) @ 3/ (mg)))

ap (gt wyg (m 1)) - B (M) (1)Br' (ad (m(0)) (—1)) @ (' wi! (m(qy) - B (1)) )
Yy (m0)) o)

g [(wpwr? (m ey By (1) B 95 St (m_12)1BH ¥5" (m(0) (1))
By Wi (m(_1y12) - BN (n(0)) © g (m(0)(0))

(gt wi (mpy)eg Byt () ey B vyt Su(m 1) B Wi (m0)(-1))]
g wif (m(1y10) - By (0)) @ ¥ (m(0) o))

(@i’ () B () ey B ' @i S (m_1y12) Bt (m 1))
@ag' Wi (m_1y12) - By (n0)) @ m(g)

(P wi? (mapn)ag Bt (n )l B wir' @iy Sr(m 1) B9 (m(_1)20)]
®1xﬁlwﬁz(m “1)12) - ﬁN (n0)) @ mg)

(apfwp?(m )11)“H By (n ))[ﬁH¢H5H(“ﬁ1ﬁﬁz¢ﬁzwﬁl(W( 121))
“HWH(“;[1.3;12¢;12‘U;11(m(fl)zz))] ®ag'wp(m ) - By (1(0)) @ mg)

(wp wp” (m )y B (n—1))em(m 1) )1H®aﬁ Lwp(m_1y12) - By (n(0)) @ m(g)

“ﬁle (m )ﬁH ( )®"‘H le(m - ) ,BN ( )®m< 0)
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—
N
~—

—
a
<

—
=

—
&)
=

ap (m_1))B (n(—1)) @ ag i (mg)—1)) - B (10)) @ 31 (m0)0))
ap (m_1))B (n(_1)) ® emn (mg) @ ng))
(idy ®CM,N) OPM®N(m®”)-

Now, we prove cy; y is an isomorphism with an inverse map

cun: N@M—MeN,

n@m s Pt () @ St (g wpy (m(_y))) - B ().

Forallm € M and n € N, we compute

Chin © CmN (m @ 1)
CX/IlN(“ﬁlwﬁl(m( 1) - By (1) @ 9 (mg)))
L (m0y0) @ Sy (g ¥y wig (moy—1))) - (e B wig' (m(_q)) - B (1))

¥t m(o)()) [Sgter vy wy' (moy1)ay By wg' (m_1))] - BN (n)

(
¥t (m) @ [Sgt e wi (m )y By wi (m_n)] - Byt (n)
(

¥t (m0)) @ [Bruwn (a2 B Wi wi? Syt (m(—1y2))amu (B ¢ wi (m(—1y1))]
BN (1)

¥if (m)) @ en(m_1))1a - BN (n)

m ® n

Similarly, we can prove cj N © c;/IlN = idNngMm-
Finally, let us verify the hexagon axioms from [9], XIIL.1.1. For any (U, ay;, Bu, Yu, wu),

(V,ay, By, ¥y, wv), (W,aw, Bw, pw, ww) € EBHYD, we compute

and

(idy @ cuw)(cuy Qidy)(u @ v w)
= (idy @ cuw)(ay' w (1)) - By (0) @ it (u(g)) @ w)
aplwpt(uy) - Byt (0) @ ai' it wp! (ug)-1) - B (@) @ P (1(0)(0))

= aglwi () Byt (0) @ ag' vt o (u1p) - Bt (w) @ v (u(g))

wy (ag'wg' (u_1p1) - By (0) @ ¥ (ag' wg' (u 1)) - By () @ 7t (u(g))
atwi () - (By' (0) @ B (w)) @ i (ug))

= “I:Ilel(”(fl)) ﬁv}gw(v‘g’ )®’/’&1(“(0))

= cuvew(u® (vew))

—
| a
G

(cuw ®@idy)(idy @ cyw) (U@ v w)
= (cuw @idy)(u@ag'wy' (v_y) - By (w )®¢V (v(0)))
aplwpt (uy) - (o' Brlwg' (v 1) - Byt (w)) @ 95" (o)) @ 3, (00))
(u

(0))

—
—

= (agtwy (un)ag' Brlwy' (01)) - By () © by (u
aptwpt(ay' (u_1)) By (0(-1)) - By (@) @ Yy (u ® U)(O))
i wg (@ o)1) B (@) @ Pty (4 ©0)q))
cupyw((4®0) ® w)

The proof is finished. O
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We discuss the connection between left-left BiHom-Yetter—Drinfeld modules and co-
modules over coquasitriangular BiHom-bialgebras in the following proposition. According
to the definition of coquasitriangular bialgebra in [12], we can generate the BiHom-case:

Definition 8. Let (H, up, Ay, «y, By, Yy, wy) be a BiHom-bialgebraand 0 : HQ H — ka
linear map. We call (H, 0) a coquasitriangular BiHom-bialgebra if, for all x,y,z € H, we have

o(xy @ Yywy(z)) = o(ag(x) @ Yu(z1))o(Bu(y) ® wa(z2)), (11)
o(ppwn(x) ®yz) = o(Pu(x1) @ Bu(z))o(wa(x2) @ an(y)), (12)
Bruyu(y1)anyu(x1)o(apBrwn(x2) @ apBuwn(y2)) (13)

= o(agBuyu(x1) @ agBuyu(y1))Bawn(x2)agwy (y2)-

Proposition 3. Let (H, uy, Ay, «p, By, i, wy, o) be a coquasitriangular BiHom-bialgebra with
the apy, By, Yu, wy bijective, which satisfies the following condition

o(wn(x) @ an(y)) = oc(pu(x) ® pu(y)) = c(x@y), (14)

forall x,y,z € H.

(i) If (M, a1, ) is a left H-co-module with coaction M — H @ M, m — m(_y) ® mq),
define a new linear map - : HQ M — Mas h-m = o(agfupu(m_q)) ® oc%{lprH(h))m(o),
then (M, wp, Y, Ym, wm ), along with these structures, forms a left-left BiHom—Yetter—Drinfeld
module over H.

(ii) If (N, ¢, wn) is another left H-co-module with coaction p : N — H ® N defined by
p(n) = n_y) @ n), followed by a left-left BiHom-Yetter-Drinfeld module as in (i), via the mod-
uleaction HO N — N, h-n = o(apBupu(n_1)) © afprw(h))n ), then we regard (M ©
N, M ® PN, wm @ wy ) as aleft H-co-module via the action p(m @ n) = a ! (m_y) By (ni—1))®
m ) @ 1y and (M @ N, Py @ N, wm @ wy ) as a left-left BiHom—Yetter-Drinfeld module as in
(i). This BiHom—Yetter-Drinfeld module (M ® N, {p1 ® PN, wp @ wy) coincides with the BiHom—
Yetter-Drinfeld modules MQN defined above in Theorem 1.

Proof. (i) First, we must prove that (M, wy, Pur) is a left H-module. For all h,h' € H,
m € M, we check Equation (2) as follows:

ap(h) - (' -m)

ap(h) - m oy (apBupr(m_1)) @ afpuwp(h'))

o(apBupr(m_1)) @ afppwn())o(aufrapn(mg) 1)) @ agpuwn (ap(h)))mg) o)

—
=

= o(apPuypuwy (m_1n) @ apuwn())
o(wnBun(m 1)) @ afprwr (ap(h)))am(mg))
o(Yu(auBuypnwy' (m_1)1)) ® Bu(afpuwn())o(wh(eaBrpawy (m(_1)))
®ap(aqpuwn(h)))Pu(m))
=" o(yuwn(aapupnwy (m_q))) @ aqprwn(bh'))pa(m )

= o(apBuu(Pr(m_1))) @ agpuwn(bh'))pp(mq))

= (') - pu(m).

Now, we check if (M, wp, War, P, wa) is a left-left BIHom—Yetter-Drinfeld module.

In this case, the compatibility condition Equation (9) changes to
Brwu (P () - m)(_1))afprwr (ha) @ (Y () - m) )

= “HﬁHlp%{wH(hl)“HlP%—l(m(fl)) ® Brwn (h2) - m(),
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forallh € H and m € M. We compute:

apBrfwn () ey (m_1)) © puwn(hy) - m )
apBayiwn(h)appi(m_q) @ o(agBapn(m gy 1)) © afpawn (Bawr (h2)))m ) )

—

= appuhwn(m)apphwy (m_y)o(@pBupn(m_iy) ® ajBapuwi (h2)) © pa(mg))
= Buyu(enppwn(h))agpy(Prwy' (m_in))e(@pawn($rwy' (m 1))
@apPrwh(apprwn(h))) @ pa(mg)
=" o(epBupn(Puwy (m_1)1)) @ anPun(epprwn(h)))
Brwn (Yrwy' (m_1p))apwn(agprwr (b)) © Yy (m )
)

)
= o(aBuviwy (m_1)1) © &g Buhwr (h))Bapn(m(_1)2) e Prwh (ha) @ Ya(mg))
= o(auBuyy(m_1)) ® afButhwn () Bapu(mg) 1)) afprwh (ha) @ mg) )
=" Bun (m (o)1) agpawh (ha) ® o(apPupr(m_1)) ® agpiwn (b)) m) o)
= Bupu(m)—1)) ek () ® o(apBrupu(m_1)) @ afpywn (Yu(h1)))m ) o)
= Bupu((Yu () -m)_1))efpuwi (hy) © (Yu () -m)q).

(ii) From this, it is obvious that we have proven that the two module structures of
M ® N coincide, thatis , forallm € M,n € N,

wif (h1) -m @yt () - n = o(apBrpn(ay (m_1)Bg' (n(_1))) © agpuwp(h))mg) @ n).

We compute

wit(h) -m @y () -n
= o(apBupu(m_1)) @ afpr(h1))m ) @ o(apBupu(n_q)) © agwn(ha))n
= U(D‘H(ﬁHlpH(m(—l))) ® ¢p(agr ()0 (Br(wrpr(n(_1))) ® wa(ad(h2)))m) @ ne

=" o(Bugu(m_1))aupr(n_1) @ prwpag(h))mg) @ n
= o(apBupu(ag (m(—l))ﬁﬁl (ni—1))) ® "‘%IIPHWH(h))m(O) @ ng),

finishing the proof. [

As a consequence of the above results, we also obtain the following;:

Theorem 2. Let (H, pyy, Mg, &, BH, WH, WH, ) be a coquasitriangular BiHom-bialgebra, where
ag, BH, YH, wy are bijectiveand ¢ = 0o (wy @ay) = oo (Py @ Py ) is true, as in Proposition 3.
Denoted by " M, the category whose objects are left H-co-modules (M, Pa1, wpr) with ¥, wi
bijective and morphisms are morphisms of left H-co-modules. Then, " M is a braided monoidal sub-
category of EBHYD with a tensor product defined as p : M®N — H® M® N, p(m ®
n) = ay (m_ )BH (n(—1)) ® m(gy @ n(gy and the braiding structure cyn : M@ N —

N® M, CM,N(m ®n) = (r(sz/SH( (=1)) ® apgpp (m_ ))BL’N (n()) ® I,UM (m ), for all
(M/ lpM/ (UM), (N/ l/JN/ (UN) c HM

4. The Duality of the Category of Finitely Generated Projective
BiHom-Yetter-Drinfeld Modules

In this section we will examine the idea that the category of finitely generated projective
left-left BiHom-Yetter—Drinfeld modules has left and right duality. The definition of duality
in a monoidal category can be found in [9,16].

Proposition 4. Let (H, up, Ay, «p, By, Y, why, Su) be a BiHom—Hopf algebra with the maps
ap, Br, YH, wH, Sy bijective and (M, ap, Bum, Y, wam) be an object in the category EBHYD
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and assume M is a finite dimensional. Then, (M* = Hom(M,k), (a},) 1, (B3,) L (¥3) 1
(wiy) 1) is also a left-left BiHom—Yetter—Drinfeld module with the action

(h = f)(m) = f(Supy' (k) - 37 (m))
and coaction
p: M = HeM, po(f) = fi_1)® fo),
here f(_1) ® f(g)(m) = Sﬁlq)ﬁl(m(,l)) ®f(1,b]\_/[2(m(o))),for allh e H,f € M* and m € M.
Proof. We first check if (M*, (a},) 1, (B3;) 1) is a left (H, ay, Bry)-module. We compute:

(arr(h) = (ap) " () (m) = (a) " (F)(Suanpy' (h) - Byt (m))
= f(SuPy'(h) - ayl Brf(m),
(@) ' = f(m) = (h— f)(ap (m))
= f(SuBg'(h) - Bpfay (m))
f(SHABH (h) - oy /31\4 (m)).

It follows that ap(h) — (a};)"2(f) = (a}y) " 1(h — f). Similarly, we find By (h) —
(Bi) L (f) = (By) '(h— f).Foralla,b € H, f € M* and m € M, we have

((ab) = (Bi) 1 (f)) (m)
= (Bi) M (F)(SuBy (ab) - B2 (m))

= F(Supif(ab) - 37 (m))

—  FISu(Bu(B(a >>«H<aH1/sH2< ) - B2 (m)]
D Fl(Suag B (0)SnanB(a)) - B < )

—
N
—

[
[St(BL' (D)) - (SuauBi (a) - By (m))]
[Su(BE' (b)) - Byt (Sranpy' (ﬂ) A (m))]
F)(Suanpy(a) - Brf(m))
£)(Supy' (ar(a)) - Byf(m))
ap(a) = (b— f))(m).

1

1 (wyy) 1) isaleft (H, ¢y, wpy)-co-module. Forall f € M*

f
f

b —
b—

(
=
(

Next, we prove ((M, (¥3,)
and m € M, we obtain
(u @ (Yin) ) o p(f)
= (Wue@Wu) Dy ®fo)
= ¢u(fi-1) © (i)~ (fio)) (m)

= HlPH (m )®f(1/’M( (0) ))

= Sg'vg (m_y) ® YO (Wt (mg)))
= ((¢3) " (N -y (( M) () ) (m)
= (oo (yp) ()

Similarly, we have (wy @ (w}) ™) op = po (w},) L

Forall f € M* and m € M, we compute Equation (5):

(Au @ ()™ op(f)
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= fremn ® fe12® (W) () (m)

= fc11 @ f—1)2 @ fo) (¢ M (m)

= (Sy'9r (m ) ® (S ¢y’ (m1)2@ f(3 (m(q))

= P u(SHE YR (m_y)h ©@ wi'wn (S Y (m(_1))2 @ f (s (m(0)))

0

)

= Y5 wn(SH Y (m_1))) © prwn (SE YR (m_1)1)) @ (] (mg)))
= wuSH YR (1) @ wi'S i (m_1n) @ () (mg)))

= wuSH YR (mg)—1)) @ Sy (m(_1)) © F(P31 (m(0)(0)))
= wH(fH)@Sﬁle (m(_1)) ® fo (w;f( 0))
= wh(f(=1)) ® flo)(-1) @ flo )(o)(m)

(wn®p)op(f)

Finally we prove that the compatibility condition of left-left BiHom—Yetter-Drinfeld
modules holds. Forallh € H, f € M* and m € M we have:

(ai' wi' () e (f-1)auBh' ¢ wnSH(h2) @ (wp' (h2) = f(o)) (m)
= (o' wy (h)ag (f-1)auBy w1 wrSH(h2) © fo) (SHBy wg' (h2) - Byf (m)
= [ag'wy' (h)ay Sy vy (SuBE wy (h2) - Bt (m) (1)) |anBy ¥ wr Sk (ha)
f (W ((SuBy @i (h2) - By (M) 0)))-

Since

Vi Y ((Sufr wi (h2)1) © wi'wa((Supy wy (h12))2)

Vit wnSupy wi () ® wi'yuSupytwy ()
= SuPy'vy () ® Sufy ¢rwy®(hia)

®

and

Vi Y ((SuBE ¢y (2)h) ® wi wu(SuBE ¥ (h22))2)

) _ 1, _ 1
= gl wnSHBE Y (ha2) ® wi' YuSHBL ¥y (h1221)
= SuPfg'vitwn () ® Supywy (),

from Equation (10), we obtain

(SuBy' wg' (h2) - Brf(m))(—1) @ (SHBg wg' (h2) - Byt (m)) o)
= (“ﬁlwﬁl(SH.BI_qllPﬁsz(hlzzz))“ﬁlﬁﬁz(m(fl)))“Hﬁﬁlll’ﬁleSH(SHﬂﬁllPHwﬁz(hlzl))
®Supy wp (hio) - Byt (mg))
(St (g B ¥’ (22)) St Syt i By (m(1))ISH(arp i wy ()
®Supy wp (hio) - Byt (mg))

—
~
—

= SulBuSH ai Bt (m_1y)an(ay Byt vy’ (h222))]SH (et wy (hizt))
®SuBy wi (h2m) - Brf (m(g))
= SuBulSy e B’ (m_1) B vy (h22)|Suan (Sup g wy' (1))

@SuBE wit(hom) - Byt (m o))

SulBr(SuBr Wy (h2)an(Sg ey’ Br’ (1) By Wi’ ()]
®Supy wp (ho) - By (m o))

—_
-
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SulSuPy wy () (Sit ey B (m (m 1))"‘H,3H i (h1222))]
®SuBy wi (h21) - Brf (m(g))-

From the above computation, we have

—
—

—
—
N2

gty (h)ay' St vt ((SuBytwp! (h12) - Byf (m)) (1) lanBr' ¢ whSH ()
®f (Waf (S wi' (h12) - By (m))(0)))

g g (1) (Suay' B v wg! (o) (g e BEt ¥ (m—1)) B ¥ (h1222)))]
apfy' ¥y wnSH(h2) ® f(Prf (SuBy Wi’ (hamn) - Byf (m(g))))

g @ () (S B i wir () Sg a2 B (m( 1)) Bt (ha2z2))]
Py Py wnSH(h2) © f(SuPy Y wi’ (haz) - Brf ¥t (m (o))

g gt () (Smay By ' wiy' (i) S B g (m 1))

(B i (hox)an Pt ¥y wuSH(12)) @ f(SuBy Wit wh? (ha) - Bttt (m(p)))
[y (1) (Sma By vt oy (ha) Sy ey By (m 1))

(Bg'tr” (o) B wnSh (han)) © f(SuBR $rPwy (ha) - Bar it (m (o))
g (h) (Smagy By vy wi (ha) Sy ag B vyt (m 1)) (Bur (B ¢y (haa1))
apwn (SH (B (h22)))) © F(SuBy Wit wy (haa1) - Brfwnt (mo)))

[y () (Sway B i iy (hn ) S iy B (m—1)))er (o) 11

f (Suby' v wy (haa1) - Baf ¥l (o))

I (SuPi ! (ha1) Sg vy (m ))®f(SHﬁﬁllPﬁ2(h22) Bt i (m)))

(" () SuBy ¥ (1)) SE' B v (m(—1) @ f(SuPy'¥E* (ha) - ol ¥l (m(0)))
(g wi' (1) SuPR 91" (h12))Sg By v (m_1) © F(SuBE W' (h2) - Bytwal (m (o))
e(h) 1Sy B v (m_1) ® F(SuPy' ¥y (ha) - Batdat (mo)))

Syl (m_yy) ®f<sHﬁH (h) - Baiai (mo)))

S g (m_1)) ® (h = £)($pf (m(g)))
(h—f) )®(h = foy(m).

It follows that (aj; wH (hll)tle(f( 1) ))acH,BﬁltpﬁleSH(hz) ® (wﬁl(hlz) — fl)) =
(h—=fly®h— f)(o) holds. Thus, the proof is finished. O

Proposition 5. Let (M, ang, B, P, wm) be an object in the category EBHYD and assume M
is a finite dimensional. The co-evaluation map,

by k> MM, 1,— Y e®d,
i

where {e;} and {e'} have a dual basis in M and M*, and the evaluation map

dy: M @M —k, dy(f@m) = f(m)

are morphisms in the category TBHYD.

Proof. We first prove that the maps bys and d)s are left (H, apy, Byg)-linear. For any h € H,
m € Mand f € M*, we have

(- b (1)) (m)
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= (- (Te@e))(m)

Zw{;l () - @ (97" (h2) = &) (m)

iwﬁl () -e; @ e (Supy Y’ (h2) - Bpf (m))
f;ﬁl(hl) - (SuBy vy (ha) - Byt (m)

(ap' wi! ()b v (h2)) - Byf (m)
e(h)ly - /3;/11 (m) =e(h)m

€ h);ei@@el(’”)

e(h)bp (1) (m) = bag(h - 1y) (m)

—
N
—

= |
=

and

du(h- (fom)) =du(wy(hh) = f@ ¢y (h) -m)

(wi' () = F)(pgt(ha) -m)

f(SuPr wg! () - (B (h2) - Byf(m)))

(' By wi' St (h) B 9y (h2)) - Byf (m)

(Buyr (v Bty wi Sh () apwr (wy Bty wip (h2))) - Byt (m))
fle(h) 1y - Baf (m))

h)f(m) =e(h)dp(f @m) = h-dy(f @m).

Next, we check if by and dy; are left (H, py, wy)-colinear. For any h € H,m € M,
and f € M*, we compute

IS
~

A
e
(o5}
AA

pmem* © by (1)
= pmem () ei®e)
;

Z“ﬁl(ei -1 )51:11 (ei(fl)) @ ej(g) ® ei(o)(m)
Z“ Sy By Wy (m (m_1)) ®ejq) ¢ (Ppf (m ©))
a9t (moy—1)) S B ¥E' (m_1) ® 3 (m0)(0))

ap it (m_1)2) Sy B v wi (m 1)) @ Pyt (mg))
Brawr(ay B witwi (m 1)) anpuSy (o Byl vt wi (m—1)1)) @ ¥y (m(g))

e(m_4 )1H®1/JM( 0) =1lg@m
= 1g®bu(lx) = (idg ®bM)(1H® 1) = (idyg ® by) o pi (1),

—
N
~—

—
=)
g

and
(idg @ dm) © pmems(m @ f)
= (idg @ dym)(ag' (f(-1))By (m(_1)) @ m) © f(o))
= "‘ﬁl(f(fl))ﬁﬁl( 1)) ® f0)(m(g))
= Sgtag'vi' (mo)—1))Br (m(_1) ® fF(¥r1 (m0)0)))
= Sgtag' vy (m1p)Br @ (m_1)1) © f(y (mg)))
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= Buwn(Sy'ag' By vy wg (m_1p))anyu(ag' By vy wg (m_1)1)) ® f(¥af (mg)))

e(m_1)) g @ f(Pp/ (m())) = 1g @ f(m)
px(f(m)) = pxodm(m @ f).

The proof is finished. [

—
(=)
=

Now, we can obtain our main results.

Theorem 3. The category of finitely generated projective left-left BiHom—Yetter—Drinfeld modules
BBHYD has left duality.

Similarly, we find that:

Theorem 4. Let (M, ant, Bat, Y, wi) be an object in the category EBHYD and assume M is a
finite dimensional. Then, (*M = Hom(M, k), (a},) ", (B3,) ™% (9i) "L (wiy) 1) becomes an
object in gBHyD with the action

(h— f)(m) = f(Sg' By (h) - Byf (m))

and coaction
p:*M = H®*M, p(f) £ f_1) ® fo),

where f(_q) ® f(o)(m) = SHlpﬁl(m(_U) ®f(lp;42(m(0))),for allh € H,f € *Mand m € M.
Moreover, the maps byy : k = MQ@*M, 1y — Y ;e e, anddy : "M@ M — k, dy(f ®
m) = f(m) are morphisms in the category HBHYD. Thus, the category of finitely generated
projective left-left BiHom—Yetter—Drinfeld modules has right duality.

5. Conclusions

This paper is a contribution to the study of BiHom-Yetter-Drinfeld modules. The
starting point was the following question: Are we able to provide more solutions for the
Yang-Baxter equation? It is well known that the braiding structure of a braided monoidal
category can be regarded as a solution. We examined the case of BiHom-Hopf algebras
in this study; we investigated the braiding of the category # BHYD of the BiHom-Yetter—
Drinfeld modules. Another way to characterize the BiHom—Yetter—Drinfeld modules is
from the Drinfeld double, and we will consider that connection in the future. The second
aim of this paper was to provide another illustration of the category £ BH YD through the
connection with the category g M and to study in the finitely generated projective case if
the category EBHYD is rigid.
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