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Abstract


This study investigates a variety of novel estimations involving the expectation, variance, and moment functions of continuous random variables by applying a generalized proportional fractional integral operator. Additionally, a continuous random variable with a probability density function is presented in context of the proportional Riemann–Liouville fractional integral operator. We establish some interesting results of the proportional fractional expectation, variance, and moment functions. In addition, constructive examples are provided to support our conclusions. Meanwhile, we discuss a few specific examples that may be extrapolated from our primary results.
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1. Introduction


Integral inequality is the motivating force behind the modern mathematical analysis perspective. It has been used in a variety of fields, including probability theory and statistical problems, mathematics, physics, and applied sciences; see [1,2]. The integral inequality theory has developed into a vibrant and self-contained sector of research. Fractional calculus has represented an essential role in the study of integral inequality using various forms of fractional integral operators. Several researchers have produced widely disparate conclusions concerning fractional integral inequalities and their applications; see some works [3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24] and references cited therein. Integral inequality has also been employed in probability theory, and it continues to pique researchers’ curiosity.



Fractional calculus (FC) has been widely studied recently over the past decades (beginning in 1695) in fields of applied sciences and engineering. Fractional calculus deals with fractional-order (non-integer-order) differential and integral operators, which establish phenomenon modeling that is increasingly realistic in real-world problems. Moreover, it has properly specified the term “memory”, particularly in mathematics, physics, chemistry, biology, mechanics, electricity, finance, economics, and control theory. However, various types of fractional integral operators have been used in research works that mostly focus on the Riemann–Liouville (RL), Caputo, Hadamard, Katugampola, generalized conformable, and proportional types; see [25,26,27,28,29,30,31].



A probability density function is often used in statistical analysis to represent the relationship between unknown parameters and measures conducted to understand more about them. When there is enough data collected to investigate a solution for the parameters, a powerful estimation technique needs to be used, such as FC, which is an optimal tool under a wide range of criteria. The distribution function and density functions can be used to obtain a detailed description of the probability distribution for a given random variable. To gain a thorough explanation of the probability distribution for a random variable, distribution functions and density functions can be engaged. Surprisingly, they do not allow us to compare two different distributions. In designation comparisons, the random variables that depict the allocation, in particular, under realistic assumptions are useful. As we know, the expectation and variance functions may be calculated using the probability function. However, there are applications where the exact forms of probability distributions are unknown or mathematically difficult, preventing the estimation of the moments—for example, an application in insurance involving the insurer’s payout on a given agreement or group of agreements that follows a combination or hybrid probability distribution. This challenge drives academics to seek alternate estimates for a probability distribution’s expectations and variances. Some novel estimates for the expectation and variance of random variables were investigated using inequality techniques in [32,33].



Several researchers have recently investigated a variety of fractional applications for a continuous random variable (  C . R . V  ) with a probability density function (  P . D . F  ). For example, Dahmani [34] applied the RL-fractional integral operator to analyze integral inequality results for the fractional expectation (  F . E  ) and fractional variance (  F . V  ) functions of the   C . R . V   in 2014. After that, in 2015, Akkurt and co-workers [35] established several extensions of the integral inequality results in [34] by using the Katugampola fractional integral operator. In 2016, Some applications of the RL-fractional integral operator for the   C . R . V   were presented by Dahmani [36]. In addition, he explored and rectified some integral inequalities via the   F . E   and   F . V   functions, as well as several corollaries in [34]. Additionally, in [37,38], the authors provided novel W-weighted ideas for the   C . R . V   with an RL-fractional integral operator with its applications in 2017. In 2019, the Hadamard fractional integral operator was used by Khellaf and co-workers [39] to construct several novel integral inequalities of the   F . E   and   F . V   functions of the   C . R . V  . In 2020, Chen and co-workers [40] analyzed numerous novel inequalities in the context of a generalized RL-fractional integral operator with respect to another function via the   C . R . V  . The results are the generalizations and enhancements of the previously published papers in [41,42,43,44,45,46,47,48,49,50] and references therein.



Motivated by the aforesaid utilization above and the series of papers that were presented, the aim of this work is to present novel ideas about generalized proportional fractional random variables. We establish some novel estimates for the   C . R . V   by utilizing the generalized proportional fractional integral operator with respect to another function. The novel proportional   F . E   and proportional   F . V   results are also presented. As special instances, several classical integral inequality findings can be derived. Finally, the conclusion of this paper is presented in the last section.




2. Preliminaries


The generalized proportional fractional integral operators, definitions, and introductory facts are introduced in this section, which will be used throughout this work.



Definition 1.

([25]). Assume that   u ∈ [ 1 , ∞ )  ,   v ≥ 0   and   a < b  . Hence,   h ( t )   is called in    L  u , v    ( a , b )   -space if


    ∥ h ∥    L  u , v    ( a , b )    =    ∫  a  b    | h  ( t )  |  u   t v  d t   1 / u   < ∞ .  











If   v = 0  , we have


    L  u , 0    ( a , b )  =  L u   ( a , b )  =    h : ∥ h ∥    L u   ( a , b )    =    ∫  a  b    | h  ( t )  |  u  d t   1 / u   < ∞  .   



(1)









Definition 2.

([14]). Let   h ∈  L 1   [ 0 , ∞ )   . Assume that   ϕ ∈  C 1   (  [ a , b ]  )    and    ϕ ′  > 0  . Hence,    X  ϕ  p   ( 0 , ∞ )    is the space of all the real-valued Lebesgue measureable functions h, defined on    R +  ∪  { 0 }    so that


    ∥ h ∥    X  ϕ  u   ( 0 , ∞ )    =    ∫  0  ∞    | h  ( t )  |  u   ϕ ′   ( t )  d t   1 / u   < ∞ ,  u ∈  [ 1 , ∞ )  .  



(2)







If   u = ∞  ,    ∥ h ∥    X  ϕ  ∞   ( 0 , ∞ )     is given by


     ∥ h ∥    X  ϕ  ∞   ( 0 , ∞ )    = e s s  sup  0 ≤ t < ∞     ϕ ′   ( t )  h  ( t )   .   



(3)







In particular, if   ϕ ( t ) = t  , then    X  ϕ  u   ( 0 , ∞ )    coincides with a    L u   [ 0 , ∞ )   -space with   u ∈ [ 1 , ∞ )  ; if   ϕ  ( t )  =  t  v + 1   /  ( v + 1 )   ,   u ∈ [ 1 , ∞ ) , v ≥ 0  , then    X  ϕ  u   ( 0 , ∞ )    reduces to a    L  u , v    [ 0 , ∞ )   -space.





Definition 3.

([30,31]). Let   α ∈ C  ,   R e ( α ) > 0  ,   ρ ∈ ( 0 , 1 ]  ,   ϕ ∈  C 1   (  [ a , b ]  )   ,    ϕ ′  > 0  . The proportional fractional integral of order α of   h ∈  L 1   (  [ a , b ]  )    with respect to ϕ is given by


     ρ   I   a +    α , ϕ    [ h  ( t )  ]  =  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  h  ( s )   ϕ ′   ( s )  d s ,  








where   Γ  ( α )  =  ∫  0  ∞   s  α − 1    e  − s   d s  ,   s > 0   and


     ρ   G  ϕ  α   ( x , y )  =  e    ρ − 1  ρ   ϕ ( x ) − ϕ ( y )      ϕ ( x ) − ϕ ( y )   α − 1   .  



(4)









We provide the following semi-group property:


     ρ   I   a +    α , ϕ      ρ   I   a +    β , ϕ    [ h  ( t )  ]  =    ρ   I   a +    β , ϕ      ρ   I   a +    α , ϕ    [ h  ( t )  ]  =    ρ   I   a +    α + β , ϕ    [ h  ( t )  ]  ,  α , β ≥ 0 ,  








and


      ρ   I   a +    α , ϕ       ρ   G  ϕ  β   ( t , a )    =   Γ ( β )    ρ α  Γ  ( β + α )        ρ   G  ϕ   β + α    ( t , a )  ,  α ≥ 0 , β > 0 .  



(5)







Remark 1.

It is easy to see that if we set   ρ = 1   in Definition 3, we have the following:




	(  A 1  )

	
The RL-fractional integral operator defined as in [25] with   ϕ ( t ) = t  ;




	(  A 2  )

	
The Hadamard fractional integral operator defined as in [25] with   ϕ ( t ) = ln t  ;




	(  A 3  )

	
The Katugampola fractional integral operator defined as in [26] with   ϕ  ( t )  =  t μ  / μ   for   μ > 0  ;




	(  A 4  )

	
The conformable fractional integral operator defined as in [27] with   ϕ  ( t )  =   ( t − a )  μ  / μ   for   μ > 0  ;




	(  A 5  )

	
The generalized conformable fractional integral operator defined as in [28] with   ϕ  ( t )  =  t  μ + ϕ   /  ( μ + ϕ )   .











Firstly, we give the proportional   F . E   function of  X .



Definition 4.

Assume that  X  is a random variable with a positive   P . D . F   h defined on   ( a , b )  , and   ϕ ( t )   is an increasing and positive function defined on   ( a , b )  . Then, the proportional   F . E   function of order   α ≥ 0   is given by


      ρ   E  X , α    ( t )  =    ρ   I   a +    α , ϕ     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  h  ( t )   =  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )   e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  h  ( s )   ϕ ′   ( s )  d s ,   



(6)




where the proportional expectation is given by


      ρ  E  ( X )  =    ρ   E  X , 1    ( b )  =  1 ρ    e    ρ − 1  ρ  ϕ  ( b )     ∫  a  b  ϕ  ( s )  h  ( s )   ϕ ′   ( s )  d s .   



(7)









Next, we give the proportional   F . E   function of   X −    ρ  E  ( X )   .



Definition 5.

Assume that   ϕ ( t )   is an increasing and positive function defined on   ( a , b ]  . Then the proportional   F . E   function of order   α ≥ 0   for a random variable   X −    ρ  E  ( X )    is given by


      ρ   E  X −    ρ  E  ( X )  , α    ( t )  =  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )    e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  −    ρ  E  ( X )   h  ( s )   ϕ ′   ( s )  d s ,   



(8)




where   h :  [ a , b ]  →  R +    is the   P . D . F .   of  X .





If   t = b  , then we obtain the following definition.



Definition 6.

Assume that   ϕ ( t )   is an increasing and positive function defined on   ( a , b )  . Then      ρ   E  X , α    ( t )    of order   α ≥ 0   for a random variable  X  with a positive   P . D . F   f defined on   ( a , b )   is given by


      ρ   E  X , α    ( b )  =  1   ρ α  Γ  ( α )     ∫  a  b     ρ   G  ϕ  α   ( b , s )   e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  h  ( s )   ϕ ′   ( s )  d s .   



(9)









For the proportional   F . V   function of  X , we have the following two definitions.



Definition 7.

Assume that   ϕ ( t )   is an increasing and positive function defined on   ( a , b )  . Then, the proportional   F . V   function      ρ   σ  X , α  2   ( t )    of order   α ≥ 0   for a random variable  X  with a positive   P . D . F   h defined on   ( a , b )   is given by


         ρ   σ  X , α  2   ( t )     =       ρ   I   a +    α , ϕ       e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )   2  h  ( t )         =     1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )     e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  −    ρ  E  ( X )   2  h  ( s )   ϕ ′   ( s )  d s .      



(10)









If   t = b  , then we get the following definition.



Definition 8.

Assume that   ϕ ( t )   is an increasing and positive function defined on   ( a , b )  . Then, the generalized proportional   F . V   function      ρ   σ  X , α  2   ( t )    of order   α ≥ 0   for a random variable  X  with a positive   P . D . F      h :  ( a , b )  →  R +    is given by


      ρ   σ  X , α  2   ( b )  =  1   ρ α  Γ  ( α )     ∫  a  b     ρ   G  ϕ  α   ( b , s )     e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  −    ρ  E  ( X )   2  h  ( s )   ϕ ′   ( s )  d s .   



(11)









Definition 9.

Assume that  X  is a random variable with a positive   P . D . F   h defined on   ( a , b )   and   ϕ ( t )   is an increasing and positive function defined on   ( a , b )  . Then the proportional fractional moment (  F . M  ) function of order   ( r , α )   with   α ≥ 0  ,   r > 0   is given by


         ρ   M   X r  , α    ( t )     =       ρ   I   a +    α , ϕ       e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )   r  h  ( t )         =     1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )     e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )   r  h  ( s )   ϕ ′   ( s )  d s .      



(12)









Remark 2.

It is easy to see that:




	(  A 1  )

	
If we input   ρ = α = 1  , and   ϕ ( t ) = t   in Definition 4, it yields that the classical expectation   E  ( X )  =  ∫  a  b  s h  ( s )  d s  ;




	(  A 2  )

	
If we input   ρ = α = 1  , and   ϕ ( t ) = t   in Definition 7, it yields that the classical variance    σ 2  =  ∫  a  b    s − E ( X )  2  h  ( s )  d s  ;




	(  A 3  )

	
If we input   ρ = α = 1  , and   ϕ ( t ) = t   in Definition 9, it yields that the classical moment of order r:    M r  =  ∫  a  b   s r  h  ( s )  d s  ;




	(  A 4  )

	
If we input   ρ = 1  , and   ϕ ( t ) = t   in Definitions 4–9, it yields Definitions   2.2  –  2.6   in [34] and Definition   2.3   in [36];




	(  A 5  )

	
If we input   ρ = 1   in Definitions 4–8, it yields Definitions   2.5  –  2.9   in [40].




	(  A 6  )

	
For   α > 0  , the   P . D . F   h satisfies


      ρ   I   a +    α , ϕ    [ h  ( b )  ]  =      ρ   G  ϕ  α   ( b , a )     ρ α  Γ  ( α )    =    e    ρ − 1  ρ   ϕ ( b ) − ϕ ( a )      ϕ ( b ) − ϕ ( a )   α − 1      ρ α  Γ  ( α )    ;   












	(  A 7  )

	
For   α = 1   and   ρ = 1  , we have the well-known property      ρ   I   a +    α , ϕ    [ h  ( b )  ]  = 1  .












3. Main Results


Next, we are going to apply the proportional RL-fractional integral operator with respect to another function to investigate several novel results for fractional   C . R . V   with   P . D . F  . The main results are as follows:



Lemma 1.

Assume that  X  is the   C . R . V   with the   P . D . F      h :  [ a , b ]  →  R +   . Hence


      ρ   σ  X , α  2   ( b )  =    ρ   M   X 2  , α    ( b )  − 2    ρ  E  ( X )     ρ   E  X , α    ( b )  +   [    ρ  E  ( X )  ]  2       ρ   I   a +    α , ϕ    [ h  ( b )  ]  ,   ∀ α ≥ 0 .   



(13)









Proof. 

By Definition 8, we have


        ρ   σ  X , α  2   ( b )     =     1   ρ α  Γ  ( α )     ∫  a  b     ρ   G  ϕ  α   ( b , s )     e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  −    ρ  E  ( X )   2  h  ( s )   ϕ ′   ( s )  d s       =     1   ρ α  Γ  ( α )     ∫  a  b     ρ   G  ϕ  α   ( b , s )  [    e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )   2  − 2  e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )     ρ  E  ( X )            +   [    ρ  E  ( X )  ]  2  ] h  ( s )   ϕ ′   ( s )  d s        =     1   ρ α  Γ  ( α )     ∫  a  b     ρ   G  ϕ  α   ( b , s )     e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )   2  h  ( s )   ϕ ′   ( s )  d s           −   2    ρ  E  ( X )     ρ α  Γ  ( α )     ∫  a  b     ρ   G  ϕ  α   ( b , s )   e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  h  ( s )   ϕ ′   ( s )  d s             +    [    ρ  E  ( X )  ]  2    ρ α  Γ  ( α )     ∫  a  b     ρ   G  ϕ  α   ( b , s )  h  ( s )   ϕ ′   ( s )  d s        =       ρ   M   X 2  , α    ( b )  − 2    ρ  E  ( X )     ρ   E  X , α    ( b )  +   [    ρ  E  ( X )  ]  2     ρ   I   a +    α , ϕ    [ h  ( b )  ]  .     











Hence, Equation (13) is obtained. □





Remark 3.

It is easy to see that




	(  A 1  )

	
If we input   ρ = α = 1  , and   ϕ ( t ) = t  , we have the property:    σ 2  = E  (  X 2  )  −  E 2   ( X )   ;




	(  A 2  )

	
If we input   ρ = 1   and   ϕ ( t ) = t  , we have Theorem   3.3   in [36];




	(  A 3  )

	
If we input   ρ = 1   and   ϕ ( t ) = ln t  , we have Lemma 7 in [39];




	(  A 4  )

	
If we input   ρ = 1  , we have Lemma   3.1   in [40].











Theorem 1.

Suppose that  X  is the   C . R . V   with the   P . D . F      h :  [ a , b ]  →  R +   . Hence,




	   ( i )   

	
For any   α ≥ 0   and   t ∈ ( a , b ]  ,


             ρ   I   a +    α , ϕ    [ h  ( t )  ]     ρ   σ  X , α  2   ( t )  −      ρ   E  X −    ρ  E  ( X )  , α    ( t )   2            ≤   ∥ h ∥   ∞  2  {    ( ϕ  ( t )  − ϕ  ( a )  )  α    ρ α  Γ  ( α + 1 )       ρ   I   a +    α , ϕ       e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )   2               −      ρ   I   a +    α , ϕ     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )    2  } ,      



(14)




provided that   h ∈  L ∞   [ a , b ]   ;




	   ( i i )   

	
The integral inequality


             ρ   I   a +    α , ϕ    [ h  ( t )  ]     ρ   σ  X , α  2   ( t )  −      ρ   E  X −    ρ  E  ( X )  , α    ( t )   2           ≤  1 2     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −  e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( a )   2       ρ   I   a +    α , ϕ    [ h  ( t )  ]   2       



(15)




is true for all   α ≥ 0   and   t ∈ ( a , b ]  .











Proof. 

Assume that the quantity for   P . D . F   is g and w; for   t ∈ ( a , b ]   and s,   r ∈ ( a , t )  , we have


     M ( s , r )    =    ( g ( s ) − g ( r ) ) ( w ( s ) − w ( r ) )       =    g ( s ) w ( s ) + g ( r ) w ( r ) − g ( s ) w ( r ) − g ( r ) w ( s ) .     



(16)







Inserting a function   P :  [ a , b ]  →  R +   , taking both sides of (16) by


   1   ρ α  Γ  ( α )        ρ   G  ϕ  α   ( t , s )  P  ( s )   ϕ ′   ( s )  ,  s ∈  ( a , t )  ,  








and integrating with respect to s from a to t, we have


          1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  P  ( s )  M  ( s , r )   ϕ ′   ( s )  d s       =     1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  P  ( s )  g  ( s )  w  ( s )   ϕ ′   ( s )  d s           +  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  P  ( s )  g  ( r )  w  ( r )   ϕ ′   ( s )  d s             −  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  P  ( s )  g  ( s )  w  ( r )   ϕ ′   ( s )  d s              −  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  P  ( s )  g  ( r )  w  ( s )   ϕ ′   ( s )  d s        =       ρ   I   a +    α , ϕ    [ P  ( t )  g  ( t )  w  ( t )  ]  +    ρ   I   a +    α , ϕ    [ P  ( t )  ]  g  ( r )  w  ( r )             −    ρ   I   a +    α , ϕ    [ P  ( t )  g  ( t )  ]  w  ( r )  −    ρ   I   a +    α , ϕ    [ P  ( t )  w  ( t )  ]  g  ( r )  .      



(17)







Repeating the process, taking both sides of (17) by


   1   ρ α  Γ  ( α )        ρ   G  ϕ  α   ( t , r )  P  ( r )   ϕ ′   ( r )  ,  r ∈  ( a , t )  ,  








and integrating with respect to r from a to t, we have


          1    ρ α  Γ  ( α )   2    ∫  a  t   ∫  a  t     ρ   G  ϕ  α   ( t , s )      ρ   G  ϕ  α   ( t , r )  P  ( s )  P  ( r )  M  ( s , r )   ϕ ′   ( s )   ϕ ′   ( r )  d s d r       =     1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  P  ( s )  g  ( s )  w  ( s )   ϕ ′   ( s )  d s  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , r )  P  ( r )   ϕ ′   ( r )  d r         +  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  P  ( s )   ϕ ′   ( s )  d s  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , r )  P  ( r )  g  ( r )  w  ( r )   ϕ ′   ( r )  d r         −  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  P  ( s )  g  ( s )   ϕ ′   ( s )  d s  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , r )  P  ( r )  w  ( r )   ϕ ′   ( r )  d r         −  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  P  ( s )  w  ( s )   ϕ ′   ( s )  d s ·  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , r )  P  ( r )  g  ( r )   ϕ ′   ( r )  d r       =       ρ   I   a +    α , ϕ    [ P  ( t )  g  ( t )  w  ( t )  ]      ρ   I   a +    α , ϕ    [ P  ( t )  ]  +    ρ   I   a +    α , ϕ    [ P  ( t )  ]     ρ   I   a +    α , ϕ    [ P  ( t )  g  ( t )  w  ( t )  ]          −    ρ   I   a +    α , ϕ    [ P  ( t )  g  ( t )  ]     ρ   I   a +    α , ϕ    [ P  ( t )  w  ( t )  ]  −    ρ   I   a +    α , ϕ    [ P  ( t )  w  ( t )  ]     ρ   I   a +    α , ϕ    [ P  ( t )  g  ( t )  ]        =    2    ρ   I   a +    α , ϕ    [ P  ( t )  g  ( t )  w  ( t )  ]      ρ   I   a +    α , ϕ    [ P  ( t )  ]  − 2    ρ   I   a +    α , ϕ    [ P  ( t )  g  ( t )  ]     ρ   I   a +    α , ϕ    [ P  ( t )  w  ( t )  ]  .     



(18)







By setting   P ( t ) = h ( t )   and   g  ( t )  = w  ( t )  =  e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )    in (18),   t ∈ ( a , b )  , one has


          1    ρ α  Γ  ( α )   2    ∫  a  t   ∫  a  t     ρ   G  ϕ  α   ( t , s )     ρ   G  ϕ  α   ( t , r )  h  ( s )  h  ( r )            ×    e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  −  e    ρ − 1  ρ  ϕ  ( r )    ϕ  ( r )   2   ϕ ′   ( s )   ϕ ′   ( r )  d s d r       =    2    ρ   I   a +    α , ϕ    h  ( t )     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )   2      ρ   I   a +    α , ϕ    [ h  ( t )  ]            − 2      ρ   I   a +    α , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )     2  .     



(19)







In other words, we estimate


          1    ρ α  Γ  ( α )   2    ∫  a  t   ∫  a  t     ρ   G  ϕ  α   ( t , s )     ρ   G  ϕ  α   ( t , r )  h  ( s )  h  ( r )            ×    e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  −  e    ρ − 1  ρ  ϕ  ( r )    ϕ  ( r )   2   ϕ ′   ( s )   ϕ ′   ( r )  d s d r       ≤      ∥ h ∥   ∞  2  {   2   ( ϕ  ( t )  − ϕ  ( a )  )  α     ρ α  Γ  ( α + 1 )        ρ   I   a +    α , ϕ       e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )   2             − 2      ρ   I   a +    α , ϕ     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )    2  } .     



(20)







By (19), (20), this implies Theorem 1   ( i )  .



Now, we are going to show Theorem 1   ( i i )  .



For any s,   r ∈ ( a , t )  , then


          1    ρ α  Γ  ( α )   2    ∫  a  t   ∫  a  t     ρ   G  ϕ  α   ( t , s )     ρ   G  ϕ  α   ( t , r )  h  ( s )  h  ( r )            ×    e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  −  e    ρ − 1  ρ  ϕ  ( r )    ϕ  ( r )   2   ϕ ′   ( s )   ϕ ′   ( r )  d s d r       ≤     sup  s , r ∈ [ a , t ]      e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  −  e    ρ − 1  ρ  ϕ  ( r )    ϕ  ( r )   2    1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  h  ( s )   ϕ ′   ( s )  d s            ×   1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , r )  h  ( r )   ϕ ′   ( r )  d r        =       e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −  e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( a )   2       ρ   I   a +    α , ϕ    [ h  ( t )  ]   2  .     



(21)







Hence, by (19) and (21), inequality (15) is desired. □





In addition, we provide the following corollary:



Corollary 1.

Assume that  X  is the   C . R . V   with the   P . D . F    h :  [ a , b ]  →  R +   . Hence




	   ( i )   

	
For every   α ≥ 0  ,   t ∈ ( a , b ]  , and   h ∈  L ∞   [ a , b ]   , then


           1   ρ α  Γ  ( α )        ρ   G  ϕ  α   ( b , a )      ρ   σ  X , α  2   ( b )  −      ρ   E  X , α    ( b )   2           ≤   ∥ h ∥   ∞  2  [    ( ϕ  ( b )  − ϕ  ( a )  )  α    ρ α  Γ  ( α + 3 )     e    ρ − 1  ρ  ϕ  ( b )     2 ϕ  ( b )   ( ϕ  ( b )  + α ϕ  ( a )  )  + α  ( α + 1 )   ϕ 2    ( a )  )              −      ( ϕ  ( b )  − ϕ  ( a )  )  α    ρ α  Γ  ( α + 2 )     e    ρ − 1  ρ  ϕ  ( b )     ( α ϕ  ( a )  − ϕ  ( b )  )   2  ] ;      



(22)








	   ( i i )   

	
The inequality


           1   ρ α  Γ  ( α )        ρ   G  ϕ  α   ( b , a )      ρ   σ  X , α  2   ( b )  −      ρ   E  X −    ρ  E  ( X )  , α    ( b )   2          ≤  1 2     e    ρ − 1  ρ  ϕ  ( b )    ϕ  ( b )  −  e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( a )   2     1   ρ α  Γ  ( α )        ρ   G  ϕ  α   ( b , a )   2       



(23)




is also true for each   α ≥ 0  .











Example 1.

Define the   P . D . F      h :  [ a , b ]  →  R +    by   h ( t ) = 1 / ( ϕ ( b ) − ϕ ( a ) )  . By Definition 4, inequality (7), Definition 9, and Definition 5, respectively, we have


         ρ   E  X , α    ( t )     =       e    ρ − 1  ρ  ϕ  ( t )      ( ϕ  ( t )  − ϕ  ( a )  )  α   ( ϕ  ( t )  + α ϕ  ( a )  )     ρ α  Γ  ( α + 2 )   ( ϕ  ( b )  − ϕ  ( a )  )    ,      



(24)






         ρ  E  ( X )     =       e    ρ − 1  ρ  ϕ  ( t )     (  ϕ 2   ( t )  −  ϕ 2   ( a )  )    2 ρ ( ϕ ( b ) − ϕ ( a ) )   ,          ρ   M   X 2  , α    ( t )     =      e    ρ − 1  ρ  ϕ  ( t )      ( ϕ  ( t )  − ϕ  ( a )  )  α     ρ α  Γ  ( α + 3 )   ( ϕ  ( b )  − ϕ  ( a )  )        



(25)






         ×  α  ( α + 1 )   ϕ 2   ( a )  + 2 ϕ  ( t )   ( ϕ  ( t )  + α ϕ  ( a )  )   ,          ρ   E  X −    ρ  E  ( X )  , α    ( t )     =      e    ρ − 1  ρ  ϕ  ( t )      ( ϕ  ( t )  − ϕ  ( a )  )  α   ( ϕ  ( t )  + α ϕ  ( a )  )     ρ α  Γ  ( α + 2 )   ( ϕ  ( b )  − ϕ  ( a )  )        



(26)






         ×  1 −    e    ρ − 1  ρ  ϕ  ( t )     (  ϕ 2   ( t )  −  ϕ 2   ( a )  )    2 ρ ( ϕ ( b ) − ϕ ( a ) )    .      



(27)







Applying Lemma 1 with   ϕ ( t ) = t  ,   α = 0.15  ,   ρ = 0.01  ,   a = 0  , and   b = 0.1  , a graph representing the inequality (14) of Theorem 1 is shown in Figure 1.



By using   α = 0.9  ,   ρ = 0.01  ,   a = 0  , and   b = 0.14  , a graph representing the inequality (15) of Theorem 1 is shown in Figure 2.





Remark 4.

We clearly see that if   ρ = 1   and   ϕ ( t ) = 1  , we have the following results:




	(  A 1  )

	
Theorem 1   ( i )   and Corollary 1   ( i )   reduce to Theorem   3.1    ( i )   and Corollary   3.4      ( i )   in [34];




	(  A 2  )

	
Corollary 1   ( i )   reduces to the first part of Theorem 1 as in [33] with   α = 1  ;




	(  A 3  )

	
Corollary 1   ( i i )   reduces to the last part of Theorem 1 as in [33] with   α = 1  .




	(  A 4  )

	
If we input   ρ = 1  , we have Theorem   3.2   and Corollary   3.3   in [40].











Next, we are going to prove the regular form of Theorem 1 by considering two positive parameters of fractional order.



Theorem 2.

Assume that  X  is the   C . R . V   with the   P . D . F      h :  [ a , b ]  →  R +   . Then the following conditions hold:




	   ( i )   

	
For every α,   β ≥ 0   and   t ∈ ( a , b ]  ,


             ρ   I   a +    α , ϕ    [ h  ( t )  ]     ρ   σ  X , β  2   ( t )  +    ρ   I   a +    β , ϕ    [ h  ( t )  ]     ρ   σ  X , α  2   ( t )  − 2     ρ   E  X −    ρ  E  ( X )  , α    ( t )       ρ   E  X −    ρ  E  ( X )  , β    ( t )         ≤      ∥ h ∥   ∞  2  (    ( ϕ  ( t )  − ϕ  ( a )  )  β    ρ β  Γ  ( β + 1 )        ρ   I   a +    α , ϕ       e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )   2             +    ( ϕ  ( t )  − ϕ  ( a )  )  α    ρ α  Γ  ( α + 1 )        ρ   I   a +    β , ϕ       e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )   2              − 2     ρ   I   a +    α , ϕ     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )        ρ   I   a +    β , ϕ     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )    ) ,      



(28)




where   h ∈  L ∞   [ a , b ]   ;




	   ( i i )   

	
The integral inequality


             ρ   I   a +    α , ϕ    [ h  ( t )  ]     ρ   σ  X , β  2   ( t )  +    ρ   I   a +    β , ϕ    [ h  ( t )  ]     ρ   σ  X , α  2   ( t )  − 2     ρ   E  X −    ρ  E  ( X )  , α    ( t )       ρ   E  X −    ρ  E  ( X )  , β    ( t )         ≤       e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −  e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( a )   2      ρ   I   a +    α , ϕ    [ h  ( t )  ]       ρ   I   a +    β , ϕ    [ h  ( t )  ]        



(29)




is also true for each α,   β ≥ 0   and   t ∈ ( a , b ]  .











Proof. 

Inserting a function   P :  [ a , b ]  →  R +   , taking both sides of (17) by


   1   ρ β  Γ  ( β )        ρ   G  ϕ  β   ( t , r )  P  ( r )   ϕ ′   ( r )  ,  r ∈  ( a , t )  ,  








and integrating with respect to r from a to t, we obtain


          1   ρ α  Γ  ( α )   ρ β  Γ  ( β )     ∫  a  t   ∫  a  t     ρ   G  ϕ  α   ( t , s )     ρ   G  ϕ  β   ( t , r )  P  ( s )  P  ( r )  M  ( s , r )   ϕ ′   ( s )   ϕ ′   ( r )  d s d r       =     1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  P  ( s )  g  ( s )  w  ( s )   ϕ ′   ( s )  d s  1   ρ β  Γ  ( β )     ∫  a  t     ρ   G  ϕ  β   ( t , r )  P  ( r )   ϕ ′   ( r )  d r         +  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  P  ( s )   ϕ ′   ( s )  d s  1   ρ β  Γ  ( β )     ∫  a  t     ρ   G  ϕ  β   ( t , r )  P  ( r )  g  ( r )  w  ( r )   ϕ ′   ( r )  d r         −  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  P  ( s )  g  ( s )   ϕ ′   ( s )  d s  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  β   ( t , r )  P  ( r )  w  ( r )   ϕ ′   ( r )  d r         −  1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  P  ( s )  w  ( s )   ϕ ′   ( s )  d s  1   ρ β  Γ  ( β )     ∫  a  t     ρ   G  ϕ  β   ( t , r )  P  ( r )  g  ( r )   ϕ ′   ( r )  d r       =       ρ   I   a +    α , ϕ    [ P  ( t )  g  ( t )  w  ( t )  ]      ρ   I   a +    β , ϕ    [ P  ( t )  ]  +    ρ   I   a +    α , ϕ    [ P  ( t )  ]     ρ   I   a +    β , ϕ    [ P  ( t )  g  ( t )  w  ( t )  ]          −    ρ   I   a +    α , ϕ    [ P  ( t )  g  ( t )  ]     ρ   I   a +    β , ϕ    [ P  ( t )  w  ( t )  ]  −    ρ   I   a +    α , ϕ    [ P  ( t )  w  ( t )  ]     ρ   I   a +    β , ϕ    [ P  ( t )  g  ( t )  ]  .     



(30)







Setting   P ( s ) = h ( s )   and   g  ( s )  = w  ( s )  =  e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  −    ρ  E  ( X )   , for   t ∈ ( a , b )  , in (30), yields


          1   ρ α  Γ  ( α )   ρ β  Γ  ( β )     ∫  a  t   ∫  a  t     ρ   G  ϕ  α   ( t , s )     ρ   G  ϕ  β   ( t , r )  h  ( s )  h  ( r )            ×    e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  −  e    ρ − 1  ρ  ϕ  ( r )    ϕ  ( r )   2   ϕ ′   ( s )   ϕ ′   ( r )  d s d r       =       ρ   I   a +    α , ϕ    h  ( t )     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )   2       ρ   I   a +    β , ϕ    [ h  ( t )  ]           +    ρ   I   a +    α , ϕ    [ h  ( t )  ]      ρ   I   a +    β , ϕ    h  ( t )     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )   2             − 2 (     ρ   I   a +    α , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )                ×     ρ   I   a +    β , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )      ) 2  .     



(31)







Moreover, we get


          1   ρ α  Γ  ( α )   ρ β  Γ  ( β )     ∫  a  t   ∫  a  t     ρ   G  ϕ  α   ( t , s )     ρ   G  ϕ  β   ( t , r )  h  ( s )  h  ( r )            ×    e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  −  e    ρ − 1  ρ  ϕ  ( r )    ϕ  ( r )   2   ϕ ′   ( s )   ϕ ′   ( r )  d s d r       ≤      ∥ h ∥   ∞  2  (    ( ϕ  ( t )  − ϕ  ( a )  )  β    ρ β  Γ  ( β + 1 )        ρ   I   a +    α , ϕ       e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )   2            +    ( ϕ  ( t )  − ϕ  ( a )  )  α    ρ α  Γ  ( α + 1 )        ρ   I   a +    β , ϕ       e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )   2             − 2     ρ   I   a +    α , ϕ     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )        ρ   I   a +    β , ϕ     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )    ) .     



(32)







By (31) and (32), implies Theorem 2   ( i )  .



Now, we will show the Theorem 2   ( i i )  .



For s,   r ∈ ( a , t )   with (30), we have


          1   ρ α  Γ  ( α )   ρ β  Γ  ( β )     ∫  a  t   ∫  a  t     ρ   G  ϕ  α   ( t , s )     ρ   G  ϕ  β   ( t , r )  h  ( s )  h  ( r )            ×    e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  −  e    ρ − 1  ρ  ϕ  ( r )    ϕ  ( r )   2   ϕ ′   ( s )   ϕ ′   ( r )  d s d r       ≤     sup  s , r ∈ [ a , t ]      e    ρ − 1  ρ  ϕ  ( s )    ϕ  ( s )  −  e    ρ − 1  ρ  ϕ  ( r )    ϕ  ( r )   2           ×   1   ρ α  Γ  ( α )     ∫  a  t     ρ   G  ϕ  α   ( t , s )  h  ( s )   ϕ ′   ( s )  d s    1   ρ β  Γ  ( β )     ∫  a  t     ρ   G  ϕ  β   ( t , r )  h  ( r )   ϕ ′   ( r )  d r        =       e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −  e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( a )   2      ρ   I   a +    α , ϕ    [ h  ( t )  ]       ρ   I   a +    β , ϕ    [ h  ( t )  ]   .     



(33)







Hence, by (31) and (33), the inequality (29) is obtained. □





Example 2.

Define the   P . D . F      h :  [ a , b ]  →  R +    by   h ( t ) = 1 / ( ϕ ( b ) − ϕ ( a ) )  . Applying Lemma 1, (24,25,26,27) with   ϕ ( t ) = t  ,   α = 0.32  ,   β = 0.95  ,   ρ = 0.05  ,   a = 0  , and   b = 0.6  , a graph representing the inequality (28) of Theorem 2 is shown in Figure 3.



By using   α = 0.9  ,   ρ = 0.01  ,   a = 0  , and   b = 0.14  , a graph representing the inequality (29) of Theorem 2 is shown in Figure 4.





Remark 5.

We clearly see that:




	(  A 1  )

	
By setting   α = β   in Theorem 2, Theorem 2 deduces to Theorem 1;




	(  A 2  )

	
By setting   ρ = 1   and   ϕ ( t ) = t   in Theorem 2, then Theorem 2 deduces to Theorem   3.2   in [34];




	(  A 3  )

	
By setting   ρ = α = β = 1   and   ϕ ( t ) = t   in   ( i )   of Theorem 2 then Theorem 2 deduces the first part of Theorem 1 as in [33];




	(  A 4  )

	
By setting   ρ = α = β = 1   and   ϕ ( t ) = t   in   ( i i )   of Theorem 2, then Theorem 2 deduces the last part of Theorem 1 as in [33];




	(  A 5  )

	
If we input   ρ = 1  , we have Theorem   3.4   in [40].











The proportional fractional integral inequality results are shown below.



Theorem 3.

Assume that  X  is the   C . R . V   with the   P . D . F      h :  [ a , b ]  →  R +   . Hence


             ρ   I   a +    α , ϕ    [ h  ( t )  ]      ρ   σ  X , α  2   ( t )  −      ρ   E  X −    ρ  E  ( X )  , α    ( t )   2           ≤  1 4     e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( b )  −  e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( a )   2       ρ   I   a +    α , ϕ    [ h  ( t )  ]   2  .      



(34)









Proof. 

By applying Theorem   3.1   of [50], it follows that


      ρ   I   a +    α , ϕ    [ w  ( t )  ]      ρ   I   a +    α , ϕ    [ w  g 2   ( t )  ]  −      ρ   I   a +    α , ϕ    [ w g  ( t )  ]   2   ≤  1 4       ρ   I   a +    α , ϕ    [ w  ( t )  ]   2    ( M − m )  2  .  



(35)







Substituting   w ( t ) = h ( t )   and   g  ( t )  =  e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  ϕ  ( t )  −    ρ  E  ( X )   , for any   t ∈ [ a , b ]  , then   M =  e    ρ − 1  ρ  ϕ  ( b )    ϕ  ( b )  −    ρ  E  ( X )   ,   m =  e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( a )  −    ρ  E  ( X )   . Then (35) can be rewritten


    0   ≤       ρ   I   a +    α , ϕ    [ h  ( t )  ]      ρ   I   a +    α , ϕ    h  ( t )     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )   2           −      ρ   I   a +    α , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )     2        ≤     1 4       ρ   I   a +    α , ϕ    [ h  ( t )  ]   2     e    ρ − 1  ρ  ϕ  ( b )    ϕ  ( b )  −  e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( a )   2  ,     



(36)




which implies that


            ρ   I   a +    α , ϕ    [ h  ( t )  ]      ρ   σ  X , α  2   ( t )  −      ρ   E  X −    ρ  E  ( X )  , α    ( t )   2        ≤     1 4     e    ρ − 1  ρ  ϕ  ( b )    ϕ  ( b )  −  e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( a )   2       ρ   I   a +    α , ϕ    [ h  ( t )  ]   2  .     



(37)







Hence, (34) is obtained. □





If   t = b  , we obtain the following inequality.



Corollary 2.

Assume that  X  is the   C . R . V   with the   P . D . F      h :  [ a , b ]  →  R +   . Hence, for each   α ≥ 0  ,


           ρ   G  ϕ  α   ( b , a )     ρ α  Γ  ( α )       ρ   σ  X , α  2   ( b )  −      ρ   E  X −    ρ  E  ( X )  , α    ( b )   2  ≤  1 4     e    ρ − 1  ρ  ϕ  ( b )    ϕ  ( b )  −  e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( a )   2         ρ   G  ϕ  α   ( b , a )     ρ α  Γ  ( α )     2  .      













Example 3.

Define the   P . D . F      h :  [ a , b ]  →  R +    by   h ( t ) = 1 / ( ϕ ( b ) − ϕ ( a ) )  . Applying Lemma 1, (24,25,26,27) with   ϕ ( t ) = t  ,   α = 0.90  ,   ρ = 0.60  ,   a = 0  , and   b = 7  , a graph representing the inequality (34) of Theorem 3 is shown in Figure 5.





Remark 6.

We clearly see that if input   ρ = 1  , we have the following results:




	(  A 1  )

	
Theorem 3 and Corollary 2 deduce to Theorem   3.3   and Corollary   3.2   as in [34] with   ϕ ( t ) = t  ;




	(  A 2  )

	
Corollary 2 deduces to Theorem 2 as in [33] with   α = 1   and   ϕ ( t ) = t  ;




	(  A 3  )

	
If we input   ρ = 1  , we have Theorem   3.5   and Corollary   3.6   in [40].











Next, we will show the proportional   F . V   function with two parameters.



Theorem 4.

Assume that  X  is the   C . R . V   with the   P . D . F      h :  [ a , b ]  →  R +   . Hence, for each   t ∈ ( a , b ]  ,   α ≥ 0  ,   β ≥ 0  ,


             ρ   I   a +    α , ϕ    [ h  ( t )  ]      ρ   σ  X , β    ( t )  +    ρ   I   a +    β , ϕ    [ h  ( t )  ]      ρ   σ  X , α    ( t )           + 2   e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( a )  −    ρ  E  ( X )     e    ρ − 1  ρ  ϕ  ( b )    ϕ  ( b )  −    ρ  E  ( X )       ρ   I   a +    α , ϕ    [ h  ( t )  ]     ρ   I   a +    β , ϕ    [ h  ( t )  ]        ≤     e    ρ − 1  ρ  ϕ  ( b )    ϕ  ( b )  +  e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( a )  − 2    ρ  E  ( X )           ×     ρ   I   a +    α , ϕ    [ h  ( t )  ]      ρ   E  X −    ρ  E  ( X )  , β    ( t )   +    ρ   I   a +    β , ϕ    [ h  ( t )  ]      ρ   E  X −    ρ  E  ( X )  , α    ( t )    .      



(38)









Proof. 

By applying Theorem   3.4   of [50], we get


         [    ρ   I   a +    α , ϕ    [ w  ( t )  ]      ρ   I   a +    β , ϕ    [ w  g 2   ( t )  ]  +    ρ   I   a +    β , ϕ    [ w  ( t )  ]      ρ   I   a +    α , ϕ    [ w  g 2   ( t )  ]            − 2    ρ   I   a +    α , ϕ    [ w  ( t )  g  ( t )  ]     ρ   I   a +    β , ϕ    [ w g  ( t )  ]   ] 2        ≤    [  M    ρ   I   a +    α , ϕ    [ w  ( t )  ]  −    ρ   I   a +    α , ϕ    [ w g  ( t )  ]       ρ   I   a +    β , ϕ    [ w g  ( t )  ]  − m    ρ   I   a +    β , ϕ    [ w  ( t )  ]           +     ρ   I   a +    α , ϕ    [ w g  ( t )  ]  − m    ρ   I   a +    α , ϕ    [ w  ( t )  ]    M    ρ   I   a +    β , ϕ    [ w  ( t )  ]  −    ρ   I   a +    β , ϕ    [ w g  ( t )  ]    ] 2  .     



(39)







By substituting   w ( t ) = h ( t )  ,   g  ( t )  =  e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )   , for   t ∈ [ a , b ]  , then (39) can be re-written as


         (    ρ   I   a +    α , ϕ    [ h  ( t )  ]      ρ   I   a +    β , ϕ    h  ( t )     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )   2            +    ρ   I   a +    β , ϕ    [ h  ( t )  ]      ρ   I   a +    α , ϕ    h  ( t )     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )   2             − 2    ρ   I   a +    α , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )       ρ   I   a +    β , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )     ) 2        ≤    [  M    ρ   I   a +    α , ϕ    [ h  ( t )  ]  −    ρ   I   a +    α , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )              ×     ρ   I   a +    β , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )    − m    ρ   I   a +    β , ϕ    [ h  ( t )  ]             +     ρ   I   a +    α , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )    − m    ρ   I   a +    α , ϕ    [ h  ( t )  ]              ×  M    ρ   I   a +    β , ϕ    [ h  ( t )  ]  −    ρ   I   a +    β , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )      ] 2  .     



(40)







Merging (31), (40) and using the positivity of (31) yields


          ρ   I   a +    α , ϕ    [ h  ( t )  ]      ρ   I   a +    β , ϕ    h  ( t )     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )   2            +    ρ   I   a +    β , ϕ    [ h  ( t )  ]      ρ   I   a +    α , ϕ    h  ( t )     e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )   2             − 2     ρ   I   a +    α , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )                ×     ρ   I   a +    β , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )           ≤    M    ρ   I   a +    α , ϕ    [ h  ( t )  ]  −    ρ   I   a +    α , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )             ×     ρ   I   a +    β , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )    − m    ρ   I   a +    β , ϕ    [ h  ( t )  ]             +     ρ   I   a +    α , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )    − m    ρ   I   a +    α , ϕ    [ h  ( t )  ]              ×  M    ρ   I   a +    β , ϕ    [ h  ( t )  ]  −    ρ   I   a +    β , ϕ    h  ( t )    e    ρ − 1  ρ  ϕ  ( t )    ϕ  ( t )  −    ρ  E  ( X )     ,     








which implies that


          ρ   I   a +    α , ϕ    [ h  ( t )  ]      ρ   σ  X , β    ( t )  +    ρ   I   a +    β , ϕ    [ h  ( t )  ]      ρ   σ  X , α    ( t )            + 2 m M     ρ   I   a +    α , ϕ    [ h  ( t )  ]     ρ   I   a +    β , ϕ    [ h  ( t )  ]        ≤    M     ρ   I   a +    α , ϕ    [ h  ( t )  ]      ρ   E  X −    ρ  E  ( X )  , β    ( t )   +    ρ   I   a +    β , ϕ    [ h  ( t )  ]      ρ   E  X −    ρ  E  ( X )  , α    ( t )             + m     ρ   I   a +    α , ϕ    [ h  ( t )  ]      ρ   E  X −    ρ  E  ( X )  , β    ( t )   +    ρ   I   a +    β , ϕ    [ h  ( t )  ]      ρ   E  X −    ρ  E  ( X )  , α    ( t )              − 2     ρ   E  X −    ρ  E  ( X )  , α    ( t )       ρ   E  X −    ρ  E  ( X )  , β    ( t )   .     











Replacing m and M in (37) implies (38). Theorem 4 is obtained. □





Finally, if we set   α = β  , we have the next corollary.



Corollary 3.

Assume that  X  is the   C . R . V   with   P . D . F      h :  [ a , b ]  →  R +   . Hence, for each   t ∈ ( a , b ]  ,   α ≥ 0  , the inequality


             ρ   σ  X , α    ( t )  +   e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( a )  −    ρ  E  ( X )     e    ρ − 1  ρ  ϕ  ( b )    ϕ  ( b )  −    ρ  E  ( X )       ρ   I   a +    α , ϕ    [ h  ( t )  ]        ≤      e    ρ − 1  ρ  ϕ  ( b )    ϕ  ( b )  +  e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( a )  −    ρ  E  ( X )      ρ   E  X −    ρ  E  ( X )  , α    ( t )       



(41)




is also valid.





Example 4.

Define the   P . D . F      h :  [ a , b ]  →  R +    by   h ( t ) = 1 / ( ϕ ( b ) − ϕ ( a ) )  . Applying Lemma 1, (24,25,26,27) with   ϕ ( t ) = t  ,   α = 0.90  ,   β = 0.50  ,   ρ = 0.70  ,   a = 0  , and   b = 18  , a graph representing the inequality (38) of Theorem 4 is shown in Figure 6.





Remark 7.

We clearly see that if we input   ρ = 1   and   ϕ ( t ) = t  , then Theorem 4 and Corollary 3 deduce to Theorem   3.4   and Corollary   3.3   as in [34], respectively.






4. Some Examples


This section provides some proportional fractional applications for the uniform random variable  X  whose   P . D . F    h is given for each   t ∈ [ a , b ]   by


  h  ( t )  =  1  b − a   .  



(42)







	(i)

	
The proportional   F . E   of order  α : From Definition 4, we obtain that


     ρ   E  X , α    ( b )  =    e    ρ − 1  ρ  ϕ  ( b )      ( ϕ  ( b )  − ϕ  ( a )  )  α     ( b − a )   ρ α  Γ  ( α + 1 )       ϕ ( b )  α  −   ϕ ( b ) − ϕ ( a )   α + 1    .  



(43)







Clearly, if   α = ρ = 1   and   ϕ ( t ) = t  , then (43) reduces to the classical expectation of  X 


     1   E  X , 1    ( b )  = E  ( X )  =   a + b  2  ;  












	(ii)

	
The proportional   F . M   of order   ( 2 , α )  : By Definition 9, one has


        ρ   M   X 2  , α    ( b )     =       e    ρ − 1  ρ  ϕ  ( b )      ( ϕ  ( b )  − ϕ  ( a )  )  α     ( b − a )   ρ α  Γ  ( α + 1 )    (    ϕ 2   ( b )   α            −   2 ϕ ( b ) ( ϕ ( b ) − ϕ ( a ) )   α + 1   +    ( ϕ  ( b )  − ϕ  ( a )  )  2   α + 2   ) .     



(44)







Clearly, if   α = ρ = 1   and   ϕ ( t ) = t  , then (44) reduces to the classical moment of order 2


     1   M   X 2  , 1    ( b )  =  M 2  =    a 2  + a b +  b 2   3  ;  












	(iii)

	
The proportional   F . V   of order  α : By applying Theorem 1, we obtain


     ρ   σ  X , α  2   ( b )  =    ρ   M   X 2  , α    ( b )  − 2    ρ  E  ( X )     ρ   E  X , α    ( b )  +   [    ρ  E  ( X )  ]  2     ρ   I   a +    α , ϕ    [ h  ( b )  ]  .  



(45)







By direct computation with Definitions 3 and 4, we have


     ρ   I   a +    α , ϕ   h  ( b )  =  1   ρ α  Γ  ( α )      e    ρ − 1  ρ   ( ϕ  ( b )  − ϕ  ( a )  )      ( ϕ  ( b )  − ϕ  ( a )  )   α − 1    



(46)




and


     ρ  E  ( b )  =    e    ρ − 1  ρ  ϕ  ( b )     (  ϕ 2   ( b )  −  ϕ 2   ( a )  )    2 ( b − a ) ρ   .  



(47)







Inserting (43), (44), (46), (47) into (45), we obtain


        ρ   σ  X , α  2   ( b )     =       e    ρ − 1  ρ  ϕ  ( b )      ( ϕ  ( b )  − ϕ  ( a )  )  α     ( b − a )   ρ α  Γ  ( α + 1 )    {    ϕ 2   ( b )   α  −   2 ϕ ( b ) ( ϕ ( b ) − ϕ ( a ) )   α + 1            +    ( ϕ  ( b )  − ϕ  ( a )  )  2   α + 2   −    e    ρ − 1  ρ  ϕ  ( b )     (  ϕ 2   ( b )  −  ϕ 2   ( a )  )    ( b − a ) ρ   [   ϕ ( b )  α            −   ϕ ( b ) − ϕ ( a )   α + 1   −   α  e    ρ − 1  ρ   ( ϕ  ( b )  − ϕ  ( a )  )     ( ϕ  ( b )  + ϕ  ( a )  )    4 ρ   ] } .     



(48)







Clearly, if   α = ρ = 1   and   ϕ ( t ) = t   then (48) reduces to the classical varience of  X 


     1   σ  X , 1  2   ( b )  =  σ 2  =    ( b − a )  2  12  ;  












	(iv)

	
The proportional   F . M   of order   ( r , α )  :



By Definition 9 and binomial expression,


    ( x + y )  r  =  ∑  k = 0  r    r k    x  r − k    y k  =  ∑  k = 0  r    r k    x k   y  r − k   .  











This implies that


     ρ   M   X r  , α    ( b )  =  ∑  k = 0  r    r k     Γ ( r − k + 1 )    ρ α  Γ  ( α + r − k + 1 )       e    ρ − 1  ρ  ϕ  ( a )    ϕ  ( a )   k     ρ   G  ϕ   α + r − k    ( b , a )  .  



(49)







Clearly, if   α = ρ = 1   and   ϕ ( t ) = t  , then (49) reduces to the classical moment of order r


     1   M   X r  , 1    ( b )  =  M r  =  b r    Γ ( r + 1 )   Γ ( r + 2 )   .  
















5. Conclusions


In this work, we analyzed many integral inequalities in the context of proportional RL-fractional integral operators with respect to another function under the   C . R . V  . The results represented extensions and enhancements of the previous results as in [33,34,36,39,40]. It is appropriate to mention that the main results can retake various previously existing operators in the special case of   α = 1  . Researchers may construct a variety of variants utilizing our concepts and technique by employing the Riemann–Liouville, Hadamard, Katugampola, conformable, and proportional fractional integral operators, which result in a variety of integral inequalities for the   P . D . F   using various parameters and the   C . R . V  . In future work, it also remains to extend the results obtained to new Hilfer-type operators [51] or fractal fractional operators [52].
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Figure 1. The graph of the inequality (14). 
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Figure 2. The graph of the inequality (15). 
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Figure 3. The graph of the inequality (28). 
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Figure 4. The graph of the inequality (29). 
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Figure 5. The graph of the inequality (34). 
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Figure 6. The graph of the inequality (38). 






Figure 6. The graph of the inequality (38).



[image: Mathematics 10 00573 g006]













	
	
Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.











© 2022 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).



























media/file4.png
1.5

Value

x107°

[IRight-Hand Side
[Left-Hand Side

0.08

0.1

0.12

0.14





nav.xhtml


  mathematics-10-00573


  
    		
      mathematics-10-00573
    


  




  





media/file2.png
Value

[ 1Right-Hand Side
[ ]Left-Hand Side

0.06

0.08

0.1





media/file5.jpg





media/file3.jpg





media/file1.jpg
Value

Right-Hand Side
[ Left-Hand Side

4 . .
0 0.02 0.04 0.06 0.08 0.1





media/file7.jpg





media/file10.png
Value

0.2

[ Right-Hand Side
[JLeft-Hand Side






media/file12.png
Value

[ Right-Hand Side
[ Left-Hand Side






media/file9.jpg





media/file8.png
Value

1.6

x107°

[ Right-Hand Side
[ Left-Hand Side

0.4

0.5

0.6





media/file11.jpg





media/file6.png
Value

Right-Hand Side

=

Left-Hand Side






