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Abstract: In interval analysis, the fuzzy inclusion relation and the fuzzy order relation are two
different concepts. Under the inclusion connection, convexity and non-convexity form a substantial
link with various types of inequalities. Moreover, convex fuzzy-interval-valued functions are well
known in convex theory because they allow us to infer more exact inequalities than convex
functions. Most likely, integral operators play significant roles to define different types of
inequalities. In this paper, we have successfully introduced the Riemann-Liouville fractional
integrals on coordinates via fuzzy-interval-valued functions (FIVFs). Then, with the help of these
integrals, some fuzzy fractional Hermite-Hadamard-type integral inequalities are also derived for
the introduced coordinated convex FIVFs via a fuzzy order relation (FOR). This FOR is defined by
@-cuts or level-wise by using the Kulish-Miranker order relation. Moreover, some related fuzzy
fractional Hermite-Hadamard-type integral inequalities are also obtained for the product of two
coordinated convex fuzzy-interval-valued functions. The main results of this paper are the
generalization of several known results.

Keywords: fuzzy Riemann-Liouville fractional integrals; Hermite-Hadamard-type inequality;
fuzzy-interval-valued functions

1. Introduction

The classical version of Hermite-Hadamard inequality can be put in the following
manner:
Let ©: K —» R be a convex function on a convex set K and p,¢ € K with p < ¢. Then:

p+g 1o S(p) + &(9)

In [1], Fejér looked at the key extensions of HH inequality, which is known as
Hermite-Hadamard-Fejér inequality (HH-Fejér inequality):
Let ©: K - R be a convex function on a convex set K and p, ¢ € K with p < ¢. Then:

© <'D -Zl_ c) B quSD(w)dw

ICG(w)SD(w)dw < w-ﬁ@(w)dw. )
p P

If D(w) = 1, then we obtain (1) from (2).
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Many authors have focused their efforts to generalize inequalities (1) and (2); see [1-
6]. They play an important role in convex analysis and may be a very strong tool for
monitoring and quantifying mistakes. It is worth mentioning that Sarikaya et al. [7] used
the Riemann-Liouville fractional integrals to develop new Hermite-Hadamard
inequalities. Since then, many papers have been published that have extended various
types of fractional integrals and have provided fresh and fascinating improvements of
Hermite-Hadamard-type inequalities utilizing these integrals. For the Atangana-Baleanu
fractional integral, Fernandez and Mohammed [8] constructed certain Hermite-
Hadamard-type inequalities. In the context of fractional calculus, Mohammed and
Abdeljawad [9] demonstrated novel Hermite-Hadamard-type inequalities with regard to
functions with non-singular kernels. For more similar results, refs. [7-18] is a good place
to look.

On the other hand, Moore [19] established the theory of interval analysis to increase
the dependability of calculation outputs and autonomous operation error analysis.
Interval analysis is a robust model for dealing with interval uncertainty, and it has been
widely applied and broadened in fields such as control theory [20], dynamical game
theory [21], and many more. Several well-known inequalities have recently been extended
to interval-valued functions. Using the Hukuhara derivative, Chalco-Cano et al. [22]
derived Ostrowski-type inequalities for interval-valued functions. The Minkowski and
Beckenbach-type inequalities for interval-valued functions were discovered by Roman-
Flores et al. [23]. For fuzzy-interval-valued functions, Khan et al. [24-26] derived some
new versions of Hermite-Hadamard-type inequalities and proved their validity with the
help of non-trivial examples. Moreover, Khan et al. [27-29] discussed some novel types of
Hermite-Hadamard-type inequalities in fuzzy-interval fractional calculus and proved
that many classical versions are special cases of these inequalities.

For interval-valued functions, Liu et al. [30] demonstrated Hermite-Hadamard
inequality using interval Riemann-Liouville-type fractional integrals. Zhao et al. [31,32]
discovered Hermite-Hadamard inequalities for interval-valued coordinated functions
very recently. Budak et al. [33] introduced several novel Hermite-Hadamard inequalities
and defined Riemann-Liouville-type fractional integrals for interval-valued coordinated
functions. Recently, Khan et al. [34] introduced the new class of convexity in fuzzy-
interval calculus, which consists of coordinated convex fuzzy-interval-valued functions,
and with the support of these classes, some Hermite-Hadamard-type inequalities are
obtained via newly defined fuzzy-interval double integrals. For more information related
to interval-valued and fuzzy-interval-valued functions, see [35-65].

Inspired by ongoing research work, we provide a novel class of Hermite-Hadamard-
type inequalities for coordinated convex fuzzy-interval-valued functions through fuzzy-
interval Riemann-Liouville-type fractional integrals. Motivated by the work of Khan et
al. [27,28,34] and Budak et al. [33], we obtain Hermite-Hadamard-type inequalities for the
products of two fuzzy-interval-valued coordinated functions.

2. Preliminaries

Let R; and F, be the collection of all closed and bounded intervals and fuzzy
intervals of R. We use R} to represent the set of all positive intervals. The collection of all
Riemann integrable real valued functions, Riemann integrable IV-Fs and fuzzy Riemann
integrable F-IV-Fs over [p,¢], is denoted by R, ¢, IR, ¢, and FR((, ) respectively. For
more conceptions on interval-valued functions and fuzzy-interval-valued functions, see
[43-47]. Moreover, the inclusion “ € ” means that:

7 € if and only if [»,7*] € [n.,n*], if and only if n. <7, »* <77 for all
[, 7], m.n"] ER,.

Remark 1. [46] The relation ” <;” defined on R; by [r,r*] <; [n.,n*] if and only if
7. <N, <7 for all [r, 7], [n.,n"°] € Ry, it is an order relation.
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Proposition 1. [47] Let IF, be a set of fuzzy numbers. If r,n € Fy, then relation “ < ” defined on
Fy by:

< nifand only if [+]? <; [n]?, for all ¢ € [0,1], ©))

this relation is known as a partial order relation.

Definition 1. [16,48] Let &: [p, 5] — R be an interval-valued function and & € IR, o). Then,
interval Riemann—Liouville-type integrals of & are defined as:

1 (v
50 = 75 fp - DS dt (> p), @

7% &) = f (t—pie(t)dt (v <) ©)

I(a)

where a > 0 and I' is the gamma function.

Recently, Allahviranloo et al. [49] defined the following fuzzy interval Riemann—Liouville
fractional integral integrals:

Definition 2. Let « > 0 and L([p, ], Fy) be the collection of all Lebesque measurable fuzzy-

IVFs on[p,g|. Then, the fuzzyinterval left and right Riemann—Liouville fractional integral of & €
L([p,s],Fy) withorder a > 0 aredefined by:

~ 1 (Y ~
a — _ a—1
I+ 6(y) = F(a)fp y-v*ie)dt, (> p), (6)
and:
~ 1 P I~
a - _ a—
% 80) = s fy (£ =8O dt, (<) )
respectively, where I'(y) = fooo tY~te~t dt is the Euler gamma function. The fizzyinterval left and

right Riemann—Liouville fractional integral y based on left and right end point functions can be
defined, that is:

7% S(y) (y )16, (t) dt
[ ] F(a) (8)
= = [/ - OS5, 0), & (L)l dt, (v > p),

where:

a — 1 d a-1 d

7% e*w,w)—mfp(y—t) S.(tg)dt, (> p), o)
and:

a * 1 Y a—1,~x*

,,+ecy,<p>=mfp(y—t) Stpdt,  (>p), (10)

Similarly, we can define right Riemann—Liouville fractional integral &(y) based on left and
right end point functions.

Theorem 1. [27] Let &: [c,d] - F, be a convex fuzzy-IVF on [c, d], whose @-cuts establish the
series of IVFs G: [u,v] € R - R¢* are given by Co() =[6.(,0), & (v, )] forall y € [u,v]
and for all ¢ € [0,1]. If & € L([c, d], Fy), then:
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SWFEW

> (11)

~<“+") < flat+D) [75 BT W] <

S\77) %20 —pe

Theorem 2. [27] Let G, J : [, v] = F, be two convex FIVFs. Then, from @-cuts, we establish the
series of IVFs G, J: [, v] € R = R} are given by €,,(x) = [S.(x, ¢), € (x, )] and J,(x) =
[.Cx, 9), T (x, )] for all x € [w,v] and for all 9 €[0,1]. f X J € L([w,v],Fy) is fuzzy
Riemann integrable, then:

I'(a + 1)

20— [l BRI +5:-8G0) X I

‘@‘m)mﬂ'”ﬁ(

(12)

a ~
@ DETD) )

and:

()

<o e B %30+ EW R IW] (1)
1/1 a 1 ~
+z(rm)m’”+ (m)w'”'

where M (u,v) = &(u) X J(w) F &(v) X J(v), N(pv) =68 XJw) FB() X Jw),
My, (1, v) = [M.((v), @), M*((1,v), @), and Ny (1, v) = [N.((w,v), ), N ((,v), 9))-

2.1. Fuzzy-Interval-Valued Double Integrals and Convexity
For coordinated interval-valued function G(x,y) and coordinated fuzzy-interval-

valued function &(x, y), interval and fuzzy-interval Riemann-Liouville-type integrals are
defined as:

Definition 3. [34] A function &: A= [p,¢] x [u,v] > F, is called a fuzzy-interval double
integrable (FD-integrable) on A if there exists B € Fy such that, for each €, there exists § > 0 such
that:

d(S(&,P,5,A),B) <e,

for every Riemann sum of & corresponding to P € P(8,A) and for arbitrary choice (n;,w;) €
[%i1, 2] X [@j_y, @] for 1 < i < kand 1 < j <n. Then, we say that B is the FR-integral of &
on A and is denote by B = (FD) f: f: S(x, w)dwdx or B = (FD) Il SdA.

Definition 4. [34] A fuzzy-interval-valued map &: A= [p,¢] X [u,v] = Fy is called FIVF on
coordinates. Then, from @-cuts, we establish the series of IVFs S ,: AC R? > R, on coordinates are
given by S, (x,w) = [6*((x, w), <p), 6*((x, w),<p)]f0r all (x,@) € A. Here, for each ¢ € [0, 1],
the end point real valued functions &.(.,9),&"(.,9): (x,m) = R are called lower and upper
functions of S,

Definition 5. [34] Let &:Ac R? > [FO be a coordinate FIVE. Then G(x,y) is said to be
continuous at (x,y) € A= [p,¢] X [u,v], if for each ¢ €[0,1], both end point functions
6*((x,y), <p) and 6*((x,y), go) are continuous at (x,y) € A.

Definition 6. [34] Let &: Ac R? - F, be a coordinate fuzzy-IVF. Then &(x,y) is said to be
continuous at (x,y) € A= [p,¢] X [u,v], if for each ¢ €[0,1], both end point functions
6*((x,y), <p) and 6*((x,y), go) are continuous at (x,y) € A.
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Definition 7. [34] Let &: Ac R? - F, be a fuzzy-IVF on coordinates. Then fuzzy double integral
of € over A= [p, ¢] x [u, v], denoted by (FD) fpc f: S(x,y)dydx, it is defined level-wise by:

[(FD) f,, : f v@(x, y)dydxr = (ID) fp : f ve(,,(x, y)dydx

u I (14)

¢ v
= {f f S((x,y), ¢)dydx:6((x, ), ¢) € DA},

P Ju
forall @ € [0,1], where D, is the collection of end point functions of IVFs on A. & is FD-integrable
over A if (FD) f: f:@(x, y)dydx € Fy. Note that, if both end point functions are Lebesgue-

integrable, then & is fuzzy double Aumann-integrable function over A.

Theorem 3. [34] Let &: Ac R? > F, be a fuzzy-IVF on coordinates, whose @-cuts establish the
series of IVFs &,:Ac R? - R, are given by Sylx,y) = [&((x,y), (p), G*((x,y),tp)] for all
(x,y) € A= [p, ] x [u,v] and for all ¢ € [0,1]. Then & is FD-integrable over A if and only if
S.(x, @) and & (%, @) are both D-integrable over A. Moreover, if SisF D-integrable over A, then:

[(FD) J: Lv@(x,y)dydx

¢ S rv S rv

- [(D) [ [e(@noywae.o [ [ (@
p Ju p Ju (15)

¢ v

= (ID) S, (x,y)dyd

[

forall ¢ €[0,1].

The family of all FD-integrable of fuzzy-IVFs over coordinates and D-integrable functions over
coordinates are denoted by FO, and Dy p), for all ¢ € [0,1].
Definition 8. [34] The FIVF &: A— F,, is said to be coordinated convex FIVF on A if:

Slep+ (1 — )¢, su+ (1 —s)v) 16)
< es8(p, WFe(1 = )G, V)F(1 = &)s&(s, WF(1 — )1 = $)E(s, V),

forall (p,), (w,v) € A, and &, s € [0,1], where &(x) = 0. If inequality (16) is reversed, then & is
called coordinate concave FIVF on A.

Lemma 1. [34] Let G: A— F be a coordinated FIVF on A. Then, G is coordinated convex FIVF on
A if and only if there exist two coordinated convex FIVFs G,: [u,v] - Fo, S, (w) = &(x, w) and
@y: [pl C] - [FO/ @y(z) = @(Z,,V)

Theorem 4. [34] Let &: A— F, be a FIVF on A. Then, from ¢-levels, we get the collection of IVFs
S,: A~ R © R, are given by:

Gy (x, @) = [6.((x, @), 9),& ((x, @), 9)), (17)

for all (x,w) € Aand for all ¢ € [0,1]. Then, & is coordinated convex FIVF on A, if and only if,
forall ¢ €10,1], 6*((96, w), (p) and 6*((x, w), go) are coordinated convex function.

Example 1. We consider the FIVFs &:[0,1] X [0,1] - F, defined by:
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Sx)(o) =<4(6+e*)6+e")—0

o
2(6 + e*)(6 + e®)’

o €[0,2(6+e*)(6+e®)]

26 renGrem) 0 € @O FeN6+e?),4(6+e)(6+e)]

k 0 , otherwise,

Then, for each 6 € [0, 1], we have Sg(x) = [20(6 + e*)(6 + e®), (4 + 20)(6 + e*)(6 +
e®) |. Since end point functions &, ((x, W), 9), c* ((x, W), 9) are coordinate concave functions for
each 6 € [0,1]. Hence, S(x, w) is coordinate concave FIVF.

From Lemma 1 and Example 1, we can easily note the each convex FIVF is coordinated convex
FIVE. However, the converse is not true.

Remark 2. If one takes 6*((90, w),(p) = 6*((x, w), <p) with ¢ =1, then S is known as
coordinated function if & satisfies the coming inequality:

Slep+ (1 —8)g,su+ (1 —s)v)
< esG(p, ) +e(1—5)8(p,v) + (1 — &)s&S(g, 1) + (1 —&)(1 —5)E(5,v)
it is valid, which is defined by Dragomir [41].
Let one take 6*((96, w),qo) * 6*((x, w),go) with ¢ =1 and G*((x, w),go) is an affine
function and &*((x, @), ¢) is a concave function. If coming inequality:
Slep+ (1 —&)g,su+ (1 —s)v)
2 esG(p, ) + (1 —5)8(p,v) + (1 — &)s&S(s, ) + (1 — &)(1 — 5)S(s,v),

is valid, then & is named as coordinated IVF which is defined by Zhao et al. [32], Definition 2 and
Example 2.

2.2. Fuzzy-Interval-Valued Fractional Integrals on Coordinated Functions

For coordinated interval-valued function &(x,y) and coordinated fuzzy-interval-
valued function &(x, y), double interval and double fuzzy-interval Riemann-Liouville-
type integrals are defined as:

Definition 9. [33] Let G:A— R} and G € 7O,. The double interval Riemann—Liouville-type

integrals IJZJF e Z:,ﬁ - J:Lﬁ o+ ,72";{’; - of S order a, B > 0 are defined by:

18, 8y) = s [ [ e 0 - pIS (L ) dsdt 2>y >0, (18)
b SN =t ar@ ), |, ’ S

v
3:‘;’1_ S(x,y) = f (x —t)* (s —y)F1&(t,s)dsdt (x>p,y<v) (19)
y

1 x
mwmmL

ap 1 ‘[ a-1 B-1
g S(x,y) = WL J;L (t -2y —-s)Pte(t,s)dsdt (x<g¢y>wu), (20

1 (5
%fre@y>=ﬁzfagLJ;@—xV*@—ywﬂe@sﬁma:w<cm<v) 1)

Now, with help of concepts related to fuzzy-interval-valued functions, which are given by
Khan et al. [34], Allahviranloo et al. [49], and Budak et al. [33], we introduce the following fuzzy-
interval-valued Riemann—Liouville double fractional integral of the function S(x,y) by:

Definition 10. Let &: A— Fy and & € FO,. The double fuzzy interval Riemann—Liouville-type
integrals .‘]“J;B + ,Ja'ﬁ gob . g%k of G order a, B > 0 are defined by:
g ptu Y

p+,V_ ) §_.H+, ¢ VT
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7%, &( )—;ijy( — ) 1(y — 8)B18(t,s)dsdt (x> p,y > W)
prut DY Z (B o Ju * b-s slasat E=py = (22)

af = — 1 o _t)a-1l(aq — B-1E

T 86y = rery fp fy (x — )% 1(s —y)P18(t, 8) dsdt (x> py<v) (23)
ap = _ 1 RN _aa=10y, _ \B-1E
Ieur ©) = FsE ) L L (t —2)* 7y =) 7Ie(t, s)dsdt (x <g¢y>p), (24)

7% _ & )—;fcfv(t— )e1(s = )F1E(L, 8) dsdt (x < ¢y <
(S xy _r(a’)r(ﬁ) x Yy * =Y '8 i (x i V) (25)

)

The fizzyinterval left and right Riemann—Liouville fractional integral of & based on left and
right end point functions can be defined level-wise, that is, for all ¢ € [0,1], Equation (22), we
have:

~ ¢
j;—;-[il+ G(xl Y)]

= I"(a)ll"([)’) fpx f:(x - )y - 8)F16,((t,s), @) dsdt, (x>py>pw, 26)
1 S
= F(a)l"(p’).[, L (x — )y — s)F 6. ((t,8),9), & ((t,8),9)]dsdt (x> p,y>p)
where:
1% . e.((xy),0) = ! f ’ f y(x - )Ny — )16, ((t,8), @) dsdt, (x > p,y > 1), (27)
Pk rrel, J,
and:
7% . & ((xy),0) = ;jx jy(x — )%y — 8)P1&*((t,8),9) dsdt, (x > p,y > ), (28)
Pk rrel, J,

Now, for all ¢ € [0, 1], Equation (23) we have:
~ ®
[75‘;“; - 6(x,y)]

_['(a)[‘([g)L fy(x )% (s — Y)F16,((t,s), @) dsdt (x> p,y <v)

1 x v
[ — — a-1 _ ﬁ—l *
F(a)l"(ﬁ)fp fy (x —)* (s — e, ((t,8), ), & ((t,8),9)]dsdt (x> p,y <v)

where:
7 e.((x),0) = T : fva(x - ) (s —y)F 6. ((x,y), @) dsdt (x>p,y <v) (29)
’ arig)J, J,
and:
5t & (@) = rorr || G- DT S (G p)dsdt By <y @)
’ arig)J, J,

Similarly, for all ¢ € [0, 1], Equation (24) we have:
g?_'ﬁl-" @(xl.y)

—1 o E (31)
= _ a—1 _ pL-1
F(a)l"(ﬁ)fx J; (t =)y —s)P1e(t,s)dsdt (x<g¢y>p),
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1

S ry
= _r(a)l“(ﬁ)fx fu (t =2y - 9)F1[6.((,9),9),8"((t, ), 9)] dsdt (x <6y >n)

where:
71%F . & (e ), 9) = ;fcfy(t —x)* Yy — s)f1e,((x,y), @) dsdt (x <g¢y >
C_:H-+ * 1] )y F(a)r(ﬁ) ; B * ] ) ] ]
and:
1288 (@n9) = s [ [ (4=~ e (w0 dsdt (v <y > w0
c ;# ) ) I—'(a)l—'(ﬁ) p # ) ) ) )
Similarly, for all ¢ € [0, 1], Equation (25) we have:
3 - B(x.y)

-1 | C J (=D (s — )L ) dsdt (e <y <)
r@r® ), J, ’ |

1 s (v
= — a-1 _ B-1 *
r(a)r(ﬁ)fx fy (t =) (s =) HE.((t,9),0), & (L 8),0)] dsdt (x <y <),

where:
1 S (v
1% 6. (). 0) = mfx fy (t—2)* (s —y)F16.((xy) @) dsdt (x<¢y<v)
and:

1 s rv
7;"_'{31/_ S ((xy),9) = mfx J;/ (t—2)* (s — P& ((xy), ) dsdt (x <g¢y<v)

(32)

(33)

(34)

Remark 3. It can be easily noted that ifG*((x,y), <p) #* 6*((x,y),<p) with ¢ =1, then from

Definition 10, we achieve Definition 9.

3. Fuzzy-Interval Fractional Hermite-Hadamard Inequalities

In this section, we shall continue with the following fractional HH inequality for
convex fuzzy-IVFs, and we also give some fractional inequalities for the product of two

coordinated convex fuzzy-IVF through FOR.

Theorem 5. Let &: A— F, be a coordinate convex FIVF on A. Then, from @-cuts, we establish that
the series of IVFs S,:A— R} are given by S,(x,y) = [S.((x,¥),¢),& ((x,y),9)] for all

(x,y) € Aand for all ¢ € [0,1]. If & € FO,, and then the following inequalities hold:
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~(PF+C u+v
@(T' 2 )
Frla+1) [, ~( H+V\ . _ ~( UtV rg+1) Pts \ep ~(PFS
<4(g—p)“ [j 6<C' 2 )+i7c—6<p, 2 )]+4(V—M)B wr 6( >+j"_6(T'#)]
Ma+Dr@+1 -
<=0 =7 e SIS T BT, - 8] )
< L@* D e, 6,095 B FIE B0, FIE Eo,)] >
85— p)" ' ' ' '
b a2 [ B BT, Bl ) FL Blsn)
- Slp, WFE(s, WFB(p,V)FE(s,v)
~ 4 .

If &(x) coordinated concave FIVF then:

~(p+t¢c ut+v
(%)
Ia+1) ~( U+ « & u+v rig+1) P+ts \op ~(PFS
= 16— el B (o) 3 8 (0550 + iy — e [l B () P & (P
Ila+1rp+1)
e [ +6(c,v)+.7 - 6(, u)+7 ot G(p,V)+.7 G(p.u)] o
F(((H ) =15 86 )F9% Ble ) FIE (o, F7E E(p,v)]
T+ 1) [.7 L 8T &(5, i FIL, Elp, ) FIL- @(c,u)]
4(1/
o S(p, #)+6(c, wWFS(p,V)FE(s, v)

4

Proof. Let &: [p,¢] = Fq be a coordinated convex FIVF. Then, by hypothesis, we have

S (PT'FC,H -2|- v) <C8(ep+(1—e)geu+(1— s)v)?—@((l —&p+eg,(1—e)u+ ev).

By using Theorem 4, for every ¢ € [0, 1], we have:
e (5

).0)

<G, ((ep + (1 -8 eu+(1—e)), (p) + G, (((1 —gpte,(1—e)u+ sv) (p)

p u+v
:‘P

g Ch ((ep + (A —-&)geu+(1—e)), (p) + & (((1 —&pt+eg,(1—e)u+ sv) (p)

By using Lemma 1, we have:

26, ((x sz) , ga) <G.((xr,ep+ (1 —2e),9)+6.((x,(1 —u+ev), ),
(37)

26" ((x, %) , (p) < 6*((x, en+ (11— e)v),(p) + 6*((x, (1 —8)u+ ev), (p),

and:
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26, ((p_-"cy> , <P> <&, ((ep+ (1 -9y, 9)+6, (((1 —ep+tgy), (p),
p+g (38)
26° (( ,y) <p> <& ((ep+ (1 —e)y),9) + & (((1 —)p +tgy), (p) _

From (37) and (38), we have:

o (50} (2 )

< [6*((x, eu+ (11— e)v),q)), 6*((x, eu+ (1 —9e)w), go)]
+[6*((x, 1-8u+ ev),(p), 6*((x, (1 —-8u+ev), qo)],

() (C559)0)

</ [6.((ep + (1 — &), 1), 0), & ((ep + (1 — )6, 1), 9)]
+[S.((ep+ 1 =), 1), 9), 6 ((ep + (1 — )5, 1), 0)],
It follows that:

and:

Sy (x ”2£> < Cplx,en+ (1 —)v) +Sy(x, (1 — e)u + ev), (39)
and:
pts
S (557) =i 8ylep+ (1= )6.1) + Gy ep + (1= D)5.) (40)

Since S, (x,.) and S, (., y) are both coordinated convex-IVFs, then from inequality (11), for
every @ € [0, 1], inequalities (39) and (40) we have:

w+6, v

u+v rg+1) Sy, x
eq,x( . )_,2( u)ﬁ[j S, (V) + 71, (u)]_, - . (41)
and:
S, (P)+6, (5)
T T B ALY
Since Gq,x(w) = &, (x,w), then (41) can be written as:
r 1 S,(x,u) +6,(x,
o () % g ot 43 e] & 2B TR,
That is:
+v
So (x’uz )
v ) v ~ S,z 1) + S, (x,v)
S,m[f# v—s)F 16(p(x,s)ds+fu (s — )P 16(p(x,s)ds] <, =2 5 L4 :

Multiplying double inequality (43) by agi_ ));1 and integrating it with respect to x over

[p, ¢], we have:
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s +
¢ f S, (x, %) (¢ —x)* tdx

Z(C - P)a p
< fcf"(c —2) (v - )16, (x,5) dsdx + fcf"(g — ) (s — WP G, (x,5) dsdx (44)
) p Ju
a—1 _ a-1
< 4—(g e [ f (¢ — 2)* 716, (x, wdx + f (¢ —x)"'6,(x, V)dx]

a(x p)

Again, multiplying double inequality (43) by = " and integrating it with respect to x

over [p, ¢], we have:

s +
¢ f S, (x, ,uZ_V) (¢ —2)* Ydx

26=p)*J,
af S (v et g
< 4(§—p)“(v—,u)BJ;) fu (x p) (V s) Gq,(x,s) dsdx
aff § (v (45)
—_ a—-1 _ 3_1
4(§ 0)a(v — /i)ﬁf f (x —p)* (s —wWP16,(x,5) dsdx
=i 40 — p)a U (x — p)*716 (%, )dx +f (x —p)* 1S, (x, v)dx]
From (44), we have:
rla+1)r., p+v
26— p)* [g ( )]
Fla+Dr+1) ., .
= 4(c—p)*(v— )P [ +B#+ Sy(sv) + ﬂc_ljl;r Sy (s, u)] (46)
r 1
=/ —4((:5_4'!))1 [f]g+ 64, (e, u) + j;)x_,, 6(p(§; V)]
From (45), we have:
rla+1y_, u+v
2(s—p)© [gc' S (p’ 2 )]
rle+1Drp+1
- 4((: - p))“(w(zﬁ— u)f)? 728 &4 (o) + 3~ &, (0 )] 47)
r 1
< 4((ca+ ) [:]a S (p“u)+ga S (p,V)]
Since from @-cuts, we obtain the collection of IVFs G,: A~ R{, then we have:
I'(a+ 1) ~( KtV
2=yl 6( 2 )]
F@a+Dr@B+1 .
< =0 =7 [t ST B w] (48)

PRACE) F(a+ 1)

16— e o BT B v

and:
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el o)

r@+Dre@+1 [ wp
T a(g—p)e(v—wF
r'a+1)
S 4(g—p)
Similarly, since @y(z) = G(z,y) then, from the (42), (48), and (49), we have:
rG+D71.p =(Pts
2(v — )k [j“+ © (T'V)]
F'a+1Drp+1)
T ac—-p)rv—-wF
r¢+ 1)
<30 =7 [:7

& TI,- &) (49)

[jqa_ @(.0' #):‘7?- @(P, V)]

R CROE I R%] (50)

7 (0,1 F1 g, v)]

and:
rg+1) ~(P*¢
20— me S (5w
b Fa+1Dr@+1
4(c—p)*(v — ¥
_Ir@+n
S A - wf

After adding the inequalities (48), (49), (50), and (51), we will obtain as a result the second,
third, and fourth inequalities of (35).
Now, from the left part of inequality (11), for all ¢ € [0, 1] we have:

6¢(p+c’u+1/)< F(ﬂ+1)[/3 (; )+gf_6¢<9_+9’#>] 52)

1, Sl wTI, - Sow)| (51)

[9- 8o, iy Fal- &g, )]

2 2 2
and:
p+g u+v> re+1ry., ( ,u+v) ( ,u+v)]
< - a -
6¢,( ) S gty Go (67 5) + 9 8 (055 (53)
Summing the inequalities (52) and (53), we obtain thefollowing inequality:
p+g u+v> 1"(0:+1)[a ( ) . ( ,u+v)]
6¢( 2 2 ) Sag p)aﬂ +I& S, o 3
reg+1) pt+g¢ F; p+g ]
+4(v u)ﬁ[ + Sy ( 2 )+:]"_6")( 2 ’”)

Similarly, since for ¢ € [0, 1], we obtain the collection of IVFs G,:A— Rf, then the above
inequality can be as follows:

~(pt+¢ u+v
(=7
r'(a+1) pA+v U+ rB+1) 0+ o+c (54)
e e L () e T IR R
4(c — p)@ e(c 2 )” ( 2) 4(v—y)ﬁ[ (= - Sk
This is the first inequality of (35).
Now, from the right part of inequality (11), for all ¢ € [0, 1] we have:
rg+1 (o, 1) + G4 (p,v)
2= TG + 78] < el 220y (55)



Mathematics 2022, 10, 534 13 of 29

Ma+1 , S, (s,
(a+ )[g Sy6) + 75 (p(p,#)] <, Cy(p u);r o6 1) (57)
ZF ((‘” D) 158,60 +92 8,00 <, Solp 'V);’G"’(c'”) (58)

Summing inequalities (55), (56), (57), and (58), and then taking multiplication of the
resultant with i, we have:

F((a+1) [7"‘+c5 (6 1) +IE Gplp, ) +7546,(5,v) +IE & (’”V)]
rg+1
+ ((ﬁ+ ))ﬁ [76+6 (o) + - (o, 1) + T0.Gy (5, v) + 71~ & (c,u)]
_ S0 +6,(p 1) + Gy (5 m) + Gy (5, v)
=) 4 ’

Since from @-cuts, we obtain the collection of IVFs &,: A— R}, then we have:

I'a+1)
I« U 7“ U 7 f 7“ B

80c = e %5 B WFIEB (T80 MFIE B(p, )|

F(ﬂ § 1) [.7 .&(p, ) FIL- G(p,u)+f’ Ble ¥, Bm )] )

- 6(p, u)+6(p, WF&(, WFS(s,v)
~ 4 .

This is last inequality of (35) and the result has been proven. o

Remark 4. If one is to take a« = 1 and § = 1, then from (35), we achieve the coming inequality,
see [34]:

~(p+ +v
G(P ¢ U )

>
Cippr@(x'ﬂ-;v)dx-T_viuL@(p:g )dy] quf &(x,y)dydx

¢ s 1 _
Up S(x, u) dxF j 6(x,v)dx]+—( ) U S(p,y)dy ¥ j 6(g,y)dy]

P I

2
L1
2

(60)

<

4(¢—p)
_ 8l mFE( m+S(p, ) FE(v)
~ 4 .

Let one take 6*((.76, ), <p), which is an affine function, and 6*((x, ), (p), which is concave
function. IfG*((x,y),(p) + G*((x,y), (p) with ¢ =1, then Remark 2 is correct, and from (36),
we acquire the following inequality, see [33]:
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pts ut+v
s
2 e (s 55) e (””) o P e P A ]

_ M@+ Dreg+1)
4(¢—p)*(v — )k
F'a+1)

- 8(g—p)*
rep+ 1)

STy [7

.’J“B SV + T - S(g,m) +7 _B+<5(p,V) +I%2 6(/0,#)]
(61)
|72 &5, ST S(5,v) + 9% S(p, ) + IE S(p, V)]

L S(p, )T &6, 1) + 344 &(p,v) + 9 (5, )|

8, u) + &g, 1) + S(p,v) + (s, v)

2 ) :

Let one take 6*((x, V), (p), which is an affine function, and G*((x, V), (p), which is a concave

function. IfG*((x,y),w) * 6*((x,y), (p) with ¢ = 1, then Remark 2 is correct, and from (36),
we acquire the following inequality, see [32]:

(p+c M+V)
22
1[ 1 fc ( u+v> 1 J“’ (p+g ) ] ‘J‘
2=—— | S|x, dx + S|l—,y|d S(x, y)dydx
2[¢=pJ, 2 v—pl, 2 V)Y G- -1 P)(V—#) u (x.y)dy

1 ¢ ¢ ] 1 [ v ]
2—4(§—p) Up S(x, 1) dx+fp6(x,v)dx +—4(V—ll) LG(p,y)dy+L S(¢,y)dy
S G+ u) +Spv) +6(v)

B 4

If 6*((x,y), <p) = 6*((x,y),g0) with ¢ =1, then from (35) we acquire the following
inequality, see [40]:

Q

(62)

ptc p+v
G(T 2 )
s%ue(g‘” )+7g‘-e(p,”;”’) :(E}ﬁ:’:);[ﬁ (L )+7f_c5(p7+c.u)]

ra+Dr@+1
T4 —p)rv—wh
LT+ D) I'la+ 1)
8(¢ —
N F((B + 1)

< Slp, ) +6(, 1) +S(p,v) + S(g,v)
< Z :

I 8Gw) + 35, &) + 9 8(p,v) + 3, (o, )|
(63)
[7“ S(5, BT S(g,v) + I S(p, ) + I 65(/0,1/)]

275 S v)Fal- Slo.m) + 7%, 6(o,v) + 74 (g )|

Theorem 6. Let &, J: A— IFy be a coordinate convex FIVFs on A. Then, from @-cuts, we establish
that the series of IVFs G, J,: A~ R} are given by G, (x,y) = [6 (), 0),6" (), (p)] and
Jo(x,y) = [J*((x ), <p) J* ((x ), <p)] for all (x, y) €A and for all  €[0,1]. If GXkJje
FO,, then the following inequalities hold:
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M@+ 1r@+1
4(c—p)*(v — )k [
_Ta+1Dr@+1)
4(s—p)*(v — )k

715 Bl X JeFILE, B(om) % (s w)]

9684+ 8o,v) X 30 FI,- Slo ) X J(pu10)|

(64)
1 @ 1 B = ~ a 1 I -
< (E_ @+ D+ 2)) (E_ B+ DB+ 2)) Koo i D@+ 2 (E_ GEDG+ 2))L(p,c,u,v)
< (1 a B - ~ B a _
" (E_ (a+1)(a+ 2)) GG+ O EI DG T D@ Dty PR

If& and J are both coordinate concave FIVFs on A, then the above inequality can be written
as:
rla+1Drp+1) [
4(c —p)*(v—w?F
~I'la+1r+1)
4 —p)v-w?F
1 a 1 B o ~ a 1 B -
” (E T @+ Dla+ 2)> (E TB+rDEB+ 2)) Koo oD+ (E TBrDE T 2)>L(p' $ V)

B a
B+DHB+2)(a+D(a+2)

1% BV X Je T, Sl X Je )

[958+ &o,v) X (0TI, Blo ) % J(pu10)]
(65)

N(p, s, u,v)

~ (1 a B _ ~
+ (E_ @+ D@+ 2)) GrD@+2 teomnt

where:

K(p,s,1.v) =8(p, ) X J(p, 1) ¥&(5, 1) X J (5, 1)F &(p,v) X J(p,v) ¥ &(5,v) X I (5, v),
Lp, g uv) =8(p, ) X J(s, 1) F (5, v) X J(p,v)FE(5, 1) X J(p, 1) F E(p,v) X J(5,v),
Mp,6,1,v) =8(p, ) X J(p,v) FE(5, 1) X J(5,)F G(p,v) X J(p, ) F &(5,v) X J(s, 1),

N(p,¢,mv) =6(p, ) XJ(s,v) F8(s, 1) X J(p,VIF &(p,v) X I (5, ) FCB(5,v) X J(p, 1),

and for each ¢ € [0,1], K(p, s, 1,v), L(p, 5,1, v), M (p, ¢, 1, v), and N (p, ¢, u,v) are defined as
follows:

Ko(p, s v) = [K.((p, 6, .v), 0). K" ((p, 6, 1,v), 9)],
Ly(p, 6,1 v) = [L.((0. 6, 1.v), 0), L ((p, 6, 1), 0)],
M, (o, 6, 1,v) = [M.((, 6,1 v), 0), M ((p, 6, 1,v), 9)],

Ny(p, 6, v) = [M((p 610D, 90), N ((o, 6,11, v), ).

Proof. Let G and J both be coordinated convex FIVFs on [p, ] X [u,v]. Then:
Slep+ (1 —e)g,su+ (1—s))
< es8(p, ) Fe(1 = 5)&(p, v)F(1 — £)s&(s, ) F(1 — &) (1 — 5)&(5, ),
and:
Jlep+ (1= &) sp+ (1 —s)v)
< esJ(p, W Fe(1 = 5)J(p,v)F(1 = &)sd (s, WF(1 = &)1 = 5)J (5, v).

Since G and J are both coordinated convex FIVFs, then by Lemma 1, there exist:
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Cgx: [‘LI.,V] - IF0/ CPéyc(y) = @(x'y)r jx: [‘Ll, V] - IFO/ jx(y) = j(x;}/),

Since S, and J,, are FIVFs, then by inequality (12), we have:

rig+1)
2(v — )k

|72, €. % 3, FIL-E,.(1) X T ()]
<G grngy) BWRLW T80 L)
x ((L) (W %40 T &M X IW).

B+1)(B+2)
Now for all for all ¢ € [0, 1], we have:
r 1
2(&3_2)33 |7, & W) x Jp ) + 78, (1) X Ty ()]
1 B
S (G- EroETD) (5.0 X000+ 8, 0%, 0)
B
That is:

e [ jﬂ 0 = 1)P18, (x,y) X Jpy) dy + fu ¥ = P18, (.y) X Ty (.y) dY]

1 8
< (3~ GrngTs) (Brem xdutem + S, x 3,6v)) (66)

B
+ (m) (G(P(x' ﬂ) X J(p(x, V) + 6¢(x, v) X J(p(x; M))

Multiplying double inequality (66) by % and integrating it with respect to x over
[p, 5], we get:

I'a+DreE+1

=)ot — )7 [#,’;‘fw Cy(5,v) X Jy(s,v) + 7,‘,"4[,’;- Sy (6, 1) X Ty (s, u)]

F(a + 1) 1 B a a
D ) O e B e i) @)
'a+1) B

e BT DE T o Co 0 X Tp(sv) + T €y 6,1) X Iy s ).
a(z—p)* !

Again, multiplying double inequality (66) by gy and integrating it with respect to x

over [p, ¢], we gain:

I@+)r@+1 728+ 8 (0,v) X 3y (0, V) + T2, &, (0, 1) X Ty (o, 1)

4(c — p)a(v — pwF Lew®
Ia+1) (1 B . .
=12 —p)° (5 BB+ 2)) (7<' S (o, 1) X dy (P, 1) + I S (p,v) X Iy (p, V)) (68)
I'a+1) B

(78 Sy (p. 1) X 3o (0, V) + IE G (p,v) X Iy (o 1))

+
26=p)*B+1D(B+2)
Summing (67) and (68), we have:
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ra+1Dr@+1) -‘7;,14‘,? o+ G5 v) X Jp(5v) + 7,‘,"4’,” - G061 X Jy (5, 1)
4(¢ —p)*(v — p)¥ +7j‘_‘f’;+ Sy(p,v) X Jyp(p,v) + 7;’—",1— Sy (p, 1) X Jp(p, 1)

'a+1) /1 B " .
=12 —p)° (5 TBrDE+ 2)) (7 &4 (5,1 X 3 (6, 1) + TE S (p, 1) X Ty (o, 1))
ra+1) (1 B . ) )
2= p)" <§ S B+DEB+ 2)) (7P+ S5 V) X Jp(5,v) + 5= Sy (p,v) X <7<p(p,V))
I'a+1) B " )
e G T DT o SoG) X 3p(61) +IE Sy, X 3, p¥) )
r(e+1
(@+1) B (:1;& Sy (6, V) X Iy (5, 1) + IE G, (p,v) X Iy (p ﬂ))

+
26=p)*B+DEB+2)
Now, again with the help of integral inequality (12) for the first two integrals on the right-

hand side of (69), we have the following relation:

riea+1) ,_, «
m(%ﬁ e(p(CﬁM) X (j(p(C;M) +‘7C_ Glp(p"u) x J‘P(p’ﬂ))
1 a

< G- nEss) (So@m ¥ dpem + Syl x 3,6m) 70

* (m) (64’ (0, 1) X I (6, 1) + S, (6, 1) X Jp (p, u)).

re+1),_, a
W(gp" Gy (6,v) X Iy (6,v) + I¢- S (0, V) X T (p, V))
1 a

< (G- nEEs) (See) X dnem) + Sylsv) x,() @)

a
+ <m> (6<p (P, V) X Jp(6,V) + S, (5, V) X (‘](p(p,v))_

ra+1),_, «
2= ( % G (6, 11) X Iy (5,v) + IE S (p, 1) X T (p,v) )
1

< (G- wrnETs) (Er@m x 3o + Sylew xI,(6v)) 72

() (S0®0 X 36 + Syl x 1y 6.1).

and

ra+1),_, «
2(¢ - P)a( o+ G (6 V) X Jp (5, 1) + I G (p,v) X ‘7<P(p"u))
1

! <§ B m) (Gq,(p,v) X Jp (P, 1) + Sy (5, v) X ‘7<P(C'“)) 73)

" (m) (Sp(0v) X Jp (61 + B (5,7 X Ty (p,10)).

From (70)—(73) and inequality (69), we have
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Fla+Dr@+1) | 5886 v) xJp(6v) + 37, S5, 1) X (6, 10)
46 =) v —1F 4378 L &, (p,v) X Jy(p,v) + 5, &, (0 1) X T (s 1)

) Ly(p. 6 mv)

e
ST @ D@+ 2)) 2T Br DB+ 2)) e Y T G T D@+ 2)\2 T B+ DB +2)
1 a B B
+ (2 @+ D+ 2)) GrnG+) P or G @ D@y e
Since from @-cuts, we obtain the collection of IVFs &, J,: A~ R, then the above inequality
can be written in the form of inequality (64). Hence, the result has been proven. o

S 1, V)

Remark 5. If one is to take « = 1 and f = 1, then from (64), we achieve the coming inequality,
see [34]:

1

Srv_ L
G-p-p fp fu S(x,y) X J(x,y)dydx

(74)

1. 1. _ 1
< 5K 6T Lo suv) + Mo, 6 uW]F 3N (0,6.1,v)

Let one take 6*((x,y),g0) as an affine function and 6*((x,y), <p) as a concave function. If
G.((x,), 9) # & ((x,5), ) with ¢ = 1 then, by Remark 2 and (65), we acquire the following
inequality, see [33]:

Fa+1Drp+1)
4(c—p)*(v — ¥k
Fa+1Drp+1) [g“'ﬁ
A —p)rv—whk L

[7;‘;’fu+ S(5,v) x J(ev) + 37 - &(e,w) x I (s, u)]

+ (0, V) X J(pv) + - &) x I (.10
(75)

1 a 1 B a 1 B
= <§_ @+ Da+ 2))(5_ B+ DR+ 2))’“”'9“’1’) TSN CED) <§_ B+DEB+ 2))“’)'9’“"’)

1 a B B Py
G @ DE ) T ET B S T D @ DET D o)

Let one take 6*((x,y),g0) as an affine function and 6*((x,y), <p) as a concave function. If
G.((x,), 9) # & ((x,5), ) with ¢ = 1, then by Remark 2 and (65), we acquire the following

inequality, see [32]:

ool
v — S(x,y) x J(x,y)dydx
C—plv-wJ, ), oo
1 1 1
= §K(P: S U V) + E[L(p, ¢ U, V) + M(p, S, U, 1/)] + %N(p’ c, U V)

IfS.((x,y),0) =& ((x,),9) and J.((x,y),0) = J"((x,¥), @) with ¢ = 1, then from
(64), we acquire the following inequality, see [50]:
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L(f = pl))ar(iﬁ_ﬁ 750 S x 3w + 358, &) x 3 (5.0
:((fjpl))‘f;l(/ﬂ_-i_ﬂ;); [+j +S(p,v) x J(p,v) + :7 6(p w X J(p, ‘u)]

1 « 1 B a 1 B
= (E_ @+ D+ z)) (E‘ B+DE+ 2))'{(”'9“'”) TatD@+2) (E‘ B+DE+ 2))“"’ S )

77)

1 a B B Py
G- T DD FIET e G DG T DT DET D oY)

Theorem 7. Let &, J: A— IFy be a coordinate convex FIVFs on A. Then, from @-cuts, we establish
that the series of IVFs G, J,: A~ R} are given by &, (x,y) = [6 (), 0),6" (¢, ), (p)] and

o, y) = [3.((x, ), (p) I ((x,y), )] for all (x, y) €A and for all p €[0,1]. If EXJ€
FOy, then the following inequalities hold:
()7 )
:((:jpl)ﬂ;(,ﬁj#;,); 778 B X JeWFT,- Bl w X (s, u)]
P +p1))f(§ﬁ D 1 B R 33 S0 % 300
dren 1)(a 0 BT 1)@3 +2) G @+ 1;[(04 + 2)>] K. ¢.1v) (78)

a B _
[2( (a+1)(a+2)) (a+D(a+2) (‘3+1)(‘3+2)]L(P'C;M,V)
a
[2 ( B+ 1)(/8 + 2)) (a+Dl@+2)(B+ 1)(3 2 M(p, 6, 1. v)
a B

] N(p, g m,v)

" Z_(a+1)(a+2)(/3+1)(/3+2)
If& and J are both coordinate concave FIVFs on A, then the above inequality can be written

as:

+¢ u+ +¢ u+
prs V)XJ<p § H V>

46( 2 2 2

Fla+DrB+1) rap ap
* 1t — et — o7 Lot B RIGMFIL, Bl % IG5, w)

_T@+DrB+1) [ap
eyt — o7 I BRI MFI- Blo.w) X3 (o, 0]

- a B 1 a ~
+2(a+1)(6¥+2)+(/>’+1)(ﬁ+2)(§_(a+1)(a+2))]K(p’g"u’v) (79
T’[%(%_(a+1)a(a+2))+(a+1)a(a+2)(5+1ﬁ3+2)]z(p,c,u,1/)
[2( (ﬁ+1)(ﬂ+2)> (a+1)a(a+2)(ﬂ+1)ﬁ(5+2)]]7[(p'§'“*”)
: Z_(or+1)0{(oc+2)(ﬁ+1)i[3+2)]]‘7(’)'“"”

where K(p, ¢, 1,v), L(p, s, 1,v), M (p, ¢, 1, v), and N (p, s, u, v) are given in Theorem 6.
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Proof. Since G, J : A— F are two convex FIVFs, from inequality (13) and for each ¢ € [0, 1], we

have:
25, () xa ()
|
f(x P ac ( - ) J¢< T)dx 50
(a5 xa (b 157) + oo (5557 <o (s157))
Garpare) (& (550 (55 (557 x a0 55))
and:
25, () < ()
ot f(v )b e (S )xaw(’%:,y)dy
+Lw—u>ﬁ 1o, () x 3, (55 )y )

(o) (& (o) xa (35 m) r o (P35 <an(55)

+(%‘</;+1>ﬁw)(%(p;g ) x Jw(pﬂ'”)*ew(pTH'”)prTﬂ'“))

Adding (73) and (74), and then taking the multiplication of the resultant one by 2, we obtain:

p+e u+v p+¢ utv
o, (5 57) x . ()
S +v +v
J. 2(¢—x)*1'e, (x, M—) X Jy <x, ,u_) dx
< a o 2 2
_1—
2(c—p)* ¢ _ ptv ptv
o e () (e

[ a5 )

+—
2(v — )P j” _ p+g ptg
+| 20—k, —=y | xd,|—=y)dy
P 4’( 2 ) 4"( 2 ) (82)

+<(a+1)(a+2))<26 (v #erv)xgq’(”'#% 26‘/’(9#; )X‘j‘f’(c'wzrv))
G-arnars) (5 (05 %0 (s555) + 25 (5557) %20 (n257))
((/3+1)([>’+2)><26 ( ;rc )X‘Iﬂ(p;c ) +26 (p;rc ) ‘7<P(p+c'v)>
(

2 GroEe) (29 (7w <an () e (P ) o ()

Aguain, with the help of integral inequality (13) and Lemma 1 for each integral on the right-
hand side of (82), we have:

—+

+

+



Mathematics 2022, 10, 534

21 of 29

aﬁ “ a-1 -1
= 4(c—p)*(v — )k U. f (¢ =)' =y)Ff 8, (x,y) dydx]

aﬁ ‘T a-1¢,, _ -1
T IOE #),;Uf(c—x) v -wf %(x')’)dydx]

B a-1
TBTDB 226 p)“f (¢—x) (6 (20, 1) X (2, 1) + G (,v) X I (, v))

1 ﬂ a-1
+<§ ([;-|-1)(3.|.2))2(c p)af (¢—x) (6 (20, 1) X Jp (2,V) + S (x,v) X I, (, y))

Fra+DrB+1) ., .
4(: v = @)F [7 B i+ G (6 V) X Jy(5,v) +:7pffv_ CHANES <7<p(€,,u)]

I'a+1) B . 3

2(¢c — p)® ((ﬁ +1DB+ 2)) (7p+ Gq)(c,#) X J¢(§,#) + jp+ G(p(c:v) X Jq;(c:v))
r'a+1) /1 B . 3

2(6 = p)° - B+DB+ 2)) (75 8051 X 3y (690 + T 8y 5,1) X Iy (5,10}

aﬁ [ a-1 -1
S A=) — P U L(’“P) v=y?F %(x,y)dydx]

af s v Cai g
4(( p)* (V—M)BUJ(’C Py — P8, (x,y) dydx

'8 _ a-1
(/}+1)(ﬁ+2)2(§_p)af (x—p) (6 (2, 1) X Jp (2, 1) + S (x,v) X Jp(x, v))
1 ﬂ a a—1
+ (E CB+DE+ 2)) 2(c — p)afp (x—p) (Gq,(x,u) X Jp(x,v) + S, (x,v) X J(p(x,y)) dx

_T@+Dr@+1 [
T4 —p)r(v— )P

'+ 80 (0,) X 3o (0,v) + I, &, (p,1) X Ty (0, 1)

a+1) B .
+2(§_p)a ((ﬁ +1D(B + 2))( <p(.0 7)) X(7¢(p n) +~7 S (P V) XJ(p(p V))

I'a+1) B . .
56 (2 T D) (F Sola) x3000) + 75 Clo0) x30.00).

s [, 20 e () xas () o |

Frla+DrB+1) rap
S 3= pyatw —F Lot ’+ Bp(e) X 3y v) + 328 L 8, (p,v) X 3, (0, )]

rg+1) a

2 =P ((a+ D+ 2)) (7 Sy (0,v) X Jp(pv) + T34 Sy (5V) X Iy s, V))
rg+1 a 8 5
20— P G- arDEr) U e X 3,60 + 38,6 x 3y(s )

(83)

(84)

(85)
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B Yoo peie (PTS ptg
Fla+DrB+1) ap B

= 4(c —p)a(V _ ‘Ll)ﬁ [gp v Gga(gi.u) X (7(p(§l:u) + ‘7(;_,1/_ 64;(@',#) X JQD(C!#):I
rig+1) a
=7 ((a TG 2)) (7- &4 (0.1 X 3 (p, 1) + T~ Sy (6, 10) X T (5,10))

rg+1) (1
Z(E,ﬁj#)z; (5 @t 1)0(( poy 2)) (ﬂf— S (P, 1) X (6, 1) + 95~ B, (6, 1) X T s, H))-

and:
p+g¢ ptg
2, (S ) <3 ()
ria+1)r,., P
<1 3ty [T Col6m) X 3y (6,) + 3 Gylp,1) X 3, o0

a
TGS (S0, 1) X T (0, 1) + G, (6, 1) X T (5, 1) )

1
N (E _ m) (6¢, (0, 1) X Jpp (6, 1) + S (5, 1) X T (p, #))

+ +
28, (p 2 g’”) *Jy (p 2 C’V)

ria+1ry,., P
=12 —p)° |75 85, v) X 3 (6,v) +3E Gy (p,v) X Iy (p,V))

+ m (6¢ (P, V) X Jq,(p,v) + G(p (g, V) X J(p (g, V))

1
+ (E - m) (6(p(p’ V) X Ju(5,v) + Sy (6, v) X J(p(P,V))

ptg¢ ptg
(L) ()

r 1
SI % [7;;1"' 64)((' #) X <.7¢(C: V) + jga_ 6(,0(,0' ‘Ll.) X (74;(,0, V)]
+ m (Gw(p, 1) X Jp (V) + G (6, 1) X Ty (6, V))

1 a
(3 mrmETs) (e m X doe) + Sol6.m) x 3,(p)

pt+g ptg
268, (Tv) X J (T“)
'a+1
<, ﬁ (954 @, (6,v) X 3 (601) + IE B (p,v) X Iy (pu10)]

DT (S X o) + 846 ) X 3,5 1)

1 a
N (E _ m) (Sp (0 V) X 3o (6 1) + S (6 V) X Iy (0,12))

u+v u+v
264, (,0; T) X J(p (,0: 2 )

(86)

(87)

(88)

(89)

(90)

o1
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< 1"(,8+1)
12(1/
ﬂ
HEDIED)
1 B
+(E‘(ﬁ+1><ﬁ+2)

u+v u+v
25, (55) xan (55°)

F(ﬁ + 1)
2(1/
ﬁ
HEDED)

1 B
+ (E - m) (64)(9 H.) X (jgo(c' V) + 6(,0(9 V) x (7(,0(9 M))

25 (05 57) <20 (557
r+ 1)
'2(1/

/3
HEDED)

37 70 @0 0.1 X 3y (o) + 9[- Sy (0,9) X 3, (0. 0]

(@0 (0,10 X 3y (0,1 + G (p,¥) X Iy (0,7)

T ACHCOEACHEE ACRCRERACN]

(8451 X Ty (6. 1) + B (6,9) X Jp (5, 1))

5 70 S0 0.1) X 3y (6,1) + 9 8, (0 ¥) X Jy 5,10
(4010 X 3y (5,1 + B (0, V) X T (5,V))

1 B
+ (5 - m) (%(P,H) X Jp(6,v) + &4, (p,v) X Jy(s, ll))

and:

+v +v
22, (55 <30 (0 557)

< re+1n 1)
"20v - wf

5 70 €069 X 3y (0,) + 9, 8, 6,1) X Iy (0,10

ﬁ

FETDETD (CoEm X Tt + Sy(51) X 3y (0,1)

1 B
+ (5 - m) (%(C, 1) X Jy(p,v) + Sy (5,v) X Jy(p, M))
From inequalities (83) to (94) and inequality (82), we have:

p+g ,u+v> <p+§ y+v>
— — x —
86"’( 27 2 o 22

Ira+1Dr+1) 7P o+ (6 V) X Jy (s, V)+7“B Sy (6, 1) X Jp (s, 1)
T2 -prv - +7“_‘*+6 (0, V) X 3o () + - S, (p, 1) X 3, (o, 1)

rig+1)
( 2a ) 2(v — )P

+
(a+1)(a+2) rg+1)
C T im0 x 3,00 + 9 (6. X 3 (0)
r 1
o « T (98 @0 o) X 3y + 7L 8y 61 X 25
* (E_(a+1)(a+2)) r'g+1)

) (€000, X 3y () + By (0,9) X 3, (0110,

(72 4 01) % 3y (1) + 701 (1) x Jp(61))

o= ),;(7’3 S (0 1) X Ty (5, 1) + T4~ S (6, ) X T (s, u))

92)

(93)

(94)

(95)
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r'a+1)
2( B ) 2(¢ — p)©
B+1D(B+2) F(a+ 1)

(7% 8 (5. 1) X Ty (5,1 + T &y (5,v) X T (5,7)

(72 8, (0, 1) X Iy (p, 1) +TE S,y (p, V) X Iy (p, V)

T2 - p)e
r 1
(1 B ) 2((ga+ )?1 (:za Sy (6 1) X Jp(5,v) + T+ &4, (6,v) X I (s, u))
T) (e —
1
2 B+DB+2) F((a + ))a (9 @, (0,1) X 3 (0, v) + T2 8 (0,9 X Ty (0110
2a B 1 . 2
DT FTDETH )+ G T D) G nET e oY
2a 1 ,8
HCESCES) <E_(5+1)(5+2))M¢(P:C.u,w
1 a 1 P
+2(5_(a+1)(a+2)>(5_(5+1)(ﬁ+2))%(p,c,u,v)

Aguain, with the help of integral inequality (12) and Lemma 1, for each integral on the right-
hand side of (95), we have:

r 1
(7 @) X 3y o) + 7 S50 Xy (5.0)
rg+1)
20— (- S0t X Iy (0.1 + 3-8y (6,10 X Ty (5.10) (%)
1 B B
SI (E - m) K,p(,D. S U, V) + thp(p: S U, V)
r 1
(7 @) X 0y 6) + 75 8y 61) X 3, )
rg+1)
m( 75~ G, (p, 1) X Jp (5, 10) + 75- &, (5, 1) X T, (s, #)) 97)
1 B B
< G-grngTn) Pt ETIETD e sk
r 1
2((a i )?x (:7“ G (6 1) X Jp (5, 1) + 7% Sp(5,v) X Jp(5,) )
rla+1) . «
+m(7§‘_ G(p(pl ‘Ll) X Jw(pt M) + jg_ elp(pl V) X (j(p(p' V)) (98)
1 a a
* (- @rpEre) e ErnErn e o)
r 1
. é"‘_*p)i (38 (0, 1) X 3 (0,¥) + T B (,9) X Jy (pu10))
rla+1) ., «
2t —)° (78 84 (0,1 X 3 (0, v) + TE G, (p,v) X Ty (0 18)) (99)
1 a a
“ (2~ @rnEsn) et ErnEry ek

From (92) to (99) we have:

pts ut prs v
e, ()< () (100
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Fla+Dr@+1) | 5886 v) X Jp(6v) + I, Sy (6, 1) X (6, 10)
=1
Hs =P v =P | 4370 . 8, (p,v) X 3y (p, V) + I~ S (0, 10) X 3 (p, 1)

[ @ B 1 a X
TR DN D) (E_(a+1)(a+2))] o (0,61, v)
1 /1 a a ﬁ ,
+E(E‘(a+1)(a+2))+(a+1)(a+z)(ﬁ+1)(3+z)] o (PG 1Y)
1/1 B a B
+E<E_(ﬂ+1)(ﬁ+2)>+(a+1)(a+2)([§+1)([>’+2)]M“’(p’c’“’v)
) . 5 }
+.Z_(a+1)(a+2)(,8+1)(3+2)] (P uv)
That is:
_(PHS UV (PGS ptY
()% )

Fa+Dr@+1) .‘7"; L+ 86 XJ(s, V)Tr?“‘ Se, ) X J (5,1

S als—p)e(v—wf +7“_ﬁ '+ 8o, v) X J(p,IFIL - Blo,w) X J(p, 1)
~ B 1 a ~
T2+ 1)(a 2T GrDGB 2 (E_ (@+ D+ 2))] Ko, 1mv)
- a a B
+[§(§_ @+ 1)(a+2))+ @+ D@+2) G+ 1)(ﬁ+2)

] Lip,s,u,v)

a

[2( (ﬂ+1)(ﬁ+2)) (a+D(a+2) (ﬁ+1)(/}+2) M(p, 5, 1v)

~ a
+[Z_(a+1)(a+2)(/3+1)(/3+2)

Hence, the result has been proven. o

N(p, ¢ 1, v)

Remark 6. If one is to take a« = 1 and § = 1, then from (78), we achieve the coming inequality,

see [34]:
~(p+¢ u+v>~ ~<p+c ,u+V)
46( 2 72 X 2 2
S v . 5 _
{— S(x, ) X J(x,y)dydx ¥ —K(p, ¢, u,v 101
(c—p)(v—u)fpfu (%,¥) X J(x,y)dy 3¢ K6 1Y) (101)
7 — 2
+%[L(p' ¢ U, V)+M(P: C:ILV)]'F;N(P: C,M:V)-
Let one take 6*((x,y),<p) as an affine function and 6*((x,y), <p) as a convex function. If
6*((x,y), <p) #* 6*((x,y), (p) with ¢ = 1, then from Remark 2 and (79), we acquire the following
inequality, see [32]:
p+g H+V) (p+c M+V)
46( 22 2 2
1 S v 5
22— S(x,y) X J(x,y)dydx + —K(p,c, u,v 102
(C_p)(v_#)qu (x,y) x J(x,y)dy e Ko v) (102)

7 2
+%[l‘(p' C,‘U,V) + M(p’ Cuu;V)] +§N(p:§nu:v)
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Let one take ©,((x,y), @) as an affine function and &*((x,y), ¢) as a convex function. If
&((x,y), (p) * G*((x,y), (p) with ¢ =1, then from Remark 2 and (79), we acquire the following
inequality, see [33]:

pt+¢ ut+v p+¢ u+v
46(2’2>x‘7<2'2)
_ T+ Dr@+1) | 58,86 x 36 + 757, 86w x 36w
T 4(c-p)r(v—pF +flg_'€l+ S(p,v) x J(p,v) + jg‘_'/?v_ S(p, ) X J(p, 1)
@ B 1 a
MDD M EDED) (E Tla+ D@+ 2))] Kp, 6w v) (103)
1 /1 a a ﬁ
* _E(E C(@+D(a+ 2)) T@r D@t BrDE+ 2)] Lp, 1, v)
1,1 B a s
* -5(5_ B+DEB+ 2)) T @r D@t BT DG+ 2)]M(p’c'“”’)
g ¥ G.cny)
4 (@+D(a+2)B+1D(B+2) P S 1
If&.((xy),¢) =& (), 9) and J.((x,y), 9) = J*((x.y), ) with ¢ =1, then from
(78), we acquire the following inequality, see [50]:
p+¢ut+v p+¢ u+v
46(2’2) (2'2)

Fla+D)r@+1) | 5886V x ) + 758 (6w x 351

+

4g =P v = WP 4370 L &(p,v) x J(p,v) + I S(p, 1) X I (p, 1)

: + B G— a HKWQMW
2@+ D@+2) B+DE+2)\2 (a+D(a+2) (104)
_l<l- e )4- c al ]LOZCJLV)
2\2 (a+1D(a+2) (a+D)(a+2)B+1D(B+2)
1 /1 B a B
_E(E_ B+1DEB + 2)) T e T D@+ BT DB+ 2)]M(p' S 1Y)

1 a B
4 (a+D(@+2)(B+DEB+2)

] N(p, 5,1, v)

4. Conclusions and Future Plans

The major goal for this study was to introduce new fuzzy fractional operators and to
show some Hermite-Hadamard-type integral inequalities with the help of Lemma 1 for
introduced coordinated convex fuzzy-interval-valued functions via newly defined fuzzy
fractional integrals. We also demonstrated that the newly established inequalities could
be transformed into Hermite-Hadamard-type inequalities for classical convex functions,
for fuzzy-interval-valued and interval-valued functions [24,27,30], and for coordinated
convex fuzzy-interval-valued and interval-valued functions [32-34,41,42,50] via Riemann
integrals and fuzzy Riemann integrals, respectively, without having to prove each one
separately. This is a novel and intriguing topic, and future research will be able to find
equivalent inequalities for various types of convexity and coordinated m-convexity by
using different fractional integral operators.
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