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Abstract: We aim to introduce the quadratic-additive functional equation (shortly, QA-functional
equation) and find its general solution. Then, we study the stability of the kind of Hyers-Ulam result
with a view of the aforementioned functional equation by utilizing the technique based on a fixed
point in the framework of g-Banach modules. We here discuss our results for odd and even mappings
as well as discuss the stability of mixed cases.
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1. Introduction

In 1940, Ulam [1] inquired about the stability of groups of homomorphisms: “What
is an additive mapping in close range to an additive mapping of a group and a metric
group?” In the next year, Hyers [2] responded affirmatively to the above query for more
groups, assuming that Banach spaces are the groups. Rassias [3] extended Hyers’ theorem
by accounting for the unbounded Cauchy difference. Gavruta [4] has demonstrated the
stability of Hyers-Ulam-Rassias with its enhanced control function. This stability finding
is the stability of Hyers-Ulam-Rassias functional equations. Baker [5] utilized the Banach
fixed point theorem to provide a Hyers-Ulam stability result.

Cédariu and Radu used the fixed point approach to prove the stability of the Cauchy
functional equation in 2002. They planned to use the fixed-point alternative theorem [6]
in B-normed spaces to achieve an accurate solution and error estimate. In 2003, this novel
method was used in two consecutive publications [7,8], to get general stability in Hyers-
Ulam in the functional equation of Jensen. The paper [9] also made the ECIT 2002 lecture
possible. Many subsequent works employed the fixed point alternative to get generalized
findings in many functional equations in various domains of Hyers-Ulam stability. The
reader is given the following books and research articles that describe the progress made
in the problem of Ulam over the last 70 years (see, for example [10-16]). The functional
equations

¢p(a+0b) =p(a) + P(b) M
and

¢(a+b)+¢a—0b)=2¢(a)+2¢(b) @
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are known as additive functional equation and quadratic functional equation, respectively.
Each additive and quadratic solution of a functional equation, in particular, must be an
additive mapping and a quadratic mapping. Singh et al. [17] discussed the asymptotic
stability of fractional order differential equations in the framework of Banach spaces.

In [18], Czerwik showed the stability of the quadratic functional Equation (2). Skof
has been shown for the function ¢ : Ny — N, where Nj is normed space and N is Banach
space (see [19]), a stability issue in the Hyers-Ulam approach for Equation (2). Skof’s
theorem is still true if an Abelian group replaces the domain Ny, according to Cholewa [20].

Grabiec has generalized the above results in [21]. The quadratic functional equation is
useful for distinguishing inner product spaces(for example, see [22-24]). The further gener-
alization of Th.M. Rassias’ theorem was provided by Gavruta [4]. Several papers and mono-
graphs on different generalizations and applications of stability of the Hyers—-Ulam-Rassias
have also been published over the last three decades for several functional equations and
mappings (see [25-35]).

In this work, we introduce a new kind of generalized quadratic-additive functional
equation is

Y (p(—vi—vj—l— f vk)

1<i<j<n k=1;i#j#k
n?> —9n+16
- (50 L ewro)
1<i<j<n
B (n3 —11n? +26n — 16> L o(v;) + o(—v;)
2 = 2
i=1
(1P =11n% +30n =20\ & @(vi) — @(—v1)
> 5 (©)
i=1

where n > 4, and obtain its general solutions. The main objective of this work is to examine
the stability of a similar type of Hyers-Ulam theorem for the quadratic-additive functional
equation in f-Banach modules on a Banach algebra by utilizing fixed point theory.

Throughout, in this work, we consider K refers either R or C and a real number  with
0 < B < 1. We can directly utilize the definition of B-normed space in [36] to proceed our
main results.

Theorem 1 ([6]). If a complete generalized metric space is (Y,d) and F : Y — Y is a strictly
contractive function with the Lipschitz constant 0 < L < 1,

i.e., d(Fvi, Fvy) < Ld(vq,v7), forallvi, vy €Y.
Then for each given v € Y, either
d(F™v, F" o) = oo, forallm >0,

or there is a positive integer my satisfies

(1) d(F™v, F"lv) < co, forall m > my;

(2)  the sequence { F™v} converges to a fixed point w* of F;

(3)  w* is the only one fixed point of Fin Y* = {w € Y |d(F™v,w) < oo};
4)  d(w,w*) < {rd(w, Fw), forallw € Y*.

2. Solution of the Quadratic-Additive functional equation

Here, we derive the general solution of (3). Let us assume that V and W are real
vector spaces.
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Theorem 2. If an odd mapping ¢ : V. — W satisfies the functional Equation (3) for all vy, vy, - - -,
vy € V, then the function ¢ is additive.

Proof. Suppose that the mapping ¢ : V — W is odd. Since the oddness of ¢, which satisfies

the property ¢(—v) = —¢(v), for all v € V. Using oddness property in Equation (3),
we simply obtain

n 1’12— n
D ¢<—vi—vj+ )» vk) = (92+16> Y, olvito)

1<i<j<n k=1;i£j £k 1<i<j<n
n® —11n? +30n — 20 {*
—( 5 )Z¢m><®
i=1
for all v1,vp,--+ ,v, € V. Setting vy = v; = -+ = v, = 01in (4), we have ¢(0) = 0.
Replacing v; = v, = v and the remaining v3 = v4 = - - - = v, = 0 in Equation (4), we get
9(20) = 2¢(0v) ()

for all v € V. Interchanging 2v instead v in (5), we obtain

9(2%0) = 2¢(0) ©)
for all v € V. Again, switching v by 2v in (6), we have

9(2%) =2¢(v) @

for all v € V. Thus, for any non-negative integer n > 1, we can generalize the result that

¢(2"v) =2"¢(v) ®)

for all v € V. Therefore, the function ¢ is odd, it has the solution of the Cauchy additive
functional equation’s solution. So that the function ¢ is additive. Moreover, interchanging
(v1,v2,+ -+ ,vn) with (v1,0,0,- -+ ,0) in (4), we can obtain the Equation (1). Hence the proof
is now completed. [

Theorem 3. If an even mapping ¢ : V. — W satisfies the functional Equation (3) for all
V1,0, -+ , Uy € V, then the function ¢ is quadratic.

Proof. Suppose that the mapping ¢ : V — W is even. Since the evenness of ¢, which

satisfies the property ¢(—v) = ¢(v), v € V. Using evenness property in Equation (3), we
simply obtain

Y (p(—vi—0j+ i vk> = (nz—92n+16) Y. e(vitv))

1<i<j<n k=1;i%j#k 1<i<j<n
n® —11n% +26n — 16 &
- . )i ©
i=1
forallv; € V;i=1,2,---,n. Setting vy = vp = --- = v, = 01in (9), we get ¢(0) = 0.
Interchanging (v1,vy, - -+ ,v,) with (v,0,0,---,0) in (9), we have
¢(20) = 2%¢(v) (10)

for all v € V. Switching 2v instead of v in (10), we get

9(2%0) = 2*¢(0) (11)
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for all v € V. Interchanging v with 2v in (11), we have

9(2°v) = 2°¢(0) (12)
for all v € V. Thus, for any integer n > 1, we can generalize the result that

9(2"0) = 2%"9(0) (13)

for all v € V. Therefore, if the function ¢ is even, it has the solution of the Euler quadratic
functional equation’s solution. Moreover, changing (v1,v2, - - - , v, ) with (v1,0,0,- -+ ,0)
in (9), we can get the functional Equation (2). Hence, the proof is now completed. [

Theorem 4. If a function ¢ : V. — W satisfies ¢(0) = 0 and the functional Equation (3) for all
01,02, -+, Uy € V if and only if there exists a mapping Q : V x V. — W which is symmetric
bi-additive and a mapping A : V. — W is additive such that ¢(v) = Q(v,v) + A(v) forallvin V.

Proof. Itis trivial. [

3. Main Results

Here, we investigated the stability (in the sense of Hyers-Ulam stability) of (3) in -
Banach modules by utilizing a fixed point approach for three different cases. Moreover, we
can divide this section into three subsections. In Section 3.1, we get the stability outcomes
for odd case; in Section 3.2, we get the stability outcomes for even case; in Section 3.3, we
examined our main outcomes of the function Equation (3) for the mixed case.

Before proceed, let us consider B* is a unital Banach algebra with || - ||p-,
Bf = {s € B*| ||s||g- = 1}, W is a f-normed left Banach B*-module and V is a f-normed
left B*-module.

We utilize the below abbreviations for a mapping ¢ : V. — W:

n
Os¢(v1,02,- - ,0p) 1 = Z (p(—svi—svj+ Z svk>

1<i<j<n k=T;iZj Ak
2

n-—9n+16

<2> Y. ¢(svi+5s0))
1<i<j<n

n® —11n? 4+ 261 — 16\ 5 & ¢(v;) + ¢(—0;)
+< 5 >s ;1 B E—

n® —11n% 4+ 30n — 20\ & ¢(v;) — ¢(—v;)
+< 5 )slzl 5

forall vy,vs,--- ,v, € Vand s € Bj.

3.1. Stability Results: When ¢ is Odd
Theorem 5. Let a mapping  : V" — [0, 00) such that

nlglgo |2|7ﬁ¢(2mvl,2mvz,' -, 2M0,) =0, Youy,0,--,00€V. (14)
Let ¢ : V. — W be an odd mapping such that
@sp(v1,02, -+, 0n)llg < Y(v1,02,- ,0n), V01,00, , 04 EV, (15)
and s € BY. If thereis 0 < L < 1 (L is a Lipschitz constant) satisfies

0 plo) = L0
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and

$(20) < 2|PLg(v) (16)

forall v € V, then there exists a unique additive mapping A1 : V. — W satisfies

|A1(0) — @(v)||g < |25¢(”)

Moreover, if ¢(kv) is continuous in k € R for every v € V, then Ay is B*-linear, i.e.,
Aq(sv) = sA1(v) forallv € Vand all s € B*.

Proof. Letting s = 1, and v; = v, = v and the remaining v3 = v4 = - - = v, = 0 in (15),
we get
12(2n — 6)9(v) — (2n —6)9(20)[; < ¥(v,0,0,---,0)
H(P(U) - q)(;v) ’ < L¢(v), veV. (18)
B

Consider the set
Y :={ala:V — W,a(0) =0}

and define the generalized metric on Y as below:
d(a,b) = inf{A € [0,00)|[|a(v) — b(v)||g < APp(v), Vv e V] (19)

Easily, we can verify that (Y, d) is a complete generalized metric space (see [20]).

Next, we define a function F : Y — Y by
(Fa)(v) = %a(Zv), VaeY, veV. (20)

Leta, b € Y and an arbitrary constant A € [0,00) with d(a,b) < A. Utilizing the
definition of d, we obtain

la(0) = b(v)[[p < A¢p(v), (21)

for all v € V. By the given hypothesis and the last inequality, one has

1

2a(20) - %b(ZU) < ALg(0) 22)

B

for all v € V. Hence,
d(Fa,Fb) < Ld(a,b).

From inequality (18), we get

d(Fo,0) < —. 23
AT (23)
From Theorem 1, F has an unique fixed point A; : V. — WinY* = {a € Y|d(a,b) < oo}
satisfies .
1 m TN e
Ai(v) == lim (F"¢)(v) = lim —5¢(2"0) (24)
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= lim

and A;(2v) = 2A1(v) Y v € V. Also, using (23), we get

d(Alr§0> < _ (F(P’ )
g ;L
- 1- ‘|ﬁ
1
| 25
< P RPL =

Hence, inequality (17) valid for allv € V.
Now, we want to prove that the function A; is additive. Using the inequalities (14),
(15) and (24), we obtain

||®1A1(01/U2/ T /Ui’l)”ﬂ = lim |m/3 H®1(P(2 01/2 02, rzmvl’l)H‘B

m—00 |2

lim

1
< (2" M . DMy ) —
= e |2|m/5110(2 01,2 02, /2 Un) 0/

that is,
" n? —9n+16
). §0<—Uz‘—0j+ Y Uk) = (2> Y., ¢(vi+v))
1<i<j<n k=1;i#j#k 1<i<j<n

13 — 11n?% + 30n — 20
() Lo

forall vy, vy, -+, v, € V. Therefore, by Theorem 2, the function A; is odd.
Finally, we have to show that the function A; is unique. Let us consider that there
exists an odd mapping A,1 : V. — W satisfies (17). Since

/ 1

W9 A) < a1

and A,,1 is additive, we get A/l € Y* and (PA:l)(v) = %All(Zv) = Aq(v) forallv € V,
i.e., A is a fixed point of F in Y*. Clearly, A; = Aj.
Moreover, if ¢(kv) is continuous in k € R for every v € V, then using the proof of [3],
A1 is R-linear.
Switching vy = vy =vand v3 = v4 = --- = v, = 0in (15), we get
|(2n — 6)@(25v) — (n® — 11n® + 34n — 32) @(sv) + (1> — 11n% 4 301 — 20)s¢(v) lls

S w(v/vlol e !O) (26)

forallv € V and all s € Bj. Thus, using definition of A; and the inequalities (14) and
(26), we get

lI(2n — )A1 (250) — (1% — 1102 + 34n — 32) A (sv) + (n® — 11n% + 301 — 20)s A1 (v) |
m—»00 |2‘mﬁ II(2n — )<P(2m+1sz;) — (n3 1172 + 345 — 32)p(2"s0)

+(n® = 11n* 4 301 — 20)s9(2") | 5

< lim T ﬁtp(va 2"p,0,---,0) =0

 m—oo |2
forallv € Vandall s € Bj. So,

(2n — 6)A1(250) — (n® — 11n? + 34n — 32) A1 (sv) + (n® — 11n% 4+ 30n — 20)sA1(v) =0
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forallv € V and all s € Bj. Since A; is additive, we get A1(sv) =sA;(v) forallv € V
and all s € Bj U {0}.

Since A7 is R-linear, let s € B*\{0}. Then A1(sv) = sA1(v) forallv € V and s € B*.
Hence, A7 is B*-linear. [

Corollary 1. If an odd function ¢ : V. — W such that

n
||®Sq)(01/02/ T /U")H,B Saty <Z ||Ui|§;>/ 01,02, ,0n €V, (27)
i=1
and s € By, then there exists a unique additive mapping Ay : V. — W satisfies

(«t+2900)
”(P(v) - Al(v)H,B < <2n —6)(|2|ﬁ — ‘2|ﬁw)’

vEeYV,

where 0 < w < 1, a,7y € [0, 00). Moreover, if ¢(kv) is continuous ink € R forall v € V, then A,
is B*-linear.

Proof. By putting
n
P(v1,02, -+, 0n) = &+ 7(2 ||U|fé’>
i=1
and L = |2|(®=1) in Theorem 5, we obtain our needed result. [J

Corollary 2. Let w > 0 such that nw < land «,y € Ry, and let ¢ : V — W be an odd mapping
such that

1@s@(v1,v2, -+, on)llp <+

n n
[Tlillg + 32 ||Ui|:91w]/ V1,02, U0 EV,
i=1 i=1
and s € By, then there exists a unique additive mapping Ay : V. — W satisfies

(a+2l1ol3)
lo(0) = Ar(v)[lp < (21— 6)(12[F — |2/P™)

(28)

forall v € V. Moreover, if p(kv) is continuous in k € R forall v € V, then Ay is B*-linear.

Proof. By letting

IP(Z)1/UZI' t /vn) = lX+'Y

n n
Ilwﬂg+zmwwﬂ
i=1 i=1
and L = |2|f("@=1) in Theorem 5, we obtain our needed result. [J

Theorem 6. Let a mapping i : V' — [0,00) such that
%gxlo|2|mﬁ¢(2—mvl,2—mvz,~ - ,27My,) =0 (29)

forallvy, vy, -+ , vy € V. Let ¢ : V. — W be an odd mapping satisfies (15). If thereis 0 < L < 1

such that
lp(vlvlol' te /0)

v ¢(v) = (2n —6)

and
¢(v) < 2] PLgp(20) (30)
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forall v € V, then there exists a unique additive mapping A1 : V. — W satisfies

L
[p(v) — A1(0)lp < mfp(v)r veV. (31)

Moreover, if ¢(kv) is continuous in k € R for all v € V, then Ay is B*-linear.

Proof. Letting s = 1 and v; = v, = v and the remaining v3 = v4 = --- = v, = 01in (15),
we get

12(2n = 6)¢(0) — (21 = 6)(20) | < ¢(v,0,0,---,0) (32)

for all v € V. Interchanging v with § in (32), we have

[20(3) - 9@, < Lo (33)

forall v € V. Assume the set
Y :={ala:V — W,a(0) =0}
and define the generalized metric on Y as below:
d(a,b) = inf{A € [0,00)][|a(v) — b(v)|[g < AP(v), Vv e V] (34)
Easily, we can verify that (Y, d) is a complete generalized metric space (see [20]).
Next, we can define a function F: Y — Y by
(Fa)(v) = Za(g), VaeY, veV. (35)

Leta, b € Y and an arbitrary constant A € [0,00) with d(a,b) < A.
Using the definition of d, we obtain

la(v) = b(@)[[p < A¢(0), (36)
for all v € V. By the given hypothesis and the last inequality, one has
v v
—)—2n(=)|| <
H2a(2> 2b(2>”g < ALg(o) 37
for all v € V. Hence,

d(Fa,Fb) < Ld(a,b).

From inequality (33), we get

From Theorem 1, F has an unique fixed point Ay : V — WinY* = {a € Y| d(a,b) < oo}
such that v
A1(0) == lim (F"¢)(0) = lim qu)(z—m) (38)

m—o0 m—o0
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and A; (%) = $A1(v) Vo€ V. Also,

1
<
d(A,9) = 7—74(Fe,9)

L

G 39
= PP )

Hence, the inequality (31) valid forallv € V.
Again, we want to show that the function A; is additive. Using the inequalities (29),
(15) and (38), we obtain

(%] v
1©1A1 (01,02, ,vn)[lp = lim |2\mﬁ||®1¢<2m 2m""1%)||ﬁ
mpy (2L P2 On)
< Jim 2Py (g g ) =0

forall vy, vy, -+, v, € V. Therefore, by Theorem 2, the function A; is odd.
Finally, we have to show that the function A; is unique. Let us consider that there
exists an odd mapping A,1 : V. — W satisfies (31). Since

L

o 4) < T yap

and A is additive, we have A} € Y* and (FA})(v) = 2A}(3) = A;(v) forallv € V,
ie, A,1 is a fixed point of F in Y*. Clearly, Al1 = A;.

Moreover, if ¢(kv) is continuous in k € R for all v € V, then using the proof of [3],
Aq is R-linear.

Replacing v1 = v; = 5 and the remaining v3 = v4 = - - - = v, = 0in (15), we get

(21 — 6)@(s0) — (n® — 11n? +34n—32)q0(szv)+(n — 1112 +30n—20)sq)( >||,3
<#(z209) 40

forallv € V and all s € B]. Thus, using definition of A1, the inequalities (29) and (40),
we get

120 — 6) Ay (s0) — (n® — 111 + 340 — 32) A, (%)
+(n® = 1102 + 300 — 20)51 (5 ) Ilg

v
"11_1)20 |2|mﬁ¢(2m+1 2m+1'01' - ,0) =0

forallv € Vandall s € Bj. So,
(21 — 6) A1 (s0) — (13 — 11n% + 34n — 32) A (%)
+(n® = 1102 + 30n — 20)s A (;) ~0

forallv € V and all s € Bj. Since A; is additive, we get A;(sv) = sA;(v) forallv € V
and all s € Bj U {0}.
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Since A; is R-linear, let s € B*\{0}.

s
Al(HS”B*' U)
(B
s
sl -Al( )
lIsll

S
= A
sl A0

Ay (s0)

= sAi(v), veV, se&B*.
Hence, A7 is B*-linear. [

Corollary 3. If ¢ : V. — W is an odd mapping such that

n
[@sp(v1,v2,- -+, von)llp < 7(2 Ivillg’), 01,02, ,Un €V, (41)
i=1

and s € By, then there exists a unique additive mapping Ay : V. — W satisfies

27loll%
21— 6) (2P — [2/F)

[p(v) — A1(0)lp <

forallv € V, where w > 1 and v € R.. Moreover, if ¢(kv) is continuous ink € R forallv € V,
then A1 is B*-linear.

Proof. By letting
n
P(01,02, -+ ,0n) = 7(2 ||v||§’>
i=1
and L = |2|/#(1=®) in Theorem 6, we obtain our needed outcome. [J

Corollary 4. If ¢ : V. — W is an odd mapping such that

||®S§0(vl/02/ T /vn)H,B < Y

n n
[Tl + Y ||v,-||gw]
i=1 i=1

forall vy,vy,- - ,v, € Vand b € B]. Then there exists unique additive mapping A1 : V — W
satisfies
2o

||¢(U)—A1(U)||ﬂ < (271—6)(|2|/5”w— |2‘ﬁ) (42)

forallv € V, where w > 0and v € Ry with nw > 1. Moreover, if ¢(kv) is continuous in k € R
forallv € V, then Ay is B*-linear.

Proof. By taking
n n
Y(v1,02,- - ,0n) =y ]1 [oill§ + Z} [oil|5”
1= 1=

and L = |2|/f(1="%) in Theorem 6, we obtain our needed outcome. [J
3.2. Stability Results: When ¢ Is Even
Theorem 7. Let a mapping i : V" — [0,00) such that

1

Jim |2|2m/3¢’(2 v1,2"0y, -+ ,2"0,) =0 (43)
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forallvy,vy,--- v, € V. Let ¢ : V. — W be an even mapping with ¢(0) = 0 such that (15). If
thereis 0 < L < 1 such that

¥(v,v,0,---,0)

0= 90) =

and
9(20) < |2 Lg(v) (44)
forall v € V, then there exists a unique quadratic mapping Qp : V. — W satisfies
¢(v)
- <t 4
||§0(v) QZ(U)”ﬁ = |2|25 — |2|25L (45)

forall v € V. Moreover, if ¢(kv) is continuous in k € R forall v € V, then Qy is B*-quadratic,
ie., Q(sv) = s2Qa(v) forallv € V and all s € B*.

Proof. Letting s = 1 and v; = vp = v and the remaining v3 = v4 = --- = v, = 01in (15),
we get
W%—4W@m—?an—@¢mm < ¥(v,9,0,--,0)
2
H go(zzv) — ¢(v) < L¢(v), veV. (46)
p
Consider the set Y := {ala : V — W,a(0) = 0} and define the generalized metric on
Y as below:
d(a,b) = inf{A € [0,00) | [[a(v) — b(v)|[g < Ap(v), Vv €V} (47)

Clearly, (Y, d) is a complete generalized metric space (see [20]).
We can define a function F : Y — Y by

(Fa)(v) = 21—261(20), VaeY, veV. (48)

Leta, b € Y and an arbitrary constant A € [0,00) with d(a,b) < A.
Using the definition of d, we obtain

la(v) = b(0)||g < Agp(v), (49)

for all v € V. By the given hypothesis and the last inequality, one has

‘1umo—1bum

22 22

< ALp(v) (50)
p

forall v € V. Hence,
d(Fa,Fb) < Ld(a,b).

By using the inequality (46) that
q 7 q — |2|2‘B .

Thus, by Theorem 1, F has a unique fixed point Q> : V. — WinY* = {a € Y| d(a,b) <
oo} satisfies

Q2(0) = lim (F"g)(0) = lim =1 g(2"0) 1)

m—sco m—soo D2M
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and Q>(2v) = 22Q,(v) forallv € V. Also,
d(Fe,
d(QZ/ 4’) < %
< 1 (52)
~ 2128 —|2?PL
Thus, inequality (45) holds forallv € V.
Now, we show that Q, is quadratic. By (43), (15) and (51), we have
. 1
||®1Q2(01,02, ... /Uﬂ)Hﬁ = ”lllgl’éo |2|Tmﬁ||®1§0(2m?]1/2m02/ Tt ,2m0n>”ﬁ
< Jim @, 2 27) =0
that is,
! n?—9n+16
y go(vim 5 vk> = () Y sy
1<i<j<n k=L;i#j#£k 1<i<j<n
_(n3—11n% +26n—16 i ¢(v;) + o(—v;)
2 = 2

forall vy, vy, -, v, € V. Therefore, by Theorem 3, the function Q; is even. Next, we
want to prove that the function Q; is unique. Consider there exists an another
quadratic mapping Q,2 : V. — W satisfies the inequality (45). Then,

/ 1
A0, 0)) < —m

and le is quadratic, which gives Q/2 €Y*and (FQ/Z)(U) = Z%Q;(Zv) = Qy(v) forall
veV,ie, Q,2 is a fixed point of F in Y*. Hence, le = Q.

Moreover, if ¢(kv) is continuous in k € R for every v € V, then using the proof of [3],
Q> is R-quadratic.

Replacing v1 = vp = v and the remaining v3 = v4 = - - - = v, = 01in (15), we get

|(2n — 4)@(25v) — (1> — 11n? + 34n — 32) @(sv) + (n° — 11n® 4 261 — 16)s%¢(v) lls

< ¢(v,9v,0,---,0) (53)

for every v € V and all s € Bj. Using definition of Q», (43) and (53), we have

[[(2n —4)Q2(250) — (n® — 11n* + 34n — 32)Qy(sv) + (n° — 11n* + 26n — 16)s*Qx(v) | 5
T 1 o m+1 o 3 _ 2 o m
= %1_1& 2P |(2n —4)p((2" " sv) — (n° — 11n” 4 34n — 32)p(2"sv)

+(n® = 11n* 4 26n — 16)s”p(2"0) | 5

~ m—oo

. 1
< lim Wlp(zmv,zmv,o,' t /0) =0

forallv € Vand all s € Bj. So,

(2n — 4)Q2(250) — (n® — 11n% 4 34n — 32)Qa(sv) + (1® — 11n? + 261 — 16)s*Qz(v) = 0
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forallv € V and all s € B}. Since Q, is quadratic, we get Qa(s5v) = s2Q,(v) for all
v € Vandalls € B U{0}. Since Q; is R-quadratic, let s € B*\{0}, then Q,(sv) =
s2Qo(v) forallv € V and all s € B*. Hence, Q; is B*-quadratic. [

Corollary 5. Let ¢ : V. — W be an even function with ¢(0) = 0 such that

n
1©@s(v1,02, -+, vn)llp Sa+’r<2|villfé’) (54)
i=1

for every v1,vo,- -+ , v, € Vand s € B, then there is only one quadratic function Qr : V. — W

fulfils

(a+ 29102
(2n—4)(12PF = 12P*)’

lo(v) — Q2(v)l|p <

where 0 < w < 2, w,7y € [0, 00). Moreover, if ¢(kv) is continuous in k € R forall v € V, then
Qo is B*-quadratic.

Proof. By letting
n
#)(vlrUZr”' rvn) :DC+’Y< ||v|7//30>
i=1

and L = |2|#(®=2) in Theorem 7, we obtain our needed result. []

Corollary 6. Let w > 0 such that nw < 2 and o,y € Ry, and let an even mapping ¢ : V. — W
and ¢(0) = 0 such that

||®Sq)(01102/ te 'U”)”ﬁ <ua-+ 0%

n n
[Tllillg + X lloill5*
i=1 i=1

forallvy,vo,- -+ ,v, € Vands € Bj, then there exists a unique quadratic mapping Qr : V. — W
satisfies
(w+27]0l15)
- <
”(P(v) QZ(Z])H,B = (2?1 — 4)(|2|2‘5 — |2|ﬂnw)

(55)

for all v € V. Moreover, if ¢(kv) is continuous in k € R for all fixed v € V, then Qy is
B*-quadratic.

Proof. By letting
n
w(v]/UZI"' /Un) :IX_‘_’)/( ||v|7é7>
i=1

1

and L = |2|#("®~2) in Theorem 7, we obtain our needed result. []

Theorem 8. Let i : V"' — [0,00) be a function such that
Tim |22y (2701, 27 M0y, -+, 27" 0) = 0 (56)

forall vy,vy,--- v, € V. Let ¢ : V. — W be an even function with ¢(0) = 0 such that (15). If
thereis 0 < L < 1 satisfies

o o) = L0 )

and

p(v) < [2]72PLg(20) (57)
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forall v € V, then there exists a unique quadratic mapping Qp : V. — W satisfies
L
_ < =
[¢(v) QZ(U)Hﬁ > |2|25 _ |2|25L‘P(U)r velV. (58)
Moreover, if ¢(kv) is continuous in k € R for all v € V, then Qy is B*-quadratic.
Proof. Letting s = 1 and v; = v, = v and the remaining v3 = v3 = --- = v, = 01in (15),
we get
H (21 — 4)9(20) — 22(21n — 4) (v) H;; < (v,9,0,- - ,0) (59)
for all v € V. Switching v by % in (59), we have
2 [%
) - <
[29(3) - o), < Lo@) (60)
forallv € V. Consider theset Y := {a|a: V — W,a(0) = 0} and define the
generalized metric on Y as below:
d(a,b) = inf{A € [0,00) | [[a(v) —b(v)|[g < A¢p(v), Vv eV} (61)

Clearly, (Y, d) is a complete generalized metric space (see [20]). Now, we define a
function F: Y — Y by

_ (P
(Fa)(0) =2 a<2) (62)
forallv € Vandalla € Y. Leta, b € Y and an arbitrary constant A € [0, 00) with
d(a,b) < A.
Using the definition of 4, we get
la(0) = b(v)][p < Ad(v), (63)

forallv e V. By the given hypothesis and the last inequality, one has
2 (U 2, (Y
— ) — — <
HZ (1(2) 2 b(Z)Hﬁ )\Lgb(v) (64)

for all v € V. Hence,
d(Fa,Fb) < Ld(a,b).

By utilizing inequality (60) that

Thus, by Theorem 1, F has a only one fixed point Q> : V- WinY* = {a €Y
| d(a,b) < oo} satisfies

Qa(v) := lim (F"@)(v) = lim 22"g (1) (65)

m—o0 m—o0

and Q2(3) = %Qa2(v), Vv € V. Also,

1
d(Q9) < 1—74(Fp.9)
L

S PP (€6)

Thus, the inequality (58) holds for allv € V.
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Now, we show that Q; is quadratic. By (56), (15) and (65), we have

. 01 0p (%
H®1Q2(vll’02/' t /Un)”ﬁ = 7%1*1;1}0 |2|2mﬁH®1q)(27m, 2711’!,. . ,%) H
(%] v
< lim |2|2mﬁ1p(2m S 2:1) _o,

Therefore, by Theorem 3, the function Q5 is even. Next, we want to prove that the
function Q, is unique. Consider there is a quadratic function Q,2 : V. — W which
fulfils the inequality (58). Then,

L
(g, Qz) W

and Q, is quadratic, which gives Q, € Y* and (FQ,)(v) = 22Q,(3) = Qa(v) for
everyv € V,ie, Q,2 is a fixed point of F in Y*. Hence, le = Q.

Moreover, if ¢(kv) is continuous in k € R for all v € V, then using the proof of [3], Q>
is R-quadratic.

Interchanging (vq, vy, - - -, v,) with (%, 2,0, ,0) in (15), we get

H(Zn —4)g(sv) — (n® — 11n® 4 34n — 32)9”(%)
Ho =112 1260 —16)%9(5) | < (5.5.00) .

forallv € V and all s € B]. Using definition of Q,, (56) and (67), we have

H(Zn — 4)Qy(s0) — (3 — 1102 + 34n —32)(22(%)
+(n® — 11n% 4 26n — 16) 2Q2( )H
< lim \2|2mﬁ¢( v ”.,0) .y

m—>oo om+1’ 2m+1’ 4

forallv € Vand all s € Bj. So,

(2n — 4)Qy(5v) — (n® — 111 + 34n — 32)Q (

'\"d

)

(1% — 11n% + 261 — 16)s 2Q2( )

forallv € V and all s € B}. Since Q5 is quadratic, we get Q»(sv) = s2Q(0) for all
v € Vandalls € B U{0}. Since Q5 is R-quadratic, lets € B*\{0},

Qu(sv) = Qz(ISHm ~ H|)

- ||5||B*‘Q2( )
5T
2 S 2
- 1t () @2

= S2Q2(U>r 4 6 V/

and all s € B*. Hence, Q; is B*-quadratic. [
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Corollary 7. Let ¢ : V. — W be an even function with ¢(0) = 0 such that

n
H®S(P(01/UZ/' o /UW)H,B S 7(2 ||UZ||§]>/ 01,02, ,0Un € V/ (68)
i=1

and s € By, then there exists a unique quadratic mapping Qo : V — W satisfies

w
27 ol

lp(v) — Qa(v)lp < T (T ev.

where w > and v € Ry . Moreover, if ¢(kv) is continuous in k € R forall v € V, then Qo is
B*-quadratic.

Proof. By letting
n
w(vlfvb"' /Un) :lx_"’)’( ||v|%u>
i=1

and L = |2|/#2~®) in Theorem 8, we achieve our needed result. []

Corollary 8. Let ¢ : V. — W be an even function with ¢(0) = 0 such that

||®S§0(vl/02/ T /vn)H,B < Y

n n
[Tl + Y ||v,-||gw]
i=1 i=1

forall vy, vy, ,v, € Vand b € B, then there exists a unique quadratic mapping Qo : V. — W
satisfies

2 o5
(2n— 4) (|2P™ — [2]%F)’

lp(v) — Q2(v)llp < vev, (69)

where w > 0 such that nw > 2 and v € R,.. Moreover, if ¢(kv) is continuous in k € R for all
v € V, then Qy is B*-quadratic.

Proof. By putting
n
47(01102/‘ o /vVl) = +7<2 ||v|%u>
i=1

and L = [2|f(2~") in Theorem 8, we obtain our needed outcome. [
3.3. Stability Results for the Mixed Case
Theorem 9. Let a mapping i : V" — [0, 00) such that

lim (2"vq,2"Mvy, -+ ,2"0,) =0, lim

1 , o o
m%oo|2|7/317b mﬁoome‘Blp(z 7)112 ’()2,... ’2 vn) _O (70)

forall vy, vy, v, € V. Ifamapping ¢ : V. — W and ¢(0) = 0 such that (15). If there exists a
constant 0 < L < 1 satisfies

¥(20,20,0,---,0) < |2|PLy(v,0,0,---,0) and
¥(20,20,0,---,0) < |2*Ly(v,0,0,---,0) (71)

forallv € V, then there exists a unique additive mapping A1 : V. — W and a unique quadratic
mapping Qp : V. — W satisfies
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lo(0) = A1(v) = Qa(0) I
< (¢(0,0,0,--+,0) +¢(—v,—0,0,---,0)) [ |2/P + 1
- |22F — |2|2PL (2n—6) (2n—4)

forall v € V. Moreover, if ¢(kv) is continuous in k € R forall v € V, then Ay is B*-linear
and Qy is B*-quadratic.

Proof. If we divide the function ¢ into two parts such as even and odd by letting

§0e(0) — (P(U) +2(P(_v) and (Po(v) — (P(v) _Z(P(_v) (72)

forv € V, then ¢(v) = ¢.(v) + ¢o(v). Let

[lp(ULUZ/ e /Un) + lp(_vll —02, -, _Un))

X(01/U2/' o /Un) -

2p ’
then by (70), (71) and (72), we have
lim L)((2'”01,2”‘02,--~,van) = 0
m—oo |2|mP
1 (2"vq,2"vy, -+ ,2"M0,) = 0,

A 2/2mp X
12|1PLx(v,0,0,---,0),
121?Lx(v,0,0,---,0),
X(Ull U2, /Un)/
X(vl/UZI e /v}’l>-

x(2v,2v,0,---,0)
and x(2v,20,0,---,0)
1®s@o(v1,v2, -+, vn)llp
|@s@e(v1,02, -+, 0n)llp

INININ A

Hence, by Theorem 5 and 7, there exists a unique additive mapping A; : V. — W and
a unique quadratic mapping Q> : V — W satisfies

1

en—eppa i@ oo

lgo(v) — A1(0)llg <

and

1
(2n—4)2|2(1-1L)

||(P€(v)_Q2(v)”ﬁ < )((Z),‘U,O,'” ,0)

for all v € V. Therefore,

lo(0) — A1(0) — Qa2(0)llg < [l90(v) — A1()llg + [l@e(v) — Qa(v)l[p

1 1
< |:(21’l —6)|2|ﬁ(1 — L) + (21’[ _4)‘2|2/3(1 — L):|X(U,T),O,. .. ,O)

1 12|P 1
= PP 2PPL {(2;1 o Tn- 4)] ($(0,0,0,---,0) + (=2, —0,0,---,0))

forallve V. O

Corollary 9. Let ¢ : V. — W be a function with ¢(0) = 0 such that

n
1@sp(v1,02,- -, on)llp <@+ ) villf, vi,00,-- 00 €V, (73)
i=1
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and every s € BY, then there exists a unique additive mapping Ay : V. — W and a unique quadratic
mapping Qp : V. — W satisfies

2(a+29l0l¥) 1 e 1
[p(v) — A1(v) — Qa(0)lp < (121%6 — |2|/5(w+1)) {(2,1 —6) * (2n —4)

forallv € V, where0 < w < 1and o,y € Ry . Moreover, if ¢(kv) is continuous in k € R for all
v € V, then Ay is B*-linear and Q, is B*-quadratic.

Corollary 10. Let ¢ : V — W be a function with ¢(0) = 0 such that
n
1©s@(v1, 02, -+, on)llg < 7 ) [loill§ (74)
i=1

forall vy,vy,--- ,v, € Vands € B}, then there exists a unique additive mapping Ay : V. — W
and a unique quadratic mapping Qo : V. — W satisfies

4|[ollg 2| 1
212 — 2FwY [(2n—6) ' (2n—4)

lo(0) — A1(0) = Qa(0) g < (

forallv € V, where w > 2 and v € Ry . Moreover, if ¢(kv) is continuous in k € R forallv € V,
then Q, is B*-quadratic and Aq is B*-linear.
Theorem 10. Let a mapping i : V"' — [0, 00) such that
i mpyy(OL 92 On g qiy g2y (L P20 Dn)
A 2] w(zm’zm’ ’zm) 0, lim [2| w(zm’zm’ ’2m) 0 @5

forall vy,vy,- -+ , v, € V. Ifa mapping ¢ : V — W with ¢(0) = 0 such that (15). If there is a
constant 0 < L < 1 such that

¥(v,0,0,---,0) < [2]7PLyp(20,20,0,---,0) and
¥(v,0,0,---,0) < [2|7%Ly(20,20,0,---,0) (76)

forallv € V, then there exists a unique additive mapping A1 : V. — W and a unique quadratic
mapping Qp : V. — W satisfies

lo(0) = A1(v) = Qa(0)l[p
< @(©0,0,---,0) +¢(-v,—9,0,--- ,0))L 12|P 1
= 2PF(1—1) 2n—6)  (2n—4)

forall v € V. Moreover, if ¢(kv) is continuous in k € R for all v € V, then Q, is B*-quadratic
and Ay is B*-linear.

Corollary 11. If ¢ : V — W is a function with ¢(0) = 0 such that
n
1©sp(v1, 02, vn)llp < v ) lloillg (77)
i=1

for every vy, vy, -+ ,vy € Vand s € By, then there exists a unique additive mapping Ay : V. — W
and a unique quadratic mapping Qo : V. — W satisfies

4|ollg 2| 1
lp(v) — A1(v) — Qa2(0) || < (2P — |§‘z,s) (2;|¢ |_ 6) 2n—4)
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for every v € V, where w > 2 and v € Ry . Moreover, if ¢(kv) is continuous in k € R for all
v €V, then Q, is B*-quadratic and A1 is B*-linear.

Corollary 12. If ¢ : V. — W is a function with ¢(0) = 0 such that
n
||®S§0(01/UZI Tt /UH)H‘B S o+ Y Z ||’Ui‘|%]/ 01,02, ,0n S V/ (78)
i=1

and s € Bj, then there exists a unique additive mapping A1 : V. — W and a unique quadratic
mapping Qp : V. — W satisfies

2(a+27|ollg B
lo(v) — A1(v) — Qa2(v)|lg < (“ 7”) [ 2 1

(|2[fw+1) —|228) [(2n —6) ~ (2n —4)

forallv € V, where 0 < w < 1and a,y € R . Moreover, if p(kv) is continuous in k € R for all
v €V, then Q; is B*-quadratic and Ay is B*-linear.

Remark 1. If an even mapping ¢ : R — V satisfies the functional Equation (3), then the below
assertions holds:

(1) @(m?v) =mp(v), vER,mE Qandc € Z.
2)  @(v) =v*¢(1), v € R if the function @ is continuous.

¥(2P0)

Example 1. Let an even mapping ¢ : R — R defined by: ¢(v) = Y5 =55 where
A?, —1<ov<1
$(o) = 79)
A, else,

then the mapping ¢ : R — R satisfies

n* —8n3 +5n2+34n — 32\ /4 n
©@¢(v1,02, -, 0n)| < ( 1 ><3>/\ Y ol

j=1
(80)

orall vy,vy, -+ ,0, € R, but doesn't exist a quadratic mappin h : R — IR satisfies
I R, but doesn’t exist a quadratic mapping Q : R — R satisfi

[9(v) = Qa(v)| < 5lvf?, vER, (81)
where A and ¢ is a constant.

Remark 2. If an odd mapping ¢ : R — V satisfies the functional Equation (3), then the below
assertions holds:

(1) @(mv)=mp(v), veR,meQandc e Z.
2)  ¢(v) =ve(l), v e Rifthe function ¢ is continuous.

Example 2. Let an odd mapping ¢ : R — R defined by: ¢(v) = Y77 ‘P%f %) where

Av, —l1<ov<l1

p(v) = { (82)

A, else,
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then the mapping ¢ : R — R satisfies

n* —8n3 +5n% —42n — 40 n
‘947(01/02/"'/%)\ Sz( 4 )A Z%|U]|
P

(83)
forallvy,vy,- -+ vy € R, but doesn’t exist a additive mapping A, : R — R satisfies
[p(0) — A1(v)] <dv|, veR, (84)
where A and 6 is a constant.

4. Conclusions

As of our knowledge, our findings in this study are novel in the field of stability theory.
This is our antecedent endeavor to deal with a new type of mixed QA-functional equation.
It is shown that the Equation (3) is equivalent to each other to conclude that their solution
is both additive and quadratic mapping. The stability results of different forms of additive
and quadratic functional equations are obtained by many mathematicians in various spaces.
But, in this work, we have introduced mixed QA-functional Equation (3) and obtained its
general solution in Section 2. The main aim of this work is to examine the Hyers-Ulam
stability of (3), which has been achieved in Section 3.3 with the help of Section 3.1, where
the function ¢ is odd; and Section 3.2, where the function ¢ is even, in 3-Banach modules
by using fixed point approach. By the Corollaries, we have discussed Hyers-Ulam stability
for the factors of sum of norms and sum of the product of norms.
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