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Abstract: The present investigation represents the first complete illustration of nanofluids flow. The
effectiveness of wall slip and heat transfer on magnetohydrodynamic nanofluids flow over porous
media in vertical stenotic artery with catheter has been analyzed. By considering the long-wavelength
with low-Reynolds number approximation, a mathematical solution was derived to velocity, stream
function, pressure difference, and temperature. The nanoparticle’s concentration, amplitude ratio,
catheter size, and flow rate have been used to extract the pressure difference. This study analyzes the
interaction effect of slip and thermal conditions on nanoparticles fluid suspension with a catheter in
a vertical stenotic artery with/without the presence of magnetic field and porosity. The results are
helpful for understanding the role of the engineering applications of nanofluids in biomedicine and
some other applications. The results of this paper reveal that the nanoparticles concentration has little
effect on the velocity, and the concentration, slipping, and porosity of the nanoparticles decreases the
thermal energy.

Keywords: nanofluids flow; vertical stenotic artery; velocity

1. Introduction

On account of their huge applications in many fields, in this paper we concentrate
on the more prominent disciplines of engineering: industrial and biomedical. To improve
the thermo-physical properties of the fluids, nanometer particles are injected into them.
Several materials can be used to make nanoparticles, such as minerals (gold, silver, ferric,
aluminum, copper), nitride ceramics (SiN, AlN), carbide ceramics (SiC, TiC), oxide ceramics
(Al2O3, CuO), single, double, or many carbon nanotubes (DWCNTs, SWCNTs, MWCNTs),
and semiconductors (TiO2). Basic fluids after injection with these nanoparticles are defined
as nanofluids. In general, rigid bodies have major thermo-physical properties comparison
with traditional thermo-fluids influence, such as water, oil, and ethylene glycol viscidity,
thermoconductance, thermodiffusion, and convective overheat transfer coefficients for
these fluids, which are improved by injecting nanoparticles into them. Therefore, the
potency of nanofluids in many applications have attracted more and more attention.

In this portion, we will be going to record some applications of nanofluids, such as
biomedical applications (antibacterial activity, nanodrug delivery, cancer therapeutic, cry-
opreservation, nanocryosurgery, molecular imaging and photothermal therapy, ultrasonic
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image, guided therapy, and MRI imaging). Nanofluids have not been solely applied to the
area of biomedicine, but they have been used for distinct bioindustrial engineering areas
such as heat transfer intensification (electronic applications, microelectronics, transporta-
tion brake and other vehicular nanofluids, manufacture refrigeration implementations,
warming houses and reducing defilement, nuclear devices refrigeration, space and defense
technologies, pharmaceutical processes, smart fluids, and extraction of geothermal power
and other energy sources), mass transfer enhancement, energy apps (power buffering,
heliacal sucking), mechanistic apps (friction minimal, magnetohydrodynamic stamping),
and other applications (intensification micro-reactors, transportation braking, microbial
fuel cell, nanofluids with unique optical properties, nanofluid detergent) [1–7].

In some instances, the spread of cholesterol in blood vessels blocks the blood, which
coagulating inside the cordial artery, deemed as a porous media, [6,8,9]. Chu and Fang [3]
considered Newtonian fluid boundary conditions. The effect of slip conditions at the
boundary was taken into consideration in the analytical solutions for complex geometries,
which have been introduced by Hron et al. [10].

The combined effects between the electrical conductivity of the nanofluids and tradi-
tional fluids during the influence of magnetic field and heat transmit overhead convectively
heated surfaces is used in engineering and industrial applications. This phenomenon is
termed “MHD”, where the magnetic fields can motivate the moving conductive fluid to
produce the currents. Due to the induced current, there is a difference in the magnetic field
and generating forces on the fluid. Every unit of volume moving through an electric field
and magnetic field exposed to a force is known as the Lorentz force [10–12]. MHD fluid
flows require the augmentation between Navier Stokes equation of fluid dynamics and
Maxwell’s equation of electromagnetism. Analytically or numerically, these differential
equations have been solved.

The combined impact of the thermic and peristatic effects is exceedingly employed
in numerous applications to determine the sensitiveness of thermic viscosity [13,14]. The
influence of MHD and wall properties through the peristatic inflow of a Jeffrey nanofluid
during duct has been explored [15]. The researchers discussed the mathematical analysis
to the influx and the heat transfer. Several significant parameters were examined on the
materialistic quantities of the inflow during schemes for Jeffrey and Newtonian fluids. It
has been detected that to the Jeffrey fluid, the inflow rate and thermic impact is smaller
than that of the Newtonian fluid. In addition, it has been discovered that increasing the
concentricity of the nanoparticle leads to a decrease in the velocity and temperature.

For the time being, the impacts of heat transmit together with entropy propagation
have been discovered due to the distinguished results by Bejan [16]. Compound integration
for entropy propagation and different effects such as friction forces, alchemical reactions,
and viscidity lead to more losses of energy in the thermodynamics framework. The
entropy propagation performs a renowned pivotal role in various industrial procedures
including alchemical vapor sedimentation tools, turbine mechanization, burning, heat
exchangers, solar collectors, and refrigeration instruments. Khan and Ali [17] discussed
the modern evolutions for modelling and emulation to entropy propagation for dispersed
material using self-stimulation. Numerous authors [18–21] have dedicated their searches
for studying entropy propagation for different nonlinear inflow and heat transmit models.

For the time being, nanoscale particles are used in solar energy models because of their
thermic advantages. The creation of useful products such as photocatalysts, organic pollu-
tants for minimal concentricity, electrical energy manufacture, and ecological reconquest is
due to its powerful oxidizing strength and prolonged stabilization [22,23]. Zeiny et al. [24]
presented a crossbred nanofluid founded on solar thermic transmutation competence. Then,
they introduced the photothermal transmutation efficiency by Beer’s law. For the time
being, most of the researchers focus their search for nanofluids based on nanoparticles with
a high thermic conductivity to maximize the heat transmit rate efficiency and to control the
heat transmit by using the magnetic field. Shi et al. [25] presented a combination of Fe3O4
and TiO2 nanoparticles to supply with the cleaning and separating circuit. Furthermore,



Mathematics 2022, 10, 492 3 of 20

they made a comparison to separate the Fe3O4 and TiO2 nanoparticles at various values of
the magnetic field. Prakash et al. [26] have improved the performance of the theoretical
micropump for the solar MHD peristatic nanofluid.

In fact, the heat transmit performs a necessary function in acquiring knowledge of
the properties of biological tissues. Truly, the mutual analysis around the peristatic and
heat transmit are significant for blood thermodynamic characteristics in processes such
as oxygenation and hemodialysis, cancer therapy, and hyperthermia [27–29]. These joint
impacts of heat and mass transmit are important in several types of manufacturing, such as
chemical, food, paper, and metallurgical. For further details, see [30–37].

The goal of this paper is to analyze the MHD Newtonian fluid with the effect of
heat transfer on nanofluid in an annulus tube with porous medium, considering the
slip effects at the wall. This paper is being arranged as follows. Part 1 consists of the
modeling problem and the formulation of governing equations with non-dimensional
parameters. In part 2, the settling of the problem with the long-wavelength and Low-
Reynolds number approximation is presented. The results are then discussed with the
previous published data.

2. Materials and Methods
Mathematical Formularization

We impose a viscous nanofluid flow into an asymmetrical circuitous tube with a mean
radius Ro. The shear stress is proportional to the velocity gradient, which is known as the
Newtonian fluid. Taking the flexibility of the tube walls into consideration, the existence
of stenosis makes them fixed. A symmetrical rigid catheter of radius a1 is implemented.
Movement of fluid is caused by the pressure difference at the compliant wall of the tube, as
shown in Figure 1.
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The stenosis frame can be prescribed as:

h(z′) =

〈
R0 − δ′z′

(
11− 94z′

3L0
+

32
L2

0
z′2 − 32

3L3
0

z′3
)〉

, (1)

where L0 is the tube length and z′ is the axial coordinate.
The governing equations to the nanofluid when neglecting the inertia force of the

nanoparticles can be considered as [38]:
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Mass equation
1
r′

∂

∂r′
(
r′u′
)
+

∂

∂z′
(
w′
)
= 0. (2)

Axial momentum

ρn f

[
∂w′
∂t′ + u′ ∂w′

∂r′ + w′ ∂w′
∂z′

]
= − ∂p′

∂z′ + µn f

(
∂2w′

∂r′2
+ 1

r′
∂w′
∂r′ +

∂2w′

∂z′2

)
+g(ργ)n f (T

′ − T1)− σn f β2
0w′ − µn f

k′ w′.
(3)

Radial momentum

ρn f

[
∂u′

∂t′
+ u′

∂u′

∂r′
+ w′

∂u′

∂z′

]
= −∂p′

∂r′
+ µn f

(
∂2u′

∂r′2
+

1
r′

∂u′

∂r′
− u′

r′2
+

∂2u′

∂z′2

)
. (4)

The energy equation can be denoted accordingly

(ρcp)n f

[
∂T′

∂t′
+ u′

∂T′

∂r′
+ w′

∂T′

∂z′

]
= Kn f

[
∂2T′

∂r′2
+

1
r′

∂T′

∂r′
+

∂2T′

∂z′2

]
+D + σn f β2

0 w′2, (5)

where u′ and w′ are the velocity components, µn f is the coefficient of dynamic viscosity of
nanofluid, T′ is the temperature, cp is the specific heat at constant pressure, and Kn f is the
thermo-conductivity of nanofluid.

The suggestion of Chu and Fang [3] for the slip boundary conditions on the wall and
the catheter can be represented as:

w′ = u0 ± Ω
∂w′

∂r′
,atr′ = h(z′), (6)

w′ = −u0 ± Ω
∂w′

∂r′
, atr′ = a1, (7)

T′ = T1, at r′ = h(z′), (isothermal condition) (8)

∂T′

∂r′
= 0, at r′ = a1, (adiabatic condition) (9)

where Ω is the mean free path and r′ is the radial coordinate, (w′, u′) denotes the fluid
phase velocity components along (z′, r′) directions, ρ f , ρs are the actual densities of the
fluid and nanoparticulate phases, P′ denotes the pressure, D is the heat source, and ∅ is
the volume fraction of the nanoparticles. An empirical relation for the nanofluid properties
can be considered as [2]:

µn f =
µ f

(1− ϕ)2.5 ,ρn f = (1− ϕ)ρ f + ϕρs, (10)

(ργ)n f = (1− ϕ)(ργ) f + ϕ(ργ)s,(ρcp)n f = (1− ϕ)(ρcp) f + ϕ(ρcp)s, (11)

Kn f

K f
=

(Ks + 2K f )− 2ϕ(K f − Ks)

(Ks + 2K f ) + ϕ(K f − Ks)
,σn f = (1− ϕ)σf + ϕσs, (12)

where, σf , σs, σn f , K f , Ks, Kn f are the electrical and thermal conductivity of fluid, nanopar-
ticles, and nanofluid, respectively.

Setting the next nondimensional variables:

z =
z′

L0
,r =

r′

R0
,u =

L0u′

δ′ u0
,w =

w′

u0
,Re =

ρ f u0L0

µ f
,δ =

δ′

R0
,

p =
R0

2

µ f u0L0
p′,ε =

R0

L0
,t =

u0t′

R0
,θ =

T′ − T1

T0 − T1
,Ha =

√
σf

µ f
β0R0,
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k =
k′

R2
0

,Gr =
g(ργ) f R0

2(T0 − T1)

u0µ f
,Br =

µ f u2
0

K f (T0 − T1)
,Kn =

Ω
R0

where Kn is the Knudsen number, θ is the nondimensional temperature, k is the nondi-
mensional permeability parameter, Ha is Hartman number, Re is the Reynolds number
of nanofluid, Gr is the Grashof number, Br is the Brinkman number, T1 is the inner wall
temperature, and T0 ambient air temperature.

The governing Equations (2)–(9) with the non-dimensional parameters can be changed
to the following equations:

1
r

∂

∂r
(ru) +

∂

∂z
(w) = 0 (13)

ρn f
ρ f

Re
[
ε ∂w

∂t + ε2δ u ∂w
∂r + ε2w ∂w

∂z

]
= − ∂p

∂z − Ha2
(

1− ϕ + σs
σf

)
w

− 1
K(1−ϕ)2.5 w +

µn f
µ f

(
∂2w
∂r2 + 1

r
∂w
∂r + ε2 ∂2w

∂z2

)
+

(ργ)n f
(ργ) f

Grθ
(14)

ρn f

ρ f
Re

[
u0

L2
0

δ
∂u
∂t

+ ε4δ2 u
∂u
∂r

+ ε3δ w
∂u
∂z

]
= −∂p

∂r
+

µn f

µ f

(
δ

∂2u
∂r2 +

δ

r
∂u
∂r
−δ

u
r2 + ε

∂2u
∂z2

)
(15)

Re
µ f (ρcp)n f

ρ f Kn f
ε
[

∂θ
∂t + εδ u ∂θ

∂r + εw ∂θ
∂z

]
=
(

∂2θ
∂r2 + 1

r
∂θ
∂r + ε2 ∂2θ

∂z2

)
+ S

K f
Kn f

+Ha2 K f
Kn f

Br
(

1− ϕ + ϕ σs
σf

)
w2

(16)

The dimensionless stenosis frame equation becomes:

h(z) =

〈
1− δz

(
11− 94z

3L0
+

32
L2

0
z2 − 32

3L3
0

z3

)〉
. (17)

Solution Procedure
Employing the long wavelength approach (δ� 1, ε ≈ 0(1)) used in Shapiro et al. [39],

the set equations which describe the flow through the stenosis shape can be expressed as:
Redial momentum equation

∂p
∂r

= 0thus
dp
dz

=
∂p
∂z

. (18)

Axial momentum equation

(1− ϕ)2.5 dp
dz

=

[
∂2w
∂r2 +

1
r

∂w
∂r

]
−
(

Ha2 (1− ϕ)2.5

(
1− ϕ + ϕ

σs

σf

)
+

1
k

)
w+(1− ϕ)2.5 (ργ)n f

(ργ) f
Gr θ. (19)

Energy equation(
∂2θ

∂r2 +
1
r

∂θ

∂r

)
+ S

K f

Kn f
+ Ha2

(
1− ϕ + ϕ

σs

σf

)
K f

Kn f
Br w2 = 0. (20)

The non-dimensional slip velocity and temperature conditions are:

w = 1± Kn
∂w
∂r

at r = h(z), (21)

w = −1± Kn
∂w
∂r

at r = J, (22)

θ = 0, .at r = h(z), (23)

∂ θ

∂ r
= 0, .at r = J, (24)
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The dimensionless parameters in the previous equations are: J = catheter size
(

J = a1
R0

)
,

The expression of the velocity w can be obtained from the solution of the Equation (19),
by introducing the boundary conditions (21) and (22):

w = C1br1 + C2br2 −
(1− ϕ)2.5 dp

dz − A
B

. (25)

The stream function can be got from the relationship of the velocity accordingly:

w =
1
r

∂ψ

∂r
, (26)

ψ(z, r) =
∫

r w dr, (27)

ψ(z, r) = C1√
B

(
r I1(
√

Br)− JI1(
√

BJ)
)
+ C2√

B

(
r K1(

√
Br)− JK1(

√
BJ)
)

+

(
(1−ϕ)2.5 dp

dz−A
)

2B

(
J2 − r2

)
,

(28)

where C1, C2 are

C1 =
(bJ2−Kn q4)

(
1+ 1

B

(
(1−ϕ)2.5 dp

dz−A
))
−(bh2−Kn q2)

(
−1+ 1

B

(
(1−ϕ)2.5 dp

dz−A
))

(bh1−Kn q1)(bJ2−Kn q4)−(bh2−Kn q2)(bJ1−Kn q3)
,

C2 =
(bh1−Kn q1)

(
−1+ 1

B

(
(1−ϕ)2.5 dp

dz−A
))
−(bJ1−Kn q3)

(
1+ 1

B

(
(1−ϕ)2.5 dp

dz−A
))

(bh1−Kn q1)(bJ2−Kn q4)−(bh2−Kn q2)(bJ1−Kn q3)
,

From which,

br1 = I0(
√

Br) = 1 +
Br2

4
+

B2r4

64
+ . . . . . . ,

br2 = K0(
√

Br) = − ln(

√
Br
2

)−
Br2 ln(

√
Br
2 )

4
+

(2− 2γ)Br2

8
− γ + . . . . . . ,

bh1 = I0(
√

Bh), bh2 = K0(
√

Bh), bJ1 = I0(
√

BJ), bJ2 = K0(
√

BJ),

q1 =
∂bh1

∂h
, q2 =

∂bh2

∂h
, q3 =

∂bJ1
∂J

, q4 =
∂bJ2
∂J

, B = Ha2(1− ϕ)2.5

(
1− ϕ + ϕ

σs

σf

)
+

1
k

,

bh 11 =
∫

h bh 1 dh, bh 22 =
∫

h bh 2 dh, bJ 11 =
∫

J bJ1 dJ, bJ 22 =
∫

J bJ 2 dJ,

A = (1− ϕ)2.5

(
1− ϕ + ϕ

(ργ)s
(ργ) f

)
Gr(−0.04712557038 J2ln(h) + 0.02356278519h2).

Here, I0 is the modified Bessel function of the first kind with zero order.
K0 is the modified Bessel function of the second kind with zero order.
Then, one can now obtain the pressure difference from the flow rate as;

Q =

h∫
J

r w(z, r) dr, (29)
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dp
dz

=
∂p
∂z

=



Q− (bJ2−Kn q4)+(bh2−Kn q2)
((bh1−Kn q1) (bJ2−Kn q4)−(bJ1−Kn q3) (bh2−Kn q2))

bh11

+ ((bJ2−Kn q4)−(bh2−Kn q2))A
B((bh1−Kn q1) (bJ2−Kn q4)−(bJ1−Kn q3) (bh2−Kn q2))

bh11

+ ((bh1−Kn q1)−(bJ1−Kn q3)
((bh1−Kn q1) (bJ2−Kn q4)−(bJ1−Kn q3) (bh2−Kn q2))

bh22

+ ((bh1−Kn q1)−(bJ1−Kn q3))A
B((bh1−Kn q1) (bJ2−Kn q4)−(bJ1−Kn q3) (bh2−Kn q2))

bh22 − Ah2

2B

+ ((bJ2−Kn q4)+(bh2−Kn q2))A
((bh1−Kn q1) (bJ2−Kn q4)−(bJ1−Kn q3) (bh2−Kn q2))

bJ11

− ((bJ2−Kn q4)−(bh2−Kn q2))A
B((bh1−Kn q1) (bJ2−Kn q4)−(bJ1−Kn q3) (bh2−Kn q2))

bJ11

− (bh1−Kn q1)+(bJ1−Kn q3)
((bh1−Kn q1) (bJ2−Kn q4)−(bJ1−Kn q3) (bh2−Kn q2))

bJ22

− ((bh1−Kn q1)−(bJ1−Kn q3))A
B((bh1−Kn q1) (bJ2−Kn q4)−(bJ1−Kn q3) (bh2−Kn q2))

bJ22 +
AJ2

2B



(1− ϕ)2.5



(bJ2−Kn q4)−(bh2−Kn q2)
B((bh1−Kn q1) (bJ2−Kn q4)−(bJ1−Kn q3) (bh2−Kn q2))

bh11

+ ((bh1−Kn q1)−(bJ1−Kn q3))
B((bh1−Kn q1) (bJ2−Kn q4)−(bJ1−Kn q3) (bh2−Kn q2))

bh22

− h2

2B −
((bJ2−Kn q4)−(bh2−Kn q2))

B((bh1−Kn q1) (bJ2−Kn q4)−(bJ1−Kn q3) (bh2−Kn q2))
bJ11

− ((bh1−Kn q1)−(bJ1−Kn q3))
B((bh1−Kn q1) (bJ2−Kn q4)−(bJ1−Kn q3) (bh2−Kn q2))

bJ22 +
J2

2B



∆p = −
l∫
0

dp
dz

dz. (30)

The expression of the temperature θ obtained as the solution of Equation (20), subjected
to temperature conditions (23) and (24) is:

θ = L1 + L2 ln(r) + v1 + v21 + v22 + v23 + v24 + v25 + v26, (31)

L1 = −L2 ln(h)− (ζ1 + ζ21 + ζ22 + ζ23 + ζ24 + ζ25 + ζ26), (32)

L2 = −J(ϑ1 + ϑ21 + ϑ22 + ϑ23 + ϑ24 + ϑ25 + ϑ26), (33)

where:

ζi = θphi = θpri|r=h , ϑi =
∂θpri

∂r

∣∣∣
r=J

, where i = 1, 21, 22, 23, 24, 25, 26

v1 = θpr1 = − Sr2K f
4Kn f

,

v21 = θpr21 = −EC2
1

(
r2

4 + B2r6

576 + Br4

32 + B4r10

409,600 + B2r6

1152 + B3r8

8192

)
v22 = θpr22 = −EC2

2

{(
ln
(√

B
2

))2( r2

4 + B2r6

576 + B r4

32

)
+ 2 ln

(√
B

2

)(
r2

4 (ln(r)− 1)

+ B2r6

576

(
ln(r)− 1

3

)
+ B r4

32

(
ln(r)− 1

2

))
+ r2

4

(
(ln(r))2 − 2 ln(r) + 3

2

)
+ B2r6

576

(
(ln(r))2 − 2

3 ln(r) + 1
6

)
+ B r4

32

(
(ln(r))2 − ln(r) + 6

16

)}
v23 = θpr23 = −2E C1 C2

{
ln
(√

B
2

) (
− r2

4 −
B2r6

576 −
B r4

32 −
B2r6

2304 −
B3r8

16384

)
−
(

r2

4 (ln(r)− 1) + B2r6

576

(
ln(r)− 1

3

)
+ B r4

32

(
ln(r)− 1

2

))
− B2r6

2304

(
ln(r)− 1

3

)
− B3r8

16384

(
ln(r)− 1

4

)}
v24 = θpr24 = 2mEC1

(
r2

4
+

B2r6

2304
+

B r4

64

)
,
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v25 = θpr25 = −2mEC2

(
r2

4
ln

(√
B

2

)
+

r2

4
(ln(r)− 1) +

B r4

64

(
ln

(√
B

2

)
+ (ln(r)− 1

2
)

))

v26 = θpr26 = −m2Er2

4

m =

(
(1− ϕ)2.5 dp

dz − A
)

B
, E = Ha2

(
1− ϕ + ϕ

σs

σf

)
K f

Kn f
Br

3. Results
3.1. Validation of the Problem

Equations (25) and (33) represent the same formula as by Mekheimer [40], when
neglecting the effect of nanoparticles on electrical conductivity, porosity, slip condition on
the flow behavior, and the effect of magnetic field on the energy equation, Figure 2.
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ϕ = 0.02).

3.2. Numerical Analysis and Discussion

The influence of several parameters containing the nanoparticles concentricity, ϕ, the
catheter size, J, and the amplitude ratio of stenosis, δ will be shown. The parameter values
are chosen as: R0 (tube radius) = 12.5 mm; ϕ = 0, 0.02, 0.04, and 0.05; δ = 0, 0.02 and 0.04;
J = 0, 0.1, 0.2 and 0.3 [38]; and Q = 0.1, 0.2, and 0.3. On the other hand, the results of the
thermal study have been achieved through various flow rate (Q = 0.1, 0.2, 0.3), catheter size
(J = 0.1, 0.2, 0.3), stenosis amplitude ratio (δ = 0, 0.02, 0.04), and nanoparticles concentration
(ϕ = 0, 0.02, 0.04).

Figure 3 displays the axial flow velocity at various positions. At z = 0.3, the reduced
flow area causes the velocity to increase, while at z = 0 the velocity decreases because of the
growing cross section.

Figure 4 describes the velocity distributions for different flow rates, the velocity profiles
show an increase of the centric velocity for the inflow rate near the wall but a decrease near
the catheter because of the opposite direction of the catheter movement. The concentration
effect of the nanoparticles on the velocity distribution is seen in Figure 5. Table 1 describes
the small effect of nanoparticles concentration on the velocity distribution of the nanofluid.
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Table 1. Velocity with different nanoparticles concentrations at (Kn = 0, S = 0.1, k = 0.1, Ha = 10−5,
J = 0.2, Q = 0.2, δ = 0.02).

Radial (r) Velocity (w)

0.2 −1 −1 −1
0.3 −0.6028394149 −0.6028389455 −0.6028384998
0.4 −0.3424592848 −0.3424587957 −0.3424583314
0.5 −0.1391933897 −0.1391930735 −0.1391927738
0.6 0.0469001562 0.0469002316 0.0469003025
0.7 0.2419012707 0.2419011186 0.2419009731
0.8 0.4672595276 0.4672592396 0.4672589629
0.9 0.7443480614 0.7443478223 0.7443475934
1 1 1 1

Figure 6 investigates the influence of slip condition on fluid velocity profiles with a
different Knudsen number. It is noticed that the near-wall velocity is enhanced due to
the Knudsen number, while the Knudsen number at the catheter decreases the near-wall
velocity, because the catheter moves in the opposite direction of the fluid at the inlet.
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Figure 7 shows the fluid velocity with MHD at various magnetic fields. It was noted
that the Hartman number within the tube wall increases the velocity at the wall, whilst the
catheter velocity is decreased close to the wall.
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Figure 8 shows that the velocity distributions are affected by the permeability pa-
rameter and that the porous media increases the velocity. The velocity increases with the
catheter, as shown in Figure 9.
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Figure 9. Velocity with catheter sizes at (Kn = 0.1, ϕ = 0.01, S = 0.1, k = 0.1, Ha = 10−5, δ = 0.02, Q = 0.1,
Gr = 1).

Figure 10 represents the relation between the amplitude ratio (δ) and the velocity
distribution. The velocity decreases when the amplitude ratio (δ) increases. If the movement
of the catheter is the same motion direction as the nanofluid at the wall of the artery stenosis,
there is a symmetrical velocity distribution (see Figure 11). The influence of different values
of the flow rate on the stream function is shown in Figure 12. The effect of the Knudsen
number, porosity, and magnetic field is shown in Figures 13–15. It is observed that the
streamlines are crowded with the flow rate.
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Figure 11. Velocity distribution with reverse catheter movement at (Kn = 0, Ha = 10−5, J = 0.2, ϕ = 0.02,
S = 0.1, k = 0.1, Q = 0.1, Gr = 1).
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Figure 14. Streamlines with porosity at (Kn = 0.1, J = 0.2, φ = 0.02, δ = 0.2, S = 0.1, Q = 0.1, Ha = 10−5, 

Gr = 1). 
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Figure 15. Streamlines with magnetic field at (Kn = 0.1, J = 0.2, φ = 0.02, k = 0.1, δ = 0.2, S = 0.1, Q = 

0.1, Gr = 1). 
Figure 15. Streamlines with magnetic field at (Kn = 0.1, J = 0.2, ϕ = 0.02, k = 0.1, δ = 0.2, S = 0.1,
Q = 0.1, Gr = 1).

Figure 16 shows the temperature gradient versus the locations. The flux rate has a
significant role in promoting the temperature, in which the thermic energy increases with in-
creasing flowing rate (see Figure 17). The temperature (θ) decreases with the concentration
of nanoparticles (ϕ), as seen in Figure 18, with the presence of Knudsen number.



Mathematics 2022, 10, 492 14 of 20

Mathematics 2022, 9, x FOR PEER REVIEW 14 of 20 
 

 

Figure 16 shows the temperature gradient versus the locations. The flux rate has a 

significant role in promoting the temperature, in which the thermic energy increases with 

increasing flowing rate (see Figure 17). The temperature (θ) decreases with the concentra-

tion of nanoparticles (φ), as seen in Figure 18, with the presence of Knudsen number. 

 

Figure 16. Temperature profiles with different locations at (Kn = 0.1, J = 0.2, φ = 0.02, δ = 0.1, S = 0.1, 

Q = 0.1, Ha = 10−5, Gr = 1, Br = 0.1, k = 0.1). 

 

Figure 17. Temperature profiles with the flow rate at (Kn = 0.1, J = 0.2, φ = 0.02, δ = 0.1, S = 0.1, Ha = 

10−5, Gr = 1, Br = 0.1, k = 0.1). 

 

Figure 18. Temperature profiles with nanoparticles concentration at (Kn = 0.1, J = 0.2, δ = 0.05, S = 

0.1, Ha = 10−5, Gr = 0.1, Br = 0.1, k = 0.1, Q = 0.1). 

The temperature is strongly affected by the magnetic field (Ha), as shown in Figure 

19, in which the temperature increases when increasing the magnetic field. With slipping, 

the presence of the catheter decreases the temperature (see Figure 20). Figure 21 shows 

Figure 16. Temperature profiles with different locations at (Kn = 0.1, J = 0.2, ϕ = 0.02, δ = 0.1, S = 0.1,
Q = 0.1, Ha = 10−5, Gr = 1, Br = 0.1, k = 0.1).

Mathematics 2022, 9, x FOR PEER REVIEW 14 of 20 
 

 

Figure 16 shows the temperature gradient versus the locations. The flux rate has a 

significant role in promoting the temperature, in which the thermic energy increases with 

increasing flowing rate (see Figure 17). The temperature (θ) decreases with the concentra-

tion of nanoparticles (φ), as seen in Figure 18, with the presence of Knudsen number. 

 

Figure 16. Temperature profiles with different locations at (Kn = 0.1, J = 0.2, φ = 0.02, δ = 0.1, S = 0.1, 

Q = 0.1, Ha = 10−5, Gr = 1, Br = 0.1, k = 0.1). 

 

Figure 17. Temperature profiles with the flow rate at (Kn = 0.1, J = 0.2, φ = 0.02, δ = 0.1, S = 0.1, Ha = 

10−5, Gr = 1, Br = 0.1, k = 0.1). 

 

Figure 18. Temperature profiles with nanoparticles concentration at (Kn = 0.1, J = 0.2, δ = 0.05, S = 

0.1, Ha = 10−5, Gr = 0.1, Br = 0.1, k = 0.1, Q = 0.1). 

The temperature is strongly affected by the magnetic field (Ha), as shown in Figure 

19, in which the temperature increases when increasing the magnetic field. With slipping, 

the presence of the catheter decreases the temperature (see Figure 20). Figure 21 shows 

Figure 17. Temperature profiles with the flow rate at (Kn = 0.1, J = 0.2, ϕ = 0.02, δ = 0.1, S = 0.1,
Ha = 10−5, Gr = 1, Br = 0.1, k = 0.1).

Mathematics 2022, 9, x FOR PEER REVIEW 14 of 20 
 

 

Figure 16 shows the temperature gradient versus the locations. The flux rate has a 

significant role in promoting the temperature, in which the thermic energy increases with 

increasing flowing rate (see Figure 17). The temperature (θ) decreases with the concentra-

tion of nanoparticles (φ), as seen in Figure 18, with the presence of Knudsen number. 

 

Figure 16. Temperature profiles with different locations at (Kn = 0.1, J = 0.2, φ = 0.02, δ = 0.1, S = 0.1, 

Q = 0.1, Ha = 10−5, Gr = 1, Br = 0.1, k = 0.1). 

 

Figure 17. Temperature profiles with the flow rate at (Kn = 0.1, J = 0.2, φ = 0.02, δ = 0.1, S = 0.1, Ha = 

10−5, Gr = 1, Br = 0.1, k = 0.1). 

 

Figure 18. Temperature profiles with nanoparticles concentration at (Kn = 0.1, J = 0.2, δ = 0.05, S = 

0.1, Ha = 10−5, Gr = 0.1, Br = 0.1, k = 0.1, Q = 0.1). 

The temperature is strongly affected by the magnetic field (Ha), as shown in Figure 

19, in which the temperature increases when increasing the magnetic field. With slipping, 

the presence of the catheter decreases the temperature (see Figure 20). Figure 21 shows 

Figure 18. Temperature profiles with nanoparticles concentration at (Kn = 0.1, J = 0.2, δ = 0.05, S = 0.1,
Ha = 10−5, Gr = 0.1, Br = 0.1, k = 0.1, Q = 0.1).

The temperature is strongly affected by the magnetic field (Ha), as shown in Figure 19,
in which the temperature increases when increasing the magnetic field. With slipping,
the presence of the catheter decreases the temperature (see Figure 20). Figure 21 shows
the effect of stenosis amplitude ratio (δ) on the temperature, in which the temperature
decreases when (δ) increases.
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Figure 21. Temperature profiles with the amplitude ratio at (ϕ = 0.02, J = 0.2, Ha = 10−5, Kn = 0.1,
S = 0.1, Gr = 0.1, Br = 0.1, k = 0.1, Q = 0.1).

The presence of amplitude ratio, flow rate, nanoparticles concentration, magnetic field,
and Knudsen number increase the pressure difference, unlike the presence of catheter and
gravity (see Figures 22–29).
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k = 0.1, Ha = 10−5, J = 0.2, Kn = 0, S = 0.1, Gr = 1, Q = 0.1).
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Figure 27. Pressure difference profiles vs. positions at different catheter sizes (Kn = 0, ϕ = 0.02, δ = 0.1,
Ha = 10−5, S = 0.1, Gr = 1, k = 0.1, Q = 0.1).
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4. Conclusions

This paper analyzes the interaction effect of slip and thermal conditions on nanoparti-
cle fluid suspension with a catheter in vertical stenotic artery with/without the presence
of a magnetic field through porous media. The analytical method of settling has been
investigated and used for excerption, the velocity and temperature of the fluid for a regular
tube with a long wavelength, and low Reynolds number approximation.

From the present study, the following points are noticed:

• Velocity increases within the curtailment, whilst during the extension, velocity decreases;
• The flowing rate boosts the velocity behind the artery wall and diminished it at

the catheter;
• The nanoparticles concentration has a little effect on the velocity;
• With porous media the velocity increases at the catheter and decreases at the wall;
• The velocity increases when increasing the slipping and magnetic field at the wall;
• The temperature decreases within the contraction, whilst increasing within the expansion;
• The inflow rate and magnetic field enhance the thermal energy to the fluid unlike the

presence of the catheter;
• The nanoparticles concentration, slipping, and porosity decrease the thermal energy;
• The presence of amplitude ratio, flow rate, nanoparticles concentration, magnetic

field, and slipping increase the pressure difference, unlike the presence of catheter
and gravity.
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