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Abstract

:

In this paper, we apply   ( p , q )  -calculus to establish some new Chebyshev-type integral inequalities for synchronous functions. In particular, we generalize results of quantum Chebyshev-type integral inequalities by using   ( p , q )  -integral. By taking   p = 1   and   q → 1  , our results reduce to classical results on Chebyshev-type inequalities for synchronous functions. Furthermore, we consider their relevance with other related known results.
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1. Introduction


Let   f , g : [ a , b ] → R   be integrable functions and   ϕ , φ : [ a , b ] → ( 0 , ∞ )   be integrable functions. The Chebyshev functional is defined by


     T ( f , g , ϕ , φ )     =   ∫ a b  φ  ( x )   d x    ∫ a b  ϕ  ( x )  f  ( x )  g  ( x )   d x            +   ∫ a b  ϕ  ( x )   d x    ∫ a b  φ  ( x )  f  ( x )  g  ( x )   d x            −   ∫ a b  φ  ( x )  f  ( x )   d x    ∫ a b  ϕ  ( x )  g  ( x )   d x            −   ∫ a b  ϕ  ( x )  f  ( x )   d x    ∫ a b  φ  ( x )  g  ( x )   d x  ,     



(1)




see [1] for more details.



We say that functions f and g are synchronous (asynchronous, respectively) on   [ a , b ]   if   ( f ( x ) − f ( y ) ) ( g ( x ) − g ( y ) ) ≥ 0   (  ( f ( x ) − f ( y ) ) ( g ( x ) − g ( y ) ) ≤ 0  , respectively) for each   x , y ∈ [ a , b ]  . It follows that   T ( f , g , ϕ , φ ) ≥ 0 ( T ( f , g , ϕ , φ ) ≤ 0  , respectively) if f and g are synchronous (asynchronous, respectively) on   [ a , b ]   (see, e.g., [2,3]). The Chebyshev inequality can obtained from (1) by setting   ϕ = φ  .



The Chebyshev functional (1) has attracted the attention of many researchers mainly due to its applications in numerical quadrature, probability, transform theory, and statistical problems. Moreover, the Chebyshev functional (1) has been applied to some integral inequalities by using known fractional integral operators, see [4,5,6,7,8,9,10] and the references therein.



Quantum calculus, also known as q-calculus, was introduced by the mathematician Euler in the eighteenth century, studying calculus without limits, where classical mathematical formulas are obtained as   q → 1  . Newton defined the number in q-infinite series. The definite q-integral, known as the q-Jackson integral, is defined by F. H. Jackson [11,12] in 1910. In quantum calculus, it has many applications in various fields of mathematics and physics, specifically in hypergeometric functions, convexity function, orthogonal polynomials, mechanics, number theory, and relativity theory. In [13], M. Aslam et al. obtained quantum Ostrowski inequalities for the q-differentiable convex function. A. Aral et al. [14] studied applications of q-calculus in operator theory, and H. Gauchman [15] obtained integral inequalities in q-calculus. B. Ahmad et al. [16,17,18,19] studied boundary-value problems for nonlinear q-difference equations with any boundary conditions. In [20], J. D. Bukweli-Kyemba and M. N. Hounkonnou studied quantum deformed algebra: coherent states and special functions. S. Bermudo et al. [21] obtained q-Hermite–Hadamard inequalities for general convex functions and F. Chen W. Yang [22] obtained some new Chebyshev-type quantum integral inequalities on finite intervals. Furthermore, the fundamental knowledge and theoretical concepts of quantum calculus are covered in the book written by V. Kac and P. Cheung [23].



In 2013, J. Tariboon and S. K. Ntouyas [24] introduced the quantum calculus on finite intervals. Next, they extended the Hölder, Hermite–Hadamard, trapezoid, Ostrowski, Cauchy–Bunyakovsky–Schwarz, Grüss, and Grüss-Čebyšev integral inequalities to quantum calculus on finite intervals in [25].



In 2016, M. Tunç and E. Göv [26,27] introduced the   ( p , q )  -derivative and   ( p , q )  -integral on finite intervals while proving some properties, and gave several inequalities of integral via   ( p , q )  -calculus. In recent years, many quantum integral inequalities on a finite interval have been investigated more generally in   ( p , q )  -calculus, which was first considered by R. Chakrabarti and R. Jagannathan [28]. It is worth noting that q-calculus cannot be directly retrieved by replacing q with   q / p   in q-calculus, but q-calculus may be recaptured by setting   p = 1   in   ( p , q )  -calculus. In [29], J. Prabseang et al. obtained   ( p , q )  -Hermite–Hadamard inequalities for double integral and   ( p , q )  -differentiable convex functions. H. Kalsoom et al. [30] obtained   ( p , q )  -estimates of Hermite–Hadamard-type inequalities for coordinated convex and quasi-convex functions. In [31], M. N. Hounkonnou studied   ( p , q )  -calculus: differentiation and integration and P. N. Sadjung [32] studied   ( p , q )  -Taylor formula. Y. M. Chu et al. [33] obtained new post-quantum analogues of Ostrowski-type inequalities using new definitions of left–right   ( p , q )  -derivatives and definite integrals. In [34], H. Kalsoom et al. obtained post-quantum Hermite–Hadamard type inequalities associated with coordinated higher-order generalized strongly pre-index and quasi-pre-index mappings. M. Kunt et al. [35] obtained   ( p , q )  -estimates of Hermite–Hadamard-type inequalities for midpoint type integral inequalities via convex and quasi convex function. In addition, more results of   ( p , q )  -calculus appear in [36,37,38,39] and the references cited therein.



Motivated by the results mentioned above, by using the four parameters of deformation   (  p 1  ,  q 1  )   and   (  p 2  ,  q 2  )  , we propose generalizing and extending some new Chebyshev inequalities in q-integral to   ( p , q )  -integral. Furthermore, we obtain their relevance with other related known results. We hope that the ideas and techniques presented in this paper will inspire interested readers working in this field.




2. Preliminaries


In this section, we present basic concepts of   ( p , q )  -calculus, which will be used in our work. Throughout this paper, we let   J =  [ a , b ]  ⊆ R , K =  [ c , d ]  ⊆ R , 0 < q < p ≤ 1 , 0 <  q i  <  p i  ≤ 1   ( i = 1 , 2 )    be constants, and we set     a   b p  = p b +  ( 1 − p )  a ,   a   b q  = q b +  ( 1 − q )  a ,   c   d p  = p d +  ( 1 − p )  c ,   a   x p  = p x +  ( 1 − p )  a ,   and     a   x q  = q x +  ( 1 − q )  a  .



Definition 1

([26,27]). The   ( p , q )  -derivative of a continuous function   f : J → R   at x, denoted by     a   D  p , q   f  ( x )   , is defined by


    a   D  p , q   f  ( x )  =         f    a   x p   − f    a   x q     ( p − q ) ( x − a )    ,     x ≠ a ;         lim  x → a     a   D  p , q   f  ( x )  ,      x = a .       













If     a   D  p , q   f  ( x )    exists for all   x ∈ J  , then f is   ( p , q )  -differentiable on J.



By setting   a = 0   in Definition 1, we obtain     0   D  p , q   f =  D  p , q   f  , where    D  p , q   f   is defined by


   D  p , q   f  ( x )  =         f  p x  − f  q x    ( p − q ) ( x )    ,     x ≠ 0 ;         lim  x → 0    D  p , q   f  ( x )  ,      x = 0 .       











In case   p = 1  ,     a   D  p , q   f =   a   D q  f   which is the q-derivative of the function f.



Example 1.

For   x ∈ J   and   n ∈ N  , we have


     a   D  p , q      ( x − a )  n   =     p n  −  q n    p − q    ·   ( x − a )   n − 1   .   













Definition 2

([26,27]). If   f : J → R   is a continuous function and   x ∈ J  , then the   ( p , q )  -integral of the function f for x, denoted by    I  p , q  a  f  ( x )   , is defined by


   I  p , q  a  f  ( x )  : =  ∫  a  x   f ( t )     a   d  p , q   t =  ( p − q )   ( x − a )   ∑  n = 0  ∞     q n   p  n + 1    f    q n   p  n + 1    x +  1 −   q n   p  n + 1     a   .  











Moreover, if   c ∈ ( a , x )  , then the   ( p , q )  -integral is defined by


    ∫  c  x   f ( t )    a   d  p , q   t =  ∫  a  x   f ( t )    a   d  p , q   t −  ∫  a  c   f ( t )    a   d  p , q   t .   













If    I  p , q  a  f  ( x )    exists for all   x ∈ J  , then f is   ( p , q )  -integrable on J.



Definition 2 reduces to the classical q-integral of the function f when   a = 0   and   p = 1  .



Example 2.

Define a function   f : J → R   by   f ( x ) = k x  , where   k ∈ R  . Then


       ∫ a x  f  ( t )     a   d  p , q   t     =  ∫ a x  k t    a   d  p , q   t          =  ( p − q )   ( x − a )   ∑  n = 0  ∞     q n   p  n + 1     k    q n   p  n + 1    x +  1 −   q n   p  n + 1     a             =    k ( x − a ) ( x − a ( 1 − p − q ) )   p + q    .      













Theorem 1

([26,27]). If   f : J → R   is a continuous function and   c ∈ ( a , x )  , then




	(i)

	
    ∫  a  x    a   D  p , q   f  ( t )     a   d  p , q   t = f  ( x )  − f  ( a )  ;   




	(ii)

	
    ∫  c  x    a   D  p , q   f  ( t )     a   d  p , q   t = f  ( x )  − f  ( c )  .   











Theorem 2

([26,27]). If   f , g : J → R   are continuous functions,   x ∈ J  , and   α ∈ R  , then




	(i)

	
    ∫  a  x   [ f  ( t )  + g  ( t )  ]     a   d  p , q   t =  ∫  a  x  f  ( t )     a   d  p , q   t +  ∫  a  x  g  ( t )     a   d  p , q   t ;   




	(ii)

	
    ∫  a  x  α f  ( t )     a   d  p , q   t = α  ∫  a  x  f  ( t )     a   d  p , q   t ;   




	(iii)

	
    ∫  a  x  f  ( p t +  ( 1 − p )  a )    a   D  p , q   g  ( t )     a   d  p , q   t =   [  ( f g )   ( t )  ]  a x  −  ∫ a x  g  ( q t +  ( 1 − q )  a )    a   D  p , q   f  ( t )     a   d  p , q   t .   











Lemma 1.

If   f , g : J → R   are continuous functions with   f ( t ) ≤ g ( t )   for all   t ∈ J  , then, for   x ∈ [ a , p b + ( 1 − p ) a ]  , we have


    ∫ a x  f  ( t )     a   d  p , q   t ≤  ∫ a x  g  ( t )     a   d  p , q   t .   



(2)









Proof. 

Let   x ∈ [ a , p b + ( 1 − p ) a ]  . Then      q n   p  n + 1     x +  1 −    q n   p  n + 1      a ∈  [ a , b ]   . Because   f , g : J → R   are continuous functions with   f ( t ) ≤ g ( t )   for all   t ∈ J  , we get


  f     q n   p  n + 1     x +  1 −    q n   p  n + 1      a  ≤ g     q n   p  n + 1     x +  1 −    q n   p  n + 1      a  .  



(3)







We multiply (3) by    ( p − q )   ( x − a )  ·    q n   p  n + 1     ≥ 0   and then sum n from zero to infinity to obtain


      ∫ a x  f  ( t )     a   d  p , q   t     =  ( p − q )   ( x − a )   ∑  n = 0  ∞     q n   p  n + 1     f     q n   p  n + 1     x +  1 −    q n   p  n + 1      a           ≤  ( p − q )   ( x − a )   ∑  n = 0  ∞     q n   p  n + 1     g     q n   p  n + 1     x +  1 −    q n   p  n + 1      a           =  ∫ a x  g  ( t )     a   d  p , q   t ,     








which is inequality (2). This complete the proof. □





The next lemma is due to N. Arunrat et al. [39].



Lemma 2

([39]). If   f : J → R   is a twice   ( p , q )  -differentiable function with     a   D  p , q  2  f    ( p , q )  -integrable on J, then


     ∫ a    a   b p        ( x − a )    ( b − x )  a   D  p , q  2  f  ( x )    a   d  p , q   x          =   q  p 2     ( b − a )  f    a   b  p q    +   1 p    ( b − a )  f  ( a )  −     p + q   p 3      ∫ a    a   b p    f    a   x  q 2      a   d  p , q   x .     














3. Main Results


In this section, we establish some new Chebyshev-type integral inequalities via   ( p , q )  -calculus. From now on, we assume that all of   ( p , q )  -integral exists, and let


    I  p , q  a   ( u f )   (   a   b p  )  : =  ∫  a     a   b p     u ( t ) f ( t )     a   d  p , q   t   








and


    I  p , q  a   ( u f g )   (   a   b p  )  : =  ∫  a     a   b p     u ( t ) f ( t ) g ( t )     a   d  p , q   t .   











Lemma 3.

Let f and g be continuous and synchronous functions on J and let   u , v : J → [ 0 , ∞ )   be continuous functions. Then


       I  p , q  a  u  (   a   b p  )       I  p , q  a   ( v f g )   (   a   b p  )  +  I  p , q  a  v  (   a   b p  )   I  p , q  a   ( u f g )   (   a   b p  )           ≥  I  p , q  a   ( u f )   (   a   b p  )   I  p , q  a   ( v g )   (   a   b p  )  +  I  p , q  a   ( v f )   (   a   b p  )   I  p , q  a   ( u g )   (   a   b p  )  .      



(4)









Proof. 

Since f and g are continuous and synchronous functions on   [ a , b ]  , we get for each   α , β ∈ [ a , b ]   that   ( f ( α ) − f ( β ) ) ( g ( α ) − g ( β ) ) ≥ 0 .   Equivalently,


  f ( α ) g ( α ) + f ( β ) g ( β ) ≥ f ( α ) g ( β ) + f ( β ) g ( α ) .  



(5)







Multiplying both sides of (5) by   v ( α )   and then   ( p , q )  -integrating the resulting relation with respect to  α  from a to     a   b p   , we obtain


   I  p , q  a   ( v f g )   (   a   b p  )  + f  ( β )  g  ( β )   I  p , q  a  v  (   a   b p  )  ≥ g  ( β )   I  p , q  a   ( v f )   (   a   b p  )  + f  ( β )   I  p , q  a   ( v g )   (   a   b p  )  .  



(6)







Multiplying both sides of (6) by   u ( β )   and then   ( p , q )  -integrating the resulting relation with respect to  β  from a to     a   b p   , we obtain


      I  p , q  a  u  (   a   b p  )       I  p , q  a   ( v f g )   (   a   b p  )  +  I  p , q  a  v  (   a   b p  )   I  p , q  a   ( u f g )   (   a   b p  )           ≥  I  p , q  a   ( u f )   (   a   b p  )   I  p , q  a   ( v g )   (   a   b p  )  +  I  p , q  a   ( v f )   (   a   b p  )   I  p , q  a   ( u g )   (   a   b p  )  ,     








which is inequality (4). The proof is complete. □





Theorem 3.

Let f and g be continuous and synchronous functions on J and let   ϕ , φ , ψ : J → [ 0 , ∞ )   be continuous functions. Then,


      2  I  p , q  a  ϕ  (   a   b p  )       I  p , q  a  φ  (   a   b p  )   I  p , q  a   ( ψ f g )   (   a   b p  )  +  I  p , q  a  ψ  (   a   b p  )   I  p , q  a   ( φ f g )   (   a   b p  )            + 2  I  p , q  a  φ  (   a   b p  )   I  p , q  a  ψ  (   a   b p  )   I  p , q  a   ( ϕ f g )   (   a   b p  )           ≥  I  p , q  a  ϕ  (   a   b p  )  [  I  p , q  a   ( φ f )   (   a   b p  )   I  p , q  a   ( ψ g )   (   a   b p  )            +  I  p , q  a   ( ψ f )   (   a   b p  )   I  p , q  a   ( φ g )   (   a   b p  )  ]           +  I  p , q  a  φ  (   a   b p  )  [  I  p , q  a   ( ϕ f )   (   a   b p  )   I  p , q  a   ( ψ g )   (   a   b p  )            +  I  p , q  a   ( ψ f )   (   a   b p  )   I  p , q  a   ( ϕ g )   (   a   b p  )  ]           +  I  p , q  a  ψ  (   a   b p  )  [  I  p , q  a   ( ϕ f )   (   a   b p  )   I  p , q  a   ( φ g )   (   a   b p  )            +  I  p , q  a   ( φ f )   (   a   b p  )   I  p , q  a   ( ϕ g )   (   a   b p  )  ] .      



(7)









Proof. 

Replacing u and v in (4) by  φ  and  ψ , respectively, we get


      I  p , q  a  φ  (   a   b p  )       I  p , q  a   ( ψ f g )   (   a   b p  )  +  I  p , q  a  ψ  (   a   b p  )   I  p , q  a   ( φ f g )   (   a   b p  )           ≥  I  p , q  a   ( φ f )   (   a   b p  )   I  p , q  a   ( ψ g )   (   a   b p  )  +  I  p , q  a   ( ψ f )   (   a   b p  )   I  p , q  a   ( φ g )   (   a   b p  )  .     



(8)







Multiplying both sides of (8) by    I  p , q  a  ϕ  (   a   b p  )   , we obtain


      I  p , q  a  ϕ  (   a   b p  )       I  p , q  a  φ  (   a   b p  )   I  p , q  a   ( ψ f g )   (   a   b p  )  +  I  p , q  a  ψ  (   a   b p  )   I  p , q  a   ( φ f g )   (   a   b p  )           ≥  I  p , q  a  ϕ  (   a   b p  )  [  I  p , q  a   ( φ f )   (   a   b p  )   I  p , q  a   ( ψ g )   (   a   b p  )            +  I  p , q  a   ( ψ f )   (   a   b p  )   I  p , q  a   ( φ g )   (   a   b p  )  ] .     



(9)







By substituting   u = ϕ   and   v = ψ   in (4), we have


      I  p , q  a  ϕ  (   a   b p  )       I  p , q  a   ( ψ f g )   (   a   b p  )  +  I  p , q  a  ψ  (   a   b p  )   I  p , q  a   ( ϕ f g )   (   a   b p  )           ≥  I  p , q  a   ( ϕ f )   (   a   b p  )   I  p , q  a   ( ψ g )   (   a   b p  )  +  I  p , q  a   ( ψ f )   (   a   b p  )   I  p , q  a   ( ϕ g )   (   a   b p  )  .     



(10)







Multiplying both sides of (10) by    I  p , q  a  φ  (   a   b p  )   , we obtain


      I  p , q  a  φ  (   a   b p  )       I  p , q  a  ϕ  (   a   b p  )   I  p , q  a   ( ψ f g )   (   a   b p  )  +  I  p , q  a  ψ  (   a   b p  )   I  p , q  a   ( ϕ f g )   (   a   b p  )           ≥  I  p , q  a  φ  (   a   b p  )  [  I  p , q  a   ( ϕ f )   (   a   b p  )   I  p , q  a   ( ψ g )   (   a   b p  )            +  I  p , q  a   ( ψ f )   (   a   b p  )   I  p , q  a   ( ϕ g )   (   a   b p  )  ] .     



(11)







Putting   u = ϕ   and   v = φ   in (4) and multiplying both sides by    I  p , q  a  ψ  (   a   b p  )   , we get


      I  p , q  a  ψ  (   a   b p  )       I  p , q  a  ϕ  (   a   b p  )   I  p , q  a   ( φ f g )   (   a   b p  )  +  I  p , q  a  φ  (   a   b p  )   I  p , q  a   ( ϕ f g )   (   a   b p  )           ≥  I  p , q  a  ψ  (   a   b p  )  [  I  p , q  a   ( ϕ f )   (   a   b p  )   I  p , q  a   ( φ g )   (   a   b p  )            +  I  p , q  a   ( φ f )   (   a   b p  )   I  p , q  a   ( ϕ g )   (   a   b p  )  ] .     



(12)







By combining (9), (11), and (12), we obtain inequality (7), which accomplishes the proof. □





Remark 1.






	(i)

	
Lemma 3 and Theorem 3 are reversed in the following cases.




	(a)

	
The functions f and g are asynchronous on J.




	(b)

	
The functions   ϕ , φ  , and ψ are non-positive on J.




	(c)

	
Two of the functions   ϕ , φ  , and ψ are non-negative and the third one is non-positive on J.










	(ii)

	
If we take  p = 1  in Theorem 3, then it reduces to Theorem 3.2 in [22].











Lemma 4.

Let f and g be continuous and synchronous functions on   J ∪ K   and let   u , v : J ∪ K → [ 0 , ∞ )   be continuous functions. Then,


      I   p 1  ,  q 1   a     u  (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v f g )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u f g )   (   a   b  p 1   )   I   p 2  ,  q 2   c  v  (   c   d  p 2   )           ≥  I   p 1  ,  q 1   a   ( u f )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v g )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( u g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v f )   (   c   d  p 2   )  .      



(13)









Proof. 

Since f and g are continuous and synchronous functions on   J ∪ K  , we get for all   α , β ∈ J ∪ K   that   ( f ( α ) − f ( β ) ) ( g ( α ) − g ( β ) ) ≥ 0 .   Equivalently,


     f ( α ) g ( α ) + f ( β ) g ( β ) ≥ f ( α ) g ( β ) + f ( β ) g ( α ) .     



(14)







Multiplying both sides of (14) by   v ( β )   and then   (  p 2  ,  q 2  )  -integrating the resulting inequality with respect to  β  from c to     c   d  p 2    , we obtain


     f ( α ) g ( α )      I   p 2  ,  q 2   c  v  (   c   d  p 2   )  +  I   p 2  ,  q 2   c   ( v f g )   (   c   d  p 2   )           ≥ f  ( α )   I   p 2  ,  q 2   c   ( v g )   (   c   d  p 2   )  + g  ( α )   I   p 2  ,  q 2   c   ( v f )   (   c   d  p 2   )  .     



(15)







Multiplying both sides of (15) by   u ( α )   and then   (  p 1  ,  q 1  )  -integrating the resulting inequality with respect to  α  from a to     a   b  p 1    , we obtain


     I   p 1  ,  q 1   a      ( u f g )   (   a   b  p 1   )   I   p 2  ,  q 2   c  v  (   c   d  p 2   )  +  I   p 1  ,  q 1   a  u  (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v f g )   (   c   d  p 2   )           ≥  I   p 1  ,  q 1   a   ( u f )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v g )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v f )   (   c   d  p 2   )  ,     








which is inequality (13). The proof is complete. □





Theorem 4.

Let f and g be continuous and synchronous functions on   J ∪ K   and let   ϕ , φ , ψ : J ∪ K → [ 0 , ∞ )   be continuous functions. Then,


       I   p 1  ,  q 1   a  ϕ  (   a   b  p 1   )      [  I   p 1  ,  q 1   a  ψ  (   a   b  p 1   )   I   p 2  ,  q 2   c   ( φ f g )   (   c   d  p 2   )  + 2  I   p 1  ,  q 1   a  φ  (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ f g )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( φ f g )   (   a   b  p 1   )   I   p 2  ,  q 2   c  ψ  (   c   d  p 2   )  ]           +  I   p 1  ,  q 1   a   ( ϕ f g )   (   a   b  p 1   )  [  I   p 1  ,  q 1   a  φ  (   a   b  p 1   )   I   p 2  ,  q 2   c  ψ  (   c   d  p 2   )            +  I   p 1  ,  q 1   a  ψ  (   a   b  p 1   )   I   p 2  ,  q 2   c  φ  (   c   d  p 2   )  ]          ≥  I   p 1  ,  q 1   a  ϕ  (   a   b  p 1   )  [  I   p 1  ,  q 1   a   ( φ f )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ g )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( φ g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ f )   (   c   d  p 2   )  ]           +  I   p 1  ,  q 1   a  φ  (   a   b  p 1   )  [  I   p 1  ,  q 1   a   ( ϕ f )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ g )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( ϕ g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ f )   (   c   d  p 2   )  ]           +  I   p 1  ,  q 1   a  ψ  (   a   b  p 1   )  [  I   p 1  ,  q 1   a   ( ϕ f )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( φ g )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( ϕ g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( φ f )   (   c   d  p 2   )  ] .      



(16)









Proof. 

Putting   u = φ   and   v = ψ   in (13), we get


     I   p 1  ,  q 1   a     φ  (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ f g )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( φ f g )   (   a   b  p 1   )   I   p 2  ,  q 2   c  ψ  (   c   d  p 2   )           ≥  I   p 1  ,  q 1   a   ( φ f )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ g )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( φ g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ f )   (   c   d  p 2   )  .     



(17)







Multiplying both sides of (17) by    I   p 1  ,  q 1   a  ϕ  (   a   b  p 1   )   , we obtain


      I   p 1  ,  q 1   a  ϕ  (   a   b  p 1   )       I   p 1  ,  q 1   a  φ  (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ f g )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( φ f g )   (   a   b  p 1   )   I   p 2  ,  q 2   c  ψ  (   c   d  p 2   )           ≥  I   p 1  ,  q 1   a  ϕ  (   a   b  p 1   )  [  I   p 1  ,  q 1   a   ( φ f )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ g )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( φ g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ f )   (   c   d  p 2   )  ] .     



(18)







By substituting   u = ϕ   and   v = ψ   in (13), we have


     I   p 1  ,  q 1   a     ϕ  (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ f g )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( ϕ f g )   (   a   b  p 1   )   I   p 2  ,  q 2   c  ψ  (   c   d  p 2   )           ≥  I   p 1  ,  q 1   a   ( ϕ f )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ g )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( ϕ g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ f )   (   c   d  p 2   )  .     



(19)







Multiplying both sides of (19) by    I   p 1  ,  q 1   a  φ  (   a   b  p 1   )   , we obtain


      I   p 1  ,  q 1   a  φ  (   a   b  p 1   )       I   p 1  ,  q 1   a  ϕ  (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ f g )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( ϕ f g )   (   a   b  p 1   )   I   p 2  ,  q 2   c  ψ  (   c   d  p 2   )           ≥  I   p 1  ,  q 1   a  φ  (   a   b  p 1   )  [  I   p 1  ,  q 1   a   ( ϕ f )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ g )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( ϕ g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( ψ f )   (   c   d  p 2   )  ] .     



(20)







Putting   u = ϕ   and   v = φ   in (13) and then multiplying both sides by    I   p 1  ,  q 1   a  ψ  (   a   b  p 1   )   , we get


      I   p 1  ,  q 1   a  ψ  (   a   b  p 1   )       I   p 1  ,  q 1   a  ϕ  (   a   b  p 1   )   I   p 2  ,  q 2   c   ( φ f g )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( ϕ f g )   (   a   b  p 1   )   I   p 2  ,  q 2   c  φ  (   c   d  p 2   )           ≥  I   p 1  ,  q 1   a  ψ  (   a   b  p 1   )  [  I   p 1  ,  q 1   a   ( ϕ f )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( φ g )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( ϕ g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( φ f )   (   c   d  p 2   )  ] .     



(21)







Inequality (16) can obtained by combining (18), (20), and (21). We accomplish the proof. □





Remark 2.






	(i)

	
Theorem 4 is reversed in the following cases.




	(a)

	
The functions f and g are asynchronous on   J ∪ K  .




	(b)

	
The functions   ϕ , φ  , and ψ are non-positive on   J ∪ K  .




	(c)

	
Two of the functions   ϕ , φ  , and ψ are non-negative, and the third one is non-positive on   J ∪ K  .










	(ii)

	
Theorem 3.4 in [22] is a special case of Theorem 4, when    p 1  =  p 2  = 1  .











Theorem 5.

Let   f , g , h   be continuous and synchronous functions on   J ∪ K   and let   u : J ∪ K → [ 0 , ∞ )   be a continuous function. Then,


      I a         p 1  ,  q 1    u  (   a   b  p 1   )   I   p 2  ,  q 2   c   ( u f g h )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u h )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( u f g )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( u f g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( u h )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u f g h )   (   a   b  p 1   )   I   p 2  ,  q 2   c  u  (   c   d  p 2   )           ≥  I   p 1  ,  q 1   a   ( u f )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( u g h )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u f h )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( u g )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( u g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( u f h )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( u g h )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( u f )   (   c   d  p 2   )  .      



(22)









Proof. 

Let   f , g , h   be continuous and synchronous functions on   J ∪ K  . Then for each   α , β ∈ J ∪ K  ,   ( f ( α ) − f ( β ) ) ( g ( α ) − g ( β ) ) ( h ( α ) + h ( β ) ) ≥ 0  . Equivalently,


     f ( α )     g ( α ) h ( α ) + f ( β ) g ( β ) h ( β ) + f ( α ) g ( α ) h ( β ) + f ( β ) g ( β ) h ( α )        ≥ f ( α ) g ( β ) h ( α ) + f ( α ) g ( β ) h ( β ) + f ( β ) g ( α ) h ( α ) + f ( β ) g ( α ) h ( β ) .     



(23)







Multiplying both sides of (23) by   u ( α )   and   (  p 2  ,  q 2  )  -integrating the resulting inequality with respect to  α  from c to     c   d  p 2    , we obtain


     I   p 2  ,  q 2   c      ( u f g h )   (   c   d  p 2   )  + f  ( β )  g  ( β )  h  ( β )   I   p 2  ,  q 2   c  u  (   c   d  p 2   )            + h  ( β )   I   p 2  ,  q 2   c   ( u f g )   (   c   d  p 2   )  + f  ( β )  g  ( β )   I   p 2  ,  q 2   c   ( u h )   (   c   d  p 2   )           ≥ g  ( β )   I   p 2  ,  q 2   c   ( u f h )   (   c   d  p 2   )  + g  ( β )  h  ( β )   I   p 2  ,  q 2   c   ( u f )   (   c   d  p 2   )            + f  ( β )   I   p 2  ,  q 2   c   ( u g h )   (   c   d  p 2   )  + f  ( β )  h  ( β )   I   p 2  ,  q 2   c   ( u g )   (   c   d  p 2   )  .     



(24)







Multiplying both sides of (24) by   u ( β )   and   (  p 1  ,  q 1  )  -integrating the resulting inequality, with respect to  β  from a to     a   b  p 1    , we get


         I   p 1  ,  q 1   a  u  (   a   b  p 1   )   I   p 2  ,  q 2   c   ( u f g h )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u f g h )   (   a   b  p 1   )   I   p 2  ,  q 2   c  u  (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( u h )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( u f g )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u f g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( u h )   (   c   d  p 2   )           ≥  I   p 1  ,  q 1   a   ( u g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( u f h )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u g h )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( u f )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( u f )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( u g h )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u f h )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( u g )   (   c   d  p 2   )  ,     








which is inequality (22). The proof is complete. □





Theorem 6.

Let   f , g , h   be continuous and synchronous functions on   J ∪ K   and let   u , v : J ∪ K → [ 0 , ∞ )   be continuous functions. Then,


          I   p 1  ,  q 1   a  u  (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v f g h )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u h )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v f g )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( u f g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v h )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u f g h )   (   a   b  p 1   )   I   p 2  ,  q 2   c  v  (   c   d  p 2   )           ≥  I   p 1  ,  q 1   a   ( u f )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v g h )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u f h )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v g )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( u g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v f h )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u g h )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v f )   (   c   d  p 2   )  .      



(25)









Proof. 

Let   f , g , h   be continuous and synchronous functions on   J ∪ K  . Then for each   α , β ∈ J ∪ K  ,   ( f ( α ) − f ( β ) ) ( g ( α ) − g ( β ) ) ( h ( α ) + h ( β ) ) ≥ 0  . This implies that


     f ( α )     g ( α ) h ( α ) + f ( β ) g ( β ) h ( β ) + f ( α ) g ( α ) h ( β ) + f ( β ) g ( β ) h ( α )          ≥ f ( α ) g ( β ) h ( α ) + f ( α ) g ( β ) h ( β ) + f ( β ) g ( α ) h ( α ) + f ( β ) g ( α ) h ( β ) .     



(26)







Multiplying both sides of (26) by   v ( α )   and   (  p 2  ,  q 2  )  -integrating the resulting inequality with respect to  α  from c to     c   d  p 2    , we obtain


      I   p 2  ,  q 2   c   ( v f g h )       (   c   d  p 2   )  + f  ( β )  g  ( β )  h  ( β )   I   p 2  ,  q 2   c  v  (   c   d  p 2   )            + h  ( β )   I   p 2  ,  q 2   c   ( v f g )   (   c   d  p 2   )  + f  ( β )  g  ( β )   I   p 2  ,  q 2   c   ( v h )   (   c   d  p 2   )           ≥ g  ( β )   I   p 2  ,  q 2   c   ( v f h )   (   c   d  p 2   )  + g  ( β )  h  ( β )   I   p 2  ,  q 2   c   ( v f )   (   c   d  p 2   )            + f  ( β )   I   p 2  ,  q 2   c   ( v g h )   (   c   d  p 2   )  + f  ( β )  h  ( β )   I   p 2  ,  q 2   c   ( v g )   (   c   d  p 2   )  .     



(27)







Multiplying both sides of (27) by   u ( β )   and   (  p 1  ,  q 1  )  -integrating the resulting inequality with respect to  β  from a to     a   b  p 1    , we get


         I   p 1  ,  q 1   a  u  (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v f g h )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u f g h )   (   a   b  p 1   )   I   p 2  ,  q 2   c  v  (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( u h )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v f g )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u f g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v h )   (   c   d  p 2   )           ≥  I   p 1  ,  q 1   a   ( u g )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v f h )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u g h )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v f )   (   c   d  p 2   )            +  I   p 1  ,  q 1   a   ( u f )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v g h )   (   c   d  p 2   )  +  I   p 1  ,  q 1   a   ( u f h )   (   a   b  p 1   )   I   p 2  ,  q 2   c   ( v g )   (   c   d  p 2   )  ,     








which is inequality (25). The proof is complete. □





Remark 3.






	(i)

	
It may be noted that inequalities in Theorem 5 and 6 are reversed when functions   f , g  , and h are asynchronous.




	(ii)

	
Theorem 5 can obtained from Theorem 6 by letting   u = v  .




	(iii)

	
If we take   p 1  = 1  and   p 2  = 1  in Theorem 5 and 6, then they reduce to ([22], Theorems 3.6 and 3.7), respectively.











In the next theorem, we give some inequalities of Fejér-type inequalities by applying   ( p , q )  -calculus to the weighted Chebyshev-type inequality.



Theorem 7.

Let   f : J → R   be a twice   ( p , q )  -differentiable with     a   D  p , q  2  f  -integrable on J. Assume that     a   D  p , q  2  f   is non-constant and   m ≤   a   D  p , q  2  f ≤ M  . Then


         M  p 2   q 2    ( b − a )  3     ( p + q )   (  p 2  + p q +  q 2  )     + B     ≤   q  p 2     ( b − a )  f    a   b  p q    +   1 p    ( b − a )  f  ( a )            −     p + q   p 3      ∫ a    a   b p    f    a   x  q 2      a   d  p , q   x          ≤    m  p 2   q 2    ( b − a )  3     ( p + q )   (  p 2  + p q +  q 2  )     + A ,      








where


     A    =   ( b − a )     a   D  p , q   f  (   a   b p  )  −    m  p 2   ( b − a )    p + q     −   1 p    f  (   a   b  p q   )  − f  ( a )              ×      1 p    f  (   a   b  p q   )  − f  ( a )   −  ( b − a )     a   D  p , q   f  ( a )  +    m p q ( b − a )   p + q         a   D  p , q   f  (   a   b p  )  −   a   D  p , q   f  ( a )  − m p  ( b − a )     ,      








and


     B    =   ( b − a )     a   D  p , q   f  (   a   b p  )  −    M  p 2   ( b − a )    p + q     −   1 p    f  (   a   b  p q   )  − f  ( a )              ×     ( b − a )     a   D  p , q   f  ( a )  +    M p q ( b − a )   p + q     −   1 p    f  (   a   b  p q   )  − f  ( a )     M p  ( b − a )  −    a   D  p , q   f  (   a   b p  )  −   a   D  p , q   f  ( a )      .      













Proof. 

Observe that if g and h are continuous asynchronous functions on J and  ϕ  is a non-negative continuous function, then Lemma 3 yields


      I  p , q  a  ϕ  (   a   b p  )       I  p , q  a   ( ϕ g h )   (   a   b p  )  +  I  p , q  a  ϕ  (   a   b p  )   I  p , q  a   ( ϕ g h )   (   a   b p  )           ≤  I  p , q  a   ( ϕ g )   (   a   b p  )   I  p , q  a   ( ϕ h )   (   a   b p  )  +  I  p , q  a   ( ϕ g )   (   a   b p  )   I  p , q  a   ( ϕ h )   (   a   b p  )  .     











That is,


      I  p , q  a  ϕ  (   a   b p  )   I  p , q  a   ( ϕ g h )   (   a   b p  )  ≤  I  p , q  a   ( ϕ g )   (   a   b p  )   I  p , q  a   ( ϕ h )   (   a   b p  )  .     



(28)







By Lemma 2, it implies that


    Ω    : =  ∫ a    a   b p     ( x − a )    ( b − x )  a   D  p , q  2  f  ( x )    a   d  p , q   x          =   q  p 2     ( b − a )  f    a   b  p q    +   1 p    ( b − a )  f  ( a )  −     p + q   p 3      ∫ a    a   b p    f    a   x  q 2      a   d  p , q   x .     











Since     a   D  p , q  2  f   is non-constant and   m ≤   a   D  p , q  2  f ≤ M  , we obtain


   ∫ a    a   b p       a   D  p , q  2  f  ( x )  − m    a   d  p , q   x > 0  and   ∫ a    a   b p     M −   a   D  p , q  2  f  ( x )     a   d  p , q   x > 0 .  











Consider


      ∫ a    a   b p     ( x − a )   ( b − x )     a   D  p , q  2  f  ( x )  − m    a   d  p , q   x     = Ω − m  ∫ a    a   b p     ( x − a )   ( b − x )    a   d  p , q   x          = Ω −    m  p 2   q 2    ( b − a )  3     ( p + q )   (  p 2  + p q +  q 2  )     ,     



(29)




and


      ∫ a    a   b p     ( x − a )   ( b − x )   M −   a   D  p , q  2  f  ( x )     a   d  p , q   x     = M  ∫ a    a   b p     ( x − a )   ( b − x )    a   d  p , q   x − Ω          =    M  p 2   q 2    ( b − a )  3     ( p + q )   (  p 2  + p q +  q 2  )     − Ω .     



(30)







Observe that   x − a   and   b − x   are continuous asynchronous functions on J.



Substituting   g , h , ϕ   in (28) by   x − a , b − x ,   and     a   D  p , q  2  f  ( x )  − m  , respectively, we obtain


         ∫ a    a   b p     ( x − a )   ( b − x )     a   D  p , q  2  f  ( x )  − m    a   d  p , q   x           ≤       ∫ a    a   b p     ( x − a )     a   D  p , q  2  f  ( x )  − m    a   d  p , q   x      ∫ a    a   b p     ( b − x )     a   D  p , q  2  f  ( x )  − m    a   d  p , q   x       ∫ a    a   b p       a   D  p , q  2  f  ( x )  − m    a   d  p , q   x     .     



(31)







Then, a direct calculation shows us that


    ∫ a    a   b p       a   D  p , q  2  f  ( x )  − m    a   d  p , q   x =    a   D  p , q   f  (   a   b p  )  −   a   D  p , q   f  ( a )   − m p  ( b − a )  .   



(32)







Consider


      ∫ a    a   b p         ( x − a )     a   D  p , q  2  f  ( x )  − m    a   d  p , q   x          =  ∫ a    a   b p     ( x − a )    a   D  p , q      a   D  p , q   f  ( x )  − m x    a   d  p , q   x          =      x − a  p      a   D  p , q   f  ( x )  − m x   a    a   b p              −  ∫ a    a   b p       a   D  p , q   f  (   a   x q  )  − m  (   a   x q  )      a   D  p , q       x − a  p       a   d  p , q   x     










        =       a   b p  − a  p       a   D  p , q   f  (   a   b p  )  − m  (   a   b p  )             −   1 p    ∫ a    a   b p       a   D  p , q   f  (   a   x q  )  − m  (   a   x q  )     a   d  p , q   x          =  ( b − a )     a   D  p , q   f  (   a   b p  )  −    m  p 2   ( b − a )    p + q     −   1 p    f  (   a   b  p q   )  − f  ( a )   ,     



(33)




and


      ∫ a    a   b p         ( b − x )     a   D  p , q  2  f  ( x )  − m    a   d  p , q   x          =  ∫ a    a   b p     ( b − x )    a   D  p , q      a   D  p , q   f  ( x )  − m x    a   d  p , q   x          =        a   b p  − x  p      a   D  p , q   f  ( x )  − m x   a    a   b p              −  ∫ a    a   b p       a   D  p , q   f  (   a   x q  )  − m  (   a   x q  )      a   D  p , q         a   b p  − x  p       a   d  p , q   x          = −       a   b p  − a  p       a   D  p , q   f  ( a )  − m a            +   1 p    ∫ a    a   b p       a   D  p , q   f  (   a   x q  )  − m  (   a   x q  )     a   d  p , q   x          =   1 p    f  (   a   b  p q   )  − f  ( a )   −  ( b − a )     a   D  p , q   f  ( a )  +    m p q ( b − a )   p + q     .     



(34)







By substituting (31)–(34) into (29), we get


    Ω    −    m  p 2   q 2    ( b − a )  3     ( p + q )   (  p 2  + p q +  q 2  )              ≤   ( b − a )     a   D  p , q   f  (   a   b p  )  −    m  p 2   ( b − a )    p + q     −   1 p    f  (   a   b  p q   )  − f  ( a )              ×      1 p    f  (   a   b  p q   )  − f  ( a )   −  ( b − a )     a   D  p , q   f  ( a )  +    m p q ( b − a )   p + q         a   D  p , q   f  (   a   b p  )  −   a   D  p , q   f  ( a )  − m p  ( b − a )     .     



(35)







Replacing   g , h , ϕ   in (28) by   x − a , b − x ,   and   M −   a   D  p , q  2  f  ( x )   , respectively, we obtain


         ∫ a    a   b p     ( x − a )   ( b − x )   M −   a   D  p , q  2  f  ( x )     a   d  p , q   x          ≤       ∫ a    a   b p     ( x − a )   M −   a   D  p , q  2  f  ( x )     a   d  p , q   x     ∫ a    a   b p     ( b − x )   M −   a   D  p , q  2  f  ( x )     a   d  p , q   x      ∫ a    a   b p     M −   a   D  p , q  2  f  ( x )     a   d  p , q   x     .     



(36)







Then, a direct calculation shows us that


       ∫ a    a   b p     M −   a   D  p , q  2  f  ( x )     a   d  p , q   x      = M p  ( b − a )  −    a   D  p , q   f  (   a   b p  )  −   a   D  p , q   f  ( a )   .     



(37)







Consider


      ∫ a    a   b p         ( x − a )   M −   a   D  p , q  2  f  ( x )     a   d  p , q   x          =  ∫ a    a   b p     ( x − a )    a   D  p , q    M x −   a   D  p , q   f  ( x )     a   d  p , q   x          =      x − a  p    M x −   a   D  p , q   f  ( x )    a    a   b p              −  ∫ a    a   b p     M  (   a   x q  )  −   a   D  p , q   f  (   a   x q  )      a   D  p , q       x − a  p       a   d  p , q   x          =       a   b p  − a  p     M  (   a   b p  )  −   a   D  p , q   f  (   a   b p  )   −   1 p    ∫ a    a   b p     M  (   a   x q  )  −   a   D  p , q   f  (   a   x q  )     a   d  p , q   x          =  ( b − a )      M  p 2   ( b − a )    p + q    −   a   D  p , q   f  (   a   b p  )   +   1 p    f  (   a   b  p q   )  − f  ( a )   ,     



(38)




and


      ∫ a    a   b p         ( b − x )   M −   a   D  p , q  2  f  ( x )     a   d  p , q   x          =  ∫ a    a   b p     ( b − x )    a   D  p , q    M x −   a   D  p , q   f  ( x )     a   d  p , q   x          =        a   b p  − x  p    M x −   a   D  p , q   f  ( x )    a    a   b p              −  ∫ a    a   b p     M  (   a   x q  )  −   a   D  p , q   f  (   a   x q  )      a   D  p , q         a   b p  − x  p       a   d  p , q   x          = −       a   b p  − a  p     M a −   a   D  p , q   f  ( a )   +   1 p    ∫ a    a   b p     M  (   a   x q  )  −   a   D  p , q   f  (   a   x q  )     a   d  p , q   x          =  ( b − a )     a   D  p , q   f  ( a )  +    M p q ( b − a )   p + q     −   1 p    f  (   a   b  p q   )  − f  ( a )   .     



(39)







By substituting (36)–(39) into (30), we get


           M  p 2   q 2    ( b − a )  3     ( p + q )   (  p 2  + p q +  q 2  )     − Ω          ≤    1 p    f  (   a   b  p q   )  − f  ( a )   −  ( b − a )     a   D  p , q   f  (   a   b p  )  −    M  p 2   ( b − a )    p + q                ×     ( b − a )     a   D  p , q   f  ( a )  +    M p q ( b − a )   p + q     −   1 p    f  (   a   b  p q   )  − f  ( a )     M p  ( b − a )  −    a   D  p , q   f  (   a   b p  )  −   a   D  p , q   f  ( a )      .     



(40)







By combining (35) and (40), we obtain the required inequality which accomplishes the proof. □





Corollary 1.

Let   f : J → R   be a twice q-differentiable with     a   D q 2  f   integrable on J. Assume that     a   D q 2  f   is non-constant with   m ≤   a   D q 2  f ≤ M  . Then


         M  q 2    ( b − a )  3     ( 1 + q )   ( 1 + q +  q 2  )     + B     ≤ q  ( b − a )  f    a   b q   +  ( b − a )  f  ( a )  −  1 + q   ∫ a b  f    a   x  q 2      a   d q  x          ≤    m  q 2    ( b − a )  3     ( 1 + q )   ( 1 + q +  q 2  )     + A ,      








where


     A    =   ( b − a )     a   D q  f  ( b )  −    m ( b − a )   1 + q     −  f  (   a   b q  )  − f  ( a )              ×     f  (   a   b q  )  − f  ( a )   −  ( b − a )     a   D q  f  ( a )  +    m q ( b − a )   1 + q         a   D q  f  ( b )  −   a   D q  f  ( a )  − m  ( b − a )     ,      








and


     B    =   ( b − a )     a   D q  f  ( b )  −    M ( b − a )   1 + q     −  f  (   a   b q  )  − f  ( a )              ×     ( b − a )     a   D q  f  ( a )  +    M q ( b − a )   1 + q     −  f  (   a   b q  )  − f  ( a )     M  ( b − a )  −    a   D q  f  ( b )  −   a   D q  f  ( a )      .      














4. Conclusions


We established some inequalities of Chebyshev-type inequalities by using   ( p , q )  -integral, such as Chebyshev inequalities and the Fejér-like inequalities. Our work improves the results of Chebyshev-type quantum integral inequalities. By taking   q → 1   and   p = 1  , our results give classical inequalities. The   ( p , q )  -integral inequalities deduced in the present research are very general and helpful in error estimations involved in various approximation processes. With these contributions, we hope these techniques and ideas established in this article will inspire the readers to explore the field of   ( p , q )  -integral inequalities.
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