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Abstract: We establish a fixed point theorem for Ciri¢ contraction in the context of convex b-metric
spaces. Furthermore, we ensure that there is a fixed point for the maps satisfying the condition (B)
(a kind of almost contraction) in convex b-metric spaces and demonstrate its uniqueness as well.
Supporting examples to substantiate the generality of the proved results are given.
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1. Introduction and Preliminaries

The history of fixed point theory goes back a century, to the well-known work of
Banach. Since the introduction of this simple but very powerful result of nonlinear analysis,
the field of fixed-point theory has been expanded in several possible directions. Ciri¢ [1]
introduced the notion of quasi-contraction in 1974 and set out a generalization of the Banach
contraction principle. In the sequel, many authors worked in this particular direction
and announced some new contractions as an extension of the Banach contraction. The
weak contraction defined by Berinde [2] is one of them, and it is vital to note that weak
contraction and quasi-contraction are independent of one another. However, the class of
weak contraction includes the large class of quasi-contraction. In 2008, Berinde [3] renamed
it almost contraction. Furthermore, Babu et al. [4] worked on the open problem posed by
Berinde [2] and consequently introduced the maps satisfying the condition (B).

In another direction, many authors extended this contraction principle by giving some
ambient structure to the space. In this series, Bakhtin [5] introduced the concept of b-metric
spaces, which was extensively defined by Czerwik [6] to enlarge the domain of the Banach
contraction. As b-metric is not continuous in the topology generated by its basis, many
researchers have been devoted to this space and established several fixed point theorems
(for example, see [7-19]). Takahashi [20] established the concept of a convex structure in
1970 and coined the term “convex metric space” to describe a metric space with a convex
structure. In the course of the last five decades, many scholars have investigated various
properties of convex metric spaces and discussed whether a fixed point for non-expansive
maps exists in these spaces (refer to [21-26]). Recently, Chen et al. [27] defined the notion
of convex b-metric spaces and proved Banach and Kannan's type fixed point theorems in
those spaces. Here, motivated by this idea, we establish several fixed point theorems for
Ciri¢ contraction as well as for the maps satisfying the condition (B) in a convex b-metric
space and present some supporting examples for the proved results.

First, we recall the basic definitions and results, which are required in the sequel
to prove our main results. Throughout, real number sets and natural number sets are
indicated, respectively, by R and N.
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Definition 1 ([5,6]). Let X be a nonempty set and s > 1 be a given real number. Suppose
by : X x X — [0, c0) is a mapping satisfying the following axioms for all u,1,{ € X:
(1) bu(u,n) = Oifand only if p = 1p;
(2) (1) = b, p);
(3) b, 1) < slbm(p, 0) + bu(Z,7)]-
Then, the mapping by, is said to be a b-metric and the pair (X, by,) is called a b-metric space.

The convergent and Cauchy sequence in the context of b-metric spaces is defined as
follows:

Definition 2 ([14]). Let (X, by,) be a b-metric space. A sequence {1, } in X is said to be

(1) Convergent in X, if there exists y € X such that by, (pn, ) — 0as n — oo,
(2) Cauchy in X, if for each € > 0 there exists p € N such that by, (yn, pm) < € for all n,m > p.

The b-metric space (X, by,) is called complete if every Cauchy sequence {y,} C X is
convergent in X.

Definition 3 ([20]). Let (X, by,) be a b-metric space and Q) : X x X x [0,1] — X be a continuous
mapping. Then, () is called the convex structure on X if

b (1, 1, ¢, 0)) < 0bw(p, 1) + (1= 0)bwm(p, ). 1)

The b-metric space (X, by, ) equipped with a convex structure () on X is called a convex
b-metric space, and it is denoted by the triplet (X, by, Q3). One can refer to [27] to see the
examples of convex b-metric spaces. We offer one more example:

Example 1. Let X = R " be the set of all ordered n-tuples of non-negative real numbers,
and bu(p,1) = Lierl(pi — 1:)> + i — mil] for all p = (p1,p2, .., pn) € X and 5 =
(11,12, ,4n) € X, where I = {1,2,...,n}. Here, we observe that

L bu(pn) =0iff p =un;

2. bu(p,m) = b, p);

3. bm(l’ll 17) < 2%"”(”’ g) + bm(gf 77)}/ g = (élr ng .- '/én) as

bu(po) = Y (i —1:i)* + i — 4]

iel
- ‘X;[((Vifgi)‘|‘(Ci*’7i))2+|(}lifé'i)+(§i—17i)|}
= ;[Z((Vi*@)2+(§i*77i)2)+|(Vi*§i)|+|(§i*77i)\}
< 22[((%—&)%(@—@2)+|(y,-—g1-)|+\(gi—;7,-)@
= 2[2[(#i_§i)2+|Vi_€i|]+z;[<€i_ﬂi)2+gi—ﬂiH]

= 2[bw(p, Q) + b (Z, 1))
Let O : X x X x [0,1] — X stand for the mapping given by
Qp,1p;0) = op+ (1 =0y,

forany y, 1 € X and o € [0,1]. Then, it follows,
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b (S, Qu,1;0))

= Y @G- (owi+ A =0)))?+ Y10 — (oui+ (1 — o))

iel iel
< Y (0lZi = wil + A= 0)|G — i) + Y101 — il + (1 = 0)[Zi — nil |
iel iel
< Y G- w)?+ Y (1= 0) (G —ni)* +20(1—0) Y 1T — il - [T — ni
iel icl iel
+2‘7|§1 ,”1|+21_ |€1 |
iel iel
< Z;,UZ(Ci—Vi)z‘FZ;,(l—U)Z(Q—le’)2+‘7(1—U)Z;,((gi—lli)2+(§i—'7i)2)
1S IS IS
+ZU|€1 Vz| +2 1 - |€z 77i|
iel iel
= o)l 2+ 1 — pill + (1= 0) Y [(Zi — mi)* + 18 — nil]
iel i€l

= O'bm(érﬂ) + (1 - O')bm(g,ﬂ)

As a result, we can designate the triplet (X, by, Q) a convex b-metric space. The metric triangle
inequality, however, is not satisfied by by, for example,

b (2,4) =6 > by (2,3) + by (2,4) =4,
where q denotes the n-tuple (q,1,1,...,1) € X = R;{ " and thus, (X, by, QO) is not a metric space.

2. Main Results
Theorem 1. Suppose T : (X, by, Q) — (X, by, Q) is a quasi-contraction, that is, T satisfies

b (Tp, Try) < kmax{ by (pt, 1), by (1, Ti), b (17, T17), b (1, T17), b (17, Ti) }, )

forall u,n € X and some k € (0,1), where (X, by, Q) is a complete convex b-metric space with s >
1. Let uy = Q(py—1,Thy—1;0,—1) be a sequence defined by choosing an initial point py € X with
the property by, (o, To) < oo, where 0 < 0,1 < 1 foreachn € N. Ifk < min{m, s%}

1

and 0 < 0,1 < min{sl2 — (s+1)k, 55—
1

k
p }for eachn € N, then I has a fixed point in X that is

unique.
Proof. As Q) is a convex structure, then

bm (,un/ Iun-‘rl) = bm(,un/ Q(Vn/ 1—']/{7,,'0'”)) < (1 - o'n)bm(,un/ F,”n)/ n €N,

and
bm(l/lnl rﬂn) < Sbm(ﬂnr r]f‘n—l) + Sbm(r,un—lz rﬂn)

< sby (Q(,unflz Tyy—1; 0’,1,1), Fl’lnfl) + sk max{bm (anlr Vn)r
bin (-1, Tptn—1), b (tn, Tt ), by (-1, T ), by (i, T —1) }

< S(Tn—lbm(}”n—lz r,un—l) + Skmax{(l - Un—l)bm(,un—lf F,”n—l)/
b (P‘n—lr r,un—l)r by, (,”n/ Fﬂn)/ b (ﬂn—lz F,un)/ by (,”n/ Fﬂn—l)}

< sOu—1bm(pn—1,Tpn—1) + skmax{bm (pn—1,Tpn—1), by (pn, Tpin),

b (n—1, 1n) + 80m (pn, Tpin ), b (Q(ptn—1, Tn—1;00-1), r?/‘nfl)}

< 50w 1bm(pn—1,Tpn—1) + skmax{bm (n—1,Tpn-1), bm (b, Tpin),
$(1 = 00—1)bm (Hn—1,Tpn—1) + Sbu (i, Ttin), On—1bm (pn—1,Tn—1)}

< 801w (pn—1,Tpn—1) + skmax{bu (un—1,Tpn-1),



Mathematics 2022, 10, 466

4 0f 21

(1 = 0u—1)bm (pn—1,Tpn—1) + sbu (ptn, Tpin) }

80— 1bm (Mn—1,Tpn—1) + skmax{by (pn—1, Tpn-1),

S (Hn—1,Thn-1) + sbm (4n, Tpin) }

50u—1bm (Hn—1, Ttn—1) + $°Kkby (1, Tptn—1) +5°kbu (n, i)
5071 + 52K] b (-1, Titn—1) + 52kbu (s, Tih).

IA

This implies
(1- Szk)bm(#n, Tpn) < [0 -1+ Szk]bm(l"nflfr?lnfl)

so,_1 + sk
bm(ﬂn/rﬂn) < ﬁbm(ynflzrﬂnfl)

1
< gbm(ﬂn—lrryn—l)r

with inequalities k < min{# l} and 0 < 0;, 1 < mind & — (s + 1)k ak holding
s2(s+1)” s4 — n- s2 4 Siz_k
forall n € N. Thus,
1
bm(,unzr,un) < gbm(,un—lzr,un—l)
1
< sjbm(ﬂn—ZI rP‘n—Z)
1
< Grbm(po,Tpio)- ®)

Since by, (1o, Tio) < oo, then, by applying n — oo in (3), we obtain
nlgl;lo by, (Vn/ r,un) =0.

Thus,
bm(,un/ ,un-‘rl) < (1 - O_n)bm(,un/ F,un) — nlglc}o bm(,un/ ,un—&-l) =0.

Moreover, we have to prove that the sequence {j, } is Cauchy. Conversely, assume that
{un} is a non-Cauchy sequence, we can obtain a positive € and the subsequences {j;, }
and {y, } of {yn}, such that m, is the smallest cardinal with m, > n, > A,

bm(ﬂmA/ ,”nA) > €,

and
bm(,um,\—lz ]’tl’l/\) < €.

Then, it follows that

€ < b (pmy, tiny) < S[bwm(Hmys ny+1) + b (g1, iy ) ],

which gives

€ .
- < hmsupbm(ym)\,‘umﬂ).
5 A—r00
Moreover, we obtain
bTH(VmA/Vn,\+1) = bm(Q(.umAfllr,um/\fl;Um/\fl)/]’ln,\+1)

UmA—lbm(leA—lf ,un/\—H) + (1 - O'm,\—l)bm(rlflmA—li ,un,\—&-l)
Ty —10m (1 Py +1) + (1= Gy —1)8[bm (Tl —1, Ty 1)
+bm(rl’lﬂ)ﬂrl' ‘un)ﬂrl)]

IN A
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IN

Ty —10m (ny 1, Py +1) + (1 — Oy —1)8bm (Tl 41, Py 1)
+(1 = o, —1) sk max{bm (ptm, —1, iy 1) Om (pany —1, Tty —1),
b by 41, Ty 40), b (g —1 Ty 1), b (g 41, Ty 1) }
SOy —1bm (Hmy—1, Hny ) + SOy —1bm (pny sty +1)

+(1— UmAfl)Sbm(r.”n;ﬂrlr.un/\Jrl)

+(1 = oy —1)skmax{sbu (tm, -1, ny ) + Sbm (fny, Pny+1),
i (my 1, Ty —1), Om (g +1, Ty 1), 8bm (g —1, Hny +1)
+8bm (ny+1, Ty +1), 8bm (g 1, Py —1) + b (fmy —1, Tty —1) }
SOy —1bm (Hmy—1, i) + 50y —1bm (ny iy 1)

+(1 = 0y —1)sbm (T, 41, piny +1)

+(1 = oy, —1)sk max{sbu (tm, 1, finy) + b (Hnys finy 1),
Oy 1, Tty 1), Oy 1, Tty 1), 870 (pmy 1, i, )

% b (VHA/ ‘M?l)\+1) + sbm (Vmﬂf FVWA+1)’ % b (Fmﬂf fny)
"‘Szbmwnm Py —1) + Sbm (b —1, Tmy 1)}

< 80y, —1€ +sk(1 — 7y, _1) max{se, %€}

= se (O’m/\_l(l — s%k) + szk)

1
< se ( S (1- %)+ szk>

IN

IN

K k) = €
= se 1—szk( —s%k)+s =<

Thus, we obtain

< lim sup bm(ym)‘/ ]’lﬂA+l) <
A—ro0

4

«» | m
© | m

and hence our supposition, {1, } is a non-Cauchy sequence, is wrong; so, {}t, } is Cauchy
in X. Then, due to the completeness of X, there will be an element y* € X such that
limy,—c0 by (,un/ ,u*) =0.

Now, we will verify that I'u* = u*. For this,

b (", Tp*) < sbw(u*, pn) + s (pn, Tu™)
< sbu(p®, pn) + Sme(VnrrVn) + szbm(Fyn,Fy*)
< sbu(u*, n) + 5%bm (i, Tiin) + s2kmax{m (pn, 1), b (4, Tpin),
by (0", T ), by (pn, T ), b (1", Tan) }
< sbu(u*, pn) + 5% b (pn, Tiin) + sk max{bu (pn, 1), b (4, Tpin),

b (W, T™), 8bm (pin, 1) + by (", Ty ), 8b (", in) + sbm (pn, Tpin) }-
Letting n — oo, we have
b (", Tp*) - < sPkmax{by (", Tp*), sb (", Tp*) }
= s3kbm(‘u*,l"‘u*)
b (", ™).

N

So, by (p*, Ty*) =0 = Tu* = p*.

Hence, p* is a fixed point of I

Now, it only remains to show that the fixed point y* is unique. For this, take a fixed
point of I, say g € X different from p*, then

0<bwu(p*,q) = bu(Ty",Tq)
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kax{bm (1", q), bm (1", T1™), b (9, Tq), bm (1", Tq), b (q, Tp*) }
kmax{bw (1", q),sbm(p*,q) + sbm(q, Tq),sbm (g, u*) + sbum (0", Tp*) }
skbw (1", q)

1 “ %
< ?bm(y /q) < bm(]/l /q)’

ININ

which is a contradiction. Therefore, u* = g.
Hence, the proof. O

1 1

[ Lk 1k
Lemma 1. Ifs > 2, then min Z - (s+ 1)k, & = i—_k, where k > 0.

Tk
52 52

Proof. To begin with,

1
ok o1 Hiod) @
5 —k s2 5 —k
_1
As,s > 2= %+ s% <1< 1+ (s+ 1)k, which gives SZk > s+ 1, then by (4) we obtain
-
Lk
1 1
zlz_k<s—2—(s+l)k.

Hence, the lemma. O

In view of the above lemma, we obtain the following result, which is an extension of
Theorem 1 of [27].

Theorem 2. Suppose T : (X, by, Q) — (X, by, Q) is a quasi-contraction, that is, T satisfies

b (Tp, Try) < kmax{by (pt, 1), by (1, Ti), b (17, T17), b (1, T17), b (17, Ti) }, )

forall u,y € X and some k € (0,1), where (X, by, Q0) is a complete convex b-metric space with
s > 2. Let uy = Q(py—1,Thn_1,0,_1) be a sequence defined by choosing an initial point py € X

with the property by, (o, To) < oo, where 0 < 0,1 < 1 foreachn € N. Ifk < s% and
1

0<0,1 <

1k
= - foreach n € N; then, T has a fixed point in X that is unique.
2

Proof. The proof follows the same lines as the proof of Theorem 1. [

Now, we present an example in support of the generality of the proved result over the
existing one.

Example 2. Let X = R{ be the set of all non-negative real numbers, and by, (u,n) = (u —
2+ u—n| forall uy € X, Q : X x X x [0,1] — X stands for the mapping defined as
Q(u,y,0) =ou+ (1—0)y forall uy,n € X. Then, (X, by, Q) is a convex b-metric space with
s = 2 (follows by taking n = 1 in Example 1). The map I' : X — X is defined as follows

7, nelol)
b, wello)

Firstly, we prove that T satisfies the inequality (5). To prove this, we consider four cases.
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1. Ifun €[0,1), then

o (E AN |k
b (T, ITnp) = (17 17) 7 17

171 )
< 17[17@1—17) +ﬂ—ﬂ}

]
< %bm(ﬂ,n)-
2. Ifuel0,1)andny € [1,00), then
bu(Tu,Ty) = (Tp—Ty)* + |Tp — T
= (1) 716

If u > 15n, then

11 17 \? 17
b, Tnp) = 47 17(#—1917> +<u—1917)]

= 117 (” N 11779)2+ (- 1179)}
= %bm(ﬂfﬂﬂ-
If u < 15n, then
b (Tp, Tp) - = 117 117 G;U - V)2 + G;v - #)]
< = :117(77 — )"+ (- u)}
< -+ -p)

1 1
= g7 tm(n ) = 50m (1)

3. Ifuell,)andn € [0,1), then as in the above case, we obtain
bu(Cu,Tn) < bu(n,T), if 5> o
17 19
and by (Tp, Tny) - < %bm(ulﬂ), ifn < %u.
4. Ifumne[l,00)
buttin) = (f5-15) + 15~ 5]

171 2
< | (y— _
= 19[19@! )"+ [u 77}



Mathematics 2022, 10, 466 8 of 21

IN

%[(V*U)zﬂLW*’ﬂ}

IN

1 1
1obm (1) < 37bm(,17),

which shows that

1
b (T, Ty) < 7 oax{ b (4, 17), b (4, Tpa), o (17, L7 ), o (i, Top), o (7, T) 1,
forall u,n € H. Thus, T is satisfying the inequality (5) for k = % < S%

Now, choose an initial point uy € X and generate p, = Q(pn, Tpy_1;0,-1) with 0,1 =
1k

4

1

Lk

51—3 < There are two possibilities for yg

1. Ifug <1,then

Ho
T = =
Ho 17
1 52 69
M= gl‘ﬁ‘%TVOZ@VO
_oL B2 (69
F2 = 1T 53 = \gpp ) MO
I SN
Hn = 53]/17171 53 Hn—1 = 901 Ho-
Clearly, y, — 0asn — oo,
2. Ifug>1,then
Ho
Ty = =2
Ho 19
_ 1% 71
= 53V0 53 #0—1007%-

If w1 € [0,1), then as in the above case, ji, — 0 asn — oo. If y; € [1,00), then Z—f =

51—3 + % . % = %. Proceeding in a similar fashion, we can assume that y,_1 € [1,00),
then we obtain,
o 1 52 Tu,—q 71

Mp1 53 ' 53,y 1007’

and

Bo _ 1 P2 Hn :< 71 )

Mo Ho M1 Mn—1 1007

Hence limy oo 4y = 0. Thus, T has a unique fixed point since all of the assumptions of
Theorem 2 are fulfilled. It is worth mentioning that O would be the only fixed point of I in X. The
map I, on the other hand, fails to follow the contraction condition used in Theorem 1 of [27] at the

point y = %, n= %885, as we observe that

= 0.002004,

) — (225 1001 2 |99 1001|501
i1 \1000 1000 1000 ~ 1000 250000
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and
b(T,Ty) = i 999_i 10012 l 999_i 1001
m(EH )= 17 1000 19 1000 17 1000 19 1000
39889331

= 6520562500 0.006117 > by, (u, 17).

Therefore, Theorem 1 of [27] is not applicable to guarantee the existence of fixed point of map I'.

The following result is a Chatterjea type fixed point theorem in the context of a convex
b-metric space, which is a direct consequence of Theorem 2.

Corollary 1. SupposeT : (X, by, Q) — (X, by, Q) is a Chatterjea-contraction, that is, T satisfies
b (Tp, T17) < kb (, T7) + b (17, Tt ), (6)

orall u,n € X and somek € (0, 5 ), where (X, by, Q)) is a complete convex b-metric space wit
Myu,neXand k 0% h X, by, Q) i pl b ic sp ith

s > 2. Let py = Q(pn—1,Tun—1;04-1) be a sequence defined by choosing an initial point py € X

with the property b (po,Tpo) < oo, where 0 < 0,1 < 1foreachn € N. Ifk < ﬁ and
1

0<0,1 < 1 for eachn € N, then I has a fixed point in X that is unique.

Next, we present an example for the applicability of the above corollary.

Example 3. Take the triplet (X, by, Q) as given in Example 2. Suppose T : X — X is defined as

35]4 , HE[l ).

Now, we prove that T satisfies the inequality (6) for k = % For this, we discuss the following
possible cases

1. Ifu,n €[0,1), then the inequality (6) holds.
2. Ifuel0,1)andy € [1,00), then

b (T ) — g b, ) + b (7, T)] = [Tt =Ty + [T = T

— 55 w1 ) + 7,70

- _(33‘350 ‘3517]

—g[bm(% I'n) 4 bu(n, Tu)]

_ L[, BN |3
— 33|33\ 35y " 35

— 5w )+ b (7, )

Ifu > 335?37 then
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b (Tu, T'p)

b (T, T1p) —

— 5w ) + b, T)] =

3.

<
<
Ifu < 3353,7 then
1
a5 om (1, T17) + b (17, Tp)] - =
<
<

which implies that by, (Tu,Ty) <

sl () (o)
~ 55w ) + b, 7o)
5| () + (ramr)]

— 55 w1, T0) + by, T0)

1 1\? 1
33_(”‘3517) +<’*‘35n>_
~ 55 lbu e ) + b, 7o)

b (1, T17) = %[bm(ﬂr T17) + b (1, Th)]

b (n,Tu) <O0.

1173 N (33
33|33\ 355 357

~ o5 b, Tr) + b, )

[5G+ ()
5 Om (1, T7) + b (37, T
% :313(17 — 1)+ (1 —V)]
55w, T0) + by 7, T30
(- 55) + (1= 5)]

~ 5 b, Tr) + b, )

w‘)—\l

b7, T1) — 35 (1, ) + b (7, )]

1
- <
33bm(u,ﬁ7) <0

[ (1, T) + by (, T)] holds ¥V € [0,1),17 € [1,00).
If u € [1,00) and n € [0,1), then as in the above case, we obtain that the inequality (6) holds.
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4. Ifu,n €[1,00), then

b (T, Tp) = 1[ m(, ) +bu(n,Tp)] = l(m—%ﬂ) ?@1_3517]

%[bm(ﬂr Ty) + bw(y,T)]
1[1(1 1)2 ’1 1”
_ P —_ + —_—
35(|35\u 1 o

55 low 1, T0) + b, T

IN

Ifn > u, then

2
b (T, Tp) — 1[ m(i,Tp) + b (7, Tp)] < 31—5 315<y—;> +<y—117)]

— 55 w1, T0) + by, T0)

PN O S
35 [35\/ " 35y K™ 35

— b, T) + b, T

< () (e )

~ o5 (i, Tr) + b ()

1 1
< ggbm(wTn) = 52 [bm(p, Tp) + b (37, Tpt)]

< 1 b (1, Tny) — 1[ m(#, 1) + b (n, T)]

1
= _—— < .
33bm(f7,Fu) <0

If u >, then

2
b (T ) = 55l (0. T) + b, TRl < 5 315 (,7 _ ;) N (,7 _ ;)]

1
—g[bm(%rv) + b (n, T)]

35001 TR) = o b, T7) 4 b7, T

IN

1
< gbm(ﬂf Tu) — %[bm(% I1) + bu(y,Tp)]
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1
= —— <

which shows that .
b (Lt L) < 22 [0 (pt, Top) + b (17, T,

forall y,v € X. Let us choose an initial point pg € X and generate p, = Q(pin, Tpiy—1; 04—1) with
1

—2k
Op_1 = 101 < 1 ©- Now, to ensure the uniqueness of a fixed point, we will consider the following

S

choices of .
1. Ifpuo <1,then

Ho
Ty = X0
Ho 33
100 133
M= qorHo + ﬁrﬂo = 73333140
1 a0 (13
P2 = 01" 7101 M T 3333 ”O
1 100 133 \"
P = qoptnr T qgrtie-1= | 3353 ) Ho
Letting n — oo, we have p, — 0.
2. Ifug>1,then
1
Ty = ———
Ho 35H0
_1 100,
M1 = 1140 101 Tuo
w1
~ 101" T 101 35u
po_ 110 115
Ho 101 3535 y% — 3535°

Ifup € [0 1), then as in the above case, pt, — 0 as n — co. If py € [1,00), then

P2 _ 100 1 < 135 o " .
o 101 + 3535 - " < gs35. Proceeding in a similar fashion, we can assume that p, 1 €

[1,00), then we obtain,

Hn 1 100 1 135

_7+ : S 7
Ma1 101 ' 3535 2 — 3535

and

L T R <135>
Hn-1  Ho 1 Mn—1 ~ \ 3535
Here, also i, — 0asn — oo.
Thus, the sequence u, — 0 and hence by Corollary 1, the map I’ has a unique fixed point in
X. Notice that 0 is a fixed point of I in X, and this fixed point is unique as well. To examine the
uniqueness, suppose that there is a fixed point of T different from 0, say q € [1,00). Then,

1
= g=——<1,
1= /3

which is an anomaly. Therefore, the only fixed point of T in X is 0.

qZquﬁ
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The following theorem ensures the existence and uniqueness of a fixed point for the
map I satisfying the condition (B) in a convex b-metric space.

Theorem 3. Suppose I : (X, by, Q) — (X, by, Q) is a map satisfying the condition (B), that is, T
satisfies

b (Tp, T1y) < kb (p, 1) + Loain{ by (4, Tit), b (1, T17), b (1, T17), b (7, Tit) 3, (7)

forall y,n € X and some k € (0,1) with L > 0, where (X, by, QU) is a complete convex b-metric
space with s > 1. Let py = Q(pty—1,Tpn—1;0,-1) be a sequence defined by choosing an initial
point yy € X with the property by, (1o, Tpo) < oo, where 0 < 0,1 < 1foreachn € N. Ifk < S%

1
1k
and 0 < 01 < &ﬁfor eachn € N, then T has a fixed point in X that is unique.

Proof. As Q) is a convex structure, then

b (s 1) = b (s Qi Tpin; o)) < (1= 00) b (pin, Tpin), n € N,

and

sbm (Vn/ r}“n—l) + sby, (Ff/‘n—lz F]"n)
b (Q(pn—1,Tpn—1;0n-1), Trtn—1) + skbm (pn—1, pin)
+sLmin{ by (pn—1, Trn-1), b (ptn, Tpin), bm (n—1, i), b (pin, Thin—1) }
80— 1bm (Un—1,THn—1) + k(1 — 1) by (Hn—1,Tpn—1)
+sLmin{ by, (pn—1, Tptn—1), $bm (Hn, thn—1) + $bm (pn—1, Tin),
b (=1, Tpin ), b (Q(pn—1, Tphn—1,00-1), Tu—1) }
80— 1bm (Pn—1,Thn—1) +sk(1 — 03— 1) by (pn—1, Thhn—1)
+sLmin{bm (pn—1, Trn-1), bm(pn—1,Tpin), On—1bm (pn—1, Ttin-1)}
80— 1bm (Hn—1,THu—1) + k(1 — 05 —1) by (Hn—1,Tpn—1)
+sLmin{sby, (py—1, Tptn—1) + bm(Tttn—1,Ttn), on—1bm(pn—1, Thn-1)}
= 80u—1bm(pn—1,Trn—1) +sk(1 — 0y—1) b (pn—1,Tu—1)
+5L0y—1bm (pn—1,Trn-1)
= [oy-1(s —sk+sL) + sk]bm (pn—1,Tpy—1)

b (4, Tin)

IAIA

IN

IN

IN

1
< Sjbm (Mn—1,Tpn-1),

Lk
with inequalities k < s% and 0 <0, 1 < fj{ﬁ holding for all # € N. Thus,

1
bm(ﬂnr I‘]/ln) < ?bm(ﬂn—lr r,”n—l) < bm(,un—lr Fﬂn—l)' 8

This implies that {by, (s, Tin)} is a sequence of non-negative real numbers that is non-
increasing. Consequently, there exists a non-negative real number J such that

nlg{}o bm(ﬂnr rﬂn) = 4.

Now, it is to be shown that 6 = 0. On the contrary if § > 0, then by applying n — oo in (8),

we obtain

1
5§S—25,

which is a contradiction as s > 1 and hence ¢ is zero, that is,

lim by, (pn, Tpn) = 0.

n—oo
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Thus,
b (b, 1) < (1= )b (pn, Tpin) = V}H}{}o b (pn, Pny1) = 0.

Moreover, we have to prove that the sequence {j, } is Cauchy. Conversely, assume that
{un} is a non-Cauchy sequence, we can obtain a positive € and and the subsequences
{#m, } and {pn, } of {n}, such that m, is the smallest cardinal with m, > n, > A,

bm(ﬂmA/ﬂnA) 2 e/
and
by (tmy 1, piny ) < €.

Then, we conclude that
€ S bm(ﬂm,\/ ]’li’l)\) S S [bm(ﬂm,\/ ]’ln)\+l) + bm(,unﬁ»l/ ,un)\)]/

€ .
= — S hmsup bm(}lmA/Vn/\—i-l)'
s A—s00

Now, we consider that

bin(Hmy, Py +1) = bm (Q(VmA—lf Ty —1;0my—1), VnA+1)

Ty —10m (fmy —1, Py +1) + (1= Gy 1) b (Tt 1, iy +1)

Ty —1bm (1 Py +1) + (L= Oy —1)8 [0 (Tl —1, Ty 1)

+bm (THny+1 Py +1)]

Ty —1bm (Hmy 1 Py +1) + (1 = Oy —1)8bm (T 41, iy 1)

+(1 = 0y —1)s kb (pmy —1, pny 1) + Lenin{ by (o, —1, Tptmy —1),
bty 41, Tty 1) b (o, —1, Tty 1), b (piny 1, Tty —1)

80, —1bm (Hmy—1, Hny) =+ 8, —10m (pny s piny 1)

+(1 = 0y —1)$bm (T 1, ny 1)

(L= oy —1)s[k{sbm (ptmy—1, piny ) + b (piny s piny41)

+ min{ b (Hmy 1, Tty 1), b 4y 1, Thiny 1), S0m (g ~1, pny 1)
+5bm (i +1, Ty +1), 5bm (g 1, oy —1) + 80 (Hmy —1, Tty —1) ]
80y —1bm (Hany 1, Py ) + 50, —1bm Py, Py 1)

+(1 = Oy —1)8bm (Tt 41, pny +1)

(1 = Gy )s Loyt i) + 5By i 1))

+ min{bm(ﬂmrlrrl/‘m,\fl)rbm(P‘mH/rVnAH)rszbrn(erernA)
+5%b(pin,, Hny+1) + b (pny +1, Tty 1), 50 (Mo 41 piny )
+52bm(l/lnA/ Vm)\—l) + SbM(VmA—lf FVmA—l)}]

< SOy, —1€ +5(1 — 0y, 1) [kse + Lmin{0,0, s%¢, s%€}]

= se(0p,—1(1 —sk) + sk)

1k

< S€<15—3M,(1 — Sk) +Sk
slz—sk

== S€E m(l_sk)+sk

1 sk
52 5 - _E
se(l_sk(l sk)+sk>—s.

IAINA

IN

IN

IN

IN
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0 < bm(p*,9q)

Thus, we obtain

7

©» | m
© | m

< lim sup bm(,um)\r y'rl)Hrl) <
A—ro0

and hence, our supposition, y, is a non-Cauchy sequence, is wrong and so {, } is Cauchy
in X.
Due to the completeness of X, there will be an element u* € X such that

lim by, (ptn, u*) =0

n—oo

Now, we will verify that I'u* = p*. For this,

b (", Tu™) < sbu(p™, pn) + by (pn, Tp™)
< sbu (", pn +S2bm(VnzrVn) +52bM(rﬂnrrV*)
< sbun (1" ) +520m (n, Tpin) + % (Kb (pn, 1) + Looin{ By (ptn, Tptn),
b (", T ), b (i, T ), b (™, i) }
< sbu(*, pin) + 570w (ptn, Tiin) + 87 [kbu (pn, 1) + Lenin{ by (g, Tpin),

b (0", Tp), 8b (pn, 1) + sbun (™, Tu™), s (4", pin) + b (pin, Tin) }]-

Letting n — oo, we obtain
b (p*, Tu*) < g min{0, by, (u*, Tu™), sby (u*, Tu*)} = 0.

So, by (p*, Tu*) =0 = Tu* = p*.

Hence, u* is a fixed point of I".

Now, we shall show that y* is unique. For this, take a fixed point of I', say q(# p*) € X,
then

= bu(Ty", Tq)

kb (1, q) + Lmin{by (1", Tp™), bu(q, Tq), b (1™, Tq), b (q, Tp™) }

kb (", q) + L min{0,0, sbw (1", q) + sbm(q, Tq), sbm(q, p*) + sb (", Tp*) }
kb (1", 9)

1 *
bm(u™,a) <bw(’,q),

IN A

*

A

which is a contradiction. Therefore, yu* = g.
Hence, the proof. O

If we take L = 0 in Theorem 3, then we obtain the following result.
Corollary 2. Suppose T : (X, by, Q) — (X, by, Q) is a contraction mapping, that is, T satisfies

b (Tp, Tnp) < kb (1, 7), )

forall u,y € X and some k € (0,1), where (X, by, QO) is a complete convex b-metric space with

s > 1. Let puy = Q(ptp—1,Tin—1;0,-1) be a sequence defined by choosing an initial point py € X
with the property by, (1o, Tig) < oo, where 0 < 0, 1 < 1foreachn € N. Ifk < s% and
1k

3

Oganfl < 1—

foreachn € N, then T has a fixed point in X that is unique.

The following example illustrates the generality of Corollary 2 over Theorem 1 of [27].
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Example 4. Let (X, by, Q) be a triplet as defined in Example 2 and T () = & for each y € X.
Now, we prove that T satisfies the inequality (9) for k = 1/9. For this, take

bu(Tu,Ty) = [(Tu—Tn)*+ [T —Ty|]

- [6-97t-3]

[9(14 )+ |V—’7|]

IN

(=) + ln =1

Ol = O

b (1, 77),

for all ]/1,17 € X We choose an initial point py € X and generate p, = Q(pn, Tpy—1;0,-1) with

—k
Op_1 = 65 < ¢ as follows

Ho
Ty = 9

1 64 73
o= *5}40+*5FV0:%#0

64 73 \?

2 = 5H1+ Ty = <5%> Ho

1 64 73 \"
Un = 65]4711"'651-‘]"711_(585) Ho-

Thus, limy_yeo iy = 0. As the map T satisfies all the hypotheses of Corollary 2, hence, I has a
unique fixed point O in X. To investigate the uniqueness, let us take a fixed point say q € X of T,
which is different from zero, then

0<bu(p*,q) = bu(Tu*,Tq)
= [(Tp* —Tq)*+ [Tu* — Tq]

[(
2
- -4
1 *
9{ (" =) + | —ql}
1 * 2 k
< §[(u — )+ lu* —aql]
1
= bm(x"q),
which is a contradiction. Thus, u* = q.

Therefore, 0 is the only fixed point of I in X. However, the contraction condition (9) is not satisfied
by the mapping T for any k < 5%1 = 11—6. Indeed, if we take p = % and 1 = %, then

by = (L L) (1o1y_ 1L
m\HT) =\ 57 10 5 10) 100
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and

1 1\? 1 1 91
b ) = (45_90> +(45_90)_8100

s 1 _ L 1

8100 100 11 100 11 ™\

Thus, Theorem 1 of [27] is not applicable to ensure the existence and uniqueness of
the fixed point of map I'.

Proposition 1. Let (X, by, ) be a b-metric space Then, any map I' : X — X satisfying the Chatterjea

contraction satisfies the condition(B) if k < +1)

Proof. Using the Chatterjea contractive condition and the property of b-metric, we observe
that

k[bm (, T17) + b (n, T)]
k[sbm (s, 17) + sbw (1, T1) + by (17, T)]
k [sbm(y,n) + 820y (1, Tp) + 526, (T, Tny) + bm(ﬂ,rﬂ)} .

b (Tu, Ty)

IN A

IN

It follows that ( ) )
ks k(s=+1
< = 2/ ,
b (Tt Tp) < =5 b (1) + =557 bm (1, Tt) (10)

In the similar manner, we also obtain

b (T, T1p) < k(b (4, T7) + b (17, Tt)]
< k[sbm(u,T7) 4 sbu (17, ) + b (1, Tt
< k[sbm(y, T7) + 82bu (7, 1) + 82bu (1, T) + b (T, Fu)]/
which yields

ks k(s“+1
b (T, Tp) < 37— bm (1) + ubm(% Iry). (11)

Again, using the Chatterjea contraction and the property of b-metric, we have the inequality

b (Tw, Tp) < k[bw(p, T1p) + b (n, Tp)]
k(sbu (p, 1) + sbw (17, T17) 4 by (17, T17) + by (T, Tp)].

IN

That implies

ks 2ks
< -
b (Tp,Ty) < 1_k5bm(pm7)+1_ksbm(17rfv)
2

ks k(s=+1
k

)

With the similar argument, we obtain

b(Tu, Typ) < k[bwm (4, T1p) + b (17, T )]
< k[sbu(pu, Tp) + sbyu(Tp, Top) + sbyu (17, Tp) + b (1, T)],
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ks 2ks
< R
b Ty, Typ) = b (1) + == bm (1, T)
ks k(s? +1)
< =2 7 )
< T tm(n) + g bm (1 Th) (13)

Now, by using Equations (10)—(13), we have

ks k(s2+1) .
b (T, ITnp) < 1ikszbm(w7)+ﬁmm{bm(urfﬂ),bm(W,FW),bm(u,FW),bm(W,Fﬂ)}

< pbn (1) + Looin{ by (1, '), b (7, T7), 0 (1, T7), 0, Te) },
where p = k]s(sz <1 (ask < ﬁ) and L = kﬁ;p > 0. Thus, the map I satisfies

1—
condition (B). O

1k _p 1
Proposition 2. If s > 1and k € [0,1/2) such that o < 541%?2,;( , then o < %, where

_ _ks _ k(s®+1)
P=1Tk2 and L = 1—ks? *

Proof. It is observed that

Tk
~ —k

1—ks?—ks*
s*(1—ks2)

1+k—sk

s(1—ks2)

(1—ks?)—ks*
s3(1—ks?2
(1—ks?)—ks+ks2+k’
1—ks?

which yields that
1 ks 1

s3 1—ks? $3

=0 E—
ks k(s2+1) 1—-p+L
1= 1—ks? + 1—ks? P

o<

O

The following result is another description of Chatterjea fixed point theorem in a
convex b-metric space.

Corollary 3. Suppose T : (X, by, Q) — (X, by, Q) is a Chatterjea contraction mapping, that is, T
satisfies

b (T, Top) < k[bwm (1, T17) + by (17, )], (14)

orall u,n € X and some k € (0,1), where (X, by, Q) is a complete convex b-metric space with
u.1 2 P P

s > 1. Let puy = Q(pn—1,Tpn—1;04-1) be a sequence defined by choosing an initial point py € X

with the property by, (1o, Tpo) < oo, where 0 < 0,1 < 1 foreachn € N. Ifk < and
1 _k_p
0<o1 < %for eachn € N, then T has a fixed point in X that is unique.

1
s2(s2+1)

Proof. As I satisfies Equation (14), then on account of Proposition 1, it will be satisfying
condition (B); that is, I satisfies

b (T, T1) < pbyu(p, 17) + Loain{ by (1, Te), b (7, T17), by (1, T17), b (0, T) },
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ks _ k(52+1)
Tz and L= =—-".
1 _k 1

- k
Since 0, _1 < “41+k7 for each n € N, then Proposition 2 implies 0, 1 < 15577 T L Thus,

where p =

Theorem 3 yields that T has a unique fixed pointin X. O

Example 5. In Example 3, if we replace the map I : X — X with

»
T(]/l) — {2% ’ M € [011)

i o HE[Loo)

Then, by following the steps as in example 3, it can be verified that the map T satisfies the inequal-

ity (14) for k = 21 < (SQH) Now, we take py € X and generate y, = Q(pn, Tpy—1;0,-1) with
-1 = 161 < % as

1. Ifpo <1,then

Ho
Tpo = 1
1 160 181
Mo = 1ﬂ0+161 #o = 3ga7Ho
1 160 181
p2 = gt gl = (3881> Ho
1 160 181
Pno = g1l 1+161 Hn—1 = (3881) Ho-

That implies p, — 0asn — co.
2. Ifuo>1,then

1
r = —
Ho 23}!0
o1 160
S TTL S T
_ 1160 1
= 16177 161 231
oo L+160 1<183
Ho 161 3703 pu3 — 3703
Ifyle[Ol) s in above case, u, — 0asn — oo. If y3 € [1,00), theny—z:
161 + 3}76003 % S Proceedzng in a similar fashion, we can assume that y, 1 € [1,00),
then we obtain,

w1160 1 183
- T 1 + : 2 S 7
a1 161 ' 3703 42| = 3703

and

L - SO (183>
o Mo K1 pn-1 ~ \3703
So, the sequence py, tends to zero as n — oo. Thus, all the hypotheses of Corollary 3 are satisfied,

and hence, the map I has only one fixed point in X, which is y = 0.

Remark 1. It is clear from Examples 3 and 5 that Corollaries 1 and 3 are independent to each other.
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3. Conclusions

Recently, Chen et al. [27] defined the notion of convex b-metric spaces and proved
Banach and Kannan’s type fixed point theorems in convex b-metric spaces. Here, motivated
by this idea, we established several fixed point theorems for Ciri¢ contraction as well as
for the maps satisfying the condition (B) in the context of a convex b-metric space and
presented some supporting examples for the proved results.
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