

  mathematics-10-00423




mathematics-10-00423







Mathematics 2022, 10(3), 423; doi:10.3390/math10030423




Article



Preservice Elementary Teachers’ Mathematical Knowledge on Fractions as Operator in Word Problems



María del Mar López-Martín *[image: Orcid], Carmen Gloria Aguayo-Arriagada[image: Orcid] and María del Mar García López[image: Orcid]





Department of Education, University of Almeria, Carretera San Urbano, La Cañada, 04120 Almería, Spain









*



Correspondence: mdm.lopez@ual.es







Academic Editors: Elena Castro Rodríguez and Ana Belén Montoro Medina



Received: 19 December 2021 / Accepted: 27 January 2022 / Published: 28 January 2022



Abstract

:

The preservice primary school mathematics teacher needs training that focuses on school mathematics and its didactics. Research has shown the importance of developing mathematical content knowledge as well as adequate didactic knowledge. Teacher education programs must address both to provide an effective teaching-learning process. The present research aims to assess the mathematical content knowledge of 194 prospective teachers about fraction word problems faced by students at the Primary Education stage, based on the Mathematics Teachers′ Specialized Knowledge (MTSK) model. By means of the preservice teachers’ written answers, we explored their knowledge and identified the associated error to fraction word problems (one-step and multistep) in which the fraction has a meaning as an operator. Preservice teachers showed some difficulties when working with this content, difficulties that were intensified when they solved multistep problems. The most common error founded in both types of problems is related to the meaning of fraction as operator. The results show a weak prior mathematical content knowledge and as a consequence, it is necessary to establish preventive actions in the training degrees since an insufficient mathematical content knowledge prevents them having a proper didactic knowledge.
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1. Introduction


On 25 September 2015, the General Assembly of the United Nations presented the 2030 Agenda for Sustainable Development, in which one of the goals is [1] (p. 16) “Ensure inclusive and equitable quality education and promote lifelong learning opportunities for all”. Accordingly, it is emphasized that children in Primary Education should receive quality education, with relevant and effective learning outcomes. Likewise, emphasis is placed on teacher training because of its role in the teaching-learning process. Several researchers highlight the relationship between adequate student learning and the teachers’ knowledge of content and discipline [2,3]. As researchers and trainers of future teachers, we deem it necessary to investigate whether future teachers have learned the mathematical knowledge that they will later teach in schools.



The area of mathematics in Primary Education is developed around four large blocks of content (Numbers, Geometry, Measurement and Statistics and Probability). The Numbers block takes on greater prominence as it points out the need to achieve effective numerical literacy, understood as the ability to successfully face situations in which numbers and their relationships intervene [4]. Therefore, it is not enough to master written calculation algorithms; it is necessary to be confident with numbers and quantities, to use them whenever necessary and to identify the basic relationships between them. With regard to fractions, the Spanish curriculum proposes that students from 8 to 10 years of age begin to work on the concept of fraction as a part-whole relationship, and they use fractional numbers to express partitions and relationships in real contexts. Subsequently, in the successive years of Primary Education, fractions should be used as operators in the problem interpretation and resolution and the correspondence between simple fractions, decimals and percentages has to be studied. Comparing the Spanish curriculum with the principles and standards proposed by the National Council of Teachers of Mathematics (NCTM) for school Mathematics [5], we found similarities, since the NCTM proposes to develop the understanding of fractions as parts of unit wholes, as parts of a collection, as locations on number lines, and as divisions of whole numbers for students from 8 to 10 years. Moreover, for older students (10–12 years old), the NCTM suggests working flexibly with fractions, decimals, and percentages to solve problems.



Some research highlights the role of fractions in the understanding of other mathematical concepts, such as algebraic and probabilistic concepts [6]. Generally, the studies developed around this numerical set are focused on three aspects: the conceptualization and meanings of fractions [7,8,9,10], the knowledge of primary school students, including their difficulties and errors [11,12,13], and the knowledge of teachers [14,15,16]. The aim of this research is to explore the prior knowledge of a group of preservice elementary teachers about the meaning of the fraction as an operator in fraction word problems (one-step and multistep). Given that our objective is to analyze the knowledge of preservice teachers, Section 2 includes some of the models that address the teacher’s knowledge. Section 3 gives an overview of research on the different meanings for the fraction concept and on some errors made when working with fractions. Section 4 describes the characteristics of the participants as well as the instrument and codifications used for getting the results that are subsequently analyzed in Section 5. Finally, the main conclusions and their implications for the field of Mathematics Education are presented.




2. Teachers’ Knowledge


Fennema and Franke [17] underlined the importance of the knowledge that a teacher must have and therefore must be acquired by preservice teachers during their training. The authors state “What a teacher knows is one of the most important influences on what is done in the classroom and, ultimately, on what students learn” [17] (p. 147). In Mathematics Education, the research line on teacher training has focused for many years on characterizing the knowledge that future teachers should know or acquire [18], defining different theoretical models on mathematical, didactic and curricular knowledge, among others. However, several authors have pointed out the difficulty of determining the connection between the different types of knowledge that mathematics teachers should have [19,20,21]. Hence, what a future mathematics teacher should learn in their initial training is also a complex issue.



Shulman’s ideas were innovative on this question and were an important reference for later research [22]. Three categories of knowledge are proposed: (1) knowledge of the content to be taught, which is related to the body of knowledge of the subject and its organization; (2) curricular knowledge, referring to the teacher’s knowledge of the institutional curriculum that guides their teaching process; and (3) didactic knowledge of the content, understood as the knowledge necessary for teaching the subject. This last knowledge must be related to the two previous ones, as well as to the knowledge of the students’ cognitive characteristics in relation to the content.



Other research groups based on Shulman’s ideas, but focusing more on mathematics education, generated new models of the knowledge that a mathematics teacher should have. Ball and collaborators from the University of Michigan [23] developed the Mathematical Knowledge for Teaching (MKT) model, defined as “the mathematical knowledge that teachers use in the classroom to produce instruction and student growth” [24] (p. 374). The authors divide knowledge into two large domains, content knowledge and content didactic knowledge, each of them structured by three subdomains. Content knowledge includes: (1) common content knowledge, (2) specialized content knowledge, and (3) knowledge at the mathematical horizon. In turn, didactic content knowledge is determined by: (1) knowledge of content and students, (2) knowledge of content and teaching, and (3) knowledge of the curriculum.



In this paper, we rely on the model proposed by the research group in Didactics of Mathematics at the University of Huelva, led by José Carrillo, called Mathematics Teacher’s Specialized Knowledge (MTSK), which includes the domain of beliefs about mathematics and mathematics teaching and learning [25]. As with the MKT model, the MTSK is divided into two broad domains: mathematical knowledge (MK) and pedagogical content knowledge (PCK), but they differ in the specific subdomains.



Mathematical knowledge (MK) is structured by three subdomains of knowledge:




	(a)

	
Knowledge of topics (KoT) is the knowledge of school mathematics, but without neglecting the knowledge of mathematics as a discipline, that is, knowing the content in greater depth than that which corresponds to a specific educational level. In the case of fractions, for example, it corresponds to knowing the conceptual structure of rational numbers or the different meanings of fractions.




	(b)

	
Knowledge of the structure of mathematics (KSM) is understood as the teacher’s knowledge of the relationships of mathematical content, so that concepts should not only be included as isolated elements. For example, knowing the relations among the different fraction representations, ½ = 0.5.




	(c)

	
The knowledge of practices in mathematics (KPM) implies knowing how to proceed in mathematics, understanding practice as doing mathematics, linked to knowing how to think in mathematics. Example, the way in which the rational numbers set is constructed from the equivalence relations.









Pedagogical knowledge of mathematical content (PCK) encompasses the features of teaching and learning mathematics and is broken down into:




	(a)

	
Knowledge of the features of learning mathematics (KFLM) is related to the specific learning of mathematical topics, so the teacher must know how students learn those topics, taking into account errors and difficulties. For example: understanding the fraction as the pair of numbers forming a number and not seeing it as two whole numbers separated by a horizontal line.




	(b)

	
Knowledge of mathematics teaching (KMT) is the knowledge that the teacher has to acquire in relation to how teaching should be carried out, taking into account different strategies, resources and materials to enhance the development of procedural and conceptual mathematical skills. In the case of fractions, to know the different ways of representing a fraction (discrete models and continuous models).




	(c)

	
The knowledge of the mathematical learning standards (KMLS) includes knowing the curricular guidelines on the contents to be learned at each level, as well as the knowledge of the research findings in the area of didactics of mathematics. For example, knowing that, in the Spanish curriculum, the concept of fraction is introduced in the second cycle of Primary Education (students aged 8–10 years) [4].









As teacher trainers, we consider that a balance must be ensured between the above mentioned types of knowledge, because of the important role they play in their training [26]. Given the characteristics of our study, we focus specifically on the knowledge of the topics (KoT), since the teacher must possess a deeper mathematical knowledge than the one the students have to achieve [27], that is, concepts, properties, procedures, phenomenology and representation systems linked to a mathematical content [28]. In our case, we consider that, by working with the subconstruct of fraction as operator in a contextualized problem (one-step or multistep), we are relating those elements contemplated by the KoT.




3. Background


The teaching and learning of fractions have been topics of interest due to the difficulties that Primary Education students have with this content [29,30,31,32]. This situation is remarkable, since fractions are involved in different situations of daily life, such as following the steps of a food recipe, interpreting supermarket offers, etc. Moreover, fractions are a key content in primary school to address other mathematical contents (probabilistic, proportional and algebraic reasoning). Much of the research focused on addressing this problem points to a lack of conceptual understanding as the main difficulty, which is due to the diversity of meanings associated with this concept. Initially, Kieren [33] differentiated four meanings for the concept of fraction: measure, ratio, quotient and operator, expanding to five with the inclusion of the part–whole meaning [29,34,35,36]. Authors such as Lamon [34] underlined the importance of establishing and differentiating the five fraction subconstructs and their interpretation as an essential element for the conceptual understanding of fractions [37,38] (see Table 1).



Olanoff et al. [39] performed a review of 43 articles focused on the fraction knowledge of prospective elementary teachers at different time periods, to compare the aspects of fractions that have been researched and thus determine the difficulties faced by future teachers. Among the most noteworthy results, the authors pointed out that early research (before 1998) focused on knowledge of multiplication and division of fractions (operations). This situation has changed and now it has been extended to research on representation, comparison, problem solving and invention with fractions. A situation highlighted by these authors is that the par–whole meaning is the one that has been most researched, as it is the one that is most worked on in Primary Education. Likewise, the authors found that, despite not presenting difficulties in procedural aspects, the preservice teachers showed a certain lack of understanding of the meanings associated with fractions.



In the same vein, Vula and Kingji-Kastrati [40] administered a test to 58 prospective teachers to assess both knowledge about the different meanings of fractions and procedural knowledge when adding and subtracting fractions. They emphasized the misconception of the meanings of fractions when solving situations that required conceptual development. The authors also pointed out the disconnection between conceptual and procedural knowledge, as the majority of participants identified the procedure to be performed (addition or subtraction of fractions) without incorporating the corresponding conceptual explanation.



The conceptual understanding of the meanings of fractions is related to problem-solving competence. For this reason, several studies have focused on studying this aspect with preservice teachers [41,42,43,44,45]. Authors such as Yang et al. [46] analyzed the answers of 280 preservice teachers to the problem, “Vicky used 30/31 of a metre for her tape, and Mary used 36/37 of a metre for hers. Who used more tape? Why?” [46] (p. 388), in which fractions possess a measurement meaning. The results showed that most of the participants chose to represent the fraction in decimal form or to reduce the fractions to a common denominator, strategies that led to the emergence of arithmetical errors.



The Trends in International Mathematics and Science Study (TIMSS 2015) shows the difficulties in two-step fraction problems [47]. This fact has led to the need to delve into this issue by analyzing the type of instruction that students receive from teachers and the development of their competence in problem solving [48]. Likewise, it has been decided to deepen the mathematical knowledge that preservice and in-service primary teachers possess regarding the strategies for solving fraction problems [49,50,51,52], because teachers tend to replicate the strategies they have learned in their specific learning experience [53].



Behr et al. [54] described the strategies of a group of preservice primary school teachers on the rational number operator subconstruct, within a problem-solving contest involving finding three fourths of a quantity presented as eight bundles of four sticks. Most of the answers were categorized in two types of strategies: duplicator/partition-reducer (DPR), the effect is that of partitive division; and stretcher/shrinker (SS), the effect is that of quotitive division. However, the authors highlighted an increased presence of DPR versus SS due to the fact that the duplication of a quantity is psychologically more demanding than the partitioning of this quantity, among others [54].



By examining the answers of 350 fourth-and fifth-grade teachers in the U.S.A. about their mathematical knowledge of strategic competence for multistep fraction word problems, Copur-Gencturk and Doleck [53] provided evidence for the role that strategic competence played in solving word problems, in order to understand and describe teachers’ mathematical knowledge. The authors established three indicators to define the strategic competence to solve problems consisting of elaborating a solution strategy, modeling the problem and getting to the correct answer [53]. As part of capturing the teachers’ strategic competence, the errors were also coded according to the relationship between them. It was stated that incorrect strategies give evidence of the difficulties and errors (conceptual and procedural) that teachers may have. Specifically, the authors considered that a translation error (when teachers try out several operations that do not allow them to obtain a suitable solution strategy) provides evidence of the first indicator; a mathematization error (conceptual or interpretation errors) offers insights into the second indicator; and an arithmetic error (computational errors) into the third indicator. From their results, they highlighted the incorrect interpretation of the problem as the most common error, resulting in a translation error, and underlined the conceptual difficulties that teachers had about fractions. The authors associated the presence of these errors with the nature of the problems, since they had to bring into play more concepts about fractions as they were multistep problems.



Results from the literature on fraction problem solving, both from the point of view of meanings and operations [16,41,46,55,56], show that preservice teachers have more procedural knowledge based on rules than conceptual knowledge.




4. Methods


Since our aim is to explore the knowledge of a group of preservice elementary school teachers about the meaning of the fraction as an operator, we used a quantitative and qualitative methodology. The use of the mixed design allowed us to find out which are the most frequent problems related to the object of study, as well as to know the typology of these problems. The results with this type of design enabled us to obtain complementary knowledge [57] about the reality addressed. From the quantitative paradigm, we identified and analyzed the correct and incorrect answers and the qualitative methodology gave us the opportunity to investigate the types of difficulties and errors based on the answers given. Therefore, the mixed design contributed to deepen the knowledge and understanding of the topic studied.



The participants in this study were 194 preservice teachers (denoted by PT) who were undertaking the third grade of Primary Education Degree at the University of Almería, in Spain. The participants’ average age was 21.42 years with a standard deviation of 3.84. Table 2 shows the distribution of participants in relation to the group and gender. We can observe that almost three fifths of participants are women, which is very common in these studies at universities of Spain.



In Almería, preservice elementary school teachers follow a four-year professional degree and they are trained in all school subjects, including mathematics. This study was carried out in three groups during the academic year 2021/2022, one week before students started a practice period in primary schools for two and a half months. The participants were taking the subject “Teaching and Learning of Arithmetic, Statistics and Chance”. At the end of this subject, students know and establish relationships among the main concepts, properties and procedures that make up the topics of the content blocks of “Numbers” and “Statistics and probability” of Primary Education. Furthermore, they receive specific training on the fundamentals of Didactics of Mathematics, specified in cognitive aspects (mathematical learning, errors and difficulties) and instructional (design and sequencing of tasks, materials and resources).



The participants had not been trained in rational numbers at the time of taking the test since the aim was to know their prior knowledge about this topic. The teachers informed the students about the test at least one month in advance and recommended them to review the mathematical contents included in the Primary Education curriculum.



4.1. Instrument


The main purpose of the instrument is to assess preservice teachers’ mathematical knowledge of the contents of arithmetic, statistics and probability included in the Primary Education curriculum. Fractions have a lot of applications in different domains of real-life situations, as well as in other subjects. In these contexts, the concept of fraction has different meanings and it is important that preservice teachers master them all. Many studies have focused on studying the part–whole relationship and, for that reason, we decided to conduct research on the fraction as an operator and to present our results in this paper. To do this, the researchers used 10 tasks sampled from primary mathematics textbooks, similar to the ones the teachers can encounter whilst teaching mathematics. Each task was scored on “the mathematical content” and not on their didactical value, thus the answers were scored correct (1) or incorrect (0). Three tasks were related to rational numbers: fraction as operator, fraction into percentage transformation, and decimal number writing.



We proposed four varieties of tasks, all of them similar to each other. Table 3 shows the four fraction word problems used to investigate students’ knowledge about the fraction as an operator, FWP1 is a one-step fraction word problem, and the rest are multistep fraction word problems. The different combinations of operations allowed us to identify errors in their solutions.



To analyze qualitatively the procedure and identify the participants’ difficulties, their answers were categorized into six categories, from C0 to C5, by depending on whether the participants used the meaning of fraction as operator and whether they obtained the correct solution. Initially, this categorization was carried out individually by the three authors. Later, it was discussed amongst them and there were no discrepancies.



The answer categories defined are:




	
C0, no procedure and incorrect solution. We classified in this category those answers in which the participant included only the numerical solution of the task without accompanying it with the procedure that allows obtaining this value. In this particular case, the solution given does not correspond to the correct solution. For example, PT157′s written solution to FWP4 only includes the sentence: “She has EUR 300 left over”.



	
C1, no procedure and correct solution. In contrast to the previous category, in this case we considered those answers in which the correct solution was obtained without incorporating the procedure followed. For example, PT122’s answer to the task FWP1 was “She bought six red peppers”.



	
C2, incorrect procedure and incorrect solution. This category includes answers where both the procedure followed and the final solution are not correct. We considered that the procedure was not adequate when there was not a correct use of the meaning of the fraction as operator. Figure 1 shows the answer given by PT30 in which the preservice teacher adds the two fractions and does not identify the meaning of fraction as operator.



	
C3, correct procedure and incorrect solution. Answers in which the prospective teacher used the fraction as operator on a given quantity, but did not obtain the correct solution because they did not identify the quantity on which the fraction acts as an operator (see Figure 2) or because of miscalculations were considered (see Figure 3).



	
C4, correct procedure and correct solution. Those written solutions where participants used a correct procedure and obtained the required solution. Figure 4, Figure 5, Figure 6 and Figure 7 show an example of each one of the tasks.



	
C5, undone. This category included blank answers, that is, answers in which the participants, after attempting to solve the task, decided not to include any procedure or solution in their written answers.








Of the answers coded as categories 2 and 3 (C2 and C3), we analyzed the types of errors made by the prospective teachers. This information enabled us to identify the errors of prospective teachers’ knowledge of fraction word problems where the fraction has the meaning as operator. To do this, we examined the previous literature on errors that preservice and in-service teachers made in those activities. Subsequently, we carried out a content analysis of the written answers to identify error categories and classify the participants’ answers into those categories. On the basis of recent studies [53] and through a cyclical and inductive process, the error categories defined below were refined. The three authors coded separately the errors reaching total agreement among them.




	
AE, Arithmetic error: An arithmetic error made during the execution of the solution strategy. See for example Figure 3, in which PT3 successfully performs the whole process showing an adequate knowledge of the fraction as an operator. However, when subtracting 252 from 630, PT3 obtains 388 as a result, a very common error in the subtraction algorithm.



	
CE, Conceptual error: An error made in the solution strategy related to the meaning of fraction as an operator (fraction as a number that operates and transforms an amount). See for example Figure 1, in which PT30 does not identify the meaning of fraction as operator, thus proceeding with the addition of the two fractions. In this situation we can guess that the participant considers the fractions as part–whole because he concludes that “there is no excess”, since the result of the addition is an improper fraction.



	
IE, Interpretation error: An error made in the solution strategy by missing some information or interpreting it incorrectly. An interpretation error includes responses that overlooked some of the information provided in the problem even if the solution strategy was correct. See for example Figure 2, in which PT21 evidences an adequate knowledge of the fraction as an operator, but the student does not take into account that the task says “2/5 of the remainder”. That is, the participant does not identify the quantity on which the fraction acts as an operator. In addition to this interpretation error, he also makes an arithmetic error in the subtraction. However, this answer has been coded only as IE.



	
OE, Other error: An error that could not be placed into any other error category. However, only 2 out of 72 errors have been coded in this category: one related to the non-inclusion of the solution and other to an incomplete procedure. For example, PT9 properly performs the entire procedure by correctly identifying the meaning of the fraction, without arithmetic errors, but does not complete the task.








As the participants were in the third year of the Primary Education degree, we considered that arithmetic errors are generally not associated with errors related to mathematical content knowledge. After analyzing the errors, the authors found that, if a participant could be classified into two categories, one of them was always AE. In order to not distort the information obtained from the results, we considered it convenient that, if a pupil presented two types of errors, one of them being AE, we would classify them in the other error.





5. Results


We carried out a quantitative and qualitative analysis of the participants’ written solutions. The four problems presented were randomly distributed among the participants so that each participant solved only one of them. Table 4 shows the frequency of correct and incorrect answers by fraction word problem. We can observe the difficulties to solve this kind of problems because 44.8% of the answers were scored zero. When we analyzed the existence of discrepancies in preservice teachers’ performance when they were asked to solve one-step problems (FWP1) versus multistep problems (FWP2, FWP3 and FWP4), the number of tasks marked with zero increased by 12% in the case of multistep.



The average score for the one-step fraction word problem was 0.63 (Standard Deviation = 0.48) and 0.50 (Standard Deviation = 0.50) for multistep ones. The study of the gender effect on the task score shows the existence of significant differences with a p-value = 0.024 and a confidence interval (−0.31, −0.02).



Table 5 shows the frequency analysis of the categories described in Section 4.1. It is worth remembering that, in order to deepen the study, preservice elementary teachers’ answers are coded according to the procedure followed and whether the solution obtained is correct. We observe that those whose solutions do not include the procedure or justification are associated with problems FWP1 and FPW4. In the case of the five participants who did not include the procedure in FWP1, but wrote down the correct solution, we can assume that they have a good conceptual understanding, according to Lee [50] and Newton [43], and they did not need to perform written calculations to solve the problem, although we do not really know what strategy they followed to get the solution. We can think that the non-justification of these five participants to FWP1 may be associated with the fact that it is a one-step problem and it can be solved by means of a reasoning that does not rely on a written mathematical procedure. However, the two answers to FWP4 are particularly striking because this task corresponds to a multistep problem in which a greater number of elements are involved in its resolution. Therefore, we can deduce that the participants did not know how to solve the task and decided to give a random value, for example, PT157 gave as a solution “She has EUR 300 left over” and PT163 pointed out that “Maria has EUR 350 left over from what she had saved at the beginning”.



Note that the sum of the responses coded C1 and C4 corresponds to the number of participants who obtained the maximum score on the task. Scoring was carried out in this way, as the test instructions did not explicitly ask participants to justify the procedure followed to obtain the solution nor included indications on how to solve it. Of particular concern is the fact that 13 participants left the task blank (C5). This action suggests the lack of knowledge that some preservice elementary teachers present in relation to fractions in word problems. Furthermore, we have noticed that six of them correspond to the FWP1 task, which is usually presented in primary school at the age of 8–9 years.



The 37.11% of the preservice school teachers (72 out of 194) presented some kind of error, either by having both the procedure and the solution incorrect (C2) or by making errors in determining the solution (C3). Note that 22 of them are associated with FWP1, a one-step problem. We can deduce these results because, unlike two-stage problems, in FWP1 the total quantity is unknown, which makes it difficult to interpret how the fraction acts on the given quantity. Particularly impressive is the fact that, even whilst making a correct use of the fraction, some participants did not achieve the expected final solution. In general, in two-step problems, it follows that these results are caused by not identifying the quantity on which the second fraction acts. In order to further explore this issue, from categories 2 and 3 (C2 and C3), we analyzed the participants’ errors in their written solutions in relation to fraction word problems. For this purpose, as we commented above, we classified the answers of these 72 participants in 1, and only 1, of these categories: arithmetic errors (AE), conceptual errors (CE), interpretation errors (IE), and other errors (OE).



As already mentioned, if a participant made both arithmetic and conceptual or interpretation errors, their answer was coded as the most serious error. Under this consideration, data analysis revealed that the most common errors were conceptual errors (34%) or interpretation errors (36%). To a lesser extent, the preservice teachers showed arithmetic errors (26%). Focusing on the 26 participants who performed incorrectly the procedure (C2), 19 out of them made a conceptual error. The results were different in the case where the preservice teachers devised a valid strategy; most of them had interpretation errors (21 out of 46) or arithmetical errors (17 out of 46).



We observed that the one-step fraction word problem caused a higher number of conceptual errors than the multistep ones, since preservice teachers did not make a correct use of the meaning of the fraction as an operator (see Figure 8). However, in the multistep fraction word problems, a higher number of errors associated with interpretation were observed, although there was no homogeneity in the distribution of error types in the three multistep problems. The presence of these interpretation errors was generally due to the fact that, in the second step, the fraction acted as an operator on a wrong quantity or because they did not identify the meaning of the results obtained after applying the first operator. In these latter cases, it is thought that the error may be caused by mechanizing the process of solving such problems.




6. Conclusions


The teacher’s mathematical knowledge is a key factor in ensuring adequate student learning in elementary education [58]. Among the different mathematical contents, one interesting element is the study of fractions due to, among other reasons, their importance in the learning of several science areas. Students possess the knowledge that allows them to represent fractions, establish equivalences and operate with them, but they do not identify the meaning of the mathematical procedures involved, a situation that is fundamental for a deep and lasting learning of fractions [59,60]. Furthermore, the research on preservice teachers’ conceptual knowledge of fraction showed that from the five sub-constructs considered, the participants were most successful with part–whole, presenting little knowledge of the rest [37]. Because of this scenario, we must guarantee that the people involved in the teaching–learning process of the subject possess adequate knowledge of topic (KoT) [25]. If teachers are not able to address the mathematical content properly, then the learning experiences they offer their children will remain restricted to the lower level of the contents [61].



In our study, we focus on preservice school teachers’ knowledge of fraction word problems, in which the fraction is referred to as the operator sub-construct. The use of word problems (one-step and multistep) makes it possible to analyze not only the students’ prior conceptual knowledge, but also their strategic competence, which is of great interest to teacher trainers. Therefore, working from contextualization contributes to connecting the different elements of content knowledge.



Concerning the gender effect, our results coincide with the ones obtained by Van Steenbrugge et al. [37], who reported that there was a significant main effect of gender in a fraction test to analyze procedural and conceptual knowledge of fraction with preservice secondary school teachers. Referring to correct answers, the participants’ written solution revealed some difficulties because only 55% obtained the desired answer. However, if the arithmetic errors are not considered, the percentage increases to 65%. Our results are slightly worse than those obtained by Van Steenbrugge et al. [37] in which the authors stated that the level of knowledge about the operator (processor) meaning of the fraction was found to be 78% with 290 preservice teachers.



Another contribution of our research is the analysis of multistep word problems and not only one-step problems, which has been requested by previous research. Significant differences were found between those two types of problems, both in terms of their correct resolution by the participants and in terms of the type of error most frequently committed by them. In the same way, Li and Kulm [49] also delved into the difficulties of 46 preservice teachers in solving one-step and multistep problems and obtained the worst results to solve multistep problems. The discrepancy between the results of both types of problems indicates that preservice teachers have a fragile knowledge of the fraction as an operator. Likewise, our work shows that in multistep problems, even though the majority of participants make a correct use of the fraction from a conceptual perspective, they do not mathematize the situation posed in the problem. This fact reveals that, in general, students mechanically applied the learned procedure, leaving aside the meaning of the mathematical content with which they were working. The use of both types of problems revealed a greater presence of conceptual errors in the one-step problem compared to a predominance of interpretation errors in the multistep problems. Regarding the resolution strategies, the preservice teachers did not identify the relationship between fractions in multistep problems, in other words, they did not use the fraction multiplication to obtain the solution, these results being similar to those described in [54].



A qualitative analysis allowed us to identify three main error types: arithmetic, conceptual and interpretation errors. The results showed that the most frequent error was conceptual (47.82%) in one-step problem, while interpretation errors (41.2%) were the most repeated in multistep problems. In relation to arithmetic errors, these were more numerous in the multistep than in the one-step problems, which is logical because more operations had to be performed. Our results are highly worrying because the tasks were taken from primary school mathematics textbooks for pupils aged from 8 to 11.



We consider that prospective teachers need to be given multistep word problems, so they learn how to sort out the data and not give up after the first step. If they are presented with tasks that are designed to develop their competence, then it is likely that they will also develop the confidence to use these types of tasks in their teaching [50,61]. Our results show that the preservice teachers have an insufficient mathematics knowledge, which may limit their ability to teach this topic. The majority of existing research has tended to use one-step word problem [50], so studies such as the one we present can contribute to clarify the difficulties and errors of future teachers when they face one-step or multistep fraction word problems. The information obtained suggests continuing in this line of research by delving into preservice school teachers’ knowledge about this topic. Given that in this study each participant only responded to one fraction word problem, a future line of research could consist of designing instruments with which the same participant could tackle one-step and multistep fraction word problems in order to analyze strategic competence in more detail.



The review of previous research reveals a gap in the research agenda regarding prospective teachers’ prior knowledge of the meaning of fraction as an operator. Our research tried to address this weakness by identifying the difficulties and errors that preservice teachers present when solving situations in which the fraction acquires this meaning. In teacher education, there is a need for a balance between specific knowledge and practical skills [26]. In this sense, teacher trainers assume that students master these contents, having studied them in primary and secondary education, focusing mostly on didactical knowledge. However, the results reveal the obstacles that prospective teachers face when solving problems identical to those tackled by primary school children. This fact suggests that the learning process of future teachers was not always successful. Therefore, the access to Degree in Primary Education in some Spanish universities should be reviewed in order to diminish this problematic as much as possible due to the impact it has on our society.
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Figure 1. PT30’s written answer to problem FWP3. (Translation of P30’s solution: “The restaurant is short of kilos of flour [harina]. When adding up the fractions, there is no excess.”). 
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Figure 2. PT21’s written answer to problem FWP2. (Translation of PT21’s solution: “504 cans will remain unsold.”). 
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Figure 3. PT3’s written answer to problem FWP2. (Translation of PT3’s solution: “388 cans remain unsold.”). 
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Figure 4. PT94’s written answer to problem FWP1. (Translation of PT94’s solution: “¾ were green peppers. Solution: He bought ¼ of red peppers. This is equivalent to 6 red peppers.”). 






Figure 4. PT94’s written answer to problem FWP1. (Translation of PT94’s solution: “¾ were green peppers. Solution: He bought ¼ of red peppers. This is equivalent to 6 red peppers.”).



[image: Mathematics 10 00423 g004]







[image: Mathematics 10 00423 g005 550] 





Figure 5. PT37’s written answer to problem FWP2. (Translation of PT37’s solution: “During the week 90 cans are sold. At the weekend 252 cans are sold. Solution: 378 cans remain unsold.”). 
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Figure 6. PT1’s written answer to problem FWP3. (Translation of PT1’s solution: “12 kg for pasta. 18 kg for pizza. Solution: 6 kg a week left over.”). 
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Figure 7. PT178’s written answer to problem FWP4. (Translation of PT178’s solution: “EUR 150 left over.” (VIAJE is translated as Trip, and Ropa as clothe)]). 
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Figure 8. Distribution of the errors (arithmetic errors, conceptual errors, Interpretation errors and other errors) in the written solution of preservice primary teachers according to the fraction word problem. 
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Table 1. Meaning of fractions.






Table 1. Meaning of fractions.





	Interpretation
	Example
	Meaning





	Part–whole
	2/3 of the cake has been spent
	It expresses a multiplicative relationship between the number of parts that make up the portion (2) and the total number of parts of the unit (3).



	Measure
	2/3 liter of milk
	It expresses the quantity of magnitude (2) in relation to a unit of measurement (1/3 liter of milk).



	Quotient
	2 chocolate bars are divided between 3 people
	It expresses the result of a division (usually distribution) between two quantities, i.e., the 2 bars are equally divided among the 3 people.



	Ratio
	Two out of three students belong to a large family
	It expresses the comparison between two quantities or sets of units, that is, a part–part or part–whole relationship is established. In the example, 2 students out of 3 students fulfil this requirement.



	Operator
	He took two thirds of the remaining half of the cake
	2/3 acts on an initial situation or state (1/2) to bring it to the final state. The final situation is achieved through a succession of multiplications and divisions, increasing or decreasing as the case may be.
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Table 2. Distribution of participants according to group and gender.
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	Group/Gender
	Man
	Woman
	Total





	A
	20
	44
	64



	B
	33
	41
	74



	C
	22
	34
	56



	Total
	75
	119
	194
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Table 3. Fraction word problems.






Table 3. Fraction word problems.





	FWP1. Martha, a cook, bought green and red peppers. She bought 18 green peppers, which was ¾ of the total amount. How many red peppers did she buy?



	FWP2. In a supermarket there are 720 cans of soda. If 1/8 of the total is sold during the week and 2/5 of the remaining at the weekend, how many cans of soda remain unsold?



	FWP3. An Italian restaurant uses 36 kilos of flour per week. With 2/6 of the flour, they make pasta and they use ¾ of the remaining for the preparation of pizzas. How many kilos of flour does the restaurant have left over each week?



	FWP4. Maria has EUR 1800 saved; she spends ¾ of it on a trip and 2/3 of the remaining money on clothes. How much money does she have left over?
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Table 4. Frequency (percentage) of participants according to the score for each fraction word problem.
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	Score/Task
	FWP1
	FWP2
	FWP3
	FWP4
	Total





	0
	28 (14.4%)
	18 (9.3%)
	14 (7.2%)
	27 (13.9%)
	87 (44.8%)



	1
	47 (24.2%)
	18 (9.3%)
	14 (7.2%)
	28 (14.4%)
	107 (55.2%)



	Total
	75 (38.7%)
	36 (18.6%)
	28 (14.4%)
	55 (28.4%)
	194
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Table 5. Distribution of the number of participants’ written answers according to task types and categories.
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	Task/Categories
	C0
	C1
	C2
	C3
	C4
	C5





	FWP1
	0
	5
	11
	11
	42
	6



	FWP2
	0
	0
	2
	15
	18
	1



	FWP3
	0
	0
	7
	4
	14
	3



	FWP4
	2
	0
	6
	16
	28
	3



	Total
	2
	5
	26
	46
	102
	13
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