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Abstract: If X is a Hilbert space, one can consider the space cabv(X) of X valued measures defined
on the Borel sets of a compact metric space, having a bounded variation. On this vector measures
space was already introduced a Monge—-Kantorovich type norm. Our first goal was to introduce a
Monge-Kantorovich type norm on cabv(X), where X is a Banach space, but not necessarily a Hilbert
space. Thus, we introduced here the Monge-Kantorovich type norm on cabv(L7([0,1])), (1 < g < 00).
We obtained some properties of this norm and provided some examples. Then, we used the Monge—
Kantorovich norm on cabv (K") (K being R or C) to obtain convergence properties for sequences of
fractal sets and fractal vector measures associated to a sequence of iterated function systems.
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1. Introduction

We consider two types of vector integrals, which were introduced in [1,2]. They
involve vector functions and vector measures and the result of each of them is a scalar
(real or complex). Using these integrals, one can introduce Monge—Kantorovich type
norms on some spaces of vector measures (see [3]). In some particular cases, these norms
have important applications in the theory of fractals (see [4,5]). Unlike [3], where the
Monge-Kantorovich type norm was introduced on cabv(X) (X-Hilbert space), we intro-
duce, in Sections 2-5 the Monge-Kantorovich type norm on the space of vector measures:
cabv(L7([0,1])) (1 < g < o). To this aim, we use the Haar functions and the duality
(LP)* = Lq,% + % = 1. We provide some properties of this norm. Some examples are,
also provided. In the second part of the paper (Sections 6 and 7), we consider the Monge—
Kantorovich type norm on cabv(X) (X—being a Hilbert space) and, more in particular, on
cabv (K") (K = R or C). We consider a sequence of iterated function systems (LES.), built
using a finite family of contractions and a sequence of linear and continuous operators. We
take into account the convergence of the LES. sequence, which is based on the topology of
weak convergences of the operators. We study the problems of the convergence of attractos
and fractal measures associated to the sequence of L.ES. In the last part of the paper, we
give an example of a sequence of operators which is convergent to an operator in the
topology of weak convergence of operators, but is not convergent in the topology given
by the operatorial norm. For more details regarding Monge-Kantorovich norm, one can
consult [6-13]. About the fractals theory, you can read the following [14-17]. For more
details regarding functional analysis, see [16,18,19].
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2. Preliminaries

Let X be a Banach space over R and X' its conjugate. Let, also, (T,d) be a compact
metric space. We denote by B the Borel subsets of T. If # : B — X is a countable-additive
measure and A € B, we define the variation of u on A, by the formula:

lu|(A) = sup{z [1(Ai)|l| (A;); is a finite partition of A with Borel subsets}.
i

If |u|(T) < oo we say that u has bounded variation. We denote by: cabvX = {u : B —
R||u|(T) < oo}, called the vectorial norm. One can prove that ||| : cabvX — Ry is
a norm and (cabv(X), ||||) is a Banach space (see [18]). Now, we define the following
function spaces:

S(X) ={f:T — X]| fis a simple function};

TM(X) = {f : T = X[ 3(fu)n C S(X) such that f,, = f}
(the space of totally measurable functions);
C(X) ={f: T — X]|f is continuous}.
For any A € B, we denote by ¢4 the characteristic function of A.

3. An Integral for Vector Function with Respect to Vector Measures

m
Definition 1 (see [2]). Let f = Y ¢a,x; € S(X), where x; € X, A; € B. Let, also, yu €
i=1

cabv(X"). We define the integral of f with respect to y by the formula: [ fdu = f (A (x;).
i=1

Obviously, we have: | [ fdu| < ||| - || f|lco, hence, the linear application f — [ fdu
is continuous and can be extended to the closure of S(X) with respect to |||/, that is, to the

space TM(X): if (fu)n C S(X) such that f, = f € TM(X), we define [ fdu = }i_r)r;offndy

and the limit does not depend on the sequence of simple functions, which tends to f.

Example 1. We will provide now an example of such sequence which will be called the cannonical
sequence (see [1]), for the case when f € C(X).

Let us denote: X = f(T); f is continuous and T is compact, hence, X is also compact. That
means X is precompact (totally bounded). Consequently, for any m € N, we will find the elements:

X = F(8), 2 = F(),.. = f (e, ) such that X € U B(xr, L),

j(m)
We deduce that 7' € D} &= f! (B (x’” l)) and \J Dj* = T. We obtain the following
i=1

i’m ;
partition of T:
p—1
Ci' =Dy, &' = Dy\DY,...,Cy = D'\ U D
i=1

(we consider only those sets CI", which are not empty).

Let y" € f(CI"), arbitrarily fixed. We define the simple function f,, = i pcrmy;. If we take
t € T, arbitrarily, then there existsi € {1,...,p} such that t € CI". Then, bo:‘?f(t) and yi" belong
to £(CI"). But, f(C") C f(AM) C B(x", L), hence |[£(5) — fu(t)]| = |£(t) = y|l < 2,
which means fr, ~ f.

Example 2. Let f € C(X),a € T,x € X', u = 8,x, 6, being the Dirac measure concentrated at a.
Let us compute [ fd(8,x). We consider the cannonical sequence (fu )m associated to f. For any m,
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we denote by C" the unique set from the partition of T such that a € CI". We have: [ fiud(8,x) =
= [(bax) (CM)] (y") = x(y"). We conclude that:

[ fatew) = lim [ fud(@x) = lim x(v") = x(f(@))
(Fla) € F(C) = i = Fla)] < ).

Proposition 1 (the properties of the integral).

(@)  Let f € TM(R),u € cabv(R),
x € X,y € X'. Then:

() fre TMOO; ()€ cabe(X); (i) [ (0dGuy) = ( [ 5y
(b)  Let X = R" and {ey,...e,} its cannonical basis, f € TM(X),u € cabv(X'), f =

L St = L e Then, [ S = £ (J fiu)

4. The Haar Functions
Letr € (1,00). We consider the space L"(]0,1]) (with respect to the Lebesgue measure,
denoted by A) and the functions (’yﬁ) ,

kn
L€ 04)
9k :[0,1] — R defined as follows: 7J = 1,7} (x) = { 0,x = 1 e

/ 2k—2 2k—1
2n/x € |:211+1 7 on+l1 )

'yﬁ(x) =< \V21,x ¢ (22’%11, %} ,...,ke€{1,...,2"}. These functions may be written
0, otherwise

as a sequence (g;);>1 of functions, increasing k (for a fixed 1) and then increasing .
One can prove the following results:

Lemma 1 (see [16]). f glg]d/\ = 51',]', VZ,] e N*.
(01]

Lemma 2 (see [16]). Foranyr € (1,00), the functions (g;);>1 represents a Schauder basis for
L ([0, 1]).

Theorem 1 (see [2]). Let p,q € (1,00) such that % + % =1,X=LF([0,1]), X’ = L1(]0,1]),
f € TM(X), u € cabv(X'), f € Zlfngmﬂ = L {ngm Then, [ fdu = Zlfndw
n= m= n=

5. The Monge-Kantorovich Type Norm on cabv(L7),1 < g < oo

We will denote: L(X) = {f : T — X| f is a Lipschitz function}, BL(X) = {f : T —
X]| f is a bounded Lipschitz function}, T being compact, L(X) = BL(X) C C(X). For any
f € L(X), we denote by || f||. the Lipschitz constant of f. It is easy to prove (see [3]):

Lemma 3. The application |||y : BL(X) — R4, || f||sc = Il flleo + || £l is @ norm on BL(X).
Let: BL1(X) = {f € BL(X)|[|f]ls <1}
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We consider, now, p, q € (1, c0) such that % + % =1,X=1LF([0,1]) = L*,
X' = 19([0,1]) "2 LA. For any p € cabv(L7), we define:

Iiaae = sop{ | [ | € BLa(1) .

Theorem 2. The application ||||pmk : cabv(L7) — R is a norm on cabv (L), called the Monge—
Kantorovich type norm.

Proof.
(1°) Forany a € R, |lau||mx = sup{‘ffd(ay)Hf € BLl(Lp)} =

I ]| € BLA(LP) | = lall
(2°) Let py, pp € cabv(L1), f € BL1(L?). We have:

‘/fdm +‘/fd112

— sup{ | [ fan + )£ € BLL7) | < Dyl + oo —

= |a sup{

< lpillmx + lp2llmx =

‘/fd(m +u2)| <

= 11 + p2llmx < llpallmx + llp2ll mx-
(3°) We consider y € cabv(L7) such that ||u||px = 0. We prove that u = 0. We will need
the following result:

Lemma 4. If i € cabv(R) and |||\ pmx = 0, then u = 0 (for the proof one can see [3]).

Let now, (g;);>1 the Haar functions sequence and we denote by |||, the norm on L?.

Let f: T — R, f € BL;(R) and, for, j € N*, arbitraily, fixed, f; = H%{p
]

We can write:  [|f;(t1) — fi(t2)llp = Hg E ([ 1f(t) - t2)|p|g]|Vd/\)P <
< |Iflled(ts, t2) - lIgllp - Hg}”p,vh,tz € T = f; € BL(L!) and |fill. = | fll.- Then
1
oo = : = Plo|PAA)P L = - . . —
1o = max 5(6) = max(f LFIP1g17d2) e = max £(6)] = | fllosi= Il
= | fllr <1==> f; € BLy(LF).

lemma 1
BUt”VHMK—O:ff]dV—O:O—fHggupd ,Elﬂgi> e m(ffdﬂj):>

— [ fdu; = 0,Yf € BLy(R) = ||pjf|mx = 0 "2
u=0. 0O

== uj= 0. So, W= 0,Vj € N*, hence

Definition 2. The norm defined by Theorem 2 is called the Monge—Kantorovich type norm.
Proposition 2. We have the inequality: ||u|| mx < ||p||, Vi € cabv(L7).

Proof. For any f € BL;(L?) and p € cabv(L7), we have:

|/ < Ul £ < il = e < Tl
~——

<1

O

Example 3. Leta € T,x € L such that ||x||; = 1. We will compute ||05 || mk-
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(i) For f € BLy(LP) we have: | [ fd(6,x)| lx(f(a))| = [ xf(a)dA| <
< ||f(a)||pﬂic,||i < |\fllo < |Ifller < 1. Taking the supremum for f € BLy(LP), we

=1
get: ||(5[,x||MK <1
(i1) Consider the function f(t) = x7~!sgn(x),Vt € T. We have:

/|f(t)|”d/\ - / |x|P1PdA = / Ix|7dA < co = f(t) € LV, Vt € T.

o =fls+ = IFOll = "l = ( / |x|w)’“ -

= 0 (fis constant)

- [(/Wm)ér = |l#l =1.

For p = é,x, we have: | [ fdu| = |x(f(a))| = | [ xf(a)dA| = | [ xTsgn(x)dA| =
= [ |x|7dA = HxHZ =1 = ||8ax||mK = 1. From (i) and (ii) we deduce that:

[10ax || Mk = 1.

Theorem 3. We suppose that T is infinite. Let us denote by Tpx and T the topologies generated on
cabv(L1) by the norms ||| mk, respectively ||||. Then Ty C T, the inclusion being strictly.

Proof. From the inequality ||3||mx < ||p]|, Vi € cabv(L7), it results that Tyx C 7. We will
prove that T ¢ Tpk. Let us suppose the contrary: T C Tpk. Then, it would result that the
identity application I : (cabv(L7),||||mx) — (cabv(L7), ||||) is continuous. Then, for any
sequence (yy)n C (cabv(L7)) and p € (cabv(L7)) such that u, g 1, we would have:

Mn — W (*). Presently, we need the following result: [

Lemma 5. Foranya,b € T,a # b and for any x € L1, with ||x||; = 1, we have:
(i) [10ax — dpx|| = 2;
(i1) ||5,1x - 5bx||MK < d(&l, b)

Proof of Lemma 5.

(i) Let (Aj)lgjgn a partition of T with Borel sets. We can have two cases:
1°)If Jjp € {1,...,n} such thata,b € A; , then, denoting u = d,x — J,x, we have:

Jo”
n
-21 (AN =[x —x[lg = 0.
]:

J17

n
2°) If 3j1 # jasuchthata € A;,b € Aj,, then Y [[u(A))| = lxllg + ||Ix[lg = 2.
=1

Therefore,

|0ax — dpx|| = ||| = sup{z 114(A;j) ||| (A;); finite partition of T with Borel subsets} =2
j

(if) Let f € BL1(LP), 4 = 64x — épx. We have:

[ sanl=| [ satoun) - [ e

= [x(f(@)) = x(F®))| = [ x-[f(a) = fo))aA <

< [ 1xllf(@) — £®)ldr < lixlglL£@) = F@)lp < fd(a,b) < d(a,b).
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Now, we continue the Proof of Theorem 3:

T being compact and infinite, we will find (t,), C T,t € T such that t, — ¢,
tn #t,¥Yn > 1. Let x € L7 with ||x||; = 1. According to Lemma 5 (i),

‘ O, X — 5txHMK§ d(ty, ) — 0,50, 6, x M dx. But, this is in contradiction with (x).

We conclude that T ¢ tyx. O

I
61,X — 0px||= 2, hence 6;,x #> 6;x. On the other hand, from Lemma 5 (ii),

6. The Integral and Monge—Kantorovich Type Norm in the Particular Case Where the
Functions and Measures Take Values in a Hilbert Space

Let (X, (,)) be a Hilbert space, (T,d) a compact metric space and we denote, as before,
by B the Borel subsets of T.

m
Definition 3 (see [1]). Let f € S(X), f = ¥ @a,x;, where (A;)1<i<p, is a partition of T with
i=1

m
Borel sets and ¢ , is the characteristic function of A;, x; € X. The number Y- (x;, u(A;)) is called
i=1
the integral of f with respect to y and is denoted by [ fdy (it is easy to prove that the value of
the integral does not depend on the representation of f).

Definition 4 (see [1]). If f € TM(X), we define [ fdu = Ji_r)r;o(ffndy),(fn)nzl being a
sequence of simple functions which converges uniformly to f (one can prove that this integral does
not depend on the sequence ( fy,),>1, uniformly convergent to f).

For more details about Definitions 3 and 4, one can consult [1].

Lemma 6 (see [3]).

(a)  The application || - || mk : cabv(X) — [0, 00) defined by ||p||mx = sup{| [ fdul,f €
BL1(X)} is a norm on cabv(X), called the Monge-Kantorovich type norm;

(b)  Leta > 0and K = R or C. We denote: B,(K") = {p € cabv(K")|||u|| < a}. Then the
topology generated on B,(K™) by || - || mk is the same with the weak-* topology;

(c) B, (K™) equipped with the metric generated by || - || sk, which is a compact metric space.

7. The Particular Case When the Functions and Measure Take Values in R":
Applications on Fractals Theory

We first provide some results that were already proved in previous papers, which we
will use.

Let us denote £(X) = {R : X — X|R is linear and continuous}. Let N € N*; for any
i € {1,...,N}, we consider the contraction w; : T — T, with its ratio r; and R; € L(X).
One can define the following operator, denoted by H, via:

N N
H(u) =% Ri(y(wi_l)), (this means: H(u)(A) = L Ri(y(wi_l(A))), forany A € B and
i=1 i=1
u € cabv(X)).
N
It can be proved that for any y € cabv(X), H(u) € cabv(X) and ||H|| < ¥ [|Rillo
i=1

(Il - llo being the operatorial norm on £(X)).

Lemma 7 (Change of variable formula (see [5])). Forany f € C(X) and H as before, we have:
N

[ fdH(pu) = [ gdu, where g = Y, R¥ o f o w; (R} being the adjoint of R;).
i=1
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N
Theorem 4 (see [5]). Let us suppose that ¥ ||R;||o(1+7;) < 1. Leta > 0, u° € cabv(K"); we
i=1

define P : cabv(K") — cabv(K"), P(u) = H(u) + u°. Let, also, A C B,(K") be non-empty,
weak-x close, such that P(A) C A. We denote by Py the restriction of P to A. Then, there is a
unique measure u* € A, such that Py(u*) = p*. If u® = 0 (the zero-measure) then u* = 0.

Definition 5 (see [5]). The measure u* introduced by Theorem 4 is called the Hutchinson vector
measure (or the fractal vector measure).

Let X, Y Banach spaces and w : Y — X a contraction of ratio r.
not

Let, also, (Ty)u>1 C £(X,Y) such that a = sup ||T,||o < 1. Forany n > 1 we consider
n>1

d
the operators U, : Y — Y, Uy ;f T, o w.

The following two lemmas were proved in [4].
Lemma 8. For any n, U, is a contraction of ratio less or equal to « - 7.

Remark 1 (see [4]). In the Proof of Lemma 9, for an arbitrarily and fixed € > 0, we find a rank Ny
such that for any n > Ny, §(U,(K), U(K)) < e. This rank depends not only on ¢, but also on K.
However, if we take Yo C Y, compact, such that U, (Yy) C Yo and U(Yy) C Yo, denoting again by
Uy, and U the restrictions of these functions on Yy, it is easy to prove that Ny depends only on e.
Hence, in this case, U, (K) LN U(K), uniformly with respect to K C Y. For example, if Y is the
finite dimensional, we can take Yy = B[0,R] = {x € Y|||x|| < R}, with R > “Hloii&or)u:

[Un ()| = [T ()] < [ Ta(w(x)) = Tu(w(0)) [ + [ Ta (w(0))]]
< [ Tullo - llew(x) = w(O) | +[[Tullo [ (0) | < ax(r[|x[| + [ (0)[})
<a(rR+ [w(0)]) <R,

according to the condition satisfied by R.

Let (T,d) be a metric space. We denote by P*(T) the family of non-empty and
bounded subsets of T. For any x € T and A € P*(T), we will denote: d(x, A) = ylgﬁ d(x,y).
If A,B € P*(T) we define d(A, B) = sup d(x, B). In a similar way, we define:

d(B,A) =supd(y, A). Presently, we cjlcgr?ote:
5(A,B) = ryxf:x{d(A, B),d(B,A)}. Let us define

K*(T) = {K C T|K is compact and non-empty }.

Proposition 3.

(i) 0 : K*(T) x K*(T) — [0, 00) is a metric on K*(T);

(ii) If w: T — T is a Lipschitz function , then §(w(A),w(B)) < L-6(A,B), L being the
Lipschitz constant of w;

(iii)  if (Ai)1<i<n C K*(T), (Bi)1<i<n C K*(T), then:

n n
5<U Ai, U Bz) < 11’;1%);5(141, Bz)
i=1 i=1
Definition 6 (see [20]). The metric 6 introduced by Proposition 3 is called the Hausdorff-
Pompeiu metric.
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Proposition 4.
(i) If (T,d) is complete, then (K*(T),6) is also complete;

(ii) If (T, d) is compact, (K*(T), d) is also compact.

lI-llo

Lemma 9. Let us suppose that there exists T € L(X,Y) such that T, — T. Then, for any

K e K*(Y), U,(K) KN U(K), where we denoted: U = T o w.

Definition 7 (see [20]). Let (T,d) be a complete metric space and (w;)1<i<m, wi : T — T,
i = 1,m such that any w; is a contraction of ratio r; € [0,1). The family (w;)1<j<p, is called the
iterated function system (L.E.S.).

Definition 8 (see [20]). If (w;)1<
S:K*(T) — K*(T),S(E) = g ()VEEIC*( ).

<m is an LE.S. on the complete metric space (T, d), we define:

Proposition 5. The function S above defined is a contraction of ratio r < 1max r;. Hence, using
<i<n

the contraction principle, we deduce that there is an unique set K € K*(T), such that K = S(K).

Definition 9 (see [20]). The set K introduced by Proposition 5 is called the attractor (or: the
fractal) associated to the I.F.S. (w;)1<i<p-

Remark 2 ([4]). Let now (w]-)lgjgm, w;j : Yo — X be contractions of ratio r;, Yo being a compact
and non-empty subset of a Banach space Y. We denote r = maxr;. Let us consider T, T € L(X,Y)

1o,

such that « " sup |Tullo < L and T, —% T. We denote Ui = Tyowj, Uj = T ow;jand
n

we will suppose, as before, that U} (Yo) C Yo, Uj(Yo) C Yo. Using Lemma 8, we have that the
functions U?l : Yo — Yoand Uj : Yo — Yo are contractions of ratios less or equal by ar. Here, if

Y is finite dzmenszonal we can take Yo = B[O, R],R >

= M,,B max ||w;(0)]|]. We can deduce
]

that (ll]") jisan LES. on K*(Yp). Yo being compact in the Banach space Y, it results that Yo is a
complete metric space (with respect to the metric given by the restriction on Yo of the normon Y).
Consequently, (Proposition 4), IC* (YO) is complete. Hence (Proposition 5) there exists an unique

set Ky, € K*(Yy) such that K,, = U U”(Kn) (the attractor associated to the I.E.S. (U]”)] Similar,
=1

)j is an LES. with its attractor K = U U;(K).
j=1

u;

Lemma 10. For any € > 0, there exists N9 € N such that for any n > No,x € Yy and
jeA{1,...,m} we have: Hu]”(x) -U(x)| <e

Proof. Y being compact, it is precompact, that means: for a given ¢, there exists p € N and
{x1,x2,...,xp} C Yp such that for any x € Yy, we can find i € 1, p with [|x — x;[| < § (%);
let x € Yy, arbitrarily, fixed and x; which satisfies (x). We can write:

U} () = Ui () || < (U7 Ce) = U Cea) | 4 U5 () = W) [+ [[U () = U ()] -

not not not
=q =b =c

We have: a = [|Tu(w;(x) = wj(x:)) | < [|Tulloflwi(x) = wi(xi)[| < arflx — x| < [lx =

xi|| < §; similar ¢ < || T[olwj(x) — w;(x;)|| < [[x — x;|| < §; using the fact that T;, — LUIN T,
for any i € 1, p there exists N; € N such that for any n > N;, ||U]”( x;) — Uj(x;)]| < §. Let
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No = max Nj. Then, for n > Ny, we obtain b < % Hence, foranyn > Ny, j € 1,m,x € Yp
1
we have:HU]’?(x) —Ui(x)|| <e O

Consequence 1. Let Ny given by lemma 10. We have: mjax s;}/) HLI]”(x) —Uj(x)[| < Vn > No.
X< Tp
Now, we will suppose that there exists T € £(X,Y), with || T||, < &, such that T, — T
in the topology of the weak convergences of the operators, that is: for any y’ € Y* and for
any x € Y, y'(Tu(x)) = y'(T(x)).
(Y’ is the conjugate of Y : Y/ = {y/ : Y — K|y/ is linear and continuous}). We consider
again the operators (U ),>1 as before.

Lemma 11. Let Yy C Y, compact, such that U, (Yy) C Yo and U(Yy) C Yo (for example, as in
the remark after lemma 9). Then, for any a € Yo, we can find a subquence (U;, (a)) C (Un(a))n>1
with the property: nlgn |Uj (a) —U(a)|| = 0.

Proof. From the hypothesis, the sequence ((U, — U)(a)),>1 is included in Yy — Yp, which
is compact, hence, we can find j; < jo < ... < j, < ... and z € Y such that U}, (a) —

U(a) I0 5 Let y' € Y*, arbitrarily. We have: Jgr(}oy’(Tjn (w(a))) = ¥/ (T(w(a))), hence,
0= lim ¥ (T;,(w(a)) — T(w(a))) = y'(z). Using a consequence of Hahn-Banach theorem,
we find y' € Y* such that y/(z) = ||z|| and ||y’|| = 1. We deduce that: 0 = i/ (z) = ||z|| =
z=0 = lim |Uj,(a) = U(a)|]| =0. O

Consequence 2. There exists a subsequence (U;

]n)nzl C (Un)y>1 such that nlg]go ||ll]~n(a) —

U(a))|| = 0 uniformly with respect to a € Yj.

Proof. Yy being compact, for any € > 0 there exists N € N and z1,z,...,zy € Y such that
Va € Yy, 3p € {1,2,...,N} with [ja — z,[| < §. We will find the subsequences:

® (W, ) C (U, such that U, (z1) = U(z)]| =0

@ (U < (U

]Vl]

)n; such that [|U;, (z2) — U(z2)[| — 0

N) (W, )ny € (U

Jnn_1

Juy_, such that |[U;, (zn) — U(zn)| — 0.

Hence, for any p € {1,2,..., N} we will find N(P) € N such that for ny > N®), we

have: ||anp (zp) — U(zp)|| < §. We denote: Ny = Jnax. NP). Let now a € Y, arbitrarily;
<p<

we find p € {1,2,..., N} such that ||a — z,|| < §. We deduce successively:

1Uj, (@) =U(@)|| < U, (a) = U, (zp)[| + U}, (zp) = Ulzp) || + [[U(zp) — Ula)]| <&,
~—_—
<lla=zpll<3 <§ for ny>No <llzp—all<5

for any ny > No. Hence, denoting again by (U, ). the subsequence (U;

g )ny, We can write

that nlgrolo Uj,(a) — U(a)|| = 0, uniformly, with respect toa € Yp. O

Lemma 12. For any K € K*(Yo) there exists (Uj, )y>1 C (Un)n>1 such that: nh_r)r;o s(U;, (K),
U(K)) = 0, uniformly with respect to K € K*(Yp).
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Proof. Lete > 0, arbitrarily, fixed. Forany t € U, (K), we finda € Ksuch thatt = T, (w(a)).
We have:

d(t, U(K)) = inf{[| T (w(a)) — T(w(b))[||b € K} <

inf{|| T (w(a)) = T(w(@))]| + | T(w(a)) = T(w(b))][b € K} ="
1Tu(w(a)) = T(w(@))|| = |[Un(a) = U(a)].

Using Lemma 11 and its Consequence 2, we find the subsequence (U}, ), C (Un)n and
ne € Nsuch that [|U;, (a) — U(a)|| <& Vn > ne.
It results d(t,U(K)) < ¢Vt € U, (K),¥n > n.. Hence, sup (t,U(K)) < ¢, that
tEU]‘n
is: d(U;,(K),U(K)) < & Vn > ne. Similar, d(U(K),U;,(K)) = sup inf d(t,y). For
tet(K) YEUjn (K)

y € U}, (K), there exists b € K such that y = Uj, (b). We can write as above in this proof:
inf{||T(w(a)) — Tjn(w(b))|||b € K} < ||T(w(a)) — Tjn(w(a))H < g,Vn > n.. We obtain

d(U(K), Uy, (K)) < ¢, hence, 8(L;, (K), U(K)) < e,

Vn > ne, VK € K*(Yp). O

Theorem 5. Let K, respectively K, the attractors associated to the L.E.S. (U )1<j<m respectively
(Uj)1<j<m- Then, there exists (K;, )n C (Ky)n such that lgn d(K;,, K) = O
- n—o00

Proof. Let (U;, ), C (Uy)y such that lim |U;, (a) — U(a)|| = 0, uniformly with respect to
a € Yp. We have:

5(K;,, K) = (U uin (K 6 uj(K)) <

j=1

: (U k), U u;f"uo) +a(u a0, Y U s, )
j=1 j=1 j=1

Let ¢ > 0, arbitrarily fixed. Using Proposition 3 (iii), we have:

(3

for n large enough (see Lemma 12);

ng

1n , Z:n <
U u; ) 1r<n]zl>;15(uj(l<),ll] (K)) <e,

5(U uy (x), | u]’,’n(K)) < max 6(U}" (K), Uy (K)) < rad(K;,, K).

j=1 j=1 1<j<m 2.1.1, (i)
We deduce that: (3)n, € Nsuchthat (1 —ra)d(K;, ,K) < ¢, Vn > ne. Hence, nlgn 5(K;,,K) = 0.
]

Remark 3. With the same type of convergence of (T,,), to T as in this whole section, we consider
now the framework, regarding fractal vector measures. Let us suppose that all the conditions
regarding the operators H" and H are fulfilled and denote by u;,, respectively u; the fractal vector
measures associated to P", respectively P.

Theorem 6. There exists a subsequence (p} )n C (p3;)n such that:

. * _ * —
,}ggo\lm 1Mk = 0.
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Proof. (see, also [4]) To make this proof easier to be read, in any place, we will use “n”
instead of “i,”. For example, ; becomes iy, P’ becomes P" and so on.

([0 = 1" laax = (1P () = P ) [k < (1P (p) = P (17) [ e+

NP () = PH () lImk < qnllpn — # lvx + [1P* (1) = P(p") [ mx @

m
We have, obviously: g, < |[H"[|, < (Z ||R]-||0> (1+4ar) <1
=1

d
Hence q ) sup g, < 1. According to (1), we can write:
n

1y — v llmx < qllpn — p* lmx + [|P"(0°) — P(u™) [|mx =

= P(u)|- @

(=)l = llmx < 1P (1)

Let now ¢ > 0 arbitrarily fixed and f € BL; (KN). We can write:

m
E(Jxeseuan - [Rosoum)| -
]:

lemma 7

J fdH" (u*)— [ fdH(p*)

<

/R;‘o(foujn—follj)dy*

m
<)
j=1

m
Zl/R;k o (foujn — fol;)du*
]:

m m

Y [IR; o (Foty = fouplaiu'| < Y [IRflollf o UF = £ o Uyldln*| <
j=1 =1

m
Y IR o / 1L} (x) = Uj(x)[|d]p* ] (x) < max sup JUf (x) = Uj(x)[] - [1*](Yo) <&,
j=1 xe¥p

for n big enough, according the consequence of lemma 10 and using the fact that

m
> (IRl < 1.
j=1

Hence, sup |/ fdH"(u*)— [fdH(u*)|<¢;

feBLy(KN)
= [|[H" (1) = H(p") Mk < e = [|P"*(p") = P(u") [l mx < ¢

L (1—q)|ps — p*|lmx < &, for n large enough.

We deduce that y;; ”Hﬂ) w*. O

Example 4. Forany f € L2, we define :

Let T(f) = f.
(a)  We prove that T,,(f) € L%

/|Tn(f)(x)|2d/\: /nf2(x)dA+ / P (x)dA.
01] 0,1] (1)
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Using the density of C([0,1]) in L1([0,1]) we find a sequence (Fy); C C([0,1]) such that

L'((o1)
F, ———— f~ and consequently, a subsequence

(ij) j C (Fi)x and the Borel set A with the properties:
()  AcCI0,1]and A(A) =0;
(ii) lim Fy, (x) = f2(x),Vx € [0,1]\A.

]—0

For e > 0, arbitrarily, fixed, we will find k; € N such that |Fk], (x) — fz(x)\ <egVx e
[0, 1]\ A. We denote: M = max |ij(x)|. We can write:
xe O'H

[ nf@ars [ nlfe) - F@lid+n [ R ldr <
[0,1] 0,1] [0,%]

n

1
Mooty / 1l f2(x) — B, (x) dA + / nlf2(x) — By, (x)|dA <
[0,51nA [0,51\A
M+n-e- % = ¢+ M, and that implies / | T (f)(x)[PdA < e+ M+ / 2 (x)dA;
01] (3]

this inequality shows that T, (f) € L.
(b)  We prove that TVHZM/T. We consider f : [0,1] — R, f(x) = 1,Vx € [0,1]. We have:

IT(A) =TI = [ v fPar= [ (V- 1)2n =

[0,7] (0,5

n

-2 1
%%1,whenn—>oo.

Hence, we found f € L2, with ||f|| < 1 such that 71lgn I(Tw — T)(f)|| # O, that proves

TW‘% T

(c) Letge (L?)* = L2 f € L% We deduce:

18(Tu(f)) = &(T(FN] = Ig(Tu(f)) = 8(f)l =

[ )£V - 1)an.
[0,5]

Now, we use again the density of C([0,1]) in L*([0,1]): we find a sequence (hy); C C([0,1]) such

1
that hy Lo, fg and, consequently, a subsequence (hy;); C () and the Borel set B with

the properties:
(i) B C [0,1] and A(B) = 0;
(ii) lim I (x) = f(x)g(x), Vx € [0,1]\B.
]—00
Let ¢ > 0 arbitrarily be fixed. We will find k; € N such that |hk],(x) — f(x)g(x)| <e¢Vx e
[0, 1]\ B. We have:

[ 1f0g(x) =) (Va—Ddr = [ |F(x)g(x) — b (x)](vi = 1A <

[0.3] [0.5]\B
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Hence,
@I (Va—1dr < [ F(0)g(x) g () [(Vi = 1)dA+
0})

[0,

S

]

<e Vil

— n

[ i )1V = 1 <
03]

\/ﬁn_ ! — 0.

((ma I (] )

x€[0,1]

We have proved that for any g € (L*)*, ¢(Tu(f)) — g(T(f)), for any f € L?, that is T, — T in
the topology of weak convergence of operators.

8. Conclusions

This paper shows, especially in its second part, the important role played by the
Monge-Kantorovich norms in the vector measure theory and fractals theory.
In the future, we intend to concentrate our research work in two directions:

(a) To introduce Monge-Kantorovich type norms on more general measure space;

(b)  To give convergence properties for families of fractal sets and fractal vector measures
in a more general framework (for example, in the case of an uncountable family of
iterated function systems).
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