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Abstract: In this paper, we investigate the existence and Ulam-Hyers—Rassias stability results for
a class of boundary value problems for implicit p-Caputo fractional differential equations with
non-instantaneous impulses involving both retarded and advanced arguments. The results are
based on the Banach contraction principle and Krasnoselskii’s fixed point theorem. In addition, the
Ulam-Hyers—Rassias stability result is proved using the nonlinear functional analysis technique.
Finally, illustrative examples are given to validate our main results.
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1. Introduction

Because of its importance in the modeling and scientific understanding of natural
processes, fractional calculus has long been an essential study topic in functional space
theory. Several applications in viscoelasticity and electrochemistry have been studied.
Non-integer derivatives of fractional order have been successfully utilized to generalize
fundamental natural principles. We recommend the monograph [1] for some fundamental
results on fractional calculus and its applications.

While determining the precise solution of differential equations is difficult or impossi-
ble in many contexts, such as nonlinear analysis and optimization, we explore approximate
solutions. It should be noted that only steady approximations are allowed. For this reason,
many techniques for stability analysis are used. Mathematician Ulam originally highlighted
the stability problem in functional equations in a 1940 presentation at Wisconsin University.
S. M. Ulam introduced the following challenge: “Under what conditions does an additive
mapping exist near an approximately additive mapping?” [2]. The following year, in [3],
Hyers provided an answer to Ulam’s problem for additive functions defined on Banach
spaces. In 1978, Rassias [4] demonstrated the existence of unique linear mappings near
approximate additive mappings, generalizing Hyers’ findings. In [5], Luo et al. established
the new existence, uniqueness, and Hyers—-Ulam stability results of Caputo fractional
difference equations using some new criteria and by applying the Brouwer theorem and
the contraction mapping principle. The authors of [6] addressed the Ulam stabilities of a
k-generalized y-Hilfer fractional differential problem.
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In [7-9], Shah et al. devoted their research work to the study of various kinds of Ulam
stabilities for some classes of coupled systems of fractional differential equations. In the
papers by Salim et al. [10,11], the authors addressed the existence, stability, and uniqueness
of solutions to diverse hybrid problems with fractional differential equations using various
fractional derivatives and different types of conditions. Wang et al. [12] studied the
existence, uniqueness, and different kinds of stability results for a coupled system of a
nonlinear implicit fractional anti-periodic boundary value problem.

Real-world processes and phenomena can exhibit rapid shifts in state. These modifica-
tions have a very brief duration in contrast to the entire longevity of the process and are thus
irrelevant to the evolution of the examined process. In such instances, impulsive equations
can be employed to construct appropriate mathematical models. Physics, biology, popu-
lation dynamics, ecology, pharmacokinetics, and other fields all contain such operations.
Non-instantaneous impulses are actions that begin at an arbitrary fixed moment and last
for a specified time interval. Hernandez and O’Regan [13] studied the existence of solutions
to a novel class of abstract differential equations with non-instantaneous impulses. In the
papers by Alzabut et al. [14,15], Bai et al. [16], Salim et al. [17], and Wang et al. [18,19],
the authors presented some fundamental results and recent developments on differential
equations with instantaneous and non-instantaneous impulses.

The authors of [20] studied the nonlinear fractional differential hybrid system with
periodic boundary conditions, given by

Al

Dy (v(9)g1(8,0(8))) = g2(9,0(9)), 0 € (0,1),
v(a) = o(b),

where ¢ € [a,b], CDQ"Y is the ¥-Caputo fractional derivative; g1 : [2,b] x R — R\ {0} and

g :[a,b)xR—R are continuous with g1 and gy, which are identically zero at the origin;

and g>(9,0) = 0. Their arguments are based on Dhage’s fixed point theorem. The authors

of [21] established existence and stability results, with relevant fixed point theorems, for the
following boundary value problem:

(€1Di1§2x) (9) = f<19,x(19), (ﬁmfjfzx) (ﬁ)); 8eQ;,i=0,...,m
x(9) = ¥;(0,x(0); 0 €Oy, i=1,...,m

1 (glqﬂi:ng) (at) + ¢ (ClJ:r;@x) (b) = ¢3,

where ¢1 Dilfz, aJ ;I@ are the generalized Hilfer fractional derivative of order {; € (0,1)

and type Czl € [0,1] and the generalized fractional integral of order 1 — (3, respectively;

O1, P2, 3 € R, 1 0, Q= (56,04, =0,...,m, Q; := 8,5¢);i =1,...,m,a =

l90=%0<191§%1<l92§%2<...§%m,1<19 §%m<l9m+1—b<oo,

x(8F) = 1ir(r)1+x(19i +¢€) and x(8;) = lil’él x(%; +€); f: (a,b] xR? - Ris a given
€— €—0—

function;and ¥; : Q; x R = R;i=1,...,m are given continuous functions.
Motivated by the above-mentioned papers, first, we present some existence, unique-
ness, and Ulam stability results for the following fractional problem:

DI (@(0)y(9)) = 9(0,1°(), DL (@O)y(9))); 0 € Oy 1 =0,...m

y(8) =¥,(8,y(8,)); 0€Q), 1=1,...,m

61y(0) + b2y (30) = &3, 1)
=m(9), ¥€[-@,0], @ >0,

y(®) =
y(8)

) =m(0), 0€[,x+®], ®@>0,
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where CD,%IP represents the -Caputo derivative of order 0 < { < 1,0 := [0, ], 61,6, € R,

O3 € R, where & # 0, O = 0,8%], = (%],19]+1];

J=1..,m Q=057 =1,...,m0=0 =30 <% < <th <m<..<

1 < Om < st < Opy1 = » < 00, y(9) = lim y(¢, +e)and y(9,) = lim y(9 +e)
e—07t e—0

represent the right and left hand limits of y(8) at & = ¢;; ¢ : ® x PC([~@,®],R) x R — R
is a given function; and ® € C(®,R\{0}), i1 € C([-w,0],R), I, € C([», »+ &],R),
and ¥, : O, xR — R; ; = 1,...,m are given continuous functions. For y defined on
[~@, 5 + @] and for any ¢ € [0, »], y? is given by

¥’ (0) =y(®+0), 0€[-@ ]

The following are the primary novelties of the current paper:

¢  Given the varied conditions we imposed on problem (1), our study may be viewed as
a partial continuation of the ones in the aforementioned studies.

*  The y-fractional derivative unifies a larger number of fractional derivatives in a single
fractional operator and opens the door to new applications.

o If wetake 1 = —Jy, 63 = 0, and remove the impulses, and the retarded and advanced
arguments, we then obtain the problem studied in [20].

*  We weaken the several conditions imposed in the study of [20], such as the requirement
that functions g1 and g» are identically zero at the origin and g;(¢,0) = 0.

*  Westudy the Ulam-Hyers—Rassias stability of an implicit problem with non-instantaneous
impulses, delay, and anticipation.

The following is how the current paper is arranged: In Section 2, we present certain
notations and review some preliminary information on the y-Caputo fractional derivative
and auxiliary results. Section 3 presents an existence result to problem (1) based on the
Banach contraction principle and Krasnoselskii’s fixed point theorem. The Ulam-Hyers—
Rassias stability of our problem is discussed in Section 4. In the final part, we provide some
examples to demonstrate the application of our study results.

2. Preliminaries

In this section, we introduce some notations, definitions, and preliminary facts that
are used throughout this paper.

The Banach space of all continuous functions from © to R is denoted by C(®,R)
equipped with the norm

1€l = sup{[S(8)] : ¥ € ©F}.

Let X = C([-®,0],R) and X = C([5,  + @], R) be the spaces endowed, respectively,
with the norms

1€llx = sup{|¢(0)] : 0 € [-@,0]} and [[{]l ¢ = sup{|Z(6)]: 6 € [, > + Q}.
Consider the Banach space
PC(O,R) = {y 1O Ryl =¥ =1...,m, ylo € C(O,R);;=0,...,m,
and there exist u(8,"), y(8;),y(>; ), and y(¢") with y(9;") = y(ﬂ])},

equipped with the norm
[yllpc = suply(8)].
S
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Consider the weighted Banach space

PC([-@,®),R) = {y: [~@,@) = R: yl o) € CU[G, Tl R);; =0, m
for each ¢ € (), y| GC([T],T]] R);7=1,...,m
foreacht?EQ],T]—%]—ﬁ T=0-9,
there existy(T]_),y(f]J“),y(~ ) and y(T, =1,

with (1) = y(1) },
equipped with the norm

Iyl oo = sup [y°(7)]-

T€[—0,0]

Next, we consider the Banach space
F:{y [@,3c+ @] = R:yl_g0 € X, y|%%+w]GXandyy[O%]ePC((aR)}
equipped with the norm

lyllr = max {|lyl|lx, vl & lyllpc}-

Let ¢ € C!1(®,R) be an increasing differentiable function such that ¢ (¢) # 0, for all
¢ € ©. Now, we start by defining y-fractional integral and derivative operators as follows.

Definition 1 ([22]). The yp—Riemann—Liouville fractional integral of order { > 0 for an integrable
function ¢: © — R is given by

9
G 1 (
5% F(go/zp — ()¢ e (s,

where I is the Gamma function.
One can deduce that
Dy (I56(9) =¥ (157 2(9), 0> 1,
d

where Dy = 7.

Definition 2 ([23]). Forn —1 < { <n (n € N)and ¢, € C"(O,R), the p-Caputo fractional
derivative of a function ¢ of order { is given by

wheren =[] +1for { ¢ Nandn = for € N.

From the above definition, we can express the {-Caputo fractional derivative with the
following formula:

n—

(%)"g(ﬂ), if £ € N.

s n—g—1 n .
DB ¢(8) = bfw( WO T (Do Y e(s)ds, 2N,
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Lemma 1 ([22,23]). For {,f > 0,and ¢ € C(®,R), we have
I/ 2 (9) = 1FPYe(9), 0 € ©.
Lemma 2 ([22,23]). Let { > 0. If¢ € C(O,R), then
“DYYIYE(8) = (9), B € O,

and if § € C”_l(G),R), then

1Y “D§Ye(9) =¢(9) - ¥

Lemma 3 ([22,23]). For ¢ >0, { > 0and p > 0. Then,

- Y (#(®) = 9(0))F~ = Faer ($(8) — 9(0))P Y,

o DG ((9) — p(0)F ! = T (p(8) — p(0))F Y

o CDgip(lp(ﬁ) —(0))k =0, forall ke {0,...,n—1},n€N.

Theorem 1 (Banach fixed point theorem [24]). Let E be a Banach space and H : E — E a
contraction, i.e., there exists | € [0,1) such that

17(81) = H (@)l <jll61 —&2l,  forall&y,8 € E.

Then, H has a unique fixed point.

Theorem 2 (Krasnoselskii’s fixed point theorem [25]). Let D be a closed, convex, and nonempty
subset of a Banach space E, and A and B the operators such that (1) Ax + By € D forall x,y € D;
(2) A'is compact and continuous; (3) B is a contraction mapping. Then, there exists z € D such
that z = Az + Bz.

3. Main Results
We study the fractional differential equation that follows:

DI (@(8)y(9)) = o(8); 9 € Q) j=0,...,m, @)

where 0 < { < 1, with the conditions

y(®) =Y,(9, (19*))' 196@1,]:1,...,171, (3)
51y(0) + doy () = 35, )
y(®) =m((9), 9€[-w,0], @ >0, (5)
y(8) =Mha(8), 0 € [, + @], & >0, (6)

where 61,0, € R, 33 € R, 6; # 0, 0(-) € C(®,R), ® € C(®,R\{0}), Iy € C([-®,0],R),
hy € C([5, 2+ @], R),and ¥, : ), x R — R; j = 1,...,m are given continuous functions.
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Theorem 3. Function y(-) verifies (2)—(6) if and only if it verifies

1 539(0) _ 529 (0) P (34) ¥ (3m, Yy (8,,))
PN, 0(3) + Hﬁi”a(ﬂ)], 80y,
y(8) = 1 B Ly
5 [cp(%,)qf,(%]:y(ﬂ] ) +]I%]+(7(19)}, 0€Q;=1,...,m,
‘I’](ﬁ,y(z?]’)), deQyr=1,...,m,
hi(9), 9 €[-®,0],
hp(9), O € [5,x+ @]

Proof. Let us assume that y satisfies (2)—(6). If & € Q)p, then

CDEI D (8)y(8) = o (8).

@)

By applying fractional operator ]Ig;f on both sides of (2) and employing Lemma 2, we obtain

(9)y(8) = I5¥o(8) + co.

If 8 € ), then we have y(8) = ¥1(8,y(d;)).
If ¢ € )y, then Lemma 2 implies that

D(8)y(8) = D(s)y(a) + 15, 0(9) = @(30)¥1 (51, y(87)) + 150

1

If 8 € (), then we have y(9) = ¥2(8,y(8;)).
If & € )y, then Lemma 2 implies that

D(9)y(8) = P(302)y(3) + 15V, 0(8) = D(30)¥2 (52, y(67)) + 1.0 (8).

Repeating the process in this way, for ¢ € ®, we can obtain

L [Hg%(&) +co], 9 € Q,

o (9)
y(8) = 59 [cp(%,)w](%,,yw;)) +]1§;"+a(19)}, e =1,..,m,
Y,(0,y(97)), 9 Qyy=1,...,m.

Taking ¢ = s in (8), we obtain
D(5)y(5¢) = D3t ) ¥ (32, y (03)) + 1V 0 (52).
Using condition (4), we obtain

 50(0)  5B(0)D () ¥ e y(05))  5:0(0)
o1 01P(x) 51 D()

©(0)y(0)

Substituting the value of y(0) in (8), we obtain (7).

Reciprocally, for ¢ € ), taking ¢ = 0, we obtain

_ 0 2P (5am)¥m(Gam, y(85)) e
o1 51@(%) (51@(%) m

+0 (),

y(0)

Y o(s2).

®)
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and for ¢ € )y, taking & = s, we obtain

1 — ’
y(%)::&ng[qwk%)wm(%mJKﬁm))+ﬂif+a(%ﬂ.
Thus, we can obtain 61y(0) + doy(3¢) = J3, which implies that (4) is verified. Next, we
apply 5 RCDg » () on both sides of (7), where j =0, ..., m. Then, using Lemma 2, we obtain

Equatlon (2 ) In addition, it is clear that y verifies (3), (5), and (6). O

Lemmad4. Let0 < { <1, ¢: 0 x PC([-®,&],R) x R — R be a given function, hy(-) € X,
and iy (+) € X, ® € C(O©,R\{0}); then, y € F verifies (1) if and only if y is the fixed point of
operator X : ' — F, defined by

1 | 439(0) _ 52®(0)P (5em )Y (56m, y(8;,))
Q(B) | 4 519 ()
Ry(8) = 51D () 7t (3) +1 (19)], 8 € Qy, N
T e[ aae) + @], o =1
(9 174 ]/Ny o , ]
¥,(8,y(8,), 8€Qpy=1,...,m,
hl(ﬁ)/ RS [—CU,O},
h2(8), O € [5, 2+ @)

where o is a function satisfying the following functional equation:

o(8) = ¢(8,y°(),0(9)).
Obviously, the fixed points of operator X are solutions of problem (1).

Proof. We can see that the proof follows the same processes as the proof of Theorem 3.
In fact, it is a direct consequence of Theorem 3. [J

Let us assume the following assumptions:

(A1) Function ¢ : ©® x PC([—-®,®],R) x R — R is continuous.
(A2) There exist constants 11, o, > 0 and 0 < ¢ < 1 such that

198,57 =@M < $illg = Cll-we) + 217 =7,
Y87 -Y,6M < olr—71

for any ,{ € PC([-@,&,R), v,¥ € R, and & € Q; ; = 0,...,m,
where p* = max]:L“_lm{p]}.
(A3) Function & is continuous on ®, and there exists a positive real constant M such that

[®(8)] > M.

Set
®= max [P(x) and d= min |D(s)|
7=0,...,m+1 7=0,...,;m+1
We are now in a position to prove the existence result of problem (1) based on the Banach
contraction principle.

Theorem 4. Let us assume that assumptions (A1)—(A3) hold. If

L[ gy #1009 | 10®u i) —p0)"  piG) —p@)F) L g

P= Gl [a[@A—y)T(C+1) (I —92)I(E+1)
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then implicit fractional problem (1) has a unique solution on ©.

Proof. We show that operator X defined in (9) is a contraction in F.
Lety,z € C(®©,R). Then, for each & € [—@,0] U 5, 5 + @], we have

Ry (9) — Nz(9)| = 0.

Moreover, for ¢ € )y, we have

1 [ [6®0) ()| X [Fn (o, Y (80)) = Fn (5, 2(85))|
INy(8) — Rz(9)] < D (0 )|l 2 |61 D (52)]

|620(0)] :

6.000)] Lt 1769) =2 (9)]) 60 + (15F (s) — e2(6)1) 09)1’

where ¢ and o are functions satisfying the following functional equations:
o(8) = p(8,y°(),0(8)) and 0=(9) = ¢(8,2°(-),0=(8)).
Using hypothesis (A2), for ¢ € ©, we have
0(8) = o=(9)] = [0 (8,¥°(-),0(8)) = 9(8,2°(), 0=(8) )]
<Pilly’ — 2% oe) + Y2l (®) — 0=(8)],

which implies

¥ ¥
0(8) = e=(0)] < TV = 2ol < 775 Iy —2le
Then, using (A2), we find that
[Ry(8) — Rz(9)]
ly — zllr [ 91629 (0)P (50m) | |62 (0) |41 Y1 (L
< et et g (5 )69+ 1P (5 m) o)

)
: (
_ ly—zlle mézd><0>d><%m>|+wzd>< 91 (P(2) = 9Gom))* <<> (0)°
e | (6% [610()[(1— ¢2)0(C + 1) (sz) C+1)

< ly—zllr [ 9 [820(0)D (32| o [022(0) 91 ((5) — (0 )* 4 (@) — $(0))°
oM [62()] 6@ (1 — 92T +1) | (1 - ¢2)TC +1)

ly=zle [0'168 | 102080 (() =) | #1(9(2) — 9(0)F
oM |61]P 1611D(1 — )T (T + 1) (I—-y)T(C+1)

Ford € ;7 =1,...,m, we have

Ry(8) = R2(8)] < g [1909)]  [#) (. 5(8)) = 4,9, 2(87)
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Then, using (A2) and (A3), we find that

(o) - wa(o)] < Wt o o)+ 21 (154 ) (0)

|D(8)] T— g, Ut

ly —zle | . P1(p(9) — ()"
e L (e X (Y
Ny =zl [ g, 16 —p(©)° ]

M AT
For# € Q;7=1,...,m, we have
Ry(8) —Nz(8)] < [%,(8,y(6,)) —¥,(8,2(8,))| < o"lly — ==
Thus, we can conclude that

Ry = Rzf|lr < Blly — z|r-

Consequently, using the Banach contraction principle, operator X has a unique fixed point,
which is a solution to problem (1). O

Our second result is based on Krasnoselskii’s fixed point theorem.
Remark 1. Let us put
A2(9) = [@(8,0,0)], AY(8) = [¥,(8,0)|, g1 = A1, o = A1, o = A,
then hypothesis (A2) implies that
98,8, < Mgl o) +MlvI+A2(8) and  [¥,(8,7)] < Aafv]+ Az,
ford € ©,¢ € PC([—@,®],R), v € R, and A, A]2 € C(O,Ry), with

Ay = sup Ay (8), Ay = sup AL(8).

USC) PEC)
Set

g, _ @M 1A (80P + |5 E)A(y() — 9 (0)F

M M| o 01| @ (1~ A)T(¢ +1) '
5, @EMp 158 50N (6@ + 59 — y(0)f

M M| 4] |01 01]@(1 = A)T(g +1) '
By — 1 AP0 P+ [61]P) | [62|PAL(P(x) —(0))°

M 01| @ 01|®(1 - AT (G +1) |

Theorem 5. Let us assume that (A1)-(A3) hold. If
B:=max{Ey, 53} < 1, (11)
then the problem (1) has at least one solution in F.

Proof. Consider the set

28,

—_
7;:41

Ye={C€F:|¢|lr <e}, where &> :
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We define operators 8; and Ny on Y, as

1 [53@(0) _ 52q>(0)q>(%m)‘Pm(%m,y(l9r;))

()| & 61P(x)
2%®(0) .y
_§1CD(%) H%n1+(7(%)] , ey,
Niy(8) = (12)

q)(lﬁ) [@C4)¥, 6o, 08 )], 9e0;=1,..,m,
0,ifd0eQyy=1,...,m,

0,if ¢ € [-®,0],

0, if ¥ € [5, 2+ @].

and
Ly
Nzy(ﬁ) - ‘Y](ﬂ,y(ﬁf)), LS ] =L...,m, (13)
i (9), ¢ € [-w,0],
ha(0), O € [, + @]

Then, we can write the following operator equation:
Ry(8) = Riy(8) +Xoy(8), y € F.

We shall use Krasnoselskii’s fixed point theorem to prove in several steps that operator X
defined in (9) has a fixed point.

Step 1: We prove that Rjx + Rpy € Y forany x,y € Y.

For ¢ € O, using (12) and Remark 1, we obtain

1 [15200)] | 1522(0)P(em)| x [¥m Gm, x(85))| | [02P(0)] 19

O gy el 51() 5180 o )

where 0 is a function satisfying the following functional equations:
0x(8) = ¢(8,x°(-), 0x(9))-
Using Remark 1, we have
jox(8)] = |9(8,x°(-), 02(8))]

< Ml|2°l 0] + Mlow(8)] + A2(8)
< Ayl|xlp + Arlox (9)] + Az
< Ae+ A|ox(8)] + Ay,

which implies that

;\18 + }Lz

<
ox(0)] < S

Thus,
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|(Rx)(9)] <

1 [w@(on L [0:20)@ ()| (Ase + Ag)
@@ | 1] 51|

1629(0) | (A1e + Ap) ((52) — P (5m))°
|01P(50)[(1 = A)T(C+1)

o L [15f® | [820@ (Are+A) | [820@(hhe + o) (p(>) — 9(0)F
- M| ] |01 01|11 - A)T(C+1)

Ford € ;7 =1,...,m, we have

1 - D(Ase + A)
) ()] < g [190)] x ¥, (9, x(8))] < L2

Then, we deduce that for each 9 € ®, we obtain

— — — 72 — g
A | DAy 1 [ [5]D | [5]D Ay | [62|PAA(P(3¢) —(0))
Nixllp < € , - =
IFoele < ma"{ MMM l ol T led a0 — AT+ 1)
72 —_
& 1@ A [5[Phi(p(x) — (0)° (14)
M| 4P 61|®(1 = A)T(C+1) | |
Ford € O;;7=0,..., m, using (13) and Remark 1, we obtain

1o Metha g (A1e + Aa) (9 (30) — (0))°
@) < g SO < oy 0] < e ey

andford e Q;7=1,..., m, we have
|(N2y) (9)] < [¥(8,y(8)| < Ave+ Az,

then, for each ¢ € ® we obtain

IRy || SmaX{A1€+A2 Ra( () — $(0))° L @) —p(0))* } )

"TMQA-MT(C+1) MA=-ADIC+1) [
From (14) and (15), for each ¢ € ©, we have,

IR1x + Roy|lp < [IRrx][pc + [IR2y[lr <,

thus, Ryx + Noy € Y.
Step 2: N; is a contraction.
Lety,z € C(®,R). Then, for ¢ € Qp, we have

ly = zlle [ |22 PCan)| | |6®(0)]
Riy(#) = Raz@)] < S S E P G T T ol =g L (D) (2 ]

(o

< Ny~ z]lx [ £,152(0 )2l | 1822O(0C) — )
T Ie@) | 890 [51@G)|(1—92)T(C+1)
Ny —zlle [ 971220 (an)| |, [822(0)[91(9(>2) — p(0))*
M 6P 012(50)[(1 = )T (T+1)

vy =zle [ 91181 | [6[@g: () = p(0)°
M| al® T ae - )T (E 1)

g
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Ford € O;;7=1,...,m, we have

[Ry(8) — R2(8)] < M (1069 %[5, 5(8,)) — ¥, (59,208, )|

< = .
Y (p*®)

Thus, using Remark 1, we find that for each ¢ € ®, we have

1 [ A10(162[® + [61[®) | 65| PAa (3 () — 9(0))° .
Ry — N < = + = - < &y — z||p-
Ry — Ryz||p < M 16,]® 16,[®(1 — A)T(C + 1) ly —zlr < Eslly — zllr

Then, using (11), operator XN is a contraction.
Step 3: X; is continuous and compact. Let {y, } be a sequence where y, — y in F.
Then, for each & € [—®,0] U [,  + @], we have

[Ny (8) —Ry(8)[ = 0.

For ¢ € Q];]:O,...,m,wehave

(%290)(0) = () (@)] < 5 [ (@) — o) ],
where ¢ and ¢y, are functions satisfying the following functional equations:
o(8) = ¢(9,y°(),0(8)) and ou(9) = @(8,y,(-), ou(8)).
For each ¢ € Q];] =1,...,m,we have,
| (Rayn) (8) = (Ray) (8)| = [¥,(8, yn(9;7)) =¥, (S, y(9;)) |
Since y, — y and since ¢ and ¥, are continuous, we may obtain
N2y — Noy||pc — Oasn — oo.

Then, N, is continuous. Now, we demonstrate that X, is uniformly bounded on Y,.
Lety € Y. Thus, for ¢ € ©,

Aa($(>2) — 9(0))°
M= AT +1)

+e

[Nyl < max{AlerAz, A () — 9(0))° }

M@A=A)T(C+1)

Consequently, R, is uniformly bounded on Y. We take y € Y and 0 < 1 < 72 < 2.
Then, for 1,72 € Q57 =0,...,m

|(Ram)( 71 (Nzy) (72)]

1 ,
1 ,S<¢m>—¢<s>>€*1 s L [y @) =9
: r(c>! T A (4 / VO g0, e
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T _ -1 _ -1
< I‘L /lpl s ‘(w(’)/l)cp(l;ligs)) _ (170(72)(1)(,:255)) |a(s)|ds
- ~ Y2
Me+Ay [ (P(r2) —(s) !
g [y e
1 @) = 9()ET () — (s))F !
< g [ o] P e - B I o)

(Me+ 1) (P(12) = p(1))*
MA=A)T(+1)

_ e+ 32 [(9(m) = 9(0))* — (9(2) — 9(0))¢]
- M@A=A)T(C+1) '

+

Note that
|(Roy)(71) — Ray)(7r2)| = 0 as y1 — 72

Moreover, for y1, 72 € Q];] =1,...,m,

|(R2y) (71) — (Noy) (v2)| < ¥ (71, 9(8,7)) =¥, (2, ¥(8,)),

Note, since ‘I’] are continuous, that

|(Roy) (1) — R2y)(72)| = 0 as 91 — 72

Thus, Ry Y, is equicontinuous on ®, which implies that XY, is relatively compact. By the
Arzela—Ascoli theorem, X, is compact. The equicontinuity for the other cases is obvious.
Using Theorem 2, we conclude that X admits at least a fixed point, which is a solution to
problem (1). O

4. Ulam-Hyers—Rassias Stability

Now, we consider the Ulam stability for problem (1). For this, we take inspiration
from the papers [6,26-28] and the references therein. Lety € IF, e > 0, A;,A2 >0, A >0,
and ¥ : @ — [0, 00) be a continuous function. We consider the following inequalities:

CDEY (@ (9)y(8)) — qo(ﬂ,y”(-),CD%”(@(ﬁ)y(ﬁ)))( <€8€0y,;=0,...,m

y(®) =¥, (8,y(0))| <e, e =1..,m, (16)
(@) —m(8) <e bel-a,0,
() —ma(8)| <€ € x4+,

CDZ! (@(O)y(®) — 9 (8,y°(), DL (@(O)y(#)) )| < I(8), 0 € 0y =0,...,m
y(8) —¥,(8,y(9 ))‘</\, 8eQ,y=1,...,m

ly(8) —m(8)] < Alr ¥ € [-w,0],
|y(l9) 7h2( )| <A V€ [%/%+(b]r
17)

and
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DG (@(0)y(8)) — ¢(8,y° (), DL (@(9)y(9)))| < e3(8),9 € Oy =0, .

y(8) — ¥, (8,y(9; ))‘<e/\, 8eQ,y=1,...,m, (18)
y(8) —mi(9)| < edr, b€ [-o,0],
y(9) —ma(8)] <eba, O € [x,3x+ad]

Definition 3 ([6,27]). Problem (1) is Ulam—Hyers (U-H) stable if there exists a real number
ap > 0 such that for each € > 0 and for each solution x € ¥ of inequality (16), there exists a
solution y € I of (1) with

|x(8) —y(9)| < eay, ¥ <€ O.

Definition 4 ([6,27]). Problem (1) is generalized Ulam—Hyers (G.U-H) stable if there exists
Ky : C([0,00),[0,00)) with K,(0) = 0 such that for each € > 0 and for each solution x € T of
inequality (16), there exists a solution y € F of (1) with

[x(9) —y(0)] < Ky(e), deO.

Definition 5 ([6,27]). Problem (1) is Ulam—Hyers—Rassias (U-H-R) stable with respect to
(3,7, A1, B2) if there exists a real number a,g > 0 such that for each € > 0 and for each
solution x € F of inequality (18), there exists a solution y € F of (1) with

lx(9) —y(9)] < ea(p,g(%(ﬂ) FA+ALFAy), %€ 0.

Definition 6 ([6,27]). Problem (1) is generalized Ulam—Hyers—Rassias (G.U-H-R) stable with
respect to (3, A, Ay, Ay) if there exists a real number a,,s > 0 such that for each solution x € F of
inequality (18), there exists a solution y € F of (1) with

12(8) —y(9)| < ap5(I(9) + A+ A1+ 4), PASNCR

Remark 2. It is clear that

1. Definition 3 = Definition 4.
2. Definition 5 = Definition 6.
3. Definition 5 for 3(.) = A = A = Ay = 1 = Definition 3.

Remark 3. A function y € IF is a solution of inequality (18) if and only if there exist v € F and a
sequence v;,] = 0,...,m + 2 such that

o |v(®)] <eS(@),8€Q,;=0,...my <er Oy, =1,...,m |[vy] < eM
and |V 12| < €Ay.

DY (@(9)y(8)) = ¢(9,y°(), DL (@(O)y(9))) +v(8), 0 € Oy =0,...,m.

o Yy =%,y ) +v, 00, =1, ,m

 y(®) =m®) +uvmy, 9€[-@,0

] y(ﬁ) =hy 19) + Upy2, O E [%,%+ (f)]

,—\A

Theorem 6. Let us assume that in addition to (A1)—(A3) and (10), the following hypothesis holds:

(A4) There exists a nondecreasing function S : @ — [0,00) and ls > 0 such that for each
€ Q;7=0,...,m, wehave

—
=

o~

S
&2
~
—

9) < 153(9).

Then, problem (1) is U-H-R stable with respect to (S, A).



Mathematics 2022, 10, 4821 15 of 20

Proof. Let x € I be a solution if inequality (18), and let us assume that y is the unique

solution of problem

DI (@(®)y(9)) = 9(9,v°(), DL (@@ (8))); 8 € Q) 1 =0,...,m,
y(@) =",(0y(0)); 0, j=1...,m

y(0) =m(0), ©€[-,0]

y(9) =ha(9), V€ [5,x+d),

61y(0) +b2y(>) = b3,

y(s) = x(5);7=0,...,m,

y(®) =x(%);,7=1,...,m+1

Using Theorem 3, we obtain, for each ¢ € O,

1 539(0) . 52q>(0)q>(%m)‘¥m(%mzy(l9n;))
@(19) 51 51@(%)

5, P(0
_ 5% )Hi‘l’m(%wng%(ﬂ)}, 8 € Oy,

o [D(4)¥, (55, y (8 ))+W (19)}, 0eQ;=1,..,m,

,0eQ;=1,...,m,
_(DIO]/
7, %+ @),

—— ~—

where ¢ is a function satisfying the following functional equations:
o(9) = p(8,y°(-),0(8)).
Since x is a solution of inequality (18), using Remark 3, we have

DG (@(9)x(9)) = ¢(8,x(-), CDLY (@(8)x(8)) ) + v(9),8 € Q)7 =0,...,m
x(8) = ¥,(8,x(8,)) +v,0 € Oy =1,...,m, (19)

x(d )—hl( )+Um+l/ ¥ € [-@,0],
x(9) =M (9) + vmya, O € 55,5+ @]

Clearly, the solution of (19) is given by

[@Gg)x(9) +15L0(8)], if €0y =0,0.m

;X (19 ))+U]/ lfl9€(~)],]:1,...,m
)+ Um+1, L% S [—(D,O],
)

(

1

P(8)

x(9) = q (8
Iy (9

(0) + Vpta, O E [+ @),

Ty
where 0y is a function satisfying the following functional equations:
0x(8) = p(8,x,(-), 0x(9)).

Hence, for each ¢ € Q;,) = 0,...,m, we have

50) 1O < g5 g7 [ ¥ @W(0) — 9@ lon(e) — ote)lde-+ (12 1o(r)])]

®(9) [T(C
1 o, 91(9Ge) — 9(0))°
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Moreover, for each ¢ € Q) = 1,...,m, we have

[x(8) =y ()| < |¥,(8,x(8;7)) = ¥,(8, y(8,))[ + [v)]
< *|x(8) —y(8)| + e
< p"llx — yllr + €A

For each ¢ € [—®, 0], we have

[x(8) —y(®)] < [vmia| < ehs.
Moreover, for each ¢ € [3, 2 + @], we have

() —y(®)] < [vma| < €ha.
Thus,

1 (p(3) — (0))°
M1 = y)T((+1)

[
v —ylls < | et 210

. o+ I = ylle

+eA+ e +eA2} +

Then, we have
[x —yllr < aps€(A+S(8) + D1+ 4y),

where

lZ(Pg = M 7
’ (P02 - 9(0))
MO =gt + 1)

Hence, problem (1) is U-H-R stable with respect to (3, A, A1, Ay). O

1—

Remark 4. If conditions (A1)-(A3) and (10) are satisfied, then using Theorem 6 and Remark 2, it is
clear that problem (1) is U-H-R stable and G.U-H-R stable. Moreover, if S(.) = A = A1 = Ay =1,
then problem (1) is also G.U-H stable and U-H stable.

5. Examples

Example 1. Consider the following boundary value impulsive problem, which is an example of our
problem (1):

DY (@ (8)y(8)) = qo(ﬂ,y%, CDi;’%Mﬁ)y(&))); beUQ,  (0)

y(9) =¥1(8,y(87)) € O, (1)
y(0) +y(x) =0, (22)
y(¥) =m(0), 8 €[-m0], @ >0, (23)
y(9) =hy(09), 9 € [m,2m], @ >0, (24)

where Qy = (0,2], O = B, 71], O = (2,3], 59 = 0, 9 = 2, and 31 = 3, with { = %,
P)=0,7€{0,1},6=0=168=0ando =0 =

Set
3+ 3[sin()| + [[y1ll|—o,6) + [v2(9)]
9 = / deUO
?(®y1,92) 2450 + 6230¢° U €U,
V3 /5 .
o) = ﬁ@ +3]sin(8)] +1),

| cos(9)| + |y2(9)]
412¢? ’
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where y; € PC([—m, ], R), y2 € R.
Clearly, function ¢ is continuous. Hence, condition (Al) is satisfied. For each x1,y; €
PC([—m, |, R), x2,y2 € R, and ¥ € O, we have

1
98, x1,32) = 9@yl < e (I = nli-ea) + v —v2l)

1
< o (I = mlioa + %~ all),
- - [x2(8) — ya(8)]
[¥1(8,x2(90)) =18, 2(8))| < —— 5
1
< 111 - .
Hence, condition (A2) is satisfied with Y = ¥, = ﬁ and p* = ﬁ ‘

Hypothesis (A3) is verified with M = %, indeed we have |® ()| > % Condition (10) of
Theorem 4 is verified, for

- 3 —  V3(m?+1)
CID—ﬁ and CI>—7233 .
Then,
1 [ o 16l® 8P (p() —p(0)° | pa(p() —p(0)°] |
= — b - _
= MY 50 T+l | A gt | Y
1 [VBRR 1) +VB(rE 1) 4e6(m2+1)+2] 1
T3 412 + 8679 412
~ 0.652663491979853
< 1.

Then, problem (20)—(24) has a unique solution in F.
Now, if we want to check the result obtained in Theorem 5, using Remark 1, we deduce that all

the requirements of Theorem 5 are verified. Indeed, we have

B ~ 0.6526635 < 1.

Consequently, problem (20)—(24) has at least one solution in F.
Hypothesis (A4) is satisfied with A = Ay = Ay = 1, S(8) = 5+/71, and lg = 2. Indeed,
foreach © € Qg U Qy, we obtain

'] ']
sV = i [0 -0 dsvmig <5 [0 - o) g < 10V
# 0

Consequently, Theorem 6 implies that problem (20)—(24) is U-H-R stable.

Example 2. Consider the following initial value impulsive problem:

DY (@(y(e) = p(#°(), “DE (@(09)) ) 0 € Uy, @5)

y(0) =¥1(8,y(9;)) €, (26)
y(0) =0, (27)
y(8) =1+0% € [—e0], @>0, (28)
y(9)=1-0% 9¢€68], @ >0, (29)
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where Qg = (0,¢], Q1 = (2¢,6], Q1 = (e,2¢], 79 = 0, 91 = e, and 31 = 2e, with { = }1,
0, and

v =0%;€{01},6=16=06=0mdo=3d =2
Set

L+ [v1ll-oe) + [v2(9)]

’ = - , O Uy,

?(0,y1,12) 2022 + 2022020 U € o

9% +1

- | cos(8)]| + |y2(9)|

Tl (19’]/2(191 )) = 31261219 7

where y; € PC([-2,2],R), y» € R.
Clearly, function ¢ is continuous. Hence, condition (Al) is satisfied. For each x1,y1 €
PC([-2,2],R), x2,y2 € R, and ¢ € ©, we have

1

98 x1,32) =90 y1,12)| < g (I~ vl + %2~ vl

1
< om = ll-oe + v -y,

[¥1(8,x2(87)) —¥1(8, y2(8; )| < %
< ssha(®) - p(6)]

Hence, condition (A2) is satisfied with Y = P = g5z and p* = 515

Hypothesis (A3) is verified with M = 21—2, and condition (10) of Theorem 4 is verified, for

.1 — 4?41
D 7 and »

Indeed, we have

1] o 0" 16@ | 16@p(p) — 9(0)° | vi(p(a) —p(0)°] |
- (6] = =
Pr= M7 e T a0 gt 1) T A-gt @+ |
4e2 +1 361 1
-2 l412 2022 " 30mr(3) | | 312
~ 0.018717359521359

< L

Then, problem (25)—(29) has a unique solution in F. Moreover, since p ~ 0.0187 < 1, using
Theorem 5, problem (25)—(29) at least one solution in IF. As in the above example, we can easily
verify that the requirements of Theorem 6 are verified, which implies that problem (25)—(29) is
U-H-R stable.
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Example 3. Let us consider problem (25)—(29) with the following modifications: { = % and
1
) = —.
$(9) 1+e?

By following the same steps as the above example, we obtain

p =B

1 1)3
4 +1 (1—1—66_2) 1

412 x 2022 40431"(%) + 312

~ 0.00884062006887214
< 1

Consequently, we obtain the existence result of our problem using Theorem 5 and the uniqueness
result using Theorem 4.
Hypothesis (A4) is satisfied with A = Ay = Ay =1, () = 3e, and

¢ _1<1_1)3
) \14e 2)

Indeed, for each ¢ € Qg U )1, we obtain

Consequently, Theorem 6 implies the U-H-R stability of our problem.

6. Conclusions

In the present research, we investigated existence and uniqueness criteria for the
solutions of a boundary value problem for implicit y-Caputo fractional differential equa-
tions with non-instantaneous impulses involving both retarded and advanced arguments.
To achieve the desired results for the given problem, the fixed-point approach was used,
namely, the Banach contraction principle and Krasnoselskii’s fixed point theorem. In ad-
dition, we dedicated a section to the investigation of various types of Ulam stability for
problem (2). Examples are provided to demonstrate how the major results can be ap-
plied. Our results in the given configuration are novel and substantially contribute to
the literature on this new field of study. We feel that there are multiple potential study
avenues, such as coupled systems, problems with infinite delays, and many more, due to
the limited number of publications on implicit hybrid differential equations, particularly
with non-instantaneous impulses. We hope that this article will serve as a starting point for
such an undertaking.

Author Contributions: Conceptualization, A.S., J.A., W.S. and C.T.; methodology, A.S., J.A., W.S.
and C.T.; software, A.S. and J.A,; validation, A.S., J.A., W.S. and C.T.; formal analysis, A.S., J.A.,
WS.S. and C.T,; investigation, A.S. and J.A.; resources, A.S., J.A., W.S. and C.T.; data curation, A.S.
and J.A.; writing—original draft preparation, A.S., J.A., W.S. and C.T.; writing—review and editing,
AS., J. A, WS. and C.T,; visualization, A.S., ].A., W.S. and C.T.; supervision, A.S. and J.A.; project
administration, A.S.; funding acquisition, C.T. The study was carried out with the collaboration of all
authors. All authors read and approved the final manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.



Mathematics 2022, 10, 4821 20 of 20

Data Availability Statement: Not applicable.

Acknowledgments: J. Alzabut is thankful to Prince Sultan University and Ostim Technical University
for their endless support. C. Thaiprayoon would like to extend their appreciation to Burapha Univer-
sity. The authors are grateful to the reviewers for their precious help in improving this manuscript.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Abbas, S.; Benchohra, M.; Graef, J.R.; Henderson, J. Implicit Fractional Differential and Integral Equations; Walter De Gruyter:
London, UK, 2018.

2. Ulam, S.M. Problems in Modern Mathematics; Science Editions John Wiley & Sons, Inc.: New York, NY, USA, 1964.

3.  Hyers, D.H. On the stability of the linear functional equation. Proc. Nat. Acad. Sci. USA 1941, 27, 222-224. [CrossRef] [PubMed]

4.  Rassias, T.M. On the stability of the linear mapping in Banach spaces. Proc. Amer. Math. Soc. 1978, 72, 297-300. [CrossRef]

5. Luo, D.; Luo, Z.; Qiu, H. Existence and Hyers-Ulam stability of solutions for a mixed fractional-order nonlinear delay difference
equation with parameters. Math. Probl. Eng. 2020, 2020, 9372406. [CrossRef]

6. Salim, A.; Lazreg, ].E.; Ahmad, B.; Benchohra, M.; Nieto, J.J. A study on k-generalized -Hilfer derivative operator.
Vietnam ]. Math. 2022. [CrossRef]

7. Shah, K;; Tunc, C. Existence theory and stability analysis to a system of boundary value problem. J. Taibah Univ. Sci. 2017, 11,
1330-1342. [CrossRef]

8.  Khan, A; Shah, K;; Li, Y;; Khan, T.S. Ulam type stability for a coupled systems of boundary value problems of nonlinear fractional
differential equations. J. Funct. Spaces. 2017, 8, 1-9. [CrossRef]

9. Ali, A.; Samet, B.; Shah, K.; Khan, R.A. Existence and stability of solution to a toppled systems of differential equations of
non-integer order. Bound. Value Prob. 2017, 1, 16. [CrossRef]

10. Derbazi, C.; Hammouche, H.; Salim, A.; Benchohra, M. Measure of noncompactness and fractional hybrid differential equations
with hybrid conditions. Differ. Equ. Appl. 2022, 14, 145-161. [CrossRef]

11. Salim, A.; Benchohra, M.; Graef, ].R.; Lazreg, J.E. Initial value problem for hybrid ip-Hilfer fractional implicit differential equations.
J. Fixed Point Theory Appl. 2022, 24, 14. [CrossRef]

12.  Wang, J.; Zada, A.; Waheed, H. Stability analysis of a coupled system of nonlinear implicit fractional anti-periodic boundary
value problem. Math Meth Appl Sci. 2019, 42, 6706—6732. [CrossRef]

13. Hernandez, E.; O’'Regan, D. On a new class of abstract impulsive differential equations. Proc. Am. Math. Soc. 2013,141, 1641-1649.
[CrossRef]

14. Zada, A.; Waheed, H.; Alzabut, J.; Wang, X. Existence and stability of impulsive coupled system of fractional integrodifferential
equations. Demonstr. Math. 2019, 52, 296-335. [CrossRef]

15. Saker, S.H.; Alzabut, ]. On impulsive delay Hematopoiesis model with periodic coefficients. Rocky Mt. ]. Math. 2009, 39, 1657-1688.
[CrossRef]

16. Bai, L.; Nieto, J.]. Variational approach to differential equations with not instantaneous impulses. Appl. Math. Lett. 2017, 73, 44—48.
[CrossRef]

17.  Benkhettou, N.; Salim, A.; Aissani, K.; Benchohra, M.; Karapinar, E. Non-instantaneous impulsive fractional integro-differential
equations with state-dependent delay. Sahand Commun. Math. Anal. 2022, 19, 93-109.

18. Yang, D.; Wang, ]. Integral boundary value problems for nonlinear non-instataneous impulsive differential equations. J. Appl.
Math. Comput. 2017, 55, 59-78. [CrossRef]

19. Wang, ].R.; Feckan, M. Non-Instantaneous Impulsive Differential Equations; Basic Theory And Computation, IOP Publishing Ltd.:
Bristol, UK, 2018.

20. Suwan, L; Abdo, M.S.; Abdeljawad, T.; Matar, M.M.; Boutiara, A.; Almalahi, M.A. Existence theorems for ¢—fractional hybrid
systems with periodic boundary conditions. AIMS Math. 2021, 7, 171-186. [CrossRef]

21. Salim, A.; Benchohra, M.; Graef, J.R.; Lazreg, ]J.E. Boundary value problem for fractional generalized Hilfer-type fractional
derivative with non-instantaneous impulses. Fractal Fract. 2021, 5, 1. [CrossRef]

22. Kilbas, A.A.; Srivastava, H.M.; Trujillo, J.J. Theory and Applications of Fractional Differential Equations. In North-Holland
Mathematics Studies, 204; Elsevier Science B.V.: Amsterdam, The Netherlands, 2006.

23. Almeida, R. A Caputo fractional derivative of a function with respect to another function. Commun. Nonlinear Sci. 2017, 44,
460-481. [CrossRef]

24. Smart, D.R. Fixed Point Theory; Combridge University Press: Combridge, UK, 1974.

25.  Granas, A.; Dugundji, J. Fixed Point Theory; Springer: New York, NY, USA, 2003.

26. Rus, I. Ulam stability of ordinary differential equations in a Banach space. Carpathian . Math. 2011, 26, 103-107.

27. Zada, A.; Shah, S. Hyers-Ulam stability of first-order non-linear delay differential equations with fractional integrable impulses.
J. Math. Stat. 2018, 47, 1196-1205. [CrossRef]

28. J.Wang, L. Lv, Y. Zhou, Ulam stability and data dependence for fractional differential equations with Caputo derivative. Electr. |.

Qual. Theory Differ. Equ. 2011, 63, 1-10. [CrossRef]


http://doi.org/10.1073/pnas.27.4.222
http://www.ncbi.nlm.nih.gov/pubmed/16578012
http://dx.doi.org/10.1090/S0002-9939-1978-0507327-1
http://dx.doi.org/10.1155/2020/9372406
http://dx.doi.org/10.1007/s10013-022-00561-8
http://dx.doi.org/10.1016/j.jtusci.2017.06.002
http://dx.doi.org/10.1155/2017/3046013
http://dx.doi.org/10.1186/s13661-017-0749-1
http://dx.doi.org/10.7153/dea-2022-14-09
http://dx.doi.org/10.1007/s11784-021-00920-x
http://dx.doi.org/10.1002/mma.5773
http://dx.doi.org/10.1090/S0002-9939-2012-11613-2
http://dx.doi.org/10.1515/dema-2019-0035
http://dx.doi.org/10.1216/RMJ-2009-39-5-1657
http://dx.doi.org/10.1016/j.aml.2017.02.019
http://dx.doi.org/10.1007/s12190-016-1025-8
http://dx.doi.org/10.3934/math.2022010
http://dx.doi.org/10.3390/fractalfract5010001
http://dx.doi.org/10.1016/j.cnsns.2016.09.006
http://dx.doi.org/10.15672/HJMS.2017.496
http://dx.doi.org/10.14232/ejqtde.2011.1.63

	Introduction
	Preliminaries
	Main Results
	Ulam–Hyers–Rassias Stability
	Examples
	Conclusions
	References

