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Abstract: We investigate a uniformly rotating finite mass consisting of two immiscible, viscous, in-
compressible self-gravitating fluids which is governed by an interface problem for the Navier-Stokes
system with mass forces and the gradient of the Newton potential on the right-hand sides. The
interface between the liquids is assumed to be closed. Surface tension acts on the interface and on the
exterior free boundary. A study of this problem is performed in the Holder spaces of functions. The
global unique solvability of the problem is obtained under the smallness of the initial data, external
forces and rotation speed, and the proximity of the given initial surfaces to some axisymmetric
equilibrium figures. It is proved that if the second variation of the energy functional is positive
and mass forces decrease exponentially, then small perturbations of the axisymmetric figures of
equilibrium tend exponentially to zero as the time f — oo, and the motion of liquid mass passes into
the rotation of the two-phase drop as a solid body.

Keywords: two-phase liquid problem with mass forces; stability of a solution; viscous incompressible
self-gravitating fluids; interface problem for the Navier-Stokes system; Holder spaces; exponential decay
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1. Introduction

The paper deals with the stability of the problem of rotation of an isolated liquid mass
about a fixed axis. Such problems were treated by many outstanding mathematicians. A
review of the topic was presented in the book of Appell [1]. One can find there, for example,
the results of Charrueau [2,3], who was one of the first to start studying the problem with a
capillarity effect at the beginning of the 20th century.

A. M. Lyapunov [4,5] analyzed the stability of equilibrium figures for a rotating fluid
mass without surface tension by analytical methods. He investigated the second variation
of an energy functional considering small perturbations of the boundary of an equilibrium
figure. The positiveness of this variation guarantees the stability of the figure because the
energy potential possesses a minimum in this case.

The Lyapunov method was generalized for a rotating capillary fluid by one of the
authors of this paper in [6,7]. We developed this technique for a finite mass of two-phase
liquids. We studied the stability problem for two rotating incompressible capillary self-
gravitating fluids with an unknown interface and a free surface to be close to the boundaries
of two equilibrium figures inserted into each other. The existence of two-phase figures of
equilibrium was obtained in [8]. We adapted the proof of the global maximal regularity
of two-fluid problem without rotation ([9] Ch. 7, 12) to our case. A study of rotating
two-phase drop was performed in the Sobolev—-Slobodetskii spaces by ourselves in [10,11],
where an a priori exponential inequality was obtained for a generalized energy. At first, on
this basis, the global solvability of a linearized problem was proved. Next, a solution to

Mathematics 2022, 10, 4799. https:/ /doi.org/10.3390/math10244799

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math10244799
https://doi.org/10.3390/math10244799
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-9175-4048
https://orcid.org/0000-0002-3087-1099
https://doi.org/10.3390/math10244799
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10244799?type=check_update&version=2

Mathematics 2022, 10, 4799

2 of 28

the non-linear problem was found as the sum of the solution of the linear homogeneous
system and that of a problem with small non-linear terms. We use this technique also in the
case of the Holder spaces. We note that the problem in [10] governs the rotation without
mass force and self-gravity of the drop. In the present paper, we take both these forces into
account.

2. Setting of a problem

We give a mathematical statement of the problem. We assume two immiscible viscous
incompressible fluids of densities p* and viscosities y* to be situated in a domain Q) C R?
which is separated by a variable closed interface I',” and bounded by a free surface I, , I’}
being the boundary of the domain Q;" filled with a fluid of the density p ™. It is surrounded
by another fluid of the density p~ contained in the domain Q; = () \ Q;" (see Figure 1).
At the initial moment ¢ = 0, the boundaries 1”0i are given. This two-layer fluid mass rotates
about the vertical axis x3. One should find the surfaces Ty, velocity vector field v(x, t)
and pressure function p(x, t) which satisfy the interface problem for the Navier—Stokes
equations:

o (Dro+ (v V)o) — V2o + Vp = p*(f + »VU),

V.o=0 inUQf=0fUQ;, t>0,
v(x,0) = vo(x), xGUQg[,

v = lim wo(x,t)— lim o(x,t)=0,

[ Hl";*’ x—xo€T}, ( ) x—xo€T}, ( ) @
xGQ;r xeQ),

[T(v,p)n]|py =c"H'n onT}, T(v,p)n|.- =c"H™n onl},
t t

Va=v-n onl; =T/ UI,,
where D; = 9/0t, V = (8/9x1,0/9x2,0/9x3), V2=V - V; f is the vector of mass forces,

+
_ [ pdz,
UGt = [ feap

» > 0 is the gravitational constant; vy is initial velocity vector field; the stress tensor is
T(o,p) = —pl+ pS(v),

where I is identity matrix, S(v) = (Vo) + (Vo)7 is the twice rate-of-strain tensor, the
superscript T means the transposition, the step-functions of density and dynamical viscosity
pt,ut > 0areequaltop—, = inQ; and p*, u™ in Qf, respectively; o= > 0 are surface
tension coefficients on l"ti, H? are the doubled mean curvatures of the surfaces l"tjE and
(H* < 0 at the points where T;r is convex toward ();"), the vector n is the outward normal
to I, UT;" and V,, is the speed of evolution of the surfaces I';" in the direction of n. A
Cartesian coordinate system {x} is assumed to be introduced in R3. The centered dot -
denotes the Cartesian scalar product.

The vectors and vector spaces are marked by boldface letters. We imply the summation
from 1 to 3 by repeated indices, indicated in Latin letters.

The domains () and ) are supposed to be close to equilibrium figures 7 and F of
the same volumes:

Qg1 =171, [l = |F]. 2
In view of the incompressibility of the fluids, equalities (2) hold for arbitrary ¢t > 0:
Q=177 1] = |7 3)

Mass conservation follows from the constancy of the densities.
Weset Gt =0F ", G- =dF and F~ = F \ FT (see Figure 1).
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Figure 1. Two—phase drop.

If mass force f is orthogonal to all the vectors of rigid motion, i.e.,

/Qtpif(x,t)dxzo, /Qtpif(x,t)qyi(x)dxzo, i=1,2,3, 4)
a solution of system (1) also satisfies the additional conservation laws:
o pixj dx = /Q ) pixj dx=0, j=1,2,3, (barycenter conservation),
o pFo(x,t)dx = /Qo pFvo(x)dx =0 (momentum conservation),
Jo ool i dx = [ p*oo(e) wx) dx = [ pg(x) () dx = o)

i=1,2,3, (angular momentum conservation),

Q)

where 55-‘ is the Kronecker delta, qj(x) =ej xx,j =123, pis a density step-function:
p=p inF,p=p"in FT, wis the angular speed of the rotation and

B= w/fp(x)|x’\2dx =wl

is angular momentum of the rotating fluids. Under conditions (4) for t > 0, it was shown
in [8] that laws (5) are satisfied for all t > 0 if they hold at t = 0.
For the new pressure function p — p* »U, system (1) transforms into the problem

p= (D + (v V)v) — p* V0 + Vp = p=f,

V.v=0in UQF, t >0, (6)
v(x,0) = vo(x) in UQF =Qf UQg,
[v] ’Ft* =0, [T(v, p)n] ’Ft* = (cTHT + [p*] |r;r%l,l)n onT},
T(v,p)n!r; =(c"H +p »U)n onI,, )

Va=v-n onl; =T/ UTI;.
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The uniform rotation of a two-phase drop about the x3-axis with constant angular
velocity w = B/7 is governed by the homogeneous steady Navier—Stokes equations:

p(V-V)V-aV?V+VP =0, V-V=0 in UF*

with the step-function of dynamical viscosity i = u* in F* and i = y~ in F~. The
solution of this system is the couple of velocity vector field

V(x) = wesz x x = wiy,
and the function of pressure
P(x) = PP+ 1,
where |x/|2 = x2 + x5 and p and pat are step-functions in . In order to find the equations
of the surfaces G* of the domains F*, we substitute V, P into boundary conditions (7)

2
o H(x) +p*“’7|x/|2 tp s +py =0, xeG,
(8)
2
_ w _
() + 9|y S+ Pl g U + ] i =0, xEGT,

where H~ and H T are twice the mean curvatures of G~ and G, respectively, and

U(x) :/ pdz

Flx—z|

In [8], the existence of the boundaries G satisfying Equation (8) was proved, provided
that 8 is small enough, and s, []| g+ > 0 (Proposition 3.3). It was noted there that g*

are flattened spheroids. If x = 0, the condition [g] ‘g + > 01is not necessary. We cite this
proposition.

Proposition 1. Let the angular momentum B be small enough, and > > 0 and p™ > p~. Then,
for given volumes | F*| and |F |, there exists a unique equilibrium figure which is axially symmetric
about the axis x3 and symmetric about the plane x3 = 0. The surfaces G* are close to the spheres
Sr. = {|x| = R4}, respectively, where R, R_ are such that

4

?Ri = |F*],

47
R =|F
SR = |7

and .
Gt ={x= Z—i—cpi(z)m, z€Sp, }

Thus, we admit the axial symmetry of 7+ and their symmetry about the plane x3 = 0.
Then

/f pridx =0, i=1,23, )

. oxzxidx =0, j=1,2.
/J—'p 3% J

Relation (9) corresponds to the first condition in (5). It means that mass center of the fluids
is in the origin all the time. The other conservation laws in (5) take the form

o po(x, t)dx = /fﬁV(x)dx =0, (10)

Jo, pEo(x,t) -y (x)dx = /J__pV(x) . (x)dx =838, i=1,2,3.
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Let us consider the perturbations of the velocity and pressure
v (x,t) =v(x,t) = V(x), pr(xt)=pxt)—Px).

We introduce the new coordinates {y;} rotating about the x3-axis with the angular velocity
w and the new unknown functions (9, p) by the formulas

x = Z(wt)y,
o(y,t) = Z (wh)v (Z(wt)y,t), Ply.t) = pr(Z(wt)y,t),

cosf® —sinf 0
Z(0)=| sinf cosf 0 |.

0 0 1

where

We note that Vi = ZV,, Z Hwt)(V - Vi)v, = w(3(x) - Vi) 3(y, 1) = w(Zy5(y) -
ZVy)0 = w(ns(y) - Vy)o(y,t) = w(yzg—yvl — yla‘%) and Dyv;|y—z, = Dy, (Zy,t) — (V-
V)v,. By substituting this in (6) and (7), acting by Z land taking (8) into account in the
boundary conditions, we obtain the following interface problem for the perturbations &
and p:

o= (Do + (9 V)0 + 2w(es x 9)) — p= V20 + Vi = p* f,

V-9=0 in UQF =07 Uy, t>0,
5(y,0) = vo(y) = V(y) = 00(y), v e UQy,

i = {o” (A (y) =M™ (2)) +p~?(ly'> = %) /2

+o0~ (U(y, t) —U(2)) 1, (11)

where OF = Z N wt)QF, TE = Z7Y(w)TE, fly,t) = Z N wt)f(Z(wt)y,t), i is the
outward normal to Ty, n = Zi, Yy = (y1,12,0), etc. We note that the kinematic boundary
condition V,, = v - n, conserves its form (see [10]).

Relations (3), (5) and (10) go over into

| = 7T ] =17, (12)

/ piy]- dy=0, j=1,2,3, (centroid conservation),
O
+- : .
o(y,t)dy = 0 (impulse conservation),
/(m p=o(y t)dy (imp ) 13)
S Pt @) dy e [y dy = [ pny-ni(y)dy = pe}
t t
(angular momentum conservation),

where ,(y) =e; xy,i=1,2,3.

We give the definition of the anisotropic Holder spaces which we use below.

Let QbeadomaininR”,n € Nand a € (0,1). Weset Qr = Q x (0,T) for T > 0. By
C¥*/2(Qr), we denote the set of functions f in Qr having the norm

FISM = [floy + (HG?,
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where

flor= sup suplfutl (O™ = (g, + iy

and

(HE = sup sup [f(x, )~ Fyt)llx—y| %,
te(0,T) x,ycQ

(IS, = sup sup |f(x,t) = fx,D)llt—7| 7", pe(01).
x€Qt,7e(0,T)

We introduce the following notation:

DL = 8"|/ax;1...8x;”, r=1(ry,...1q), 120, |r|=r+ -+,
D; = 0°/dt°, seNU{0}.
Let k € N. By definition, the space Ck+%(k+)/2((1) consists of functions f with finite
norm on o
(ktao, =5% kto, 5%
Il = ¥ IDIDiflo, + (NG T,
[r|+2s<k
where b »
k+ 3 & T
HE =y st Y omminld).
|7[+2s=k |r|+2s=k—1

We define CK+%(Q), k € NU {0}, as the space of functions f(x), x € Q, with the norm

\r|<k

Here

(A& = Y (DS = ¥ sup [DLf(x) — Dy f(y)l|x -yl ™™

[r|=k |r|=k X.yEQ

One also needs the following norm with o,y € (0,1):

(1+a77

A = (H5 (AT + Ifles

with

1+ — o su If(x,t) — f(y, t) — f(x,T) —l—f(y,'r)|.
<f>QT t,Te((I)D,T) x,ye% ‘x — y|7|t — T|(1+"‘—“r)/2

The estimate .
1 T4a, 152
NTHHY <affph ™)

is known. By definition, f € C(V1+%)(Qr) if

| f‘ ’)’ 1+IX)
Finally, if a function f has finite norm

g = (O, +IfIle,,  ve@1), nelo),
where W
|f|(l4) — {|f|QT+<f>t,}(lgT if >0,
t, .
Qr |f|QT ifu=0,
we consider that f € C7*(Qr).
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We consider that a vector-valued function belongs to a Holder space if all of its
components belong to this space and define its norm as the maximum of component norms.
The same applies to a tensor-valued function.

We set

k+u¢, o (k+¢x,k k+uc, o _
AIBTE) = 8 g8, b= of Uy,

(k4a) _ (k+a) (k+a)
Aoad = 11T +1Aa0.

3. A Linearized Problem

We suppose the surfaces T’} to be given by the relations
It ={y=z+N@)r(zt), zcg*} (14)

where N is the outward normal to G~ UG,
Let us map O into F* by the inverse transformation to the Hanzawa transform

y=z+N"(2)r'(z,t) = e (z,1), (15)

where N*, r* are some extensions of N and r into F, respectively.

In order to analyze problem (11) with initial data close to the regime of rotation as
a rigid body (see Figure 1), we linearize it. To this end, we calculate the first variation
with respect to r of the differences H(y) — H(z), |y'|* — |Z'|%, U(y,t) — U(z). We use the
following formulas for the first and second variations of a functional R[r]

d” Rlst]| (16)

d
—R[s7]|._, 02R[r] = 12

SoR[r] = 15

s=0"
It is easily seen that & (|y'|> — |2/[?) = %(\z' + N'sr|? — |z’|2)|s:0 =27 -N'r, N =
(N1, Np,0). By [12], &o(HE(y) — HE(2)) = A*rE + (Hiz (z) — 2K*(z))r*, where the
Laplace—Beltrami operators AT act on G*. Moreover, as mentioned in [8],

(Ul t) ~U(2) = o WGz 1),
where
ue = [ £ whlen = [ 20 a6+ g [ 12 don

In new coordinates (15), the kinematic condition for V;, = Dyy - n|g takes the form
DirN -n=7-n. (17)

Thus, collecting the above relations, we obtain a linear problem corresponding to (11)
with the unknown functions w and py:

p(Diw +2w(e3 x w)) — aV*w + Vp, = pf,

V-w=f=V-F inUFf=F UF", t>0,
w(z,0) = vo(z) — V(2) = wo(2), z€UF,
wllge =0, [(Taw,po)N]|g. + NB{(r)=d oG,
T(w,p1)N+NB; (r)=d on§G,
Dir—w-N=g onG=G UG,  1(z,0)=r(z), z€G,

(18)
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where the operators

By(r)=—0"A"r—b (2)r —p7%W[ , z€G™,

B (r) = —o* A r — b (2)r — ]| g W], z € G, (19)

with

b= (z) = (7*(7-(72 —2K7) + p*sz -2/ +p~ 20U /0N,
b (z) = ot (M7 = 2K%) + [p)| g PN - 2/ + [p]| 5. 50U /3N,
where z’ = (z1,2,,0) and KC* are the Gaussian curvatures of G+, w is the angular velocity,
r(x,t) is an unknown function equal to the deviation of the surfaces l"ti from G* and
f.f,d,g, wo,ry are given functions.
First, we study problem (18) with the homogeneous equations and boundary condi-
tions:
p(Drw +2w(es x w)) — V2w +Vp; =0, V-w=0 inUFT, t>0,
w|t:O =wp in UFT,
[w]|g. =0, [T(w,p1)N]|g. + NByj(r)=0 onG™, (20)
T(w, pl)N G- + NB(?(”) =0 ong,
Dir—w-N=0 ong,

l,_o=70 ong.

We assume that the domains =+ are symmetric with respect to z1, z3, z3 and that the
initial data satisfy, due to assumptions (12), (13), orthogonality conditions

/ ro(z)dg =0,

(21)
p/ dg—i—[H /g+ro(z)z]-dg:0, i=123,

/ z)dz + w(p /g— ro(z)113(2) - 17;(z) dG (22)
Pllg- [, nEs() - 15(z) 4G ) =

We put QF = F* x (0,T), G = G* x (0,T), Dr = Qf UQ7, Qr = QF UQ7,
Gr =G§ UG;, T € (0,00].

Proposition 2. A solution of problem (20) under conditions (21), (22) at the initial instant satisfies
(21) and (22) for all t > 0.

This proposition is proved in the same way as Proposition 2.1 in [10] by virtue of
Proposition 3.

In view of impulse conservation, the following statement is valid.

Corollary 1. There holds the decomposition

w=w —l—Zd ;. (23)
i=1
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1

where w— means a vector field orthogonal to all the vectors of rigid motion x; i.e.,

n=e or 5(z)=mnz), i=123, and
w, _ _ _
di(r) = —35 (o /gf rig3 - 1;dG + [p[g+ /g+ rifs - 11;dG), Si:[?:P|’7i|2dz'

Proposition 3. The following relations hold:
By(p-N)=-w*pn-2, z€G,
By (1-N) = ~«*lpllgen -2, z€ G,
where 1 is an arbitrary vector of rigid motion.

This statement was proved in [11].

We cite the result obtained in ([9], § 5.3) about the solvability of the following linear
problem for the Stokes system in an unbounded domain O~ UQ*, QT UQ~ = R3, with
the closed interface I' = 9Q)":

Dtv—vivzv—i—plin—f, V-v=gin DTEUQ:Tt =0O* x (0,T),

U‘t:OZZJO in 07UQ+, v——0,
|x|—o00
[7)”1" =0, [Ho’]rn]h" =b (b ‘n = 0), (24)

t t
n-Tnll.—on- [ Arodt' =0 +0c [ Bdt! onGr=Tx(0,T),
r
0 0

where f, ¢,b,b', B, vy are given functions; n denotes the outward unit normal to I'; [Tpa =
a— (n-a)n.
We assume first that there hold two representations:

3
¢§=V-Rand DIR—f=h=V -M= Y aMy/xy, (25)
k=1

and second, that compatibility conditions
[vo]lr =0, V-vo(x) = g(x,0), x e Q- UQT,
(TS (vo(x))n] |xer = b(x,0), x €T, (26)

Mo (f(x,0) — plin(x,O) +vEV200(0))] |y = 0

xel
are satisfied. The last of relations (26) follows from the tangential part of the necessary
condition of the continuity of velocity derivative Dyv att = 0: [D;v]|r = 0. The normal
part of this equality [D;v - n]|r—o = 0 holds if the initial pressure pyg = p(x,0) is a solution
to the problem

plivzpo(x) =V - (f(x,0) +v*Vg(x,0) — DiR(x,0)) inUQF,

d
pollr = [Zﬂi% 'n} ‘r —b'|1=0 = poo, (27)
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Lapoll _y,. +y72 _ Y _ .
2| = b (w0 + * o0l =g (3= Tyen).
(Here the first equation is understood in a weak sense.)

Theorem 1. Let assumptions (25)—(27) be fulfilled. In addition, we assume for a,y € (0,1) and
vy <awhno>0andT < oothat T € C2%, fe C%(Dy), g € c1+“'1#(DT) R €
Cr ) (Dr), DiR € C*¥(Dr), [R-n]|g = 0,09 € C**(Q-UQN), b e clrest (Gr),
v e CVH)(Gr), B € C**/2(Gr), and the elements of the tensor Ml have finite semi-norms

|Mik|gT’1+'X), <M-k>£€ £)> , 1,k =1,2,3. We suppose also that all given functions decrease quickly

enough for |x| — oo (for example, in a power-law way). Then problem (24) has a solution (v, p)
such that v € C***14%/2(Dr), Vp € C**/2(Dr), p € COP1+) (Br) and the inequality

(24a,1+a/2) /2) A1+ La—y
o] ZHATD) ||l gy At ()

(1
5 + DRI+ R 1 bl

(1+a,l 2 ‘ 71+a¢

<ea(M{Iflp? + 115, L
(2+4w)

+ 16|, + Vb &) + o] B +|M\“’”“+<M>im+|v |U0i}
= c13(T)F(T) (28)

holds, where V1 = I1yV,c13(T) is a nondecreasing function of T, By = By x (0, T) and B,
is a ball containing the domain QF. The velocity vector field v is defined uniquely, and the
pressure p is determined in the class of functions of weak power-law growth up to a smooth bounded
time-dependent function.

A similar theorem for the bounded domain Dy = UF* x (0, T), is also valid [9]. In
order to prove such a theorem, one applies the estimates near the outer boundary G~ which
were obtained in [13,14] for a single liquid.

Theorem 2 (Local Solvability of the Linear Problem). Let G € C3** and ry € C3+"‘( ) with
x € (0,1). We suppose that f € C*%3(Dr), f € C1H% 2 5 (Dy), f=V-F Fecv*9(Dy),
D,F € C**/2(Dy), [E- Nl|g+ = 0, wy € C*T*(UF%), d = dy + dN, dy € C1T%'%" (Gy),
N-d; =0,d € CP149(Gy), Vod € C¥*/2(Gr), g € C***145(Gr), Gr = G x (0,T) and

7€ (0,1), 7 < a, T < oo, satisfy compatibility conditions

vV -wy = fli—o,
[wollg+ =0, [AllgS(wo)N]|g+ = dcli=o, p IgS(wo)N|g- = dr|i=0,

Mg ((5,0) = 2= (3,0) + 07100 (2)] g =0,

where IIgb = b — (N - b)N. Moreover, we assume f and F to satisfy the representation

3
DtF—fEhZV-M: ZaMik/axk,
k=1
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A+a) ()

where My have finite norm |Mlk\ Dy and semi-norm (M), by ik =1,2,3. We also assume
the initial pressure pyg = p1(x,0) to be a solution (in a weak sense) to the problem

SV 0(x) = V- (F(3,0) + 0V F(x,0) = DiF(x,0) = 2w(ea x wn)), % € UF*,

d
pollg = 2857 N[, + 55 (r0) o = pio
19 J
[p alzg\ﬂ = [N (f(x,0) +7V?w0)] |51 = py (a;,\t; vy N)

8
polg- =24~ =7 N‘ + By (r0) — dli=0 = pyo-
Then problem (18) has a unique solution (w, p1,r) such that w € C2+""1+"‘/2(DT), Vp €
C**/2(Dy), p1 € COMHN)(Dy), r(-,t) € C3+Y(G) for any t € (0, T) and the inequality

2+ 1+
Yo,n)lw p1,r] = \W|DT “

(1+ A+a) (1+ 1
< en(T ){mDT +|f| “F) D+ |F “+|dT V) gt

(3+a,352 (2+a,14%)

14-a)
L vl +\p\” KRN R ¥y

+IVedl & E ol BIEE Mg+ T+ ool G + 1ol + gl TP
= c13(T)F(T) (29)
holds.
Proof. Let r1 be a function satisfying the conditions
r(y,0) = ro(y),
Dir1(y,0) = g(y,0) + wo(y) - N(y) = ro(y)
and the estimate
(B+a3/2+5 (24,1
nlg ™ 1D g < eflnlg ™+ nlG ) (30)

Such a ry exists. Indeed, we find this function as a solution of a hyperbolic equation with
the initial data 7§ (y,0) = r§(y) and Dy} = 'y, where rj and 1/ are extensions of the initial
data into R? with conservation of class. Then

34a, 38 24a,14a/2 3+a,3 (2+a,2 3 2
1S Dy |2 g S Dy B o] T [ ST

We can write
Bir(n.t) = Binn ) + [ By Dilr(y,0) iy, ) de

= Binn) + [ B (3000 + (1) Ny) - Din(y,0) de
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Hence, problem (18) can be transformed to the form:
o(Diw +2w(es x w)) — V3w + Vpy = pf, V-w=f in Dy,
w(y,0) = wo(y) in UFE,
[wHG; =0, [‘ungS(w)NHG; =dq, H H(JS N’G‘ =dq,
t
N T (w, p)N| . —a—N-A—/ wlg. dt = d’+a—/ B dr
L{
to %/ SyN @) dT o VgH /wdT @31)

-0 w p’N-y’/w~NdT+2(r’/ng:VgNdT on G,
0 0
ot ot t
[N~T(w,p1)N}|G+—U+N‘A+/ w| g+ dT:d’+(7+/ B/dT+U+VgH+'/wdT
Jo Jo
U L2 !
‘g+%/ +—N w)d’l’—O’ w [p]‘g+N~y/0w-NdT
—&—2(7*/0 Vgw:VgNdt on Gf,

where d’ =d — Bir, B' = —B3 (g — Dir1), Vg = IgV is the surface gradient on UG*;
S:T = §;;T;;. Here we have used (Lemma 10.7 in [15]) the relation

AEN = VgHE — (HE —2K*)N

We can apply Theorem 1, formulated for a bounded domain, to problem (31) in order
to state the solvability of it, the additional terms 2w(e3 x w) and

; au t
I. \gi%/ w]+ SN w)dr+aivg7¢-/wdr
— *wp]|geN -y / w - N|ge dt + 20 / Vow(y,t) : VgN(y)|ge dt

being of lower order and having no essential influence on the final result. Indeed, let us
evaluate, for example, the terms connected with self-gravity:

Wiw - NJ|E < clw - NJEM < clw] & NI, (32)
(a,/2)

gi’N’w G“ clut] G - NIEA?) < clao| &/ (33)
T

The others terms can be treated in a similar way. Thus, inequality (28) together with (30),
(32) and (33) implies estimate (29). O

Let us consider now homogeneous problem (20) with wq and r( satisfying orthogonal-
ity conditions (21) and (22). On the basis of decomposition (23), an Ly-estimate of w and r
with exponential weight was obtained in [11] (Proposition 2.3). We cite it here.

Proposition 4. Assume that the form
Ro(r) = /g rByrdg (34)

is positive definite—i.e.,
R ) < Ro(r) < By ) (3)
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for arbitrary r(x) satisfying (21). Then a solution of (20)—(22) is subjected to the inequality
[eBa0(-, )3 + 181 ) g gy < el ool + Iroli2y )} £>0, (36
where B1, ¢ > 0 are independent of t.

Remark 1. Condition (35) coincides with the positiveness of the second variation of the expression
for potential energy

G(r) = |0 | +o7 |07 | = 5 / WPax= 3 [ ot U= pglof] - ps 0y |

for given volumes of QOF . One can calculate it by (16) (see [6,8,11]). Taking into account Equation (8),
we finally obtain

53G(r) :/g— {(77|Vg7|2 + ((7* (2K —H?) —p~w’N - x’)rz} dg
+ /g+ {0’+‘VQT|2 + (0’+(2/C —H?) — [p]|g+w2N . x’)rZ} dg
_%pf/ g—%rzdg— |g+/ guz dg
— > / ](x.t) Gy — »[p] |g+/g+r(x)W[r](x.t) dg,.

If 53G(r) = 0 for the subspace of r satisfying orthogonality conditions (21), then the potential G(r)
is weakly lower semicontinuous. Since G(r) is also coercive, it has a minimum which is clear to be
realized at r = 0. This means the stability of the fiqures F and F+ with the boundaries G* defined
by (8). We note that these relations serve as the Euler equations for G(r). This is variational setting
for stability problem of F and F .

Theorem 3 (Global Existence for the Linear Homogeneous Problem). We assume that
estimate (35) is valid for the functional Ro(r) defined by (34) and that wy € C>T*(UF*),
ro € C3*%(G), G € C¥** with a € (0,1) satisfy orthogonality conditions (21) and (22) and
compatibility ones

V-wg=0 inUF7,

[wollg+ =0, [AllgS(wo)N][g+ =0, p TlgS(wo)N|g- =0, (37)

1 _
Mg ( — BVpl(x,O) + 7V2wy(x))] |x€g+ =0

with initial pressure function p1(x,0) = po being a solution to the problem

;VZpg(x) = 2wV -(e3 x wg) in UFT,

Jw ow _ _
[pollg+ = {2# N N] ‘gﬁ By (ro) =pi,  Polg- =2~ W N+ By (r0) = oo,

358]

L= [PV w0l |+ = pg-
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Then problem (20) has a unique solution (w, py,r) such that w € C*¥1T%/2(Dy,), Vp, €
C*"/?(Do), py € COHT2)(By), 1(-, t) € C3+Y(G) for any t € (0,00), and the inequality

\eﬁt | (24a,1+a/2) + |eﬁth | a:x/Z + |eﬁ'tp | 'yl+lx +| Bt ‘ (3+a, 352 + |e/gtDtr‘(62:a,l+a/2)
€
< 014{\w0|u + Irolg ™ } (38)
holds with a certain > 0.

In order to obtain bounds for the exponentially weighted Holder norms of a solution,
we apply a local-in-time estimate of the solution.

Proposition 5. Let T > 2. For a solution to problem (20)—(22), the inequality
Y(to—l,to) [w’ Pl/r] < C{HwHQtO zto || ||Gt0 ZtO} (39)

is valid, where 2 < tg < T, Dy, 1, = UFE x X (t1,t2), Qnpy = F X (t1,12), F = FrUF-,
th,tz - g X (tlltZ)'

Proof of Proposition 5. Let typ € (2,T). We multiply (20) by the cutoff function ) (f),
which is smooth and monotone, £, (t) = 0ift < tp—2+A/2and {,(t) = 1ift > tg—2+ A,

where A € (0,1]. In addition, for £, (t) = d%( and {, (t), the inequalities

sup [EA(H)] <A™l sup Ea(D)] <A (i) <Al ve e (0,1),
teR teR

hold.
Then, for w) = wl,, pA = P10, ¥A = (), we obtain the system

p(Diwy + 2wV - (e3 X wy)) — iV w) + Vpy = pwiy,
V-w,=0 in UFT, >0,
w)(y,0) =0 in UFt, rA(y,0) =0 on G,
p IgS(wp)N|;- =0, N-T(wp, pa)N|g + Bo(ra)lg- =0,
[wallg+ =0, [AllgS(wa)N]|5. =0, [N-T(wy, pa)N]|gs + Bo(ra)lgr =0,
Dyry —wy - N =rl,(t) on G.

(40)

From Theorem 2 applied to system (40), (21) and (22), it follows that estimate (29) is valid
for w,, p) and r,, which implies

(2+a,1+a/2) (a,0/2) (v, 14a) (3+a,3/24a/2) (2+wa,1+a/2)
¥(A) = |w |Dt +Ak |p|Dt +Ak +r |Gt Ak +‘D ‘Gt Ak
(v 1+a) (7) (2+a 1+1x/2)
<en(D{lwils?) ., i lnf o T OO, L GG

where t; =ty — 2, and

M) =V [ E@y)wiydy
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with £(x,y) = ; the vector w is extended into the whole R3 and vanishes at infinity.

ar \x v’
By Lemmas 1, 2 which are given below, inequality (41) can be prolonged as follows:
—2-a/2 {1 (@3) (”“’ (2+a1+a/2)
‘P(A) g C(T)/\ {|w|Dt1+/\/2,t0 + |w | |Gt 1+A/2k }

<A 22 ] 5D ) (3+,%3 +/ (0= Jlw(-,

|Dt +A/2,0 Gt +A/2k

+07 2 |r(,7) |ag) dr}
with 0 < 1, which leads to
Y(A) < OA24 29 (A /2) + AT 2K,

Here, K = ||wHQt1,t0 + ||r||Gt],t0’ m=uwa+11/2.
Setting § = dA2+%/2 < 1, we obtain

A(erl)(ZJrlX/Z)\IJ(/\) < Cl(sz(erl)(ZJra/Z) ()\/2) (m+l)(2+lx/2)\{r()\/2) + Cz(sme.
This implies

CSAf(mH)(zm/z) X
1-1/2 ’

Y(A) < 53(5))\*(m+1)(2+a/2)(K+271K+272K+m) <

provided that ¢;62("+1)(2+4/2) < 1/2 For A = 1, this inequality coincides with (39). [

In ([9] Ch. 5), the following lemma was established on theﬁtimate of Newtonian
potential gradient for the Holder spaces over Dy = (Qf U (R*\ Qf)) x (0, T).

Lemma 1. IfF € CO° )(DT) and vanishes at infinity; then, for the gradient of the Newtonian
potential

Vi V(x,t) = Vs / E(x,y)E(y, 1) dy,
R3
the inequalities

,0
‘VV|D ) < C|F|DT/

(1+:x7'y) 1+rx 'y)

1+a) —
|VV|’Y g < C(‘F|DT+<F>t,DT2 ): |F‘DT

hold.
Interpolation inequalities are proved in a way similar to ([9] Ch. 6).

Lemma 2. Letv € CO'%" (D1,) with Ty > 62 > 0. Then v satisfies the estimate

L
©ips | <2075 + o7 z/uv 70 dr.
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Functions u € C>+%'*% (D) and r € Co+a gt % (Dg,), 0 < 6 < min { diam {Q}, T}/?}, are
subjected the inequalities

Ty
24,1+ 5 a7
(u >§)T02) < 292<”>§)T0a Vicoe 2/||“('/T)H2,QdT,
240,14
lulpg, < C{92+“< >§)Ta Yo 2/“ HzodT}
(2+a1+4 3+ u
R R /|| 020 dr}.

Proof of Theorem 3. By Theorem 2 and Proposition 5, one has

eﬁ(Tij)Y(T —j—1,T— ])[w p1,7] < Ceﬁ(Tij){”wHQT—j—ZT—j+ ||r||GT—j—2,T—j}’ (42)

j=0,1,..,[T] -2
Summing (42) from j = 0 to j = [T]—2, we obtain an inequality which implies

j=[T}2

T
Yoy plef'w,eflp el <c [© e (ol Hlla+IIr(llg) dt. @3)

By choosing B < 1 in (43) from Proposion 4, we make use of an inequality equivalent
to (36) and add the estimate

Yoo lw, pr 7] < e{Jwol S+ Irol§ ).

Now taking supremum in t € (0,0), one arrives at (38). [

4. Global Solvability of the Nonlinear Problem

We separate the normal and tangent parts in the boundary conditions in (11) after
transformation (15) and take (17) and (19) into account. Then this problem can be written
in the form ([9], Ch. 12, [16]):

p(Deu+2w(e3 x u)) — iV?u+ Vg =pf +li(uq,r) = fy,
V-ou=1Ihur) inUFE, >0,
u|t:0:u0 inUFT, r’t:O:rO ong,

p HgS(u)N =15 (u,r) onG~, [A11gS(u }g+ I (u,r) onG*t,  (44)
—qg+u N-S(u )N+B_r:l_( r)+15 () ong ,
ullge =0, [~q+aN-Su)N]|g +Byr =1 (ur)+13(r) ong™,

Dir—u-N =lIg(u,r) on Q,
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where u(z,t) = 9(er(z,1),t), up(z) = 9(er,(2,0),0), q(z,t) = pler(zt),t), flz,t) =

fler(zt)t),
l(u,q,7) = (V2 = V2 u+ (V= V)g+pDir* (L7'N* - V)u— p(Lu- V)u,
Lur)=(V—=V)-u=V-Ly(ur),

I3 (u,r) = p~Tg(TgS(u)N — T1S(u)it(e,)),

(u,7)
I (u,r) = [ATlg (TgS(u)N — T1S(u)i(e;))]| 5,
Iy (w,7) = = (N -S(u)N — it(e,) - S(u)it(er)),
1 () = [A(N - S@)N = i(er) - S(w)in(e,))] e,
oo dz /. LT(z,sr)N 2
Is(r)=¢ /0 (1— s)@(L T(z,5r)Vg - 7|]I:T(Z,S1’)N|) ds + —-p~ [N'|*r

1 d2 -
—|—%p_/0 (1= )55 Ulew(z), 1) ds,

2
z;(r):ﬁ/ol(l—s)%(m "(z,5r)Vg - ()N

_ 1 d?
%[p]|g+ /0 (1 _S)@U(Esr(z)/t) ds,
LN _ N) u
N-LTN ’

LL is the Jacobi matrix of transformation (15):

- 0(r*(z, )N (2)) \3
Lo = 15} = g+ LEEJMED Y
L= LL1, L = detL. In addition, V = LTV is the transformed gradient Vy;
T - . . - LT(z7r)N |
LT = (L™H7; the superscript T means transposition; i = IIETZ,QN\’

S(u) = Vu + (V)T is the transformed doubled rate-of-strain tensor;

(45)

[Ib = b—1-binand Ilgb = b — N - bN are the projections of a vector b on the tangent

planes to Iy and G; Vg = TIgV.
We observe that the operators I; and I, have divergence form:

hi(w,s) =P 1j(w,8)/9¢),
Lij(w,s,r) = mi/ L* — 5m)aw/agm —IB%Te]s/p+8U(w s,1)/9¢;
i/L+ Byj)ow/0%m — BTejs/p+oU(w,s,r)/9¢;,
u@n=| . EEM{Dr (LN V)w — (L7 V)w

il
= 7(BjiLy
phi 0L L 0w _ LYyl
Y1205 L 9w TpLipt) S
Lh(w)=(I-L)V-w=V-Lyw,r),
Ly(w,r) = —Bw+VV(w), B=L"1-1,

)=— /L2 VL Lw(n, b) /L LTV, L w(ny, t) dy.
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(ej is the unit vector in the direction of ¢;, ¥ = ji/p and I is identity matrix). We have used
the equality LTV -w = V - Lw that follows from the identity

o~

d¢;

which is valid for the cofactors of the Jacobi matrix of any transformation.
Moreover, the expression gDyl (u) — V - f; is also representable in divergence form:

pDily(u) =V - f = (Dtlz( u)—=V-f)=V-li(uq)
V- [pDiLa(u,7) — pf — 1(u,q)]
=— V- [pf + BDu+ p(DiB)u + pVD;V (u) + 1 (1, 9)]
=-V.- (L7 f +I7(u,q))

with

I7(n,q) = pB(Dyu — f) + p(DeB)u + pV DV (u) + 11 (u, q)

oLy;(u,
= —]B%(pr(eg xu) — aViu + Vq) + p(DiB)u +L*111(u,q) = gg‘q),

)

W
Lyi(u,q) = acf Be]q +pL~ L1] + — a(:] =123, (46)
8
/5 ’7u —enq +pL1m) +2wpB(es x u) — p(DtIB%)u}diy.
UF=+

We assume the fulfillment of restrictions (4). Then we can express conditions (12) and
(13) in terms of r in the following way (see [17]):

/g . ¢*(z,r)dG =0  (mass conservation),

0 /_ Y (z,7)dG + [p] |g+ /g+ Pt (z,7r)dG =0 (barycenter conservation),

o

. pu(z,t)L(z,r)dz=0  (momentum conservation), (47)

\

[ puzt)- n]<er<z D)L dz 4+ [ per(z ) - nyen(z )Lz 1) dz

= / p115(z z)dz j=1,2,3, (angular momentum conservation),
where
2 /3
o) == DHEE) + gicﬂz),
2 A
PEan) = ez + NG (5 - DHE ) + TR ).

Proposition 6. For arbitrary numbers 1%, vectors I, m, M = (M1, Mp, M3), a function fy €
CHH*(UF*) and a vector field by € C*T%(G), there exist r € C3*(G) and u € C*T*(UF™*)
satisfying the conditions

/ r(z)dG =1, /g'+r(z)dg:z+,

(48)
o™ / 2)zdG + | ]|g+/g+r(z)zdgzl,
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[ ) iz dz (o [ r(m) - uy(2) 4G

Hlllor [, @) (2)d0) =M, j=1,23,
V-u=fy inUFE, by -ny=0onG*,
w HgS(u)N=>by onG-, [u]lg+ =0, [AllgS(u)N]|g+ =by onG"
and the inequality

MG 1l P50 < (1 1+ 1110+ ]+ M+ 1ol (22 + bl ™). @9)

Proof. Let
_I"N(z)-z C~

r(z) = —ormi— + o
& =7 A

_I"N(z)-z C*
&)= 3F T

Since [ is a constant vector, we have

I-N(z), zeG,
(50)
I-N(z), zegt.

/ 1-N(z)dg = 0.

gj:

In addition,
/ N~zdg:/ V.zdz =3|F|.
JG— F

Thus, the relations in the first line in (48) is satisfied.
We take into account that

o /g_r(z)zdg = g|;__| /; (V (212),V - (222), V - (232)) dz

&/ _ : _ _ 4 m -
+55 F(v (11),V - (z21), V (Z3Z)>dz— ST Jpzdz e CL

In view of barycenter conservation, the second line in relation (48) for (50) holds if p~C™ +
[0]|g+C* = 1. Thus, we set

C+ — [p]|g+ , C— — p .
o=+ [pll%. o2+ o3

We find now a vector u; which satisfies the equations

V-uy=fy in UFT,

51
[u1]|g+ =0, ul'N|g— =f1 onG, G1)

where
_ N(z)-z 1 -
fl(z)_ﬁffﬁ)(z)dz—i—mK ‘N(z), z€G,

with some vector K~ defined below. A solution of (51) can be found as u; = V¥ with ¥
solving the problem

V¥ = fy inUF%,

Wlg- =0, [ox]

oY (52)

¢ =" aNlg T/ e
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Since the compatibility condition

/gf fi(2)dG = /ffo(z) dz

holds, there exists ¥ satisfying (52) and the inequality

3+ l+ 2
910 < (1l + 1AITT) (53)

(see [9], Ch. 9).
From the relation

oV wzdz = [ pudztp” [ (n-N)zdG + [pllge [ (wr-N)zdG,

we reduce _
[z == [ pfozdz+p K+ [pllg K = m
provided that
- o + [PHQ+ =
K =——— m+/ pfozdz), K :7_(1114—/ pfozdz).
o+ [l o~ +[pll3- F

Note that [, (#1-N)zdG = [; f1zdG = K. Due to (53), u is subject to the inequality

(2+a) (1+a)
|ul|u]:ic X (|f0|U]:jo:( |m|)
Next, we construct a vector field u, satisfying the relations

u TgS(u)N = bo(z) — p gS(u)N=b'(z), z€G,
[AllgS(u2)N]|g+ = bo(z) — [Al1gS(u1)N]|g+ =b'(z), ze€ G .

Following [9] (Ch. 12), we put uy =rot ®(z), where ® € C>T*(UF*),

2
a(z) =228 _, aad;](j) — V() xN, z€G",
oP(z) _9’®(z /
o= 2, (A vioen <eo

and we require that

|(I>|(3+v¢) |b | (14«) < {|b ‘ (14«) + |u1|(2+1x)}‘

UF*
We define
uz(z) = 23: Myrote; A(z),
k=1
where A€CP(F ), p~ [r- A(z)dz =1, and

My = My — /fp(m(z) +u2(2)) - 1 (2) dz—w(p‘ /g i3 e 4G
+ [0]]g+ /g+ V’is"ikdg>'
Finally, we have [ pu3(z) - 17;(z) dz = M and

2 —
‘u3‘u;:’: C|M|
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Now one can conclude that the function r defined by (50) and the vector u = uq + u + u3
satisfy all the necessary requirements. [

We denote Dy = UF* x (0,T), Qr = F x (0,T), Gr = UGT x (0, T).

Theorem 4 (Local Solvability of the Nonlinear Problem). Let T € C3**, f, D,f €

o W(QTO) uy € C*H(UF™*) for some a,y € (0,1), v < wand Ty < co. We assune
that compatibility conditions are satisfied:

V-uy = bL(ug,rg) in UFT, u IgS(uo)N = I3 (ug,r0) on G-,
[wol| g+ =0, [Al1gS(uo)N]|g, = I3 (uo,r0) onG*,

1 1
[I1g (17V2uo(x) - EV% + 511(110, q0,70))] |x69’+ =0

where qo = q(x,0) is the initial pressure function being a solution to the problem

{quo(x)—;v 11 (uo,qo,70) = f — 2wV - (e3 X ug) + 7V2lr(ug, rg) in UFT,

Y
u
[q0]lg+ = [221 aNO N} ‘g++ By (ro) — la(uo, r0) — Is(r0),
10 _
5]l =N Bl qo ) = [N Vuol .,

_ auo _
dolg- =20 55 - N+ By (r0) — la(wo,ro) — I5(ro).
Then there exists such a value e(Ty) < 1 that problem (44) with the data
(2+4) (3+) = ) 54
|u 0|u]-'i |7'O|g +|f|QT +|Vf|QT Se (54)

has a unique solution (u,q,r) on the interval (0, Tp], and

Yo (,0,7) < ele){NGuo,ro) + 1£15, ), (55)

1+v¢77)

N(u(-, To),r(-, To)) < ON(uo,r0) + C|f|QT , (56)
where ¥ < 1/2,

Y(o,T)(u,fi/ >_|u|(2+a A4a/2) + |VI7|D o,0n/2) + |q|('yl+zx) +| | (3+a,3 e + |'D |(2+a A+a/2)

and e o )
+
N(w,p) = |WIU}1‘ + \P| '

The proof of Theorem 4 is based on Theorem 2 and on the smallness of the nonlinear
terms.

Proposition 7. If

1+lx l+a)

(2+4a, 1+
'+ |u |DT

(21+%57
e

+|D\

N

5, (57)
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where ¢ is a certain small positive number and f,Vf € v (QTO) satisfy smallness condi-
tion (54), then nonlinear terms (45) and f(z,t) = f(e,(z,t), t) are subject to the inequalities

(14a,13%)

Ziom (w,q,7) = [ (w052 + 100,157 4 1D La ()2 + Lo, )3

+ 5w, 7) gﬂ, z )+\l4(u r)|(71+oc + |ls(n, )\GT+|vfl4(u,r)|g‘%z>+|15(r)|GT

1+a
+ s + [ Vals (1) &2 + (e, )15 + g+ + oy 0,
{<1+|D PRS2 wan)), (58)

where V -M = —pL ' f — 7, and
N (“’1-%—!%
Flo = <<{Ifle

If (u,r) and (u', ") satisfy (57), then

+ (IVrlor + 1Dr"l0,) IV Flor }-

Zory(u—u,q—q,r—r)<cld+e)Yor(u—u,qg—q,r—1),
N (,1+m'y

2 < CEY(O,T) (u — u/, q - q,; r— r/)r (59)

where f = F(ey(z,1),1).

Proof. We estimate, for instance, the term /. In view of the form of L, it is easily seen that
the first summand in I; contains the second-order derivatives only multiplied by functions
of Vr(z,t). Thus, one can conclude

(24a,%

1+a l+oc
') u |D

(V= 2)uls 2 <e(rp T v D<oyl ().

The term (V — V)g can be evaluated in a similar way. The third summand satisfies the
inequality

|thr*(Lle*'v)u‘g‘ C|D 1’*| (1+|Vr*| )|V |g‘]:%)

—|—|'Dﬂ’ ’2)(1+‘V1’ (1x,2 )| |1+a0 CY(ZO,T)(u/q/V)-
Additionally, the last one can be estimated as follows:
p_(L_lu'v)u (DIX;) ((1+‘T*| 1+IXO )| ‘D’Z)—Flv}’ (lX a0)>| |1+1X/
(2+a,1+%)
< elulp, ™ o) (.0,7)
Next,
1ta
oy F+ DLt + et by
5 (3+ (1+ « (1+ » (24a,1+5 (24a,1+5
< P S Tl ) (D (D) G )

2 a,l
< Yo (g0l 2.

Now consider I7(u,q,7) = dLy;(u,q,7)/dx; and

M(xt) = ~{Ly} .~V [ pExy)L Fdy,
R3
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where, by (46),
a ow
Lyi(u,q) = iB— — Bejg + pL 'Ly + —, j=1,2,3,
] ag} ] j ag}
u _
/5 é, 17 —emq +pL1m> + 2wpB(es3 x u) — p(DtIB%)u}dn.
UF=*

In order to estimate M, we apply Lemma 1. Then we have

1+ af'y

M| 71+zx I <M>§cl)) < c{ max|Ly;|p W ) +max<L7]>§C7DT +[pL™ 1f|DT )}
j ]

1+ 7 14w 7 O +' 7 1+a 2+a )
<c{ (1191 TIAS Tl T (1o g )

(|r*|D +zx Ity i |VVT*‘D l+a 7)) (| |DZT+1X 1+a +| ‘DTlJﬂx 7))}

Sc{(1+\Dtr*|D )mDr +Y(0T)(u,q, )}
Moreover,

1 /liﬂ
15 (1)) 4 [Vl 7 >\ D s @ 4 Vs ()9 4 g, 5T

A4a), (24a14+5 (1+ J+a) (3+ (14-a,~5%)
< {1V &l +\V| CENVTAG 1S a5 )

The estimation of the deviations of the potential U from ¢/ and the doubled mean curvature
H from H can be found in [18] (Proposition 3.1).

The other nonlinear terms are estimated in a similar way.

Finally, we extend the function f outside () with preservation of class and make use
of the relation

fler(yt),t) = fler(y,t —7),t) =
1 / /
:/O V(ew 1) /\/N )Dur*(y,t —7') d 1) d)L/ Y)Dyr*(y,t — ') A7,

Then we conclude that

N Tta—y 1+a—y
Flar ) <IASE + (Vrlo, + 1Dwle,) IV lor -

Collecting the previous estimates, we arrive at (58).
To prove inequality (59), one should apply the above estimate to

Flert) = Flent) = Jy VF(en +AN*(y,)(r =), 1) dAN* (g, ) (r = 1), O

On the basis of Proposition 7, Theorem 4 can be proved by successive approximations
similarly to [9] (Ch. 12).
Now we state the main result of the paper.

Theorem 5 (Global Solvability of the Nonlinear Problem). Let 3 > 0, [f]| g+> 0, and in
addition, let all the hypotheses of Theorem 4 be satisfied. We assume also that smallness condition

(2+a)

o 8+ ol Y < e < 1, (60)

and inequality (35), restrictions (47) at t = 0 and (4) hold. Moreover, we assume that f has small
norms:

I+a—y
Al T <e b>0, DA T <e =1, (61)
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where Qe = F X% (0,00), Ty > 2 is an appropriate fixed number.
Then problem (44) has a unique solution defined for all t > 0 and

|eatu|(§+”‘rl+ 71+a (3+a, 342 (2+a,1+%)
(o]

1 Tgl5 ) el {T ) + et S e D

,—7 2 3
<a(efle"fly, )+\u0\5;1 +Inl§ ™}

with a certain 0 < a < b; ¢1(¢) is a bounded function of e.

(62)

We note that a similar result in the case of s = 0 can be proved without the restriction
ol[g+ >0

Proof of Theorem 5. Conditions (47) may be written in the form

.rag=[ r=9G=r)dd,  glzr) =¢*(zr) on g%,
oo [ rzag+lplg [ rzag—p [ (-9 (zm)dg
+hllgr [, (== 9* () dg,
/Fpudz:/jtpu(l—L(z,r))dz, 63)
/fﬁu-ﬂj(ﬂ de(P’ /gl- rigy - 11;dG + [p]|g+ /gl- "’73"1jdg)
= [ s 149+ @llge [ rns o146 [ p*ialy) - 1y(v) dy)
+/fpu-11]-(z)(1—L(z,r))dz+qu3(z)-tyj(z)dz, i=1,2,3.

By Proposition 44, we can find the functions u(, r{) satisfying the relations

/‘ 0dg = / (r0 — ¢(z,10)) dG = I*,

P / rozdg + [p |g+/ VOng:ff/g_ (roz— ¢~ (z,10)) dG
ol [, oz =" (zra))dg =1,

pu 6dz—/ puo(1— L(z, 1)) dz = m

pug - 1;(z dZ+aJ(p /g 78ﬂ3~ﬂjd9+[ﬁ]!g+/ ré’ﬂgmdg)

w(p’/g rotfs - 17;dgG + [p |g+/ rots - 17;dG — / o 15(y) - 1;(y) dy)

+ /fﬁuo-n]-(z)(l — L(z,19) dz+/Fp113 z) - y;(z)dz, j=1,23,
V- ug = lz(uo, 1’0) in U]:i
u(/)/”g+ =0, [FHQS ’g+ = (”0/70)/ H HQS N’g (u0/70)~

(64)

J;
J;

We seek a solution to (44) in the form of the sum

/ " / 1" / 1"
u=u+u, qgq=q+q, r=r—+r,
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while defining (#/,4’,7") as a solution to the linear problem
p(Di (z,t) + 2w(es x u')) — gV +Vq' =0, V-u' =0 inUF*,
u’(z,O) =uy(z), ze€F, 7 (z0)=r)z), ze€g,
g =0 sl =0
(= + 5N SIN] |y, + B =0 ong,
pTgS(')N|; =0, —q'+pu N-S@)N+Byr'=0 ongG~,
D' —u/'-N=0 ong,

(65)

where u, = uy — uy, r{, = ro — r(| which satisfy (21), (22) and homogeneous compatibility
conditions (37).
Finally, as (u”,q",r"), we take a solution of the nonlinear system
p(Dtu/,+ZQJ(63 X u//)) 7ﬁv2u,/+vq// — pf+ll(u/+MN,L],+L]N,1’/+T/,),
Vu' =L +u", 7 +¢") inUFE, t>0,
u'|,_,=uy inUF*, r|_,=rf ong,
"llgr =0, [AllgS(u")N]| 5, = Iy +u", ¥ +7") ong", (66)
[—q" + aN -S(u")Nl|g+ + By r" =1 (' +u", ¥ +1")+ 12 (' +7") onGT,
pu HgSW")N =15 (u' +u”", ¥ +1") ongG~,
—q"+u N-S@")N+Byr" =1, (' +u", 7' +")+ 1o (" +7") onG~,
Dy’ —u" N =Ils(u' +u",7' +7") ong.

Let us consider restrictions (64). If (60) holds, then the expressions
I+ = / (ro — @(z,10)) dG,
t=p [ (==~ (zr0)) G +pllg- [ (roz—9* (1)) dG,
m= /Fpuo (1—L(z1r)) dz,
M; = /fpug . 11]-(1 —L(z,1n))dz, j=1,23,

and the functions fy = I (1o, 79), bo(z) = I5 (uo, 70), z € G* and satisfy the inequality

1+ 1+ 3+
] 4 17 4 1]+ ]+ (M + ol S+ 1005 < ce(Juol T2 + 170l SH).
Hence, by (49),
2 3 2 3
Juff | 25 111 97 < ce(luol ZE2) + 110l 8, 67)
2 3 2 3
| E7) + 1715 < e(luol 2 + ol §H).

Moreover, in view of (63) and (64), u6 and r(') are subjected to the necessary conditions
/ _ v _ —
/gi 7, dG = /gi(ro 1) dG = /gi ¢(2,70)dS = 0,
- / = / — - = + _
P /girOng+[P]|g+/g+7()ng—P /g7¢ (ero)dg+[P]|g+/;+¢ dg =0,

pupdG =0,
/fPuo g
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/fﬁué 1z + w(P’ /gf rotts - 1;dG + [p]]g+ /g+ rofts " 1j dS) =0.

Theorem 3 guarantees for the solution (u’,¢’,7’) of problem (65), the inequality:

N (1,7 (1) = [0 (D + 17 IS < e P {Jugl T + 10l §7)

for any positive T. Let T = Ty be so large that
ce Pl go/2<1/2,  B>0.

Next, problem (66) can be solved by iterations, similarly to [9] (Ch. 12), on the basis of
Theorem 2 and estimate (58) of nonlinear terms (45):
"z‘ )

ZO’T(ul+u”,q/+q//,7’/+r” +Y§T( /+u//,q/+q//,r/+r//)}‘

We observe that smallness inequality (57) of the zero-approximation is guaranteed by (67)
and (60). Thus, if € is small enough, by inequalities (55) and (56), we obtain

2
Yo, (", q",7") < <><|f|QT2 D a0l 5 ol

N((, o), (-, To)) < N (, o), (, o)) + N (" (- To), (- o))
< (8/2+ 8) (luol %) + [rol 5 Q,TTU_

(3+a) )

7

Weset A =0/2+ ¢ < 1, due to (60), (61), which implies

(24+a)

- 3
Yor (e ar) <c(Iflg, 7+ Il G721l ™) < ce,

(1,18
N(u(, To),r(-, To)) < A(Juo Ij;i‘ +Irolg ™) +elflgy T < ce.

(68)

In view of inequalities (68), we can extend the solution (u,q,7) into the intervals
(To,2Tp), ..., (kTp, (k + 1)Tp), ... up to the infinite interval + > 0 by means of the repeated
applications of the obtained local result and to complete the proof of Theorem 5 by analogy
with [9] (Ch. 12).

Thus, let us suppose that the solution has already been found for t < kTj. Then we
can define it for t € (kTp, (k + 1)Tp] as a solution of the problem with the initial conditions
u(z,kTy) = ui(z) and r(z,kTp) = r(z).

We consider the case k = 1. From (54) and (55), it follows that

N; = N(uy,11) < Cg;

hence, by replacing e with C~'e, we see that this problem is solvable in the time interval
(To, 2Tp], and by (68), the estimates

Yilwg,r) < e{Ni+IAIG ),

1+v¢7'y)

Ny < AN; +C|f|QT 27,

< Ce

are satisfied, where

N = N(ug,ry),  Yi(u,q,7) = Yig, (k1)1 (8,9, 7)-
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If the solution is found for ¢ < kTj and the inequalities
1 a—'y)
N; < AN <1,
DTy,iTy”
+a—y .
Y, < { 7> } i=1,..k (69)
are proved, then for Ag = e tTo < A
N < ... < AN, A1 77)
= O+C2 |f|Q1T (1) T,
(70)

|ebTOf|(Q1erﬂ)

< ANy + N D A <A
SANp+ eV e f|Q0JTo ;W\C ( O+A7—A0>\C &
with the constants ¢ independent of j. We have used inequalities (61) for f. Since A/ — 0 as
j — oo, the right-hand side of (70) is less than € for j > jy, and the replacement of ¢ with
C~ e can be done only a finite number of times.

Let Ay > A (A = e %P0, a < b). We multiply (70) by A, ' and sum it with respect to j.
This gives us

l+oc7

k .
];Al—f <N0+Z N0+c2 Z|f|QITO,+1TO

1 11
bTO ’Tw)
A*)\O'e f|QOQ )

Finally, the sum of (69) multiplied by A, / leads us to

< No +

M
e *A<
3 A <ef M (M +i\ mAGED) 4 LA i) )
= 1 ¥ u,q,vr) xC /\1 Y 0 /\_/\0 e f Oco = 1 f QjTo,(i+1)T0

(1,144=7)
e

The left-hand side in the last inequality can be replaced by max;<x A, J Y;. Thus, by passing
to the limit there as k — oo, one arrives at an inequality equivalent to (62). [

<C{No + (c +

5. Conclusions

We have studied a uniformly rotating finite mass consisting of two immiscible, vis-
cous, incompressible, self-gravitating capillary fluids. We have assumed that the interface
between the liquids is closed and unknown and the initial form of the drop is close to an
axially symmetric two-layer equilibrium figure UF*. An analysis of the problem has been
performed in the spaces of Holder functions. The stability of a rotating two-phase drop
with self-gravity has been proved for sufficiently small initial data, an angular velocity
and exponentially decreasing mass forces. The proof was based on the analysis of small
perturbations of equilibrium state (V, P, 0) of rotating two-layer liquids.

First, we have linearized the non-linear problem and obtained global maximal regular-
ity for a linear homogeneous problem (Theorem 3). Next, we have found a solution to the
non-linear problem as the sum of the solution of the linear homogeneous problem and that
of a system with small non-linear terms. We have proved the global solvability of the last
one on the basis of local existence theorem (Theorem 4) step by step.

The conclusion that can be drawn from the main theorem (Theorem 5) is as follows.
Solution (u, q,r) of problem (44) tends exponentially to zero as f — oco. This means that
velocity vector field v — V, pressure function p — P and the boundaries of two-layer
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drop l"tjE approach the surfaces G* of the two-phase equilibrium figure F. This regime
describes the rotation of a fluid as a rigid body. Since the proof has been based on inequality
(35), which coincides with the positiveness of the second variation of the energy functional,
we conclude that it is a necessary condition for the stability of the two-phase figure of
equilibrium UF*.
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