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Abstract: The theory of the beam splitter (BS) in quantum optics is well developed and based on
fairly simple mathematical and physical foundations. This theory has been developed for any type
of BS and is based on the constancy of the reflection coefficients R (or the transmission coefficient
T, where R + T = 1) and the phase shift φ. It has recently been shown that the constancy of these
coefficients cannot always be satisfied for a waveguide BS, where R and φ depend in a special way on
photon frequencies. Based on this, this review systematizes the concept of BS in quantum optics into
“Conventional” and frequency-dependent BS, and also presents the theory of such BS. It is shown that
the quantum entanglement, photon statistics at the output ports, and the Hong–Ou–Mandel (HOM)
effect for such BS can be very different. Taking into account the fact that the waveguide BS is currently
acquiring an important role in quantum technologies due to the possibility of its miniaturization, this
review will be useful not only for theoreticians, but also for experimenters.

Keywords: beam splitter; waveguide beam splitter; quantum entanglement; photons; reflection
coefficient; phase shift; photon statistics; Hong–Ou–Mandel effect

MSC: 81V80; 35Q41; 46N50

1. Introduction

The beam splitter (BS) is one of the main devices not only in classical optics, but also
in quantum optics. A beam splitter is an optical device that splits a beam of light into a
transmitted and a reflected beam. This is the most important device for many optical and
measuring systems. For example, such systems can be interferometers: Michelson–Morley,
Mach–Zehnder, and Hong–Ou–Mandel [1–4]. Despite its simple purpose—to separate the
incident beam—the beam splitter in quantum optics has a much broader meaning [1,2]. In
quantum optics, two modes of the electromagnetic field are usually considered (two input
and output ports), because even if one input port remains unused, it should be considered
as an input for vacuum fluctuations [5]. The main value in quantum optics is the quantum
states of the electromagnetic field at the output ports of the beam splitter. Depending on the
reflection coefficient R (similar to the transmission coefficient T, where R + T = 1) and the
input states of the electromagnetic field, the quantum states of interest can be obtained at
the output ports of the BS. This can be used in many applications of quantum technologies.
For example, BS is used in linear optical quantum computing Indeed, Knill et al. showed in
2001 that it is possible to create a universal quantum computer using only BS, phase shifts,
photodetectors and single photon sources (KLM protocol) [6]. In addition, using BS, you
can create quantum entanglement between the input modes of electromagnetic fields [4,7,8],
simulate quantum transport [9], and determine the degree of identity of photons [4,10], etc.
BS is an integral part of quantum metrology [11] and quantum information [12], including
two- and multi-photon interference [4,13].

In this review, we will consider two-port beam splitters, since they are the most
important and frequently used in quantum technologies. It is well known that such beam
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splitters can be of various types and properties. By types, BS are divided into ways of their
manufacture, for example, a cubic BS or a waveguide BS, see Figure 1. The BS can be a glass
plate with a silver or dielectric coating, a glass cube with a coating in a diagonal plane, two
glass plates with parallel planes, between which a coating is located, or a coating deposited
on films. A waveguide BS is two waveguides brought close enough together so that the
electromagnetic fields overlap; in this case it is a directional coupler (e.g., Refs. [14,15]).
Waveguide BS have an advantage over many types of beam splitters because they are much
smaller than them, and also have many other advantages [7,9,16]. Subdivision by properties
usually means the use of polarized or non-polarized BS or other unique properties. In
quantum optics, the BS can generally be represented as in (independent of the type of BS)
Figure 1a, and the schematic designations depend on their types, e.g., as in Figure 1b, see
Ref. [17].

  BS

Coupler

(a) (b)

Figure 1. (a) A BS scheme with two input ports and two output ports, where annihilation operators
1 and 2 modes on the input ports represent â1 and â2, respectively, and on the BS output ports
represent b̂1 and b̂2, respectively. The BS is represented as a “black box” in which “mixing” of the
electromagnetic field input modes takes place. (b) The BS with free space optics, i.e., cubic BS (top)
and fiber optics, i.e., waveguide BS (bottom).

Without going into the technical details and properties of these beam splitters (there are
quite a few reviews on this topic, see, e.g., [7,18]), we can say that in quantum optics there
are two main parameters in BS, this is its reflection coefficient R (or transmission coefficient
T) and phase shift φ. Usually, to study the properties of electromagnetic waves (hereinafter
referred to as photons) at the output ports of the BS or in technical devices where the BS is
a component, in quantum optics it is considered that R and φ are constant values, see for
example Refs. [7,8,11,18–21]. This means that for finding quantum states of photons at the
BS output ports, these quantities do not change, i.e., their definite values are always given.
For example, in the Hong-Oy-Mandel (HOM) effect, these values R = T = 1/2 and the
effect is independent of phase φ. Of course, these values R and φ depend in general on the
wavelength (or frequency) of the incident field (regardless of the BS type), i.e., R = R(λ),
φ = φ(λ), then this dependence should have no effect on photon states at the BS output
ports if we fix their values. This has always seemed an obvious fact and has not been
studied before. However, in general case R and φ are not constant quantities and the
dependence of R and φ on frequencies is such that it can affect the photon states at the BS
output ports. If R and φ depend on frequencies in this way, then the quantum states at the
BS output ports differ with respect to the case of quantum states at constant R and φ. It
follows that quantum entanglement at such BS will be different from the case with constants
R and φ. As it turns out, such BS is a waveguide beam splitter (the term “Fiber-optic splitter”
is often used) which differs from many other types of BS by this property.

Recently [17,22,23] the theory of a frequency dependent waveguide BS was presented.
In these papers, it was shown that if the BS is represented as a coupled waveguide, then
the coefficients R and T depend on the frequencies of photons entering both ports of the BS.
Taking into account the frequency dependence of the coefficients R and T, many known
theories can be modified, for example, the HOM interference theory [24,25] or quantum
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entanglement of photons based on a beam splitter [22,23]. It should be added that such a
frequency dependence of the coefficients R and T is inherent only in a waveguide beam
splitter.

Thus, there is a need for a review on this topic, where BSs in quantum optics will be
systematized into frequency-dependent and non-frequency-dependent “conventional” and
based on such systematization, the quantum entanglement of photons at the output ports
of the beam splitter is considered. In this review, such a systematization is carried out and
not only the quantum entanglement of photons on such beam splitters is considered, but
also the statistical properties of photons at the output ports and the HOM effect.

2. Beam Splitter in Quantum Optics

Since the BS produces separation of incoming beams, the quantum state of photons at
the BS output ports is |Ψout〉 = eiĤtBS |Ψin〉, where Ĥ is the Hamiltonian of the quantized
electromagnetic field interacting with matter, tBS is the interaction time, and |Ψin〉 is the
initial state of the electromagnetic field. It should be added that Ĥ can be quite complex
depending on the type of BS. In general, |Ψin〉 can be represented as in Refs. [13,26]

|Ψin〉 = ∑
s1,s2

Cs1,s2√
s1!s2!

â†
1

s1 â†
2

s2 |0〉1|0〉2, (1)

where the 1st and 2nd mode creation operators respectively represent â†
1 and â†

2, s1 and s2
are the quantum numbers of the 1st and 2nd modes, respectively (or the number of photons
in the modes), Cs1,s2 are the expansion coefficients defining the initial state, |0〉1|0〉2 the
vacuum states for modes 1 and 2, respectively (for convenience we will write |0〉1|0〉2 → |0〉).
It should be added that if the initial states are in the Fock state, then the coefficient Cs1,s2 = 1.
In this case, it is easy to show (up to an insignificant phase) that [1,13,26]

|Ψout〉 = ∑
s1,s2

Cs1,s2√
s1!s2!

b̂†
1

s1 b̂†
2

s2 |0〉, b̂†
k = eiĤtBS â†

k e−iĤtBS (k = 1, 2), (2)

where b̂†
1 , b̂†

2 are the creation operators at the output ports of the BS for modes 1 and 2,
respectively. It turns out that these operators can be found in general terms without even
considering a particular type of BS, just on the basis of general physical considerations.

It is well known that lossless two-mode BS (with two input and output ports) in
quantum optics is described by the unitary matrix UBS, which has the form [5,18,19,27](

b̂1
b̂2

)
= UBS

(
â1
â2

)
, UBS =

( √
T eiφ

√
R

−e−iφ
√

R
√

T

)
; (3)

where the 1st and 2nd mode annihilation operators respectively represent â1 and â2, and at
the BS output ports b̂1 and b̂2; T and R are the transmittance and reflectance, respectively
(R + T = 1), and φ is the phase shift. It should be added that in the literature one often sees
the use of the BS matrix UBS in various representations. The most commonly used repre-
sentation is when the phase shift φ = ±π/2, the second representation often encountered
is when φ = 0, in these cases the UBS matrix is respectively

UBS =

( √
T ±i

√
R

±i
√

R
√

T

)
, UBS =

( √
T

√
R

−
√

R
√

T

)
. (4)

In fact, both representations can only be used when the result is independent of the phase
shift φ. As will be shown below, many characteristics studied in quantum optics, such as
the quantum entanglement of photons at the BS output ports, do not really depend on the
phase. In spite of this we will use the general Equation (4).
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It should be added that in reality photons are not monochromatic and the frequency
distribution [1,5] must be taken into account. In this case the initial wave function of
photons will be

|Ψin〉 = ∑
s1,s2

Cs1,s2√
s1!s2!

∫
φ(ω1, ω2)â†

1
s1 â†

2
s2 |0〉dω1dω2, (5)

where φ(ω1, ω2) is the joint spectral amplitude (JSA) of the two-mode wave function
(
∫
|φ(ω1, ω2)|2dω1dω2 = 1). Given the frequency distribution, the output is

|Ψout〉 = ∑
s1,s2

Cs1,s2√
s1!s2!

∫
φ(ω1, ω2)b̂†

1
s1 b̂†

2
s2 |0〉dω1dω2. (6)

2.1. Basic Expressions for Beam Splitters of Any Type

Let us consider the beam splitter in general terms without defining its type. We set
the problem to find the matrix UBS on the basis of general physical considerations. This
problem in quantum optics was solved quite a long time ago, see, e.g., [18,19,27]. The result
has essentially always been the same—this BS matrix has been obtained in Equation (3).
Let us present such a conclusion here in the simplest version. For this purpose we will
disregard the effects of polarization, misalignment and imperfect beam collimation, as
these can be incorporated into BS theory quite easily. The input (â1, â2) and output (b̂1, b̂2)
annihilation operators, at some chosen frequency for linear BS, can be represented as(

b̂1
b̂2

)
=

(
U11 U12
U21 U22

)(
â1
â2

)
. (7)

It should be added that the representation as Equation (7) is a direct consequence of the
conservation of particles (photons) before and after their passage through BS. If photons
before hitting the BS were s1 + s2 and after passing through the BS became n + m, then for
the number of photons to be conserved s1 + s2 = n + m requires that the transformation
matrix be in the form of Equation (7) [19,26]. The conversion matrix UBS contains the
elements Ui,j (i, j = 1, 2), which are generally complex and must be represented as Ui,j =

|Ui,j|eiφi,j . The well-known bosonic commutation relations at the output of the BS must also
hold, i.e., [b̂i, b̂†

j ] = δi,j. This commutation relation leads to the relations

|U1,1|2 + |U1,2|2 = 1, |U2,1|2 + |U2,2|2 = 1, U1,1U∗2,1 + U1,2U∗2,2 = 0. (8)

The last relation in Equation (8) can be simplified by reducing to two equations, and we get

|U1,1||U2,1| = |U1,2||U2,2|, φ1,1 − φ1,2 = φ2,1 − φ2,2 ± π. (9)

As a result, from the first two ratios in Equation (8) and from the first relation in Equation (9)
it can be deduced that |U2,1|2 = |U1,2|2 = R = sin2 θ, |U1,1|2 = |U2,2|2 = T = cos2 θ, where
0 ≤ θ ≤ π/2. In this case, one can see that the relation R + T = 1. From the point of view
of physics, these coefficients R and T are the coefficients of reflection and transmission,
respectively. The four-phase dependence can be reduced to a two-phase dependence
by making phase substitutions in the form: φτ = 1/2(φ11 − φ22); φρ = 1/2(φ12 − φ21 ∓
π); φ0 = 1/2(φ11 + φ22). In this case, the BS matrix Equation (7) will be

UBS = eiφ0

(
cos θeiφτ sin θeiφρ

− sin θe−iφρ cos θe−iφτ .

)
(10)

Equation (10) only has two phases left, since φ0 is the phase multiplier, which is known to be
negligible. We can see that by using the BS matrix in the form of Equation (10), the operators
b̂1, b̂2 can be further simplified, and we obtain: b̂1 = eiφτ (cos θ â1 + sin θei(φρ−φτ) â2); b̂2 =
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e−iφτ (− sin θe−i(φρ−φτ) â1 + cos θ â2). Again we have the irrelevant phase multipliers in
front of the brackets, which can be disregarded. Introducing the notion of phase difference
φ = φρ − φτ , we obtain the BS matrix UBS in the form Equation (3).

Representation of the wave function at the BS output ports in the case of monochro-
matic beam Equation (3) and non-monochromatic Equation (6) is based on the number
of photons in each mode of the electromagnetic field. Since the electromagnetic field is
two-mode, an alternative representation of Equations (3) and (6) is possible, which is based
not on the number of photons in each mode, but on the angular momentum L, where there
are also two quantum numbers, which are the orbital momentum l and the projection of
orbital momentum on a chosen axis −l ≤ m ≤ l [19,28]. For this we can introduce three
new operators L̂i (i = 1, 2, 3) which satisfy the commutation rules for angular momentum
[L̂i, L̂j] = iεi,j,k L̂k] (εi,j,k is a Levi–Civita tensor), where

L̂1 =
1
2

(
â†

1 â2 + â†
2 â1

)
,

L̂2 =
1
2i

(
â†

1 â2 − â†
2 â1

)
,

L̂3 =
1
2

(
â†

1 â1 − â†
2 â2

)
. (11)

The square, and projection, of the angular momentum are related to the Boson number
operators via

L̂2 =
3

∑
i=1

L̂2
i = l̂(l̂ + 1), L̂3 = m̂,

l̂ =
1
2
(n̂1 + n̂2), m̂ =

1
2
(n̂1 − n̂2), (12)

where n̂1, n̂2 are operators of the number of particles (photons) in modes 1 and 2, respec-
tively. The BS output ports will accordingly be

L̂
′
1 =

1
2

(
b̂†

1 b̂2 + b̂†
2 b̂1

)
,

L̂
′
2 =

1
2i

(
b̂†

1 b̂2 − b̂†
2 b̂1

)
,

L̂
′
3 =

1
2

(
b̂†

1 b̂1 − b̂†
2 b̂2

)
. (13)

Thus, it is necessary to introduce a unitary operator Û that is defined by the expression
L̂
′
i = ÛL̂iÛ†. Since this operator is responsible for the transformation of the angular

momentum, which is responsible for the symmetry during rotations, the general form of
such an operator should be of the form Û = e−iΦL̂3 e−iΘL̂2 e−iΨL̂3 , where the parameters
(Φ, Θ, Ψ) are quantum-mechanical counterparts to the classical Euler angles. Each angle
has its own physical meaning, which we will try to define next. Using the Baker–Campbell–
Hausdorff formula we can get [19](

b̂1
b̂2

)
= U

(
â1
â2

)
, U =

(
cos(Θ/2)ei(Ψ+Φ)/2 sin(Θ/2)ei(Ψ−Φ)/2

− sin(Θ/2)e−i(Ψ−Φ)/2 cos(Θ/2)e−i(Ψ+Φ)/2.

)
(14)

Let us compare the obtained Equations (10) and (14), then we get (up to an insignifi-
cant phase)

Θ = 2θ, Φ + Ψ = 2φτ , Ψ−Φ = 2φρ. (15)
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The result is

Û = e−i(φτ−φρ)L̂1 e−2iarccos
√

1−R L̂2 e−i(φτ+φρ)L̂3 . (16)

If we introduce step-up and step-down operators L̂± = L̂1 ± iL̂2 (L̂+ = â†
1 â2, L̂− = â†

2 â1),
then the operator Û can be represented as

Û = D̂†e−2iφτ L̂3 , D̂ = eζ L̂+−ζ∗ L̂− , (17)

where ζ = arccos
√

1− R eiφ (where φ = φρ − φτ), and the operators L̂± have known
properties L̂±|l, m〉 = {l(l + 1) − m(m ± 1)}1/2|l, m ± 1〉. Equation (17) can be further
simplified by ignoring the irrelevant phase factor which will give the operator e−2iφτ L̂3 , since
e−2iφτ L̂3 |l, m〉 = e−2iφτm|l, m〉, then we get that Û = D̂†. As a result, using Equation (17) we
can find the wave function on the BS output ports |Ψout〉 = Û†|Ψin〉.

This result is scientifically quite interesting because without solving the Schrödinger
equation we can find the wave function |Ψout〉 at the BS output ports knowing R and phase
shift φ. Moreover, we are not interested in the type of BS and this solution is suitable for
all two-port linear BS. Of course, with such a general consideration, the “nature” of the
appearance of coefficients R and φ in quantum optics is not clear, since they have been
introduced as some constants having the properties of these coefficients. In spite of this, the
“nature” of the appearance of these coefficients is well studied in classical optics for various
types of BS. For different types of BS, these coefficients can be calculated using classical
optics, where the dependence R = R(λ) (or in the frequency representation R = R(ω))
appears. It should be added that the phase shift φ does not affect the intensity at the BS
output ports, so it may not be considered. For example, for a cubic BS, which is often used
in quantum optics experiments, the dependence can be represented in Figure 2.

Figure 2. A sample of an non-polarizing cubic beam splitter (50:50), with an operating wavelength
range of (400–700) nm, BS dimensions of 5 mm, is presented. The figures on the right show the
dependence of the reflection coefficient R and transmittance T as a function of wavelength λ. BS
fabrication accuracy: T = 47± 10%, R = 47± 10%, R + T > 90% [29].

It should be added that to find the wave function Ψout, taking into account the non-
monochromaticity of photons, using Equation (6) there is a rather interesting case that is
not discussed in the textbook and review literature, but that is fundamentally important
for waveguide BS. Non-monochromatic photons are known to have some frequency distri-
bution φ(ω1, ω2), i.e., the frequencies ω1, ω2 are “blurred” and the amount of blurring is
determined by the variance σ. It should be added that the optical sources (including single
photon sources) that are commonly used are such that σ � ω. In order to find Ψout it is
necessary to integrate over the frequencies ω1, ω2, see Equation (6). With this integration,
the coefficients R and T can be assumed to be constant, since {R(ω± σ)− R(ω)} → 0. This
is well seen from Figure 2, where by changing λ by a small value ∆λ� λ, the coefficients
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R and T will also change by a small value (i.e., ∆R� R), whose change can be neglected.
So by choosing constant values of R and T we do not make a mistake when R and T are
smooth (no jumps) functions with respect to frequencies. Of course, it is reasonable to
use such smooth functions and at first sight there can be no other options. As will be
shown in the next section, such functions appear in the case of waveguide BS and this will
significantly affect the statistical properties of photons at the BS output ports. Moreover,
quantum entanglement of photons will strongly depend on it, which certainly changes
the relation to the waveguide BS as a source of quantum entangled photons. Thus, in
this review, BSs where R and φ are assumed to be constant will be considered, which
will be called “conventional” beam splitters, and where R and φ are not constant, called
frequency-dependent BSs. So far, there is information in the literature about only one
frequency-dependent type of BS, which is the waveguide BS.

2.2. “Conventional” Waveguide Beam Splitter

It should be added that all the expressions obtained above for “conventional” BS,
are suitable for waveguide BS. Nevertheless, we will show how in theory two coupled
waveguides begin to exhibit BS properties. Consider two waveguides connected (coupled)
to each other in a certain area of space, see Figure 3.

 
Coupler

(b)(a)
D1

D2

Figure 3. (a): A 3D representation of coupled waveguides, where Ψin and Ψout are the input and
output (recorded by D1 and D2 detectors) wave function of photons, respectively. (b): Schematic 2D
representation of such a BS, see Ref. [22].

The theory of coupled waveguides is now quite well developed [30]. This theory is
based on coupling coefficients between neighbouring waveguides. It is generally believed
that by setting these coupling coefficients one can regulate the photon states at the output
ports of the waveguides. In fact, this theory is applicable for identical and monochromatic
photons incident on incoming ports of waveguides. Or as an alternative representation:
coupling coefficients depend on frequencies but they do not matter since these coefficients
are given by constants. As it has been shown recently [17,21,22,24,25], on the basis of
exact quantum-mechanical consideration, states of photons at the output ports of waveg-
uides have strong dependence on their frequencies and to set coupling coefficients by
constant values is not always correct and it can carry large errors. Waveguide theory (more
exactly—a BS theory) under exact quantum-mechanical consideration in the particular
case of monochromatic and identical photons turns into a waveguide theory with constant
coefficients. Let us first introduce here the theory of waveguide BS based on constant
coupling coefficients.

It is well known that for coupled waveguides one can compose a system of two
equations [30]

dâ1

dz
= −i(β1 + K11)â1 − iK12 â2,

dâ2

dz
= −i(β2 + K22)â2 − iK21 â1, (18)

where β1, β2 are the propagation constants for modes 1 and 2, respectively; K12, K21 and
K11, K22 are the mutual and the self coupling coefficients, respectively; z is the coordinate at
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which the field characteristics are determined. Moreover, if the coupled waveguide system
is lossless, self-consistency requires that Equation (18) satisfies the power conservation
law, i.e., at the input and output ports the number of photons does not change. Because
Equation (18) is independent of the initial condition, the coupling coefficients obey the
following relations K12 = K∗21 = κ and K11, K22 have to be real. The solution of Equation (18)
is conveniently found in the form âi → âie−i/2(β1+β2+K11+K22)z. In this form, the coordinate
z will have the meaning of the waveguides coupling region length. Using this form we
obtain

dâ1

dz
= −iδâ1 − iκâ2,

dâ2

dz
= +iδâ2 − iκâ1, (19)

where δ = 1/2(β1 − β2 + K11 − K22). In this form, solving Equation (19) is simple enough,
e.g., [30]. If we adopt a new notation in the form âi(0) = âi and âi(z) = b̂i, then we get(

b̂1
b̂2

)
=

(
u11 u12
u21 u22

)(
â1
â2

)
, (20)

where u11 = u∗22 = cos(Sz) − i cos η sin(Sz) and t12 = t21 = −i sin η sin(Sz), and the
parameters S =

√
δ2 + κ2, tan η = κ/δ. On ports 1 and 2 output, the probabilities of detect-

ing photons would be, respectively P1 = cos2(Sz) + cos2 η sin2(Sz), P2 = sin2 η sin2(Sz).
The maximum probability value on the the second output port is (P2)max = sin2 η. If the
photons propagate in waveguides without loss and the number of photons is conserved,
then (P2)max = 1, which means η = ±π/2. In this case we will get(

b̂1
b̂2

)
=

(
cos(κz) ±i sin(κz)
±i sin(κz) cos(κz)

)(
â1
â2

)
. (21)

If we put
√

T = cos(κz), then the result in Equation (21) is the same as the beam splitter,
see Equation (4). In this consideration, we have not only shown that coupled waveguides
have BS property, but also found simple form reflections R = sin2(κz) [14].

Obviously, the case considered here is based on coupling coefficients, but does not
reveal the “nature” of the appearance of these coefficients. Moreover, it is quite obvious,
even by analogy with “conventional” BS, that there must be a dependence of reflection
coefficients R on frequencies of the incident field, i.e., R = R(ω). In order to find this de-
pendence it is necessary to consider a quantum mechanical system in which two quantized
modes of the electromagnetic field interact with atoms of matter in coupled waveguides.
Such a consideration was made recently in the papers [17,21,22,24,25] and the dependence
not only of R = R(ω), but also of the phase shift φ = φ(ω) was found. Let us now turn to
this theory.

2.3. Frequency-Dependent Waveguide Beam Splitter

Consider two coupled waveguides, along each of which photons propagate (further,
the atomic system of units to be used will be: h̄ = 1; |e| = 1; me = 1, where h̄ is Dirac’s
constant, e is the electron charge, and me is the electron mass). These photons interact
with atomic electrons. Let us represent the electromagnetic field of photons through the
transverse vector potential A in the Coulomb gauge divA = 0 [1,5], then the Hamiltonian
of a such system will be{

Ĥ1 + Ĥ2 +
1
2 ∑

a

(
p̂a +

1
c

Âa

)2
+ ∑

a
U(ra)

}
Ψ = i

∂Ψ
∂t

, (22)
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where Ĥi = ωi âi
+ âi is the Hamiltonian operator for the first (i = 1) and second (i = 2)

modes (ωi is the frequency and âi is the photon annihilation operator in mode number i);
U(ra) is the atomic potential acting on the electron with number a; p̂a is the momentum

operator of the electron with number a; Âa = Â1,a + Â2,a, where Âi,a =
√

2πc2

ωiV
ui(âi

+ + âi)

is the vector potential in dipole approximation for mode i, acting on an electron with
number a (c is the speed of light, V is the modal volume, i.e., it is the Fourier transform
of the vector potential A enclosed in a finite volume V, ui is the polarization of the mode
numbered i) [1,5]; the sum ∑a in Equation (22) is satisfied over all electrons of the two
coupled waveguides interacting with photons. As a result, the Hamiltonian of Equation (22)
will be

Ĥ =
2

∑
i=1

{
ωi âi

+ âi + N
β2

i
2

q2
i + βiqiui ∑

a
p̂a

}
+

Nβ1β2q1q2u1u2 + ∑
a

p̂2
a

2
+ ∑

a
U(ra), (23)

where βi =
√

4π
ωiV

, and the quantity N = ∑a is the number of electrons involved in
the interaction with photons in two coupled waveguides. As can be seen, Equation (23)
corresponds to the equation for coupled harmonic oscillators interacting with electrons of a
polyatomic system. A similar system was considered in Ref. [21], and we obtain

Ĥ =
2

∑
i=1

{√
Ai
2

(
P̂2

i + y2
i

)
+ Diyi ∑

a
p̂a

}
+ ∑

a

p̂2
a

2
+ ∑

a
U(ra), (24)

where y1 = A1/4
1 (q1/

√
ω1 cos α− q2/

√
ω2 sin α) and y2 = A1/4

2 (q1/
√

ω1 sin α+

q2/
√

ω2 cos α) are new variables; P̂i = −i∂/∂yi; D1 = β1 A−1/4
1√

ω1u1 cos α − β2 A−1/4
1
√

ω2u2 sin α; D2 = β1 A−1/4
2
√

ω1u1 sin α + β2 A−1/4
2
√

ω2u2 cos α.
The study [31] showed that tan(2α) = C/(B2 − B1), where C = 2Nβ1β2

√
ω1ω2u1u2;

Bi = (ωi + Nβ2
i )ωi and Ai = Bi + (−1)iC/2 tan α. Obviously, the value of βi is very small

in the case of single-photon interaction, see, e.g., Ref. [32], where β2/ω � 1, even in
the case of strong focusing. In this case, the quantities D1 and D2 are negligible. This is
an obvious fact, since these quantities are responsible for various inelastic transitions of
electrons in an atom under the action of photons, which are usually negligible in lossless
BS. As a result, the dynamics of two photons in BS will be described by the wave function

|Ψ(tBS)〉 = e−iĤBStBS |Ψ(0)〉, ĤBS =
2

∑
i=1

√
Ai
2

{
P̂2

i + y2
i

}
, (25)

where tBS is the photon interaction time in BS and |Ψ(0)〉 is the initial state of the photons
before entering the BS. It should be added that the representation of the solution to the
general Equation (22) in the form of Equation (25) allows us to determine in an analytical
form the evolution of the operators â1 and â2 in Equation (3). Often, to calculate the required
quantities, one needs electric field operators Ê1(t1) and Ê2(t2) at time instants t1 and t2 on
the first and second detectors, respectively [33]. To do this, we need to find the evolution
(in BS, as well as from BS to detectors) of the operators Ê01(0) and Ê02(0) for modes 1 and
2, respectively

Ê1(t1) = eiĤ0t1 eiĤBStBS Ê01(0)e−iĤBStBS e−iĤ0t1 ,

Ê2(t2) = eiĤ0t2 eiĤBStBS Ê02(0)e−iĤBStBS e−iĤ0t2 , (26)

where Ĥ0 = ∑2
i=1 ωi âi

† âi is the Hamiltonian of photons outside of BS. Because Ê01(0) ∝ â1,
and Ê02(0) ∝ â2 (see, e.g., Refs. [1,5]), it is more convenient to consider not the electric field
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operators, but the photon creation and annihilation operators before entering BS (â1 and
â2) and on the detectors (b̂1 and b̂2). To this end, we replace Ê01(0)→ â1, Ê02(0)→ â2 and
Ê1(t1)→ b̂1(t1), Ê2(t2)→ b̂2(t2). Including into account the time delay δτ for the spatial
displacement of BS from the equilibrium position and the time delay τ between 1 and 2
mods (see Figure 4), we get (see supplementary materials in Ref. [24])

b̂1(t1) =
√

Te−iω1(t1−τ) â1 + eiφ
√

Re−iω2(t1+δτ/2) â2,

b̂2(t2) =
√

Te−iω2t2 â2 − e−iφ
√

Re−iω1(t2−δτ/2−τ) â1, (27)

where

R =
sin2

(
ΩtBS/2

√
1 + ε2

)
(1 + ε2)

; cos φ = −ε

√
R
T

,

T = 1− R, Ω =
8πNu1u2

(ω1 + ω2)V
; ε =

ω2 −ω1

Ω
. (28)

  

D1

D2

T

R

T

R

Coupler

Figure 4. Schematic representation of a waveguide BS, where D1, D2 are the first and second detectors,
respectively; τ is the time delay between modes 1 and 2, and δτ is the time delay caused by the spatial
shift of the BS from its equilibrium position.

From (27) it can be seen that the matrix BS that is UBS completely corresponds to the
matrix Equation (3) (needless to say, for t1 = t2 = t and for δτ = τ = 0). In addition, T
and R are symmetric, i.e., if we change the first to the second mode ω1 → ω2, u1 → u2
and vice versa, then, as anticipated, the coefficients will not alter. If we assume that the
photons are completely identical and monochromatic then ε = 0 (in reality this does not
happen) and we obtain the “conventional” waveguide BS described above (at κ = Ω/(2v),
z = vtBS, where v is the wave speed in the waveguide). This means that this particular
case will fully coincide with Equation (21). It can be seen that the theory presented here
is general, where the frequency dependencies of the reflection coefficient R and phase
shift φ are found. It should be added that going back to the universal system of units, the
frequency is Ω = 8πNu1u2

(ω1+ω2)V
e2

m .
From Equation (28) it can be seen that there is a new quantity characterizing BS and it

is Ω. It can be qualitatively estimated if we take into account that most of quantum effects
are observed at ω2−ω1 � ω1, ω2. We will then be interested in the frequencies at ω2 ≈ ω1;
then Ω = 4πn/ω0u1u2, where ω0 = (ω2 + ω1)/2, n = N/V. In this representation ω0
can be thought of as a constant and n as the effective concentration. Moreover, even if the
condition ω2 −ω1 � ω1, ω2 is not met, and ω2 −ω1 ∼ ω1, ω2, then ω0 can be considered
approximately constant when integrated over frequencies in Equation (6). Note that n
is a characteristic of the waveguide BS, since it determines the coupling of effectively
interacting N electrons to photons in the volume V. For example, if we consider the BS as a
solid in which photons interact in a volume V, then n is the concentration of electrons in
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the solid. Since it is known that the concentration of atoms in a solid does not vary much,
we get Ω ∼ (1014 − 1017) rad/s for the optical frequencies (ω0 ≈ 1015 rad/s) in this case
(if of course u1u2 ∼ 1). It should be added that for this type of BS, the frequency Ω can
be represented by the known value for plasma frequency ωp, then Ω = u1u2ω2

p/ω0. In a
waveguide BS, the number of effectively interacting electrons N in the volume V is smaller
than in a solid, hence Ω will be smaller. In waveguide BS one can adjust Ω by changing the
effective interaction between photons.

From Equation (28) we can see that R = R(ω1, ω2) and φ = φ(ω1, ω2), i.e., depends
on the frequencies of modes 1 and 2. This is the main difference between waveguide BS
and the other type of the waveguide, where the reflection coefficient R depends on the
frequency of one mode. This result causes the reflection coefficient R to become “sensitive”
to changes in any of the frequencies in the mode. Considering that the Ω parameter is quite
small, the dependence of the reflection coefficient R on the frequency can have a dramatic
change. In other words, such a dependence has a resonance character at (ω2 −ω1) ∼ Ω.
Indeed, by changing R(ω1 ± σ1, ω2 ± σ2) the reflection coefficient value will change greatly
at σ1 ∼ Ω, σ2 ∼ Ω, where σ is the variance that was described above. Otherwise, if σ1 � Ω,
σ2 � Ω, then photons in the modes can be considered monochromatic and the resonance
dependence R(ω1, ω2) disappears, which means in this case the reflection coefficient R can
be considered constant and such waveguide BS becomes “conventional” [17].

3. Quantum Entanglement of Photons on a Beam Splitter

As is well known, quantum entanglement is a phenomenon where the quantum state
of each group of particles cannot be described independently of the state of the others,
including when the particles are separated by a large distance. Quantum entanglement is
now one of the most important research topics [34]. In particular, quantum communication
protocols such as quantum cryptography [35], quantum dense coding [36], quantum
computing algorithms [37], and quantum state teleportation [38,39] can be explained by
entangled states. One of the promising prospects for using quantum entanglement is to
build a quantum computer that will surpass modern classical computers by many orders
of magnitude. Moreover, the beam splitter could be used as a source of quantum entangled
photons and be the basic building block of a quantum computer [6]. Without going into
details of this topic, it is worth saying that a rather serious problem is the calculation of
quantum entanglement for multiparticle systems, where different measures of quantum
entanglement [34], such as Concurrence, Negativity, etc., are used. For the calculations of
two-component systems, the quantum entanglement calculation is simpler and is based on
well-known measures of quantum entanglement—these are von Neumann entropy, Schmidt
parameter, etc. [34]. It should be added that in addition to quantum entanglement using BS, there
is classical spatial entanglement for higher order transverse laser modes [5,40,41]. Moreover,
there is a certain analogy between these kinds of entanglement [41]. Nevertheless, quantum
and classical entanglement have the same name— “entanglement”—but physically they
are not the same thing, and it is quantum entanglement that can be used in quantum
technologies.

It is known that by Schmidt’s theorem [42,43] the wave function |Ψ(t)〉 of interacting
systems 1 and 2 can be decomposed as |Ψ(t)〉 = ∑k

√
λk(t)|uk(x1, t)〉|vk(x2, t)〉, where

|uk(x1, t)〉 is the pure state wave function of system 1 and |vk(x2, t)〉 is the pure state
wave function of system 2. Where λk is the Schmidt mode, which is the eigenvalue of
the reduced density matrix, i.e., ρ1(x1, x

′
1, t) = ∑k λk(t)uk(x1, t)u∗k (x

′
1, t) or ρ2(x2, x

′
2, t) =

∑k λk(t)vk(x2, t)v∗k (x
′
2, t). If we find the Schmidt mode λk, we can calculate the quan-

tum entanglement of the system. To do this, we can use various measures of quantum
entanglement, such as the Schmidt parameter [42,43] K =

(
∑k λ2

k
)−1 or von Neumann

entropy [44,45] SN = −∑k λk ln(λk). The main difficulty in calculating quantum entangle-
ment is to find λk of the system in question.
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3.1. Quantum Entanglement on a “Conventional” Beam Splitter

Quantum entanglement on “conventional” BS is quite well studied and presented
in various works, see, e.g., Refs. [13,20,21,40,46–48]. Let us present here the simplest
derivation of the quantum entanglement of the two-mode electromagnetic field on BS. The
initial states of photons |Ψin〉 in BS ports 1 and 2 will be chosen as Fock states. Consideration
of other initial states can be found in many works, but the basis of all works are Fock states.
In this case, from Equation (2) we obtain

|Ψin〉 =
1√

s1!s2!
â†

1
s1 â†

2
s2 |0〉, |Ψout〉 =

1√
s1!s2!

b̂†
1

s1 b̂†
2

s2 |0〉. (29)

To find Ψout, one can use Equation (17), as was done in Ref. [20], who used the approach
by Ref. [19]. This approach is not the easiest for calculating and analyzing quantum
entanglement. The simplest approach was proposed by Ref. [21], using the approach by
Ref. [49]. As a result, we obtained λk(R) =

∣∣ck,s1+s2−k
∣∣2, where

ck,p =
s1+s2

∑
n=0

As1,s2
n,s1+s2−n A∗k,p

n,s1+s2−ne−2in arccos(
√

1−R sin φ),

Ak,p
n,m =

µk+n
√

m!n!

(1 + µ2)
n+m

2
√

k!p!
P(−(1+m+n),m−k)

n

(
−2 + µ2

µ2

)
,

µ =

√
1 +

1− R
R

cos2 φ− cos φ

√
1− R

R
, (30)

where Pα,β
γ (x) are Jacobi polynomials, k and p are the number of photons at the output

ports 1 and 2 of the BS, respectively, with k + p = s1 + s2. In the Equation (30), no matter
what value φ ∈ (0, π/2) we choose, the value λk(R) will not depend on φ. This amazing
property of Equation (30) can be used depending on the tasks under consideration. For
example, if we choose φ = 0, then when summing by n in (30), the exponent is replaced by
(−1)n. if we choose φ = π/2, then all the dependence on the reflection coefficient R will
be concentrated in the exponent. In this way, the relationship of quantum entanglement
with the reflection coefficient R was found. Figure 5 shows the dependence of quantum
entanglement for the von Neumann entropy SN and the Schmidt parameter K, depending
on the reflection coefficient R.

3
3

.

.

.

.

.

.

.

.

S
N

R=0.5
R=0.3
R=0.1
R=0.01

R=0.5
R=0.3
R=0.1
R=0.01a

bs1=s2=s

s1=s2=s

s s
Figure 5. The dependence of the von Neumann entropy SN is shown in Figure (b), as well as the
Schmidt parameter K in Figure (a) for various values of R and s.

For example, for s1 = 1 and s2 = 1, quantum entanglement will be in the following
form

SN = −(1− 2R)2 ln(1− 2R)2 − 4R(1− R) ln(2R(1− R)),

K =
1

1− 8R(1− R)(1− 3R(1− R))
. (31)

For Equation (31) it is interesting to find the value R at which there will be the maximum
quantum entanglement and this value R = 1/2(1± 1/

√
3). At this value R, the quantum
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entanglement will be SN = ln 3 and K = 3. This is quite an interesting result, since at first
glance it seems that the maximum entanglement should be at R = 1/2. Figure 5 shows that
quantum entanglement strongly depends on the reflection coefficient R, but is always zero
at R = 0, 1. The larger the quantum numbers s1, s2, the greater the quantum entanglement.
You can see that there are two maxima quantum entanglement for different pairs s1, s2,
except for the case when one of the quantum numbers is zero. No matter what measure of
quantum entanglement we use, all dependencies are similar.

We also present quantum entanglement for various values of s1 = s2 = s in Figure 6.
The calculations are given for R ∈ (0, 1/2), since for symmetric values of R ∈ (1/2, 1), the
results will be the same.

a b

c d

K
(R
)

3

(1,1) (2,2)

(10,10)

s1+s2=7
(0,7)

(1,6)

(2,5)

(4,3)

(1,1) (2,2)

(3,3)

(10,10)

(0,7)

(1,6)

(4,3)

(2,5)

s1+s2=7

(3,3)

Figure 6. The dependence of the von Neumann entropy SN in Figures (a,b), and the Schmidt
parameter in Figures (c,d) as a function of R are presented. The figures show the dependencies (s1, s2)
for different values of the number of photons in modes 1 and 2, respectively. For example, when
s1 = 1 and s2 = 6, notations (1,6) are introduced.

Figure 6 shows that the quantum entanglement at s1 = s2 = s increases significantly
with increasing s. For the Schmidt parameter K , this dependence is close to linear. Be-
sides being able to obtain simple expressions for quantum entanglement, other physical
characteristics can be calculated using Equation (30). For example, if one of the quantum
numbers is zero, choose s2 = 0, then in a very simple form one can find the average of the
quantum numbers k and p (see Equation (30)). The result is k = ∑k kλk(R) = s1(1− R)
and p = ∑p pλp(R) = s1R.

One of the interesting applications of the results obtained is the possibility of obtaining
the wave functions Ψout in Equation (29) that have practical applications by specifying
the coefficient R. For example, we need a wave function Ψ(t) that defines the states of
Holland–Burnett (HB) [50]. It is well known that this wave function is of great interest in
various fields of physics, for example, in quantum metrology [11,51]. To do this, we need
to select R = 1/2 and s1 = s2 = s (for even values s). As a result, we get the wave function
Ψout in the form

Ψ =
s

∑
n=0

e2inφ

√
(2n)!(2s− 2n)!
2sn!(s− n)!

|2n, 2s− 2n〉. (32)

It should be added that by using the Equation (32) one can obtain an expression for quantum
entanglement using the Schmidt parameter K in the form [21]

K =
π(s!)2

Γ(s + 1/2)2
4F3(1/2, 1/2,−s,−s; 1, 1/2− s, 1/2− s; 1)

, (33)



Mathematics 2022, 10, 4794 14 of 25

where Γ(x) is the gamma function, 4F3(x1, x2, x3, x4; y1, y2, y3; 1) is the generalized hyperge-
ometric function. It should be added that the Equation (33) has a fairly simple approxima-
tion K = s0.897. This clearly shows that quantum entanglement is unbounded from above,
which was well known earlier (the more s, the more the quantum entanglement).

If we consider the case when in the initial state Ψin the number of photons in 1 mode
s1 and in the second one s2 = 0. In this case the expression for quantum entanglement in
the form of the Schmidt parameter will be

K =
1

(1− R)2s1 2F1

(
−s1,−s1; 1;

(
R

1−R

)2
) , (34)

where 2F1(a, b; c; x) is the Gaussian hypergeometric function. The general dependence of
the Equation (34) can be seen from Figure 5b,d. In addition, by analyzing Equation (34), we
can get that the maximum of this function at R = 1/2. With this value of R = 1/2, one can
obtain a simpler expression for quantum entanglement

Kmax = 22s1
(s1!)2

(2s1)!
. (35)

We can also find from Equation (35) the parameter K for large values of the quantum
number s1, and we get Kmax(s1 � 1)→ √πs1. It can be seen in this case that the quantum
entanglement is unbounded from above (the more s1, the more the quantum entanglement).

It should be added that the cases of quantum entanglement given here using BS are
only some cases, and in reality there are many more.

3.2. Quantum Entanglement on a Waveguide Beam Splitter

Quantum entanglement on a frequency-dependent waveguide BS was recently consid-
ered in Refs. [22,23]. In these papers, it was shown that quantum entanglement would be
defined in the same way as in the “Conventional” waveguide BS, with the only difference
being that the Schmidt mode λk must be replaced by λk → Λk, where

Λk =
∫
|φ(ω1, ω2)|2λk(R)dω1dω2, λk(R) =

∣∣ck,s1+s2−k
∣∣2. (36)

We will assume that there is no quantum entanglement of photons at the BS input ports. In
other words, we will consider the incoming photon states as Fock states, but photons are not
monochromatic. In this case, as is well known that the photon wave function is factorizable,
i.e., Ψin =

∫
φ1(ω1)|s1〉dω1

∫
φ2(ω2)|s2〉dω2, where φ(ω1, ω2) = φ1(ω1)φ2(ω2). To ana-

lyze quantum entanglement we will use the von Neumann entropy SN = −∑k Λk ln(Λk).
Next, let us choose φi(ωi) (i = 1, 2) in the most commonly used form, which is the Gaus-
sian distribution

φi(ωi) =
1

(2π)1/4√σi
e
− (ωi−ω0i)

2

4σ2
i , (37)

where ω0i is the mean frequency and σ2
i is the dispersion. Then we will assume that

ω0i/σi � 1, which is applicable to most photon sources.
Figure 7 let us represent the dependence of the von Neumann entropy SN depending

on the dimensionless parameter ΩtBS for identical photons, i.e., for σ1 = σ2 = σ and
ω01 = ω02 = ω0.

We add that the results obtained for monochromatic photons, i.e., for σ → 0 (more
precisely, for σ/Ω� 1 such that σtBS � 1) are in agreement with the results of quantum
entanglement “conventional” BS calculations, see for example Ref. [20,21]. Indeed, if
we use the results for “conventional” BS with reflection coefficient R = sin2(κz) and, for
example, [20] to calculate quantum entanglement (or the above method), we can get the
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results shown in Figure 7 for σ/Ω = 0 (thin lines). Thus, our result is a more general one
that is applicable to non-monochromatic photons.

a b

c d

Figure 7. The dependence of the von Neumann entropy SN on the parameter ΩtBS is presented.
In figures (a–d) the value of SN is presented for |1, 1〉, |2, 3〉, |4, 2〉, |3, 3〉, respectively (where |s1, s2〉
are input states to 1 and 2 ports of the BS, respectively). All figures show the results for σ/Ω = 10
(brown), σ/Ω = 5 (blue), σ/Ω = 3 (red), σ/Ω = 1 (green), σ/Ω = 1/3 (orange) from bottom to top,
respectively. The thin curve is made at σ/Ω = 0 (black).

One can see that there is a big difference between quantum entanglement of monochro-
matic and non-monochromatic photons. Moreover, in the case of non-monochromatic
photons, when σ/Ω ∼ 1, the quantum entanglement is larger. One can also see that in
the case of non-monochromatic photons, when σ/Ω & 1 and for relatively large ΩtBS, the
quantum entanglement becomes a constant value. In the case of monochromatic photons
quantum entanglement is a periodic function.

As an example, let us consider in more detail the case of input photons in states |1, 1〉.
This case is interesting because it realizes the case of the Hong–Ou–Mandel (HOM) [4,24]
effect. To analyze this case, it is convenient to present a contour plot for von Neumann
entropy as a function of two parameters σ/Ω and ΩtBS, see Figure 8a. Since at large ΩtBS
(of course, the condition σtBS � 1 must also be satisfied) the quantum entanglement tends
to a constant value; Figure 8b presents this constant value depending on the parameter
σ/Ω. It is also possible to find an analytic dependence for quantum entanglement for the
case |1, 1〉 as

SN = ln
2(1− J)J−1

(2J)J , J = 1 +
3
8

(
Ω
σ

)2
−
√

π

16

(
Ω
σ

)3{
3 + 10

( σ

Ω

)2
}

erf
(

Ω
2σ

)
e(

Ω
2σ )

2

, (38)

where erf is an error function. It should be added that, to get the Equation (8) sine and
cosine terms (rapidly oscillating terms at ΩtBS → ∞) must be ignored when integrating
over frequencies.
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b
a

Figure 8. (a) A contour plot of the von Neumann entropy SN versus two parameters σ/Ω and ΩtBS

for the input state |1, 1〉 is presented. (b) von Neumann entropy SN is presented as a function of σ/Ω
in the limiting case ΩtBS → ∞ for the input state |1, 1〉, see Ref. [22].

It can be seen from the graphs obtained that the quantum entanglement has a maxi-
mum, which will be at σ/Ω = 0.44467. It is also seen that the quantum entanglement is
large at σ/Ω ∼ 1, and as σ/Ω increases, it tends to zero. As an example, let us give another
calculation of quantum entanglement from the initial states |0, 2〉 at the same remaining
parameters, see Figure 9.

0.0 0.5 1.0

a

b

Figure 9. (a) The dependence of Von Neumann entropy SN on the parameter ΩtBS is presented for
σ/Ω = 10 (brown); σ/Ω = 5 (blue); σ/Ω = 3 (red); σ/Ω = 1 (orange); σ/Ω = 1/3 (green); σ/Ω = 0
(black). (b) A contour plot of von Neumann entropy SN from two system parameters ΩtBS and σ/Ω
is presented. The inset is presented for SN at ΩtBS → ∞ depending on the parameter σ/Ω. Input
photons are in the state |0〉, |2〉, see Ref. [23].

Figure 9 shows that the von Neumann entropy at σ/Ω & 1 is quite different from the
case of monochromatic photons σ/Ω = 0. Figure 9b also shows that the large value of
entropy is at σ/Ω ∼ 1. The largest entropy value at ΩtBS → ∞ would be SN = 1.092 at
σ/Ω = 0.24.

In summary, it can be concluded that the waveguide BS can be a good source of
quantum entangled photons. The entanglement can be easily adjusted by changing the
Ω parameter, e.g., by separating or bringing the waveguides closer together. It should be
noted that a waveguide BS can be a source of large quantum entangled photons. Indeed,
such a source generates almost maximum possible quantum entanglement at σ/Ω ∼ 1 and
ΩtBS > 1. Recall that the maximum quantum entanglement for von Neumann entropy in
our case SN = ln(1 + s1 + s2) [20,52]. If we consider constants R and T (monochromatic
photons) the quantum entanglement is a periodic function of ΩtBS, and for large ΩtBS � 1
a rapidly oscillating relation, which is bad to use in quantum technologies.

4. Photon Statistics on the Beam Splitter

The statistical properties at the BS output ports are determined by the probability Pk to
detect k photons on port 1 and the probability Pp to detect p photons on port 2. The statistical
properties at the BS output ports have been studied in many works [13,19–22]. The initial
states may depend on which photons are fed to the BS input ports. These states may differ
not only in the distribution of photons in each mode, but also in the quantum entanglement
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of the electromagnetic modes of the incoming photons. We will limit ourselves here to
considering the most important example—these are the incoming Fock states, since other
cases can be represented based on them.

4.1. Photon Statistics on a “Conventional” Beam Splitter

In the case of “conventional” BS, the statistical properties at the BS output ports have
been well studied in Ref. [19]. The simplest expressions for calculating statistical properties
have been derived in Ref. [21], which are defined by Equation (30), where the probability
Pk = λk and the probability Pp = λs1+s2−k, since the number of photons is conserved,
i.e., s1 + s2 = k + p. As an example, let us present the calculations for the case |1, 1〉 in
Figure 10a,b and for the case |0, 2〉 in Figure 10c,d for the two reflection coefficient values
R = 1/2, 1/2(1 + 1/

√
3). The choice of these values R is determined by the fact that

for |1, 1〉 and R = 1/2 the HOM effect occurs, and at R = 1/2(1 + 1/
√

3) the quantum
entanglement value is maximum (see Equation (31)).

(a) (b)

(c) (d)

Figure 10. The calculation of probability Pk for the case |1, 1〉 in Figures (a) at R = 1/2 and (b) at
R = 1/2(1 + 1/

√
3) and for the case |0, 2〉 in Figures (c) at R = 1/2 and (d) at R = 1/2(1 + 1/

√
3)

are presented.

It can be seen that the HOM effect does not appear at the maximum entanglement of
photons, but at the maximum entanglement the distribution is equally probable. It should
also be added that calculating the probabilities for any initial states is not difficult using
Equation (30).

4.2. Photon Statistics on a Waveguide Beam Splitter

Let us consider the photon statistics at the BS output ports. Expressions to calculate the
statistical properties were obtained in Ref. [22], which are defined by Equations (30) and (36),
where probability Pk = Λk and probability Pp = Λs1+s2−k. It should be added that
when considering monochromatic photons the coefficients R and φ would be constant,
then following Equation (36) Λk = λk. Thus, our consideration is general and in the
particular case coincides with “conventional” BS. Let us compare the results in the case
of monochromatic and non-monochromatic photons. To do this let us choose BS length
z = vtBS and frequency Ω = 2κv (see below, after Equation (28)) so that the reflection
coefficient for monochromatic and identical photons is R = sin2(ΩtBS/2) = 1/2. In this
case we will choose ΩtBS = 5π/2. Next we will consider the same (σ1 = σ2 = σ and
ω01 = ω02 = ω0) but not monochromatic photons, see Equation (37). We present for
comparison the calculation results in the case of identical monochromatic photons for
R = 1/2 (at ΩtBS = 5π/2) and in the case of identical but not monochromatic photons (at
ΩtBS = 5π/2), see Figure 11. From Figure 11a shows that for states |1, 1〉when σ/Ω = 0 the
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HOM effect [4] is realized, see Figure 10a. This means that only photon pairs are detected at
the first or second detector (in the figure it is for k = 0 and k = 2) with probability 1/2. With
increasing σ/Ω the HOM effect disappears and the photon statistics change dramatically.
It is quite interesting to look at photon statistics at maximum quantum entanglement, see
Figure 11b. These statistics are different from the statistics of the HOM effect of Figure 11a
and from the statistics in the case of monochromatic photons at maximum quantum
entanglement, see Figure 10b. At large σ/Ω � 1, the probability Λk will tend to one for
k = 1. This means that photons will never arrive at the detectors in pairs. A similar analysis
can quite easily be done for any input states |s1, s2〉. The commonality for all cases will
be a coincidence with the statistics for monochromatic photons at σ/Ω = 0. In addition,
the general probability behavior for any states |s1, s2〉 will be at σ/Ω � 1. This is easily
explained because at Ω→ 0 (same as σ/Ω� 1), the coupling between the waveguides in
the BS weakens, which means that photons propagate along their waveguides.

a b

P

c d

10 2 10 2

=0 =0.44467

=1.0 =3.0

P

Figure 11. A histogram of the dependence of the probability Pk of detecting k and p = s1 + s2 − k
(we consider the case |1, 1〉, where s1 = s2 = 1) photons at the output of the first and second ports,
respectively, for different values of σ/Ω.

We also consider the limiting case described above for quantum entanglement, this is
the case for large ΩtBS (more precisely, the condition σtBS � 1 must also be satisfied) for
the input state |1, 1〉. In this case, it is easy to obtain the probability of detecting photons
on both detectors P1,1 = J, where J is represented in Equation (38). The probability of
detecting pairs of photons on 1 or 2 detectors will then be P2,0 = P0,2 = 1/2(1− P1,1). The
results are presented in Figure 12. It is interesting enough to note that the minimum of
the function min{P1,1} or the maximum of max{P2,0 = P0,2} for σ/Ω = 0.44029 practically
coincides with the maximum for quantum entanglement at σ/Ω = 0.44467, see Figure 8b.
This means that the maximum of quantum entanglement is realized when photons at the
first and second detectors can be registered with a minimum probability. Or, which is
the same, when pairs of photons can be recorded on detectors with maximum probability.
Additionally, in the insets in Figure 12a,b the probabilities P1,1 and P2,0 = P0,2 are presented,
respectively, depending on two parameters of the studied system σ/Ω and ΩtBS. It can be
seen that taking into account the non-monochromaticity of photons significantly changes
the probabilities, in comparison with monochromatic ones.
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3

a

b

Figure 12. (a) The probability P1,1. (b) The probability P2,0 = P0,2 for ΩtBS → ∞ depending on the
σ/Ω parameter. Additionally, in (a,b) the contour plots for the probability P1,1 and P2,0 = P0,2 are
presented, respectively, depending on two parameters of the studied system σ/Ω and ΩtBS.

It should be added that such an analysis, for quantum entanglement and photon
statistics, is fairly easy to carry out for any photons input states |s1, s2〉, as well as various
BS parameters Ω, tBS and the values of non-monochromaticity of photons σ1, σ2.

5. Hong–Ou–Mandel Effect

The HOM effect was first experimentally demonstrated by Hong et al. in 1987 [4].
The effect is thought to occur when two identical single-photon waves hit the BS 1:1 (with
reflection coefficients R and transmittance T close to 1/2), one at each input port. When
the photons are identical, then at the output ports of the BS we observe their quantum
interference caused by their passage through the BS. HOM interference appears in many
cases, both in fundamental studies of quantum mechanics and in practical implementations
of quantum technologies [8,53]. The theoretical explanation of the HOM effect, based on
constant coefficients R and T and bosonic photon statistics, is quite simple [1,5]. In this
interpretation we are not interested in what happens to the incident photons in the BS. For
this, we consider a lossless BS with constant coefficients R and T (i.e., “conventional” BS)
and the BS is the source of two other photons obeying bosonic statistics. In this case, the
wave function at the output ports Ψout = b̂†

1 b̂†
2 |0〉, where b̂1, b̂2 is defined through the BS ma-

trix as Equation (3). It is easy to see that b̂†
1 b̂†

2 = (T− R)â†
1 â†

2 +
√

RT
(

e−iφ(â†
2
)2 − eiφ(â†

1
)2
)

.

Choosing the coefficients R = T = 1/2 we get b̂†
1 b̂†

2 = 1/2
(

e−iφ(â†
2
)2 − eiφ(â†

1
)2
)

. It means
that photons get to detectors only in pairs, i.e., the probability will be P = 1/2 for each
of detectors, which contradicts the classical representation of separation of two beams of
light with coefficients R = T = 1/2. In the classical notion at R = T = 1/2 there can be
four variants:

1. The first and second photons fall on detectors 1 and 2, respectively;
2. The first and second photons fall on detectors 2 and 1, respectively;
3. The first and second photons fall on detector 1;
4. The first and second photons fall on detector 2.

A total of four equally probable events gives a probability of P = 1/4 for each of
the four choices. Such a phenomenon is called the HOM effect (or HOM interference)
and it is a good method to check the quantum properties not only of photons, but also
of other particles. In other words, in the HOM effect, the probability of photons hitting
the first and second detector P1,2 = (R − T)2, with equal R and T will be zero. If we
consider non-monochromatic photons but identical frequency dependent BS, it is easy
to see that P1,2 =

∫
|φ(ω1, ω2)|2(R(ω1, ω2)− T(ω1, ω2))

2dω1dω2 = (R− T)2. Choosing

R̄ = T̄ = 1/2 we can get P1,2 = 4(T2 − T2
) = 4(R2 − R2

), i.e., there is a fluctuation of the
reflectance R and transmittance T, which was not considered before. These issues will be
discussed in detail here.

5.1. Hong–Ou–Mandel Effect on a “Conventional” Beam Splitter

A schematic of the HOM interference experiment can be shown in Figure 4, with the
difference that we consider “conventional” BS. The detector coincidence rate will drop to zero
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when identical input photons completely overlap in time. This is called the Hong–Ou–Mandel
dip, or the HOM dip. Let us consider the general case not restricted to identical and monochro-
matic photons and to simultaneous registration by photon detectors. In this case we have to
consider the output state as (see Equation (6)) |Ψout〉 =

∫
φ(ω1, ω2)b̂†

1 b̂†
2 |0〉dω1dω2, where

b̂1, b̂2 is defined by Equation (27). It should be added that we can get Equation (27) to find
b̂1(t1), b̂2(t2) quite easily if we consider b̂k(tk) = eiĤ0tk b̂k(0)e−iĤ0tk , where b̂k(0) = b̂k from
Equation (3), where k = (1, 2). We will assume the coefficients R and φ to be constant, i.e.,
consider “conventional” BS. Consider the probability P1,2 of co-detection of photons at 1
and 2 detectors (correlation between the two detectors). If our coincidence gate window
takes counts for time TD, then the frequency of coincidence between detectors 1 and 2 is
proportional (see, e.g., [4,54,55]).

P1,2 ∝
∫ TD/2

−TD/2

∫ TD/2

−TD/2
〈b̂†

1(t1)b̂†
2(t2)b̂1(t1)b̂2(t2)〉dt1dt2. (39)

Consider the case where the reaction time τD (time resolution) of detectors D1 and D2 in the
experiment is many times slower than other time scales of the problem (the reaction time is
large), then in this case TD → ∞. It should be added that the theory presented below is not
difficult to generalize to the case when the detector reaction times are short, which is currently
realized experimentally (e.g., [56,57]). The calculation of the correlation function (39) can be
found in various papers depending on the JSA function φ(ω1, ω2), e.g., [4,54–56,58,59]. As a
result, the correlation function in general form will be at R = T = 1/2

P1,2 =
1
2

(
1− Re

{∫
φ(ω1, ω2)φ

∗(ω2, ω1)e−i(ω2−ω1)(δτ+τ)

}
dω1dω2

)
, (40)

where P1,2 is normalized so that at R = 0 the probability is P1,2 = 1 (without BS the
probability of detection is 100%), which corresponds to the standard normalization in HOM
theory. In Equation (40) is usually replaced by ∆τ = δτ + τ corresponding to the time
between detection of 1 and 2 photons. It can be seen that at ∆τ = 0 the correlation function
P1,2 = 0, only when the two photons are identical, i.e., at φ(ω1, ω2) = φ(ω2, ω1). Thus, the
HOM effect will be observed at photon identity and at ∆τ = 0.

Here are examples of the calculated correlation functions P1,2. We give the result
obtained in the very first paper where this effect was demonstrated [4]

P1,2 =
1
2

(
1− e−(δω∆τ)2

)
, (41)

where δω is the bandwidth at Gaussian φ(ω0/2 + ω, ω0/2 + ω). It should be added that
sources of single photons are often used in experiments, but their initial state cannot
always be determined by the Fock states. In other words, photons incident on the BS
can be quantum entangled. One of the most commonly used sources of such photons is
spontaneous parametric down-conversion (SPDC). In the case of such photons, the spectral
function φ(ω1, ω2) can have a complicated form. Quite a lot of such cases are considered
in Ref. [58].

Here we have considered photons to demonstrate the HOM effect. This effect has a
deeper meaning than demonstrated here. First of all, this is due to the fact that the HOM
effect can be observed not only on photons, but also on other particles of both bosonic and
fermionic nature [60–62].

5.2. Hong–Ou–Mandel Effect on a Waveguide Beam Splitter

While the HOM effect theory for “conventional” BS is well known and described in
various literature, the HOM effect theory for frequency-dependent waveguide BS has only
recently appeared [24,25]. This theory will be presented here in more detail. Now the
scheme of the HOM experiment will look like Figure 4. The calculation of the correlation
function is carried out in the same way as it is done in the case of “conventional” BS,
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with the only difference being that we consider the coefficients R, T and φ to be frequency
dependent and do not fix their values. As a result, we get

P1,2 =
∫ ∞

−∞

∫ ∞

−∞
|ξ1(t1, t2, τ)− ξ2(t1, t2, τ, δτ)|2dt1dt2 ,

ξ1(t1, t2, τ) =
1

2π

∫
φ(ω1, ω2)T(ω1, ω2)e−iω1(t1−τ)e−iω2t2 dω1dω2 ,

ξ2(t1, t2, τ, δτ) =
1

2π

∫
φ(ω1, ω2)R(ω1, ω2)e−iω2(t1+δτ)e−iω1(t2−δτ−τ)dω1dω2 , (42)

where P1,2 is normalized so that with tBS = 0 the probability is P1,2 = 1. We then obtain

P1,2 =
∫(
|φ(ω1, ω2)|2

(
T2(ω1, ω2) + R2(ω1, ω2)

)
−

2Re
{

φ(ω1, ω2)φ
∗(ω2, ω1)T(ω1, ω2)R(ω2, ω1)e−i(ω2−ω1)∆τ

})
dω1dω2.

(43)

It should be added that if T and R are assumed to be independent of frequencies and
T = R = 1/2, then Equation (43) corresponds to the well-known equation, e.g., [63–65],
see above.

We next consider the case of identical photons at ∆τ = 0, in this case φ(ω1, ω2) =
φ(ω2, ω1) and R(ω1, ω2) = R(ω2, ω1), and the quantity

P1,2(∆τ = 0) = (T − R)2 =
∫
|φ(ω1, ω2)|2(T(ω1, ω2)− R(ω1, ω2))

2dω1dω2. (44)

If in (44) we choose T = R = 1/2, then we get P1,2 = 4(T2 − T2
) = 4(R2 − R2

). In
other words, there is a mean-square fluctuation of the coefficients of transmission T and
reflection R, which leads to a nonzero value of P1,2 in the case of identical photons. This
conclusion is fundamental in the theory of HOM interference and was not previously
obtained. In addition, from the previously obtained Equations (43) and (44) it follows that
the P1,2(∆τ � τc) = 2T2 = 2R2 (τc is the coherence time).

Let us present the results of calculating the value of P1,2 for the case

φ(ω1, ω2) = Ce
− (ω1+ω2−Ωp)2

2σ2
p e

− (ω1−ω01)
2

2σ2
1 e

− (ω2−ω02)
2

2σ2
2 . (45)

We will be interested in the case applicable for most sources of photons ω02 − ω01 �
ω01, ω02; ω01/σ1 � 1; ω02/σ2 � 1, in this case the normalization constant C =

(σ2
1+σ2

2+σ2
p)

1/4
√

πσ1σ2σp
.

The function (45) allows us to analyze the value of P1,2 for two cases that are of practical
interest. The first case is spontaneous parametric down-conversion (SPDC), for example,
for Ωp = 2ω0; ω0 = ω01 = ω02; σ1 = σ2 = σ is SPDC of type I, where σp is the bandwidth
of the pump beam, ω0 and σ are the central frequency and the bandwidth, respectively, for
both the signal and the idle beams [66]. On the other hand, and for the second case, if we
consider σp → ∞ in (45), then this will be the case of Fock states (e.g., [58,66]). Indeed, in
this case, in Equation (45), the φ(ω1, ω2) function will be factorized, which corresponds to
Fock states. Substituting (45) into (43) we obtain [17,24,25]

P1,2 =
∫ ∞

−∞

{
e
−(y− ∆ω

Ωg )
2(

T2(y) + R2(y)
)
− 2Be

−( ∆ω
Ωg )

2
T(By)R(By)e−y2

cos
(

B∆τΩgy
)} dy√

π
, (46)
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where B = A

√√√√√ 1+
σ2

p
σ2

1+σ2
2

A2+
σ2

p
σ2

1+σ2
2

and B ∈ (0, 1); A = 2σ1σ2
σ2

1+σ2
2

; Ωg =

√
4σ2

1 σ2
2+(σ2

1+σ2
2 )σ

2
p

σ2
1+σ2

2+σ2
p

,

∆ω = ω02
σ2

p + 2σ2
1

σ2
1 + σ2

2 + σ2
p
−ω01

σ2
p + 2σ2

2

σ2
1 + σ2

2 + σ2
p
+ Ωp

σ2
2 − σ2

1
σ2

1 + σ2
2 + σ2

p
,

where T(y) and R(y) are determined by the Equation (28), with the only difference be-
ing that

Ω =
4πn
ω0

u1u2, ε =
Ωg

Ω
y, ω0 =

2σpσ2
1 σ2

2 + σ2
p(σ

2
2 ω01 + σ2

1 ω02)

4σ2
1 σ2

2 + (σ2
1 + σ2

2 )σ
2
p

. (47)

If we assume that Ωg/Ω � 1, then T and R become constant quantities and such a BS
becomes “conventional”, i.e., one can always choose T = R = 1/2. From estimates of
Ω it can be seen that Ωg can be of the order of Ω, so it is necessary to take into account
fluctuations of the coefficients R and T. The equation for P1,2, in our case Equation (46)
at constants T = R = 1/2, is easily integrated and coincides with the known P1,2 =

1/2(1− Be−(∆ω/Ωg)2
e−1/4(BΩg∆τ)2

), e.g., [58]. Next, consider the value of P1,2 as a function
of ∆τΩg in the case σ1 = σ2 = σ for different values of Ωg/Ω and ∆ω/Ωg, but for ΩtBS
such that T = R = 1/2; see Figure 13: as Ωg/Ω increases, the value of P1,2 tends to one.

Figure 13 also shows that when accounting for T and R from frequency, P1,2 can differ
significantly from the previously known HOM interference theory. This means that even if
the photons are identical and the beam splitter is perfectly balanced, then P1,2 can differ
significantly from zero, which cannot be the case with “conventional” BS. This clarification
is very important, because using a frequency-dependent BS, even in the case of identical
photons and balanced BS, it is impossible to determine the degree of photon identity using
the HOM interferometer.

Let us give in more detail the case of the same photons and balanced BS, i.e., σ1 = σ2 = σ,
∆ω = 0 and ∆τ = 0 the results obtained here can essentially differ from the standard HOM
theory, where, as is well known, the visibility of V = 1, see Figure 14.

As can be seen from the figures, the standard HOM theory is applicable only for
Ωg/Ω� 1. Differences from standard HOM theory can be very large. This is especially
noticeable in Figure 14b, where the visibility of V changes very much. You can also see in
Figure 14a (tab), that only for certain ΩtBS for given Ωg/Ω you can choose T = R = 1/2.
Moreover, the number of choices ΩtBS is limited and depends on Ωg/Ω, and therefore
depends on the length of the coupled waveguide (length limited from above). There are no
such limitations in the standard HOM theory [14]. For example, with Ωg/Ω > 2, the HOM
effect cannot be realized, i.e., R < 1/2.
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Figure 13. Dependence of P1,2 on ∆τΩg (HOM dip). Case (a) corresponds to fully identical pho-

tons and cases (b–d) correspond to non-identical photons. Visibility V = P1,2(∆τ�τc)−P1,2(∆τ=0)
P1,2(∆τ�τc)

=

V(Ωg/Ω) depends on the parameter Ωg/Ω (line color corresponds to: red at Ωg/Ω = 1, green
at Ωg/Ω = 0.5, brown at Ωg/Ω = 0.25, blue at Ωg/Ω = 0). The case Ωg/Ω = 0 and visibil-
ity V(0) corresponds to the previously known HOM interference theory with constant coefficients
T = R = 1/2.
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Figure 14. (a) The dependence of the average reflection coefficient R (see Equation (44)) as a function
of Ωg/Ω for large (asymptotic) values of ΩtBS � 1. The internal tab contains R depending on
ΩtBS for Ωg/Ω = 1; 2; 5; 10 (top-down in figure). (b) The visibility of V at R = T = 1/2 depending
on Ωg/Ω for five values of the lengths of the coupled waveguide, which corresponds to ΩtBS ≈
2; 8; 14; 20; 30 (top-down in figure).

6. Conclusions

Thus, in this review paper, we considered the BS in quantum optics, as well as quantum
entanglement and photon statistics at the BS output ports and the HOM effect. The special
purpose of this work was to present the theory of the beam splitter in quantum optics
and to systematize such BS into two types: “conventional” and frequency-dependent BS
(waveguide BS). Based on this systematization, the quantum entanglement of photons and
their statistics, as well as the HOM effect, are presented. It is shown that these two types of
beam splitters, despite their common matrix BS (see Equation (3)), can have significantly
different quantum entanglement, statistics, and HOM effect. We also presented the theory
of a frequency-dependent beam splitter based on a waveguide BS, where the reflection
coefficients R and the phase shift φ are found. It is shown that the special dependence
of R and φ (see Equation (28)) on the frequencies of incoming photons determines such
unique properties of the waveguide BS, which differ from “conventional” BS. Taking into
account the fact that the waveguide BS is currently acquiring an important role in quantum
technologies due to the possibility of its miniaturization, this review will be useful not only
for theoreticians, but also for experimenters.
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