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Abstract: The paper presents a rigorous perturbation analysis of the QR decomposition A = QR
of an n X m matrix A using the method of splitting operators. New asymptotic componentwise
perturbation bounds are derived for the elements of Q and R and the subspaces spanned by the
first p < m columns of A. The new bounds are less conservative than the known bounds and
are significantly better than the normwise bounds. An iterative scheme is proposed to determine
global componentwise bounds in the case of perturbations for which such bounds are valid. Several
numerical results are given that illustrate the analysis and the quality of the bounds obtained.
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1. Introduction

The QR decomposition of a matrix A € R"*" with n > m as the factorization
R
a=0| ¢ 8

where Q € R"*" is an orthogonal matrix and R € R™*™ is the upper triangular matrix.
The matrices Q and R are referred to as the Q-factor and the R-factor, respectively. Further
on, we shall assume that the matrix A has rank m, i.e., it has full column rank. In such a
case, the matrix R is nonsingular, and the matrix Q can be represented as

Q=1[01,Q2], Q1 eR™™, Q, € R”X("_m),

where R(Q1) = R(A) and the columns of Q; form an orthonormal basis for the comple-
mentary subspace R(A)* ([1], Ch. 1). Thus,

A=QR. b)

The representation (2) is frequently called QR factorization of A, and it is unique up to
the signs of the diagonal elements of R. The matrix O, is not unique but has to obey the
orthogonality condition

T T
TH_ | @ Q1 Q1Q2:|_|:Im 0 } 3
OO gla ] TLo n ] ©

In practice, the matrix A is subject to perturbations of different kinds (model inconsis-
tencies, measurement and rounding errors), which leads to the necessity of investigating
the sensitivity of the different elements of the QR decomposition to perturbations in the
data, i.e., to perform a perturbation analysis of the decomposition [2]. Further on, we
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assume that the matrix A is subject to an additive perturbation A € R"*" and that there
exist another pair of matrix Q and upper triangular matrix R such that

A_QV{IS},E—AJHSA. (4)

The purpose of the perturbation analysis of the QR decomposition is to find bounds
on the sizes of §Q = Q Q and JR = R — R as functions of the size of A for sufficiently
small perturbations of A [3,4]. Due to the non-uniqueness of the matrix Q», its perturbation
is also non-unique. Thus, in the perturbation analysis, one usually considers only the
perturbations of the matrix Q;, which are uniquely defined by the perturbations of A.
However, in the analysis, we shall need to use an arbitrary matrix Q, that satisfies the
orthogonality condition (3).

The sizes of the perturbations 6 A, Qq and JR in the QR factorization are measured by
using some of the matrix norms, and, in this case, we call the respective analysis normwise
perturbation analysis. Sometimes, however, we are interested in the size of perturbations in
individual elements of 6Q; and ¢R, and, in such a case, the analysis is called componentwise
perturbation analysis [5]. In the cases when the estimated vector or matrix has components
that differ greatly in size, the normwise estimate does not produce reliable results, and it is
preferable to use the componentwise perturbation analysis.

The perturbation analysis of the QR decomposition was performed for the first time
by Stewart [6], and improved results were presented by Sun [7] and Stewart [8]. Using
a different approach, Chang, Paige and Stewart [9] gave new asymptotic perturbation
bounds for the R-factor. Additional improvements of the normwise perturbation bounds
of the QR-decomposition were proposed by Chang and Stehlé [10] and Li and Wei [11].
Different componentwise estimates of the perturbations of the Q-factor and the R-factor
were derived by Sun [12], Zha [13], Chang and Paige [14] and Chang [15].

A general approach, based on the use of the so-called splitting operators, which can be
used in the perturbation analysis of several unitary decompositions, was proposed in [16];
for details, see [17]. The method of the splitting operators can be used to determine norm-
wise as well as componentwise perturbation bounds of different unitary decompositions;
see [18-22]. This method was implemented by Sun [23], who obtained improved normwise
perturbation bounds of the QR decomposition.

This paper presents a rigorous componentwise perturbation analysis of the QR decom-
position based on the method of splitting operators. The analysis presented aims at finding
normwise and componentwise perturbation bounds for infinitely small perturbations
(asymptotic bounds) as well as for finite perturbations (global bounds). The main result is
the obtaining of new asymptotic componentwise perturbation bounds that produce less
conservative estimates of the QR decomposition perturbations. A particular case of these
bounds is the asymptotic normwise bounds of the QR decomposition derived previously.

This is demonstrated by an example that the new componentwise perturbation bounds
of the R factor can be several orders of magnitude smaller than the normwise perturbation
bound of this factor. An iterative scheme is proposed to determine global componentwise
bounds in the case of perturbations for which such bounds exist. The analysis conducted in
this paper is unified with the perturbation analysis of the Schur decomposition presented
in [20] and can be easily extended to the case of complex matrices.

In Section 2, we introduce the basic scheme of the perturbation analysis. Section 3 is
devoted to determining normwise and componentwise perturbation bounds of the matrix
Q1. In Section 4, we present estimates for the perturbations of the column subspaces of
A, and, in Section 5, we derive bounds of the elements of R. An iterative scheme for
finding global componentwise perturbation bounds of the QR decomposition is proposed
in Section 6. A comparison with some of the known methods for perturbation analysis of
the QR decomposition is performed in Section 7, and our conclusions are made in Section 8.
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The numerical results presented in the paper were obtained with MATLAB® R2020b [24]
using IEEE double precision arithmetic with roundoff unit u ~ 1.11 x 10~16.

2. Bounding the Basic Perturbation Parameters
Let
Q:=I[q1,92,---,491], q; € R"

and the unperturbed and perturbed matrices of the orthogonal factor of the QR decomposi-
tion be

Qv = [qlqu/"-/q}’l]/
Q = [171/?2/'-'/[77[]/
rjj = qj+(5q]»,j:1,2,...n,

respectively. Define the perturbation matrix
0Q1 :=[091,992, . .., 0qm], dq; € R".
It follows from (1) and (4) that
6qfaj=—Gioa;=0,1<j<m j<i<n ()
The column 4; can be obtained from the QR factorization (2) as
]

aj =Y rige, 1 <j<m. (6)
k=1

Substituting (6) in (5) yields

j
Y rjdal g = —q; da;. )
k=1

Since QTQ = 1, it follows that
Q"6Q = -6Q"Q - sQ7sQ

and
oqi ;= —q]0q;—0q]6q;, 1< j<m, j<i<n. ®)

Using (8), Equation (7) can be written as

j j
Y il dqi + Y rijdq] o = g} oaj. )
k=1 k=1

Equation (9) represents a system of
v=nn-1)/2—-mm—-1)/2=m2n—m—1)/2
nonlinear algebraic equations for the v unknown quantities
jG+1)

xé;:qiT(qu,E:i—F(j—l)n—T,1§j§711,j<i§71~
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These quantities, which we call basic perturbation parameters, are elements of the strict
lower part of the matrix JW = QT6Q;. More precisely, one has that

x = vec(Low (6W)),

or, equivalently,
x = Qvec(sW),

where
Q = |[diag(wy,wo,...,wy)] € RV,
wp = [o(n,k)xk, In_k} eRMIN k=12 m,
Q' =1, |02 =1.
Define the lower triangular matrix
M:=QRT® I,)Qf € RV

whose elements are determined entirely from the elements of R. It can be shown that

n

tikqgéqj = Mx.
=i

k
The matrix M has the form

frp O ... O 0O 0 ... 0 |...] 0 T
0O rp1 ... O o o0 ... 0 |...] 0
0 O r1 | 0 O 0 0
0 r2 0 |rn O 0 0

M=1190 o 00 rm 0 0 |

0 0 ‘e r12 0 0 e 22 ‘e 0

. O 0 ... rm| O 0 ... rom || Tmm |

which shows that this matrix is nonsingular if the diagonal elements of R are nonzero. The
matrix M is called the perturbation operator matrix.
From (9), we obtain that
Mx = f— A" (10)

where ~
f = vec(Low(F)) = Qvec(F) € RY, F = QT6A

and the vector A* € R" has components

‘ oy i(j+1
8 =¥ rgbaleq, =i+ (-Dn- 1T a1

1<j<m,j<i<n.

containing second-order terms in the perturbations ég;, i =1,2,...,n.
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An asymptotic (linear) approximation of x is obtained from (10) neglecting the second-
order term A7,
x = M"Y, (12)

The norm of this approximation obeys

Ixll2 < 1M~ 21£ 12,

which shows that the size of the linear bound of | x||> depends on 1/0min(M) = [|[M~|>.
As shown by Sun [23],
M2 < ATz

Since
1fll2 < I6A]lF,

one obtains the asymptotic normwise bound
-1
[l < [IM™ 2|0 Al

Since the matrix M is lower triangular, it is usually inverted with high precision.
Using (12), one can obtain asymptotic componentwise bounds on the perturbation vector x.
Since

Xp=M1f, 0=12,...v, (13)

it follows that
xel <M1 l2llfll2 €=1,2,... v

and using the inequality || f||> < ||0A]

r, one obtains the asymptotic bound
el < %™ = M1, [l2l10A]lF. (14)

The quantity cond(x;) = HM[l1 ,|l2 can be considered as a componentwise condition
number [25] of the element x,.

Example 1. Consider the 4 x 3 matrix

18 -6 18
6 -2 =8
A -9 3.001 7
9 =3 -10
and assume that it is perturbed by
SA = c¢-107F. A,
7 -4 1
-4 2 -9
A = 1 6 —5 |
-8 —4 3

where ¢ and k are varying parameters. The QR decompositions of matrices A and A + 0 A are

computed by the function qr of MATLAB®. In the given case, the perturbation operator matrix M
is of order v = 6 and | M~1||, = 1.71871 x 10°.

The exact absolute values of the elements of the vector x and their linear approximations
computed according to (12) for three perturbations 6A = 10~ Ag,5 x 107° Ag, and 3 x 1076 of
different size, are given to five decimal digits in the third and fourth columns of Table 1, respectively.
It is seen that the elements of the linear estimate xy;,, closely follow the corresponding elements of the
exact perturbation vector |x|.
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Table 1. Exact basic perturbation parameters and their linear and nonlinear estimates.

I0AllF xe = q; 5q; || xy xyont
1 2 3 4 5
1.78326 x 10~10 x1 = qlom 6.48563 x 10713 7.80510 x 10712 7.80510 x 10~12
X =qtém 3.81408 x 10-12  7.80510 x 10~12  7.80510 x 1012
x3 = qLom 3.12632 x 10712 7.80510 x 10712 7.80510 x 10~12
X4 =q3002 6.73721 x 107 2.04508 x 10~7 2.04508 x 107
X5 =q1002 6.00990 x 1078 2.04508 x 1077 2.04508 x 107
X6 = 43003 6.70820 x 108 2.28281 x 10~7 2.28281 x 10~7
8.91628 x 108 x1 = q1oq 3.24302 x 10710 3.90255 x 10—° 3.90335 x 107
X2 = q3 0 1.90707 x 1077 3.90255 x 10~°  3.90340 x 10~
x3 = qloq 1.56317 x 102 3.90255 x 10~ 3.90340 x 10~?
x4 = q30q2 3.36826 x 10° 1.02254 x 104 1.02280 x 104
X5 = qloq, 3.00486 x 107> 1.02254 x 10~* 1.02280 x 10~*
X6 = 4,003 3.35398 x 107> 1.14140 x 107*  1.14193 x 10~*
5.34977 x 10~ x1 = qlom 1.94581 x 107 2.34153 x 106 2.75590 x 106
xy = qlog, 1.14424 x 10~° 2.34153 x 106 2.82650 x 10~°
X3 = 4,001 9.37903 x 1077 2.34153 x 107®  2.81974 x 107°
X4 = qioq, 1.99332 x 103 6.13524 x 102 7.59140 x 102
X5 =4, 09> 1.77825 x 1072 6.13524 x 1072 7.65532 x 1072
X6 = 4,043 1.97618 x 1072 6.84843 x 1072 9.92798 x 102

3. Bounding the Perturbations of the Matrix Q;

Consider the matrix

SW = QT6Q = [dwy, 6wy, ..., ], dwj € R™.

The strictly lower part of this matrix contains elements of the form

qiTéqj,lgjgm,j<i§n,

which can be substituted by the corresponding elements x,, ¢ =i+ (j —1)n — ](]%l) of the
vector x. The elements of the strictly upper part of /W are of the form

ql-T(qu, 1<i<j<m,
which, according to the orthogonality condition (8), can be represented as
g7 6q; = —q] 89; — 64/ 4. (15)

In this way, the matrix SW can be written as

oW =6V +6D —4Y, (16)
where the matrix
r 0 —X1 —X7 —Xm—1
kel 0 —Xp Xptm—3
X2 Xn 0 <o T X2n4m—6
oV = :
Xm—1 Xn+m-3 X2n+m—6 --- 0
L Xn—1 X2n—3 X3n—6 cee Xy |

= [6v1,00y,..., 00y, vj € R"
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has elements depending only on the basic perturbation parameters,

[ qiém 0 0
0 gi6g ... O
oD = 0 0 ... qhégm | e R™™,
0 0o ... 0
0 0 0 |
and the matrix
[0 5qlT(5q2 5q1T5q3 (SqlTéqm
0 0 éqiéqs ... 6ql6qm
0 0 0 quéqm
N TR -
e 0 .. oqT g | SR
0 0 0 .. 0
00 0 0o |

contains second-order terms in (5q]-, ji=12,...,m.
Consider how to determine the diagonal elements of the matrix W (the nontrivial
elements of D) from the elements of x. Denote that a; = (5quqj. According to (8), one

has that
25q]-Tq]- = —5q]-T5qj, 1<j<m,

or
20; = —||6q; %
The above expression shows that « is always nonnegative.
On the other hand, we have that
0
§w]-:50]-+ ; —j j=12,...,m
0
so that
o3 = ll50;13 + o2 (17)
From
5w] = QT(SLI]/
it follows that
[6wjll2 = [|6g)ll2 = —2a;. (18)

From (17) and (18), we obtain the quadratic equation
uc]Z + 2aj + |\5vj||% =0. (19)
The negative solution of this equation is

w1 = —|150;l13/ (1 4+ /1~ 60;13), j=1,2,...,m. (20)
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For a small perturbation JA (small values of ||6v;||2), one has the estimate

Thus, for small perturbations, the quantities |oc;.i” |, j=1,2,...,mdepend quadratically

on [|6A[p.

In Table 2, for the same matrix and perturbations that are given in Example 1, we give
the exact values of a; and their linear ahin

the exact vectors x.

lin __
wj" =

]

~||6vjl[3 /2.

nonl

Table 2. Approximation of the diagonal elements of matrix W.

and nonlinear « : estimates computed using

I6A|lF 1.78325 x 1010 8.91627 x 108 5.34976 x 1075
oy | 1.67646 x 10716 1.74935 x 10716 1.11378 x 10712
|| 1.98416 x 10~ 1° 4.57132 x 10710 1.60108 x 104
s 2.33940 x 1015 5.68134 x 10~10 1.98034 x 10~4
|atin 1.23709 x 1023 3.09280 x 1018 1.11341 x 10~ 12
o | 1.82864 x 10715 4.57132 x 10710 1.60095 x 104
|| 2.27269 x 1012 5.68131 x 1010 1.97252 x 104

|aciont 1.23709 x 1072 3.09280 x 1018 111341 x 10712

|acgont| 1.82864 x 10~ 15 4.57132 x 10710 1.60108 x 104

|actont| 2.27269 x 1015 5.68131 x 1010 1.97271 x 1074

Thus, having the linear approximations of the elements of x, one can compute the
linear approximations of the matrices 6V and 6D. According to (16), the sum §V + 6D is
the linear approximation of §W, and Y contains second-order terms in ||6 Al that can be
neglected in the asymptotic analysis. As shown below, the determining of an estimate of
6W allows one to find a bound on 6Q;.

3.1. Normuwise Bounds

The estimate of || x|, can be used to find an asymptotic normwise bound of [|6Q1 ||
In determining condition numbers, one assumes ||[dA||r — 0, so that [[dW|f ~ ||0V||E.
From Equation (16), it follows that the Frobenius norm of the strictly upper triangular part
Up(6V) of the matrix JV is less than (if m < n) or equal (if m = n) to the norm of the strictly
lower part Low (V). Since ||[Low (8V)||r = ||x'"||,, we have that ||[§W|r < v/2||x"" |5, and
the change of the matrix Q; obeys

16Qullr = 1QT6Qu[IF < V2[[x"™"l2 < cqll6A]E, (21)
where cg||0A||F is an asymptotic normwise bound on [[6Q1 || and
cq = V2|M 2

can be considered as a normwise condition number of the matrix Q; with respect to the
perturbations of A.
Since, in first-order approximation, it is fulfilled that

OR =6QTA+QT4A,
considering (21), one obtains that
[6R[|F < crll6AllE, (22)

where
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cr = 14+2V2| M2 ||AllF

is the normwise condition number of the matrix R with respect to the perturbation J A.
The asymptotic normwise estimates of Q and JR thus obtained coincide with the
corresponding estimates derived in [17,23].

3.2. Componentwise Bounds

The componentwise bounds of the elements of the matrix Q; can be found by using
the componentwise estimates of the elements of x. An asymptotic bound on the matrix
|6W = QT6Qq| is given by

R A A2
T I
" x| g™ gl
|5Wlin‘ — |5V| — : : : c RXm,
|x£711’11 ‘xlnlzqi-m—?a |x1217711+m—6 |“£}ln|
IESS [ EEian x|

Considering that Q1 = Q0W and using (16), a linear approximation of the perturba-
tion |6Q1| is determined as

6Q1] = 6Q!" = |Ql|sW'n|. (23)

This equation gives asymptotic bounds of the perturbations in the individual elements
qij, i-e., componentwise perturbation bounds of the matrix Q1. Since [||Q||[r = [|QllF = V7,
we have that ' ‘

161" 5 < Vil W™ |,

i.e., the obtaining of the asymptotic componentwise estimate (5Qlli” through (23) may
increase the bounds on |g;;| at most /7 times.

In Table 3, we give, for the same QR decomposition as the one presented in Example 1,
the exact values of |9g;j| and their linear approximations (Sqf;” for SA =3 x 107 Aq. The

comparison of the componentwise bounds with the normwise linear bound B(5Q'") =
cq||6A|  shows that the bounds on the individual elements of §Q; are smaller than B(6Q"")
forall j < m,j < i < n. The difference between the componentwise and normwise bounds
is particularly significant for the elements in the first column of §Q; whose absolute values
are of order 10~7, while the normwise bound is of order 10~1.

Table 3. Exact perturbations of the elements of the matrix Q; and their linear and nonlinear estimates,
SA = 3 x107°A, ||6A|[r = 5.34977 x 1075, B(6Q"") = cp||6A|r = 0.13003, and B(6Q"") =
0.14519.

qij 9431 aq;)" s

q11 8.24060 x 1077 2.46313 x 10~° 2.94752 x 10~
21 5.56921 x 10~7 3.27407 x 10~° 3.94135 x 10~°
31 1.78849 x 107 2.15221 x 10~° 2.53307 x 10~°
Ja1 1.09799 x 10~ 3.07134 x 10~° 3.68975 x 10~°
12 5.88076 x 103 450959 x 102 5.63774 x 1072
q22 5.89442 x 1073 7.93060 x 102 9.85345 x 102
932 1.47078 x 10~ 3.46070 x 1073 5.35863 x 1073
qa2 1.58388 x 1072 7.07534 x 1072 8.82920 x 102
913 4.76877 x 1073 4.20957 x 1072 5.95634 x 102
qa3 8.37491 x 1073 3.98794 x 102 5.85481 x 1072
933 2.15468 x 1073 5.63927 x 1072 7.57743 x 1072

q43

1.72784 x 102

7.02671 x 102

1.01256 x 107!
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4. Estimating Column Subspace Sensitivity

The determination of bounds on the elements of the matrix Q1 makes it possible to
estimate the sensitivity of the column subspaces X, = R([ay,az,..., ap]), p=12,...,m
(Note that, for p = m, the corresponding column subspace &, coincides with the range
R(A) of A.) Since we assume that R is of full rank, we have that R([a1,ay,...,ap]) =
R([q1,92,---.9p)), p=1,2,...,m,ie, the first p < m columns of Q form an orthonormal
basis for the subspace X),.

As is known [26], the sensitivity of a subspace of dimension p is measured by the p
angles between the perturbed and unperturbed subspace. Let Qx and Qx be the orthonor-
mal bases for X, and its perturbed counterpart é?p, respectively. Then, the maximum angle

5@ max, := 6@max(X,, X,) between X, and X, is determined from [26]
4 pretp P P
. 1T~
sin(0@max,) = [|Qx Qxll2, (24)

where Q)l( is the orthogonal complement of Qx, Q%TQ x = 0. Since

Qx = Qx +6Qx,

one has that T
sin(6@max,) = ||Qx 6Qx/| 2. (25)

Equation (25) shows that the sensitivity of the column subspace X), is related to the
values of the basic perturbation parameters x, = ql-Téq]-, =i+ (—1)n— @,1 > p,
j =12,...,p. Inparticular, for p = 1, the sensitivity of the first column of A is deter-
mined as N

sin(&@maX(Xl,Xl)) = ||(5W2;n,1

2,

for p = 2, one has
sin(6@max (A, X)) = [[0W3.12(12

and so on (see Figure 1).

p=1 p=2 p=3 p=m-1 p=m
[ x l X X ce . X x |
612T5611 X X e X X
30 | ¢38q | x g ... X x
s = 050 = [||4+091 | 445> | 4:'8qs X x
4

6]n-1T66]1 CIn-lTSqZ C]n-1T56]3 . e e qn—lTSQm—l X

481 | 4.°8q2 | ."0q5 |+ -+ @n OGm1 |qn OGm

Figure 1. Perturbation estimates of the column subspaces.

In this way, if the basic perturbation parameters are known, it is possible to find
the sensitivity estimates of all column subspaces with dimension p = 1,2,...,m. More
specifically, let
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r x X X oo X
X1 X X X
X2 Xn X oo X
W = : : : oo | e R,
Xm—-1 Xn4m-3 X2n+m—-6 --- X
L Xn—1 X2n—3 X3n—6 cee Xy

Then, we have that the maximum angle between the perturbed and unperturbed
column subspace of dimension p is

d@max, = arcsin(||0Wp i 1.1,1:p|2)- (26)
In particular, for the sensitivity of R(A), we obtain that
sin(é@max(z’?m, X)) = [[|6Wint1:n,1:m][2-

An asymptotic estimate of the maximum angle can be obtained, if, in the expression
for the matrix W, the elements x;, ¢ = 1,2,...,v are replaced by their linear approxima-
tions (12). Representing the matrix M~ as

My,
My,
M -1 = M3_,11:1/ ’

v,1lv
the matrix §W can be written as
[ X X X x|
Mig, |f x x x
oW = =L(In®f),
-1 -1
M2,1:v f Mn,l:v f x e X
M M) f | Mg} f X
n—1,1v 2n—3,1:v 3n—6,1:v te

where the rows of M1 are highlighted in boxes,

[ X X X o]
1
MM:V X X X
L = c R
—1 —1
MZ,l:v Mn,l:v X X
—1 —1 1
M, 211 My a1 | | May_g1 x
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and
f
f
I, ®f _ c RN,
f
Using the fact that
1 @ fll2 = [l fll2,
we obtain the following asymptotic estimate,
[0@max,| < aresin([|Lyt1m1:pvll2]1f12)
< aresin(||Lpy1m,1:p0 (1216 AlF), (27)
p=12,...,m
Thus, an asymptotic bound of 5®max(2?p, X)) is determined as
|0@max,| < (5®maxlpm := cond(®maxy)|[6A||F, (28)
where the quantity
cond(®max,) := ||Lp+1:n,1:pv|\2

can be considered as a condition number of the column subspace X),. The derivation of
cond(®maxy) is performed such that to find its possible minimum value.

In Table 4, we give the exact values of maximum angle |[6® max, | and its asymptotic
bound 6® max?” for the perturbation problem considered in Example 1. In all cases, the
size of the estimate matches correctly the size of the actual maximum angle between the
perturbed and unperturbed subspace.

Table 4. Exact perturbations of the maximum subspace angles and their linear and nonlinear estimates.

I6A|F 1.78326 x 1010 8.91628 x 108 5.34977 X 107>
|6®@maxq | 4.97410 x 10712 2.48709 x 10~ 1.49225 x 10~°
|6@ max; | 6.04754 x 1078 3.02368 x 107° 1.78948 x 102
|6® max; | 9.00660 x 1078 450315 x 107° 2.65878 x 1072
60 max{" 7.80510 x 1012 3.90255 x 1077 2.34153 x 10°
50 max;" 2.04508 x 107 1.02254 x 104 6.13524 x 102
5@ maxi" 3.06490 x 1077 1.53245 x 1074 9.19468 x 1072
5@ maxijon! 1.35188 x 1011 6.76085 x 1079 4.85129 x 107°
50 maxjo" 2.89218 x 1077 1.44645 x 1074 1.08022 x 107!
5O maxtio" 3.06490 x 1077 1.53301 x 1074 1.25698 x 107!

5. Perturbation Bounds of the Elements of R

It is convenient to first consider the sensitivity of the nontrivial elements of the upper
triangular matrix R for the case of the diagonal elements. Due to the nonsingularity of R,
these elements are nonzero.

5.1. Sensitivity Estimates of the Diagonal Elements of R

The changes in the elements of the perturbed matrix R satisfy
(51’1']' = 71] —rij= 'quT(a] +5Ll]‘), 1<i<j<m.
The above equation can be rewritten as

orij = 5qiTa]- + q~l-T5aj. (29)
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Using Equations (7) and (8), one obtains for the perturbations of the diagonal (i = j)
elements of R, the expressions

i i
orjj = — Z rkiqiT(qu — 2 FkiéqiT(qu + %T5ﬂi, i=1,2,...,m (30)
k=1 k=1

Further on, we shall use the following quantities:
e The diagonal elements of the matrix Q76 A,

g= [Zﬁéal,ﬁ%éaz, o .,Zﬂ&am} ' € R™.
*  The changes of the diagonal elements of R,
iiag = (0711, 0722, ..., OFym]" € R™.
e The diagonal elements of W,

x = [al,zxz,...,am}T c R™,
*  The quadratic terms in (30),
d d ad i’
A = [A ,Az,...,Am} € R",
where '
1
A= — ZrkiéqiT(qu, i=1,2,...,m.
k=1

Denote the columns of I, as ej, j =1,2,...,n and the columns of I, as i, j=
1,2,...,m. Then, the system of Equation (30) can be represented as

Ordiag = Nix + Noa + g + A7, 31)
where
Ny = —II(RT @ I,)QT € R™Y, N, = —diag(r11,72, . - ., Tmm) € R™™,

I1= {qle{,nzeg,...,iyme,{l e Rmxmm

and the matrix () was defined earlier. Neglecting the quadratic terms in (31), one obtains
the linear estimate
ST giag = NIM ' f + g. (32)

Equation (32) can be represented in the compact form

‘Srdiag = [NlMilz Im] [ g ] (33)

Using (33), one can derive condition numbers of the diagonal elements of R. Let

Z =[NyM1,I,] € R (vim),

Il:

Since

< 6A]lF,
2
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it follows from (33) that the asymptotic perturbation dr;; satisfies
|07 < orii" = cond(ry) |0AllF, i =1,2,...,m, (34)

where
cond(ri;) = (|1 Zi 1:v+mll2 (35)

is considered as a condition number of r;;. The derivation of (35) is performed to find the
minimum possible value of cond(r;;).

In Table 5, for the matrix A and the perturbations given in Example 1, we present
the exact perturbations |dr;;| of the diagonal elements of R and their linear and nonlinear
estimates. The normwise quantities B(6R"") and B(6R"") are the normwise linear and
nonlinear bounds, derived in [17,23]. These bounds are more pessimistic than the bounds
ortim and orrent

1 n -

Table 5. Exact perturbations of the diagonal elements of R and their linear and nonlinear bounds.

I6A|lF 1.78326 x 1010 8.91628 x 108 5.34977 X 105
|6711 | 9.19442 x 10712 459573 x 10?2 2.75746 x 10~°
|67 4.20811 x 10711 2.10408 x 1078 1.27735 x 107°
6733 1.51994 x 108 7.60002 x 10~° 4.88606 x 1073
orlin 1.78326 x 1010 8.91628 x 108 5.34977 x 107°
orin 1.87973 x 1010 9.39863 x 108 5.63918 x 107°
oriz 4.56562 x 1077 2.28281 x 10~* 1.36969 x 1071
Synont 1.78618 x 1010 1.62255 x 107 4.80568 x 102
Srignt 1.88265 x 10710 1.67069 x 107 4.80543 x 102
srignt 4.56562 x 1077 2.28330 x 10~* 1.69291 x 101

B(sR!™) 1.44561 x 1075 7.22804 x 1073 4.33683 x 10°
B(sR"om) 1.44561 x 1075 7.22915 x 1073 4.84251 x 10°

5.2. Sensitivity Estimates of the Super Diagonal Elements of R

According to (29), the perturbations of the super diagonal elements of the matrix R
can be determined as

j j
=T = - ) kjdi O )» 100 oqi + 4, o),
1<i<j<m. (36)

Let us define the vectors (the elements of the corresponding matrices are taken row-
wise),

Osupd = vec((Up(dR))T) = Quvec(6RT) € R, vy = m(m —1)/2,
(i1
(0Tsupa)e, = Orij, o =]+ (i —1)m — M, 1<i<j<m,
y = vec((Up(QT6Q1))T) = Opvec((QT6Q1)T) € R™,
ye, = 1, 04,
B vec((Up(QT6A))T) = Opvec((GT54))T) € R™,
hgz = qlT&ﬂ],
and
A} ‘
1
A— '2 , 22 - Z§<:l rk]'éqiTéqk’ (37)

: b=j+(i—-m=—"F 1 <icj<m,
Ar

V2
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where
0y = [diag(wi, w2, ..., Wy-1),00,xm] € R"mez,
wp = [o(m,k)xk, Im_k} e RMMxm 10 m—1,
Q0 =1, [Qf2=1.

Then, Equation (36) may be represented as the system of v, nonlinear algebraic equations
Osupd = M1y + Mpx + Maa +h+ A", 1 <i<j<m, (38)

where M7, M, and M3 are matrices whose elements are functions of the elements of R.
These matrices are determined from

Ml = _QZP‘UEC(RT ® Im)PvecQg € RVZXVZ/

My = P (RT @ I,) Q) € RV,
Mz = *Qz(Im X RT)HT € szxm’

where
Q; = l diag(wy, wy, .. -rwmfl)/o(v—q)xm c vamzlq =2(n—m),
qumz
Wy = |:0(m7k)><k’ Im,k:| € R(m_k)xm/ k= 1,2,...,m—1,

QfO3 = L2, [O3]2=1,
and Py, is the vec-permutation matrix as determined from ([27], Ch. 4)
vec(AT) = Pyeevec(A).

According to (15), the components of the vector y satisfy

S i(i+1
Yo, = —x—0q;6q;, L=j+(i—1)n— (2 ),
(i1
fz=j+(i*1)m*L;L ), (39)
1<i<j<m.
In a linear approximation, one has
yﬁz = =Xy
and it is possible to show that
y = (yx,
where
Qy = [diag(wl,wz,. . .,wm_l), Ovzx(nfm)} € szxv’
wy = [Im—kro(m—k)x(n—m)] e RORX(=k) e — 12 . m—1,

Olo, =1, |4l =1.

Neglecting the second-order terms in Equation (38) and using the linear estimate
x = M~!f, one obtains the asymptotic estimate

Oroupd = —MiQux + Mpx +h = —M{QuM T f + MopM ™' f+h, 1< i< j<m.
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Let us denote

Z= [|M104M’1| + |M2M*1|,1V2} € Rv2x (i),

11 4]], < 10aie,

one concludes that, in a first-order approximation, the super diagonal elements of |R|
fulfill

|ri5| < i = cond(ryj)[|6A|lp, 1 <i<j<m, (40)
where
cond(ry) = |Zegaglles  t2=j+(i—Dm— L, )
1<i<j<m.

Equation (40) gives asymptotic componentwise perturbation bounds for the super
diagonal part of R. The quantity cond(r;;) represents the condition number of r;; with
respect to the perturbations in A.

In Table 6, for the matrix A and the perturbations given in Example 1, we give the
exact perturbations of the super diagonal elements of R and their linear estimates. As in
the case of the diagonal elements, the normwise linear and nonlinear bounds B(5R'") and
B(sR"") give worse estimates than 51’5]’:”.

Table 6. Exact perturbations of the super diagonal elements of R and their linear and nonlinear

bounds.

I6A|F 1.78326 x 1010 8.91628 x 108 5.34977 x 10>
|6712] 6.56506 x 10~ 11 3.28263 x 1078 1.96958 x 10~°
|6713) 2.19309 x 10~ 1.09686 x 108 6.58120 x 10~°
|6723] 1.34417 x 10~8 6.72117 x 107 433437 x 1073
5rl}f2" 1.78326 x 1010 8.91628 x 108 5.34977 x 107>
57}’5’ 1.79853 x 10710 8.99267 x 1078 5.39560 x 107>
orin 4.09016 x 107 2.04508 x 10~* 1.22705 x 10~
Srignt 1.78326 x 1010 8.91628 x 1078 5.34981 x 1073
sriont 1.79853 x 1010 8.99301 x 108 5.58512 x 10~°
orignt 4.09016 x 1077 2.04555 x 1074 148774 x 1071

B(sR'™) 1.44561 x 1075 7.22804 x 1073 4.33683 x 10°
B(sR™M) 1.44561 x 1075 7.22915 x 1073 4.84251 x 10°

Hence, the full asymptotic componentwise perturbation analysis of the QR decompo-
sition can be conducted using Equations (12), (23), (28), (34) and (40).

6. Determining Global Perturbation Bounds

Based on the analysis presented above, it is possible to derive an iterative scheme
for finding global perturbation bounds of the QR decomposition. The main task of such
a scheme is to find a nonlinear estimate of the vector x of the basic perturbation parame-
ters. For this aim, it is necessary to estimate the quadratic term A* in (10). The analysis
of the expression (10) shows that A* contains terms involving the perturbations dg; for
m < i < n, which are not estimates up to the moment since they are columns of the matrix
6Q2 = Qs — Q2. As mentioned previously, the matrix Q, is not unique, and consequently
its perturbation §Q> is also non-unique. However, the problem with finding 6Q; of the
minimum norm for a fixed Q; has a unique solution, and our first task in this section is to
find an approximation of this perturbation.
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6.1. Perturbation Bounds of the Columns of Qo
According to (3), the perturbation 6Q, should satisfy the conditions:
(Q1+0Q1)"(Q2+6Q2) = 0, (42)
(Q+0Q2)"(Q+0Q2) = Lu-m. (43)
Equations (42) and (43) can be represented as
Q16Q2+0Q{Q2 = —6Q]6Qy,
QF6Q2 +0QJQ: = —6QféQa.
Setting X; = Q1T5Q2, X, = QZT 6Q», we obtain that
orthy (X1, X2) = (In+ W)Xy + Wi Xo + W] =0, (44)
orthy(X1,X2) == Xo+ X3 +XIXi+XIX, =0, (45)

where Wy = QT5Q;, W, = Q15Q;. (Note that SW = [WI W] T is already estimated). For
sufficiently small perturbations 6Q1, the matrix I,, + W{ is nonsingular, and we have that

Xp = —(Ln+ W))W (Liom + X2), (46)
X+ X3 = —XIX;—XIXo. (47)
In the first-order analysis of (47), the term XI X, can be neglected, and we have

the approximation
Xy + XI ~ —XxTX,. (48)

As shown in Appendix A, the minimum norm solution of the matrix Equation (48)
with respect to Xj is
XM = —xTx, /2. (49)

The expression (49) shows that the size of the minimum norm matrix Xgpp " is of second
order regarding to the size of Xj, and hence X; can be neglected in the asymptotic analysis
of (46). Thus, we obtain the first-order approximations

XV = — (L + W) WS, (50)
X5PPT = —XTX, /2. (51)
2 1

In this way, the matrix

is approximated as

xAPPr
Xappr_|: 1
ppr |/
XZ

and an approximation of JQ, is obtained as
sQ5"" = QxPrr (52)

In Table 7, for the perturbation problem presented in Example 1, we show the quanti-
ties related to the approximation of 6Q; and the norms of the matrices
orth3(Q) = I, —QTQ,
Orth3(Q“PP7) = I,— (QaPP’)TQ“PPV,

characterizing the errors in the orthogonal matrices Q and QP¥", respectively. The approxi-
mation of the perturbed orthogonal factor Q7" is obtained as
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QP = [Q1 +0Q1, Q2 +6Q"],

where 6Q); is the exact perturbation of Q;. These quantities are computed for the three
perturbations dA = 1071 Ap,5 x 1072 Ag and 3 x 107 °Ag. The results given in the table

confirm the assumptions from the perturbation analysis of Q.

Table 7. Quantities related to the approximation of 6Q».

Al E 1.7832554500 x 10~1° 8.9162772500 x 108 5.3497663500 x 10~°
1X1 1l 9.0065954775 x 10~8 45031489846 x 1075 2.6584712300 x 102
1X2lF 41725109797 x 1071 1.0139176039 x 10~ 3.5343592252 x 10~
erry 1.0034590138 x 10~1¢ 1.2139643751 x 1071 1.0775666870 x 1016
erry 2.3314574995 x 10716 1.2904023661 x 10716 5.7370600309 x 101
1XT X1 8.1118762095 x 10~ 1° 2.0278350777 x 10~° 7.0674692808 x 10~*
HX% Xs|lr 1.7409847876 x 10~2° 1.0280289075 x 1018 1.2491695133 x 1077
||X£””’Hp 9.0065954782 x 1078 4.5031489891 x 107> 2.6594111615 x 1072
1 %5777 | 4.0559381054 x 1071 1.0139175409 x 10~ 3.5362338628 x 10~*
errs 3.7480684521 x 1022 4.5658214975 x 10~ 14 9.4009759870 x 10~°
erry 1.6450633915 x 10~2° 1.0280287798 x 1018 1.2504949933 x 10~7
16Qa|IF 9.0065954775 x 108 4.5031489857 x 105 2.6587061610 x 102
16Q5P% || 9.0065954782 x 1078 4.5031489903 x 107> 2.6596462586 x 1072
errs 3.1278945183 x 10~1° 7.5350125919 x 10~16 7.8338852224 x 10~1°
erre 3.4777636565 x 1010 6.4524550180 x 1014 1.3295575820 x 1072

erry = ||orthy (X1, X2)||F,

erry = Horthl(X;]pm,Xgpw)Hp,

errs = |lorths(Q) |k,

erry = ||OTfh2(X1,)$2)||p,
erry = ||orth2(}gfpp LX) g,
erre = [|orths (Q"P"") ||

For the same example used previously, in Table 8, we give the exact values of the ele-
ments of §Q; and their approximations using (52). The exact minimum norm perturbation
6Q; is found numerically by solving the minimization problem

6Qy = min ||U
Q2 = min U]

under the constraint QTQ = I,,, Q = [Q1 + JQ1, Q2 + U]. The minimization is performed
by the MATLAB® function fmincon. The results show that, in all cases, |(5q?jp '] is close

to ‘5ql]|

Table 8. Approximated perturbations of the elements of Q; and their approximations.

lI6Allr qij 94| |6g;""|
1.7832554500 x 1010 14 49044000886 x 10~8 4.9044000819 x 1078
24 5.0733955344 x 10~8 5.0733955468 x 10~8
34 5.5238446041 x 1078 55238446008 x 10~8
i 9.0189822446 x 10~° 9.0189821929 x 10~8
89162772501 x 10~8 914 24521479462 x 1075 24521479487 x 1075
924 25365705574 x 10~° 25365705600 x 10~°
q34 2.7618311270 x 10~5 27618311298 x 1075
a4 45102092035 x 10~° 45102092081 x 1075
5.3497663500 x 10~° 914 1.4577251477 x 1072 1.4582423281 x 102
24 1.4823481491 x 102 1.4828695707 x 102
g34 1.6304869299 x 102 1.6310634063 x 102
i 2.9649988293 x 103 2.9661007106 x 1073

6.2. Iterative Procedure for Finding Global Bounds of the Elements of x

Since one has linear estimates of the basic perturbation terms x;, = qiT(Sq]', it is ap-
propriate to substitute the terms containing the perturbations dg; in Equation (16) by
the perturbations

T .
(5wj =0 (5qj, j=12,...,m,

which are of the same size as Jg;. Since
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8q; 6q; = 697 QQ"8q; = sw] sw;,

the absolute value of the matrix 6W (16) can be bounded as

where

oV] =

0Y| =

oW

0
|1
|2

=

1QT6Q1| = [|6wy], |0wal, - . ., [0wm]],

SWnl = |5V| 4 [6D] 4 |8/,

|1
0
|2n|

|2
|xn|

0

1Xm—1l  [Xnem-3|  [¥2n+m—s

|%p—1]

0D] =

|x2n—3‘

[ oy |

0
0

0 [dw]||6w,]

0
0

0

0

|x3n—6|

0 0
laa| 0
0 |ag
0 0
0 0
0 0
|6w] ||6ws]
|6y ||5ws]
0
0
0
0

|xm—1|
| %n1m—3|
| X2n+m—6|

0

EN

o

|t |

0

\5w1T||5wm|
‘5sz||5wm|
|63 || 6w |

\55"1{171 |[6wm|
0

0

c Rnxm,

(53)

c Rnxm

c RHXTH

Since the unknown column estimates |dw;| participate in both sides of (53), it is
possible to obtain |éw;| recursively as follows.

Let

|6wq | = [6v1| + |ddy],

where |0v1| and |éd;| are the first columns of [0V| and |0D|, respectively. Then, the next
column estimates |(5wj |, j=2,3,...m can be determined as

where

|6w;| < [Sj] 7 owj_1] = |S;| 71 (|6vj_1| + |6dj_1]),

1Sl =

61; — |5w1§\
ey — 6wy |

e]‘Tfl — |z5ij71|
el

Syttt o~

c RTZXH

(54)
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If |[owi|l2 < 1, k=1,2,...,j — 1, the matrix |S;| is strictly diagonally dominant and
nonsingular ([28], p. 352) and if |[6w||2 are small, then the condition number of S; is close
tol.

The matrix §W"" only gives estimates of the first m columns of |QT6Q|. Using
the representation

swnonl — |: [Ij\\]fl :|, Wy € R"™<™ W, ¢ R(nfm)xm’
2

one can find an approximation X“P¥" of the matrix QT Q; using the Equations (50) and (51).
Thus, an approximation of |QTéQ)| is obtained as

7 — [5Wnonl’ IXapprﬂ )

After determining estimates of |(5wj\, j = 1,2,...,m, it is possible to bound the
absolute values of the quadratic terms A7, given in (11), as

' o i
A} = Z;<21 |rk]-|ziTzk, C=i+(j—1)n— ](]T), (55)

1<j<m,j<i<n.

The column z;, 1 < j < n represents an estimate of |Q7dg;| such that |54/ 5q;| <

1697 QI|Q" 0| = 2z
In this way, one obtains an iterative scheme involving Equations (11) and (53)—(55). At
each step s, the value of the nonlinear estimate of x is determined from

ot = I MY [AY], s =01,
with initial condition xg"”l = eps[1,1,...,1]T, where eps is the MATLAB® function eps,
eps = 27°2 = 2u. The stopping criterion is taken as

errs = ||x2" — x| /|| 21 ||, < tol = 10eps.
This scheme converges for perturbations of restricted size. As shown in ([17], Ch. 4),
the size of the maximum allowable perturbation for which the nonlinear normwise estimate
of x is valid is given by

16A||F < &° - !

T IM Y20y + 2+ 812)

(56)

where p, = /(v —1)/(2v).

In Table 9, we present the number of iterations necessary to find the nonlinear estimate
x"" for the perturbation problem considered in Example 1, along with ||x||» and ||x""!||,.
The components of x"°"! are shown for three different perturbations in the fifth column of
Table 1 along with the vectors |x| and x".

Table 9. Convergence of the global bounds.

k I15AllF Il Niamber of x|
-11 1.78326 x 10710 9.03176 x 10~8 4 3.68455 x 1077
—-10 1.78326 x 10~° 9.03170 x 10~7 4 3.68458 x 1076
-9 1.78326 x 1078 9.03165 x 10~6 5 3.68480 x 1075
-8 1.78326 x 10~7 9.03122 x 107> 6 3.68699 x 10~*
-7 1.78326 x 10~ 9.02688 x 10~* 9 3.70916 x 1073
-6 1.78326 x 107> 8.98346 x 1073 17 3.96070 x 10~2
=5 1.78326 x 1074 8.54366 x 1072 No convergence -
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In Figure 2, we show the convergence of the relative error errs as a function of s for
different perturbations A = 107¥Aj. As is seen from the figure, with the increasing
perturbation size, the convergence worsens, and, for k = —5 (||0A|r = 1.78326 x 1074),
the iterations do not converge since the global bound does not exist. The convergence of the
iterations is linear, and this can be improved by using appropriate optimization techniques.

10"

1010k

0 5 10 15 20 25
Iteration

Figure 2. Iterations for determining the global bounds for different perturbations.

6.3. Global Perturbation Bounds of Q1, Column Subspaces and R

Implementing the obtained nonlinear estimate of x, one may find nonlocal bounds
on the perturbations of the column subspaces, diagonal and super diagonal elements of R
using Equations (26), (31) and (38).

After determining the nonlinear bounds of x and [6W|, it is possible to find nonlinear
bounds on the perturbations of the elements of Q; according to the relationship

5Q1™ = |Qllow™™]. (57)

nonl
1
Example 1 and a perturbation A = 3 x 107%Ag are shown in the last column of Table 3
along with [4g;;| and 5q£§”.

A global estimate of the maximum angle between the perturbed and unperturbed
column subspace of dimension p is obtained from (26). The values of @ max’;,o”l for the
matrix A from Example 1 and three different perturbations are given in the last rows of
Table 4.

Nonlinear bounds on the diagonal elements of R can be obtained by using the expressions

The nonlinear bounds J47°"" of the elements of Q; for the QR decomposition given in

Srigel = Srih + |87,
d i T
IAF] =Y |rel|ow; [|6wyl, (58)
=1

i=1,2,...,m,

and global bounds of the perturbations of the super diagonal elements of R can be
found from
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0Q] =

é‘QnOVll —

The nonlinear perturbation bounds dr

the global perturbation estimates are slightly larger than the corresponding asymptotic
estimates but give guaranteed bounds on the perturbations whenever these estimate exist.

nonl
5rsupd
[

|atj |

A%,

k=1

£2:j+(i—1)m—

7. Comparison with Other Bounds

In this section, we consider two examples in which we compare the perturbation
bounds of the QR decomposition obtained in this paper with the bounds that were previ-

ously proposed.

07t + | Mo+ [AT],
[laa], Jal, - |7,

16w 1B/ (1 + /1~ lowjlB), j=1,2,...,m,

j
Y- Irill6w] | |swy,

i(i+1)
2

nonl
ii

Example 2. Consider the fifth-order matrix [12],

The matrix A is nonsingular, and its QR factors are Q = I5 and R = A. The perturbation

o O O o

matrix is the 5 X 5 random matrix

5,4 =10"3

0.2742 0.2944
0.1186 —0.1669
0.6810 0.1577
0.8284 —0.9223
0.2091 —0.4420

S OO =

-1 -1 —

-1 -1 —
1 -1 -
0o 1 -
0 0

1
1
1
1
1

J1<i<j<m

of the diagonal elements of R for the matrix
A from Example 1 and for three perturbations 6 A are given in Table 5, and the nonlinear
bounds (5rf’-°”l of the super diagonal elements are presented in Table 6. We note that

—0.3245 0.1483 0.9386
0.9198 —0.2358 0.9445
0.1804 0.1979 —0.1045
0.3286 0.7425 —0.2188

—0.2410 0.8721 0.2947

Using the function qr of MATLAB®, we obtain (to four decimal digits) that

6.0357 x 10~7
1.1857 x 104
6.8081 x 10~4
8.2817 x 104
2.0904 x 104

1.1901 x 104
3.9005 x 107
8.3827 x 104
9.4474 x 107>
2.3305 x 10~*

6.8154 x 10~*
8.3831 x 10~*
1.1808 x 10~
1.0605 x 1073
2.6418 x 10~*

8.2758 x 10~*
9.5401 x 107>
1.0608 x 103
1.0795 x 10~
5.8289 x 10~*

2.0877 x 104
2.3275 x 10~*
2.6485 x 10~*
5.8280 x 104
2.5378 x 1077

The nonlinear bound of the perturbation of Q, obtained after 16 iterations, is

1.4500 x 10~°
2.6710 x 1073
2.6876 x 1073
2.7056 x 103
2.7058 x 103

2.7027 x 103
2.6773 x 107>
3.8918 x 1073
3.9535 x 1073
3.9541 x 1073

2.7360 x 1073
3.9544 x 1073
6.0542 x 107>
7.0244 x 1073
7.0263 x 1073

2.7719 x 1073
40418 x 1073
7.1420 x 1073
1.2828 x 104
1.3574 x 102

2.7723 x 1073
4.0428 x 1073
7.1444 x 1073
1.3645 x 102
1.2829 x 104
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The maximum element of the global estimate By 1, of 6Q, obtained in [12], is 3.59687 x 1072,
while the maximum element of 5Q""! is 1.3645 x 10~2. Furthermore, || Bgr,w || = 0.0648, while
[[6Q™||F = 0.02693.

Example 3. Consider a 20 x 15 matrix A, taken as

A:PO{ 500 }

where Sy is an upper triangular matrix with unit diagonal and super diagonal elements equal to 3,
and the matrix Py is constructed as proposed in [29],

Py = HxH;,
H = IL,—2uu"/n, Hy=1,-200"/n,
u = [1,1,1,...,17, o=01,-1,1,...,(-1)" 1T,

= diag(1,0, a2,..., a”_l)

where Hy and Hy are elementary reflections that are orthogonal and symmetric matrices [30]. The
condition number of Py with respect to the inversion is controlled by the variable o and is equal to
0"~ In the given case, o is taken equal to 1.2, and cond(Py) = 31.9480. The minimum singular
value of the matrix M satisfies

1/ Omin(m) = 2784.9,

which means that the perturbations of Q and R can be several orders of magnitude larger than
the perturbations of A. The perturbation of A is chosen as A = 107 - Ao, where c is a positive

number and Ay is a matrix with random entries generated by the MATLAB® function rand.

Several results related to the perturbation problem under consideration for 30 values of c
between 13 and 5 are given in Figures 3-8. In Figure 3, we display the perturbations of the
particular entry Qs 10, which is an element of the matrix Q1. The quantities B((SQ”") and
B(5Q"") are the normuwise linear and nonlinear bounds derived in [17,23].

These bounds are more than 12-times larger than the norms of the linear 6Q"" and nonlinear
5Q"o" componentwise bounds obtained in Section 3. The nonlinear bound is close to the linear
one for perturbations of different sizes and increases gradually in the vicinity of the quantity
|6A|lF < 6.20078 x 10~7. For perturbations of a larger size, the iterations for x"*" do not
converge. In Figure 4, we compare the exact perturbation 6Q15,16 of the entry Q15 16 (which is also
the element (6Q2)151 of 6Q2) with the linear approximation (SQ';gﬁré. Both quantities are close for
all perturbations. This is confirmed by the values of the errors

llorthy (X7, X5 ) I, llortha (X777, X5PP) g, lorths (QFF") |,

shown in Figure 5, which are much smaller than the value of ||0Q||r for all perturbations.

The bounds of the quantity 6® max1s (the maximum angle between the perturbed and unper-
turbed range of A), shown in Figure 6, are close to the exact value of this angle, with the nonlinear
bound being slightly greater than the linear one. The normwise linear B(6R'™) and the nonlinear
B((SR”"”I) bounds obtained in [17,23], are more than 75,000-times greater than the linear (SR{JJEZ
and the nonlinear SRES" bounds of the diagonal element Rss, shown in Figure 7. Similarly, the
normuwise bounds B(SR'™) and B(SR"") are more than 13,000-times greater than the bounds
(SRIZ{’{O and (SRQ%I as shown in Figure 8. This large difference between the sizes of the actual
component perturbations of R and the normwise bounds is explained by the large condition number
of the computed R—equal to 1.5353 x 10°. (Note that cond(R) = cond(A)).

Note that, while the normwise estimates are valid for perturbations with sizes up to 6° =
9.31420 x 1075, the iterations to find x"" converge for perturbations |0 A||r < 6.20078 x 1077,

The results obtained show that the asymptotic bounds are valid for much larger perturbations
then the global bounds.
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8. Conclusions

The method presented in the paper allows us to find, in a unified manner, component-
wise asymptotic and global perturbation bounds for all elements of the QR decomposition,
thus, providing a complete perturbation analysis of this important matrix factorization. The
bounds obtained in the paper are smaller than some known bounds and can be significantly
better than the normwise bounds.
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Notation

R the set of real numbers;

R7>m the space of n x m real matrices (R" = R"*1);

R(A) the range of A;

xt the orthogonal complement of the subspace &’;

|A| the matrix of absolute values of the elements of A;

AT the transposed of A;

A1 the inverse of A;

At the pseudoinverse of A;

a; the jth column of A;

Ailn the ith row of m X n matrix A;

Aivig 1 the part of matrix A from row i to i and from column jj to jo;
perturbation of A;

Omixn the zero m X n matrix;

I, the unit n X n matrix;

€j the jth column of I;;

Omin(A) the minimum singular value of A; :=, equal by definition;

=< relation of partial order. If 4,b € R”, thena < bmeansa; < b;,i =1,2,...,n;

Low(A) the strictly lower triangular part of A;

Up(A) the strictly upper triangular part of A;

| A2 the spectral norm of A;

Al the Frobenius norm of A;

A®B the Kronecker product of A and B;

vec(A) the vec mapping of A € R"™"_If A is partitioned columnwise as

A=ay,ay,...am] thenvec(A)= [alT, a%, oal]T;

Pyec the vec-permutation matrix. vec(AT) = Ppecvec(A);

Omax(X,)) the maximum angle between subspaces X and );

O(||6A]1%) a quantity of second order with respect to ||6A||f.

Appendix A

Theorem A1l. The minimum Frobenius norm solution of the matrix equation
X+XT =&, X cRPP,d c RP*P, &T = @ (A1)

is given by
Xomin = D/2. (A2)
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Proof. Equation (A1) is represented as
(Ipz + Ppec)vec(X) = vec(P), (A3)

where Py, is the vec-permutation matrix satisfying vec(XT) = Pvecvec(X ). This matrix
is symmetric and orthogonal and has p(p + 1) /2 eigenvalues equal to 1 and p(p — 1)/2
eigenvalues equal to —1 ([27], p. 265). Hence, for some orthogonal U, it may be repre-
sented as

Poec = Udiag(Iy(ps1/2 —Ip(p-1/2)U",

so that
IpZ ~+ Ppec = udiag(ZIP(P-H/Z’ OP(P_l/z)UT'

The minimum 2-norm solution of (A3), corresponding to the minimum Frobenius
solution of (A1), is given by

vec(Xipin) = (12 + Pyec) tvec(®),

where
(L2 + Poec)’ = Udiag(Ly(ps1/2/2,0p(p-1,2)U" -
Thus,
(Ipz + Pvec)+ - (Ipz + Pvec)/4
and
vec(Xpin) = (12 + Poec)vec(P) /4.
Since

Pyecvec(®) = vec(®T) = vec(P),

it follows that
Xppin = (@ +D)/4=D/2,

qged 0O
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