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Abstract: We have investigated new Pauli Fibonacci and Pauli Lucas quaternions by taking the
components of these quaternions as Gaussian Fibonacci and Gaussian Lucas numbers, respectively.
We have calculated some basic identities for these quaternions. Later, the generating functions and
Binet formulas are obtained for Pauli Gaussian Fibonacci and Pauli Gaussian Lucas quaternions.
Furthermore, Honsberger’s identity, Catalan’s and Cassini’s identities have been given for Pauli
Gaussian Fibonacci quaternions.

Keywords: Pauli matrix; Pauli quaternion; Fibonacci quaternion; Pauli Gaussian Fibonacci quaternion;
Pauli Gaussian Lucas quaternion

MSC: 11B37; 11B39; 20G20

1. Introduction

The set of complex numbers with integer coefficients was first described by Carl
Friedrich Gauss, and these numbers were called Gaussiannumbers [1]. Then, Horadam
gave the definition of the n-th generalized complex Fibonacci quaternion and provided
some identities regarding these numbers. Furthermore, he defined Fibonacci quater-
nions [2]. Gaussian Fibonacci and Gaussian Lucas sequences were introduced by Jordan.
Moreover, some basic identities and summation formulas were obtained [3]. The recurrence
relation of the Gaussian Fibonacci numbers GF, for n > 1 is definedby

GF, = GF,_ 1+ GF,»

where GFy = i, GF; = 1. These recurrence relations also satisfy the following equality
GF, = F, + iF,_1 where F, is the n-th Fibonacci number [3,4]. In the same manner,
the recurrence relation of the Gaussian Lucas numbers GL,, for n > 2 is defined by

GL,=GL, 1+GL,_»
where GLy =2 —i, GL; =1+ 2i. Again, the following equality can be observed
GL, =L,+iL,4

where L, is the n-th Lucas number [3,4].

An extension of the Fibonacci numbers to the complex plane was discussed by
Berzsenyi [5].

The algebras of the complex numbers, quaternions, octonions, and sedenions are
found by using a doubling procedure. This procedure is called as Cayley-Dickson process.
In this regard, we extend the field of real numbers to complex numbers via this process.
The complex number system is both commutative and associative. However, the quater-
nions are not commutative, although they are associative. On the other hand, octonions and
sedenions are both non-commutative and non-associative. The main question is, why do
we need these expanding number systems? It is because quaternions have applications in
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quantum mechanics, computer graphics, and vision [6-8]. Octonions are used in quantum
information theory and robotics [9,10]. Sedenions are used in neural networks, time series,
and traffic forecasting problems [11,12].

The sequences in finite fields whose terms depend in a simple manner on their pre-
decessors are of importance for a variety of applications. Because it is easy to generate
by recursive procedures, and these sequences have advantageous features from the com-
putational viewpoint [13]. Thus, mathematicians increased the number of terms to be
added at the beginning and turned to studies on number sequences similar to Fibonacci
numbers, such as tribonacci, tetranacci, pentanacci, etc. Later, these studies were carried
over to Cayley algebras, see [14-32]. Thus, one of the most active research areas of recent
years has come to the fore, and studies on Cayley algebras have attracted researchers in
various ways.

Complex Fibonacci quaternions have been defined by Halici [33]. Then, Binet’s for-
mula, generating functions and the matrix representation of these quaternions have been
proven. Recently, n-th quaternion Gaussian Lucas numbers have been introduced to the
literature. The Binet formula, some summation formulas, and the Cassini identity have
been given by using the matrix representation of Gaussian Lucas numbers [34]. This time,
they have expressed the quaternions instead of the Gaussian Lucas numbers by taking the
Gaussian Fibonacci coefficients. In this way, the Binet formula, generating function ve some
identities regarding the norm of these quaternions have been derived [35].

The Binet formula of the Gaussian Fibonacci sequence and Gaussian Lucas sequence are

1
a—p

GF, = {(1—ip)a” — (1 —ia)p"}

and

GL, = uch + MGLO
x—p x—p
respectively, where a and  denote the roots of the characteristic equation for Gaussian
Fibonacci sequence and GLy, GL; denote the initial values for the Gaussian Lucas num-
bers [34,35].
The Pauli matrices that have been introduced by Wolfgang Pauli form a set of 2 x 2
complex matrices as follows:

_[10 Jo0 1 Jo0 —i 710
“lo 1l 7|1 o0l 2T|i ol ®T|o 41

The multiplication rules are given by

‘712 =05 = ‘73? =1, 0102 = —001 = i03
0203 = —030p = i07, 0301 = —0103 = 109

Further, these matrices are Hermitian and unitary. These 2 x 2 types of Hermitian
matrices form a basis for the real vector space and the span of {I,i0y,i07,i03} is isomorphic
to the real algebra of quaternions [36,37].

The Pauli quaternions are defined by Kim as follows:

q= agl + ayoq 4 axoy + azos,

where 1, 01, 0» and 03 represent the Pauli matrices.
Letg = apl+ay0q + ax00 +asos and p = byl + bioy + byoy + b3os be Pauli quaternions,
then the product of these quaternions are given by [37]

q.p = (aobo + a1by + axby + a3b3)1 + {(a0b1 + albo) + i(ﬂ2b3 — ﬂ3bz)}0’1
+{(ﬂob2 + ﬂzbo) + i(&lgbl — a1b3)}<72
+{(aob3 + ll3b0) + i(ﬂlbz — azbl)}0’3.
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The conjugate and the norm of Pauli quaternions are
q* = {101 — 101 — a0 — 4303

and

4

N@ = lga'| =/l —at -3 - 3
respectively [37].

Torunbalci has presented Pauli Fibonacci and Pauli Lucas quaternions by taking the
real coefficients of Pauli quaternion as the Fibonacci number sequence. Honsberger’s,
d’Ocagne’s, Catalan, Cassini identities, generating function and Binet formula and the
matrix representation have been given for the Pauli Fibonacci quaternions [38].

In a recent paper [39] on a base of quaternions, the families of associated sequences of
real polynomials and numbers were defined. Quaternion equivalents for quasi-Fibonacci
numbers (shortly quaternaccis) were introduced. In OEIS, there is a number of quaternacci
sequences connected with generalized Gaussian Fibonacci integers. We are also interested
in quaternions with coefficients of Gaussian Fibonacci numbers.

Especially, in this work, our aim is to introduce Pauli Fibonacci quaternions and Pauli
Lucas quaternions whose coefficients consist of Gaussian Fibonacci numbers and Gaussian
Lucas numbers, respectively. We called these numbers the Pauli Gaussian Fibonacci
and Pauli Gaussian Lucas numbers, respectively. Then, some algebraic properties of
these quaternions have been shown. Moreover, some identities and formulas for these
quaternions have been obtained.

2. The Pauli Gaussian Fibonacci Quaternions

In this section, the definition of Pauli Gaussian Fibonacci and Pauli Gaussian Lucas
quaternions will be given. Then, some algebraic properties, identities and theorems are
given for Pauli Gaussian Fibonacci and Pauli Gaussian Lucas quaternions.

Definition 1. The Pauli Gaussian Fibonacci and Pauli Gaussian Lucas quaternions are defined by
QpGFE, = GFy 1+ GEy101 + GFy200 + GFy 1303

and
QpGLn = GLy1 + GLy4101 + GLy 202 + GLy 1303

respectively, where GF, and GLy, are the n-th Gaussian Fibonacci and Gaussian Lucas numbers.

Furthermore, these numbers are related to Pauli Fibonacci and Pauli Lucas quaternions
as follows

QpGFn = QpFn + iQpFn—l
and
QpGLn = Qan + iQan—l

respectively.

In order to obtain the recursive relations for Pauli Gaussian Fibonacci and Pauli
Gaussian Lucas quaternions, we will consider the relations GF,+, = GF, + GF,;1 and
GL,4+2 = GL, 4 GL;41 for Gaussian Fibonacci and Gaussian Lucas numbers, respectively.

Hence, forn > 0

QpGPnJrZ = QpGPn + QpGFn—H

and
QpGLn+2 = QpGLn + QpGLn+1

respectively.
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Definition 2. The conjugates of the Pauli Gaussian Fibonacci quaternion Q,GF, and the Pauli
Gaussian Lucas quaternion Q,GL,, are defined by

QpGF, = GFy1 — GEy1101 — GFy200 — GFy1303

and
QpGLn = GLy1 — GLy4101 — GLy 202 — GLy 1303

respectively.

The addition, subtraction and multiplication of two Pauli Gaussian Fibonacci quater-
nions Q,GF, and Q,GFy, aregiven by

QyGFy + QyGFy = (GF, + GFy).1+ (GF, 11 £ GFyi1)0y

1
+ (GFn+2 + GFm+2)(72 + (GFn+3 + GFm+3)(73 M)
and
QpGFn X QpGFm = (GFnGFm + GFn+1.GFm+] + GFn+2.GFm+2 + GFn+3.GFm+3).1
+(GF,11.GFy + GF,.GFy 11 — iGF,43.GFyy1p + iGF13.GFy43)01 @)

)
+(GFn+2.GFm + iGFn+3.GFm+1 + GFn.GFm+2 — iGFn+1.GFm+3)U'2
+(GFn+3.GFm - iGFn+2.GFm+1 + iGFn+1.GFm+2 + GFn.GFm+3)(f3

respectively.
Note that QyGF, X QyGFy # QpGFy X QpGFy.
In this case, the norm of any Pauli Gaussian Fibonacci quaternion can be written as

Np,cr, = QvGFa x QpGFy = |GF; — GE} 1 — GFj, — G} 5|.

So, the scalar and vectorial part of any Pauli Gaussian Fibonacci quaternion is repre-
sented by
SQpGFn = GF,, VQpGFn = GFn+1(71 + GFn+2(72 + GFn+30'3.

In addition, Equation (2) can be rewritten in terms of the scalar and vector parts of the
Pauli Gaussian Fibonacci quaternion as follows.

QpGFy x QpGEu = 50,GF,5Q,GF, + <VQpGFn/ VQ,,GFW> +50,6F,V0,GEy
+ SQpGFm VQpGFn + VQpGFn A VQpGFm‘

With the aid of Equation (2), the following Pauli Gaussian Fibonacci quaternion can
be expressed as a matrix form

GFy GFnJrl GFn+2 GFn+3 GEp

GF, GF, —iGF, iGF, GF,
GF % GF — n+1 ) n n+3 - n+2 m-+1
QCE X QpCln =1 Gp ., iGE4s  GF,  —iGFu1 | | GFui
GFuys —iGFii2 iGFi1  GF, GEnis

Theorem 1. Let Q,GF,, QpGLy, and GF, denote the Gaussian Fibonacci number, Gaussian Lucas
number and the Gaussian Fibonacci number, respectively. For n > 1, we get the following relations
(i)

QpGFn—H + QpGFn—l = QpGLn
(ii)

QpGF, + QpGF,—1 = QpGF11
(1ii)

QpGFEuiy2 — QpGFi2 = QpGLy
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(iv)
QpGFn - QpGFn-i-l‘Tl - QpGFn+202 - QpGFn+3(73 =GF, — GFnJrZ - GFn+4 - GFn+6

Proof. (i) Considering Equation (1) and using the identity GF, 1 + GF,_1 = GL, [3],
we have the proof as follows

QpGFu1 + QpGE, 1 = (GFyy1 + GFy 1)1+ (GFy2 + GFy)oy
+(GF43 + GFn_H)(Tz + (GFjuq + GFn+2)(T3
= GLy1+4+ GLy4101 + GLy4202 + GL, 1303
= QpGLy.

(ii) If we use Equation (1) and the recurrence relation of the Gaussian Fibonacci numbers,
the proof can be easily seen.

(iii) Using Equation (1) and the recurrence relation of the Gaussian Fibonacci numbers,
we obtain

QpGFn-l-Z - QpGFn—Z = (GFnJrl + Ganl)-l + (GFn-i-Z + Gpn)o'l
+(GFuyy3 + GFy1)02 + (GFyyq + GFyy2)03.

By substituting the identity GF, 1 + GF,—1 = GLj, [3] into the previous equation
we get
QpGFn+2 - QpGFn—Z = QpGLn-

(iv) Multiplying both sides of the Pauli Gaussian Fibonacci quaternions Q,GF, 11, QyGF, 42,
QpGF, 13 by —01, —02 and —073 respectively gives

—QpGFEy1101 — QpGFy200 — QpGFy1303 = —GFy 1101 — GEy 21 +iGFy 1303 — iGF, 1407
— GF 4200 — iGE, 4303 — GF,, 141 +iGE, 1509
— GFy4303 +1iGFy 1402 — iGFy 1501 — GFyy6l
= —GF,1101 — GF 4202 — GFy 1303
- (GFn+2 + GFn+4 + GPn+6)1-

Then, adding the above equation with Q,GF; yields

QpGFy — QpGFy1101 — QpGFy1200 — QpGFEy 4303

= GF,1+ GF, 101 + GF, 1200 + GF,4303 — GF, 1101 — GF,, 1200 — GF, 4303
_(GFn-‘rZ + GFn+4 + GFn+6)1

= (GF, — GFy42 — GF,14 — GF,16)1.

O

Theorem 2 (Honsberger'’s Identity). For n,m > 0 and GF,, the Honsberger identity for the
Pauli Gaussian Fibonacci quaternions is given by

QpGFn X QpGPm + QpGFn+1 X QpGFerl - (zQpGFn—i-m +9F i m1 + 5Fn+m+2) (1 + Zi)-
Proof. By the Equations (1) and (2), weget

QpGFy X QpGFEy + QpGFy11 X QpGFy 41
= [(GFn.GFm + GFn+1.GFm+1) + (GFn+2.GFm+2 + GFH+3.GFm+3)
+(GF,11.GFy11 + GFy42.GFy2) + (GFy13.GFpy43 + GEy14.GFyi4)]1
+[(GFu41.GEu + GFuy2.GEyi1) + (GFi.GFyy1 + GFyy1.GFyi2)
+i<GFn+2.GFm+3 + GFn+3.GFm+4) — i(GFn+3.GFm+2 + GFn+4.GFm+3)]0'1
+[(GFy42.GFy + GF,4+3.GFy 1) + (GF,.GFy0 + GF,11.GFEy13)
+1(GFy+3.GFpi1 + GFy14.GFy12) — i(GFy41.GEpy3 + GFyi2.GEpia)]on
+[(GFy4+3.GFEy + GF,44.GFy41) + (GF,.GEyy3 + GE,11.GFy14)
+i(GFn+1.GFm+2 + GFn+2.GFm+3) — i(GFn+2.GFm+1 + GFn+3.GFm+2)]0’3.
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Using the identity GF,,GF;; + GF,,+1GF,+1 = Fuym(1 + 2i) [3], we obtain

= ((Fn+m + Fn+m+2 + Fn+m+4 + Fn+m+6)-1
+2(Fn+m+101 + Pn+m+20'2 + Fn+m+303)>(1 + 21)

If the necessary arrangements are made in the last equation, we have

QpGFEy X QpGFy + QpGFyq1 X QpGFyq1 = (zQpGFn+m +9F w1l + 5Fn+m+21) (1+2i).

Thus, the claim is verified. [

Theorem 3 (Generating Function). The generating functions of the Pauli Gaussian Fibonacci
quaternions and Pauli Gaussian Lucas quaternions are as follows:

g(x) = i Q,GF,.x" = QpGFy + (QpGF — Q,GFy)x
n=0

1—x—2x2
and ( )
ad QPGL() + QpGLl - QPGLO X
h(x) = V;JQPGL”‘XH - 1—x—x2
respectively.

Proof. Let us use the definition of a generating function of Q,GF; as follows
g(x) = QyGRy+ QyGF1.x + QyGh.x* + - - - + Q,GF.x" + ... 3)
Multiplying both sides of the Equation (3) by —x and —x? gives
—xg(x) = —QyGFy.x — QyGF.x* — QyGF.x® — -+ - + Q,GF,.x™™ — .. (4)
and
— x?g(x) = —QpGFy.x* — QyGF.x> — QyGh.x* — - - + Q,GF,.x""2 — ... ()
If we add the Equations (3)—(5) and use Theorem 1, we conclude that
(1-x—22)g(x) = QG + (QGF — QyGFo)x
Then, we write

_ QGhR+ (QpGF — Q,GFy)x
1—x—x2 ’

g(x) =) QpGF,.x"
n=0
Let us write the generating function of Q,GL; as follows

h(x) = QyGLo + QpGL1.x + QyGLy.x* + -+ + QyGLyxX" + ... (6)

The proof can be easily seen if we apply a similar method used to prove the generating
function for the Pauli Gaussian Fibonacci quaternions to the Equation (6). O

Now, we will obtain the Binet formulas, which give us the n-th Pauli Gaussian Fi-
bonacci and Pauli Gaussian Lucas quaternions, respectively.
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Theorem 4 (Binet’s Formula). (i) For n > 1, Binet formula of the Pauli Gaussian Fibonacci
quaternions is given by

where ¢ = %,d: %,tx: %andﬁ: 1_2—\/5
(ii) For n € N, the Binet formula of the Pauli Gaussian Lucas quaternions is given by

QpGLy = QpF.GLy + QpF,—1GLy.

This last formula gives us the relationship between Pauli Fibonacci quaternions and Gaussian
Lucas numbers.

Proof. (i) Applying the Binet’s formula of the Gaussian Fibonacci to Q,GF;, we get

QyGFn = (caa +dp"p)1+ (ca™1a +dp"+1B)oy @)
+(ca 28 + A2 B) oy + (ca" 3R + dBTTIP) 0.

If Equation (7) is arranged, we have

QyGEy = ca™ (1 + acy + a0y + a®03) + dp" (1 + poy + p2on + po3)
QpGF, = ca& +dB"pB.
such that
i =1+ a0 + a0y + a’0s

and
B =1+ Boy + BP0y + Bos.

(ii) Applying Binet’s formula of the Gaussian Lucas to Q,GL,, we get

n_agn alt 1 n
Q,GL, = ("‘a_g GL; + 7§GLO>
an+1_ﬁn+1 GL ﬁ GL
—p Ch + = P 0)‘71 g
a2 Bn+2 a1 ‘Bn+1 ()
76 Lq 7GL0)0'2
n+3 ﬁn+3 a2 ‘Bn+2
+(7ﬁc 1 7‘3GL0)0'3

Equation (8) can be stated in terms of Fibonacci numbers as follows:

QpGLy = (Ful + Fyy101 + Fuy202 + Fuy303)GLy
+(Fy-11+ Fyo1 + Frp102 + Fui4203)GLg
= QpFnGLl + QpFn,lGLO.

O

Example 1. Let Q,GF, be Pauli Gaussian Fibonacci quaternion. Applying Theorem 4 for n = 2,
we get

1+06t71+1x2(72+0¢3(73)+(7l+1xi)ﬂ2(1+,501+;92(72+,B303>

1—Bi)a?
QPGFZ = L—pl ( /5
= (1+))1+ 2+i)o + (3+2i)or + (5+ 3i)o3
Furthermore, the above Pauli Gaussian Fibonacci quaternion is written by

QPGPZ = (11 + 209 + 30, + 50’3) + i(ll + 107 + 20 + 30’3)
Q,GE, = QuF> +iQ,F.

Notice that the real and the imaginary parts of the Pauli Gaussian Fibonacci quaternion
correspond Pauli Fibonacci quaternions for n =2 and n = 1.
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Theorem 5 (d’Ocagne’s Identity). For n,m > 0, the following identity holds

QpGPm X QPGPn+l — QpGFm—H X QpGFn = (Z\/;) [ﬁmw"ﬁﬁé — ‘Ble"ﬁCB]-

Proof. Considering the Binet formula in Theorem 4 and making some necessary calcula-
tions, the following expression is obtained.

QpGFEn x QpGFy1 — QpGEui1 X QpGFy X
— (Cd) [(ﬁman+l _ ,Bm+lan)ﬁ& + (amﬁn+1 _ am+1‘3n)&ﬁ]
= (cd) [p"a" (a — p)p& — B"a" (& — B)&p].
To achieve our purpose, we now put the values cd = dc = %, a — B = +/5in the
above equality. Thus, the proof is completed. O

Theorem 6. (Catalan’s Identity) For n > 1, the Catalan identity for the Pauli Gaussian Fibonacci
quaternions is

QpGFr% - QpGFn+r X QpGFn—r . .
1(2—i - Ax —3— ~ D
= (1R [ (1— (258 )a+ (1- (225))ag]-
Proof. Using the Binet formula for Pauli Gaussian Fibonacci quaternions, we have

QPGP;% - QpGFnJrr X QpGanr
= (cai + dp"p) (caa + dB"p) — (ca™ &+ dp" ") (ca™ &+ dp" T p)
= dc((B)" — B ") Bi + cd ((aB)" — a7 BT R

Note that we have the following identities

a=1+ é“’z*/ggal + (3““2‘/?(72 + EZ—F \@gﬂsr
B=1+ 1%@ o+ %ﬁ o+ (2—+/5)03,
&B = (1—/5i)o1 + (3 —/5i)oa + (4+/5i) 03,
Bi = §1+\@i§m+ 3+\@i§02+§4—\@i;03.

O

It is well-known that if » = 1 the Cassini identity corresponds to the Cassini identity.
Thus, the following corollary can be given.

Corollary 1. For n > 1, the Cassini identity for the Pauli Gaussian Fibonacci quaternions is
2—1 5—-+v51), 5 5). 4

Example 2. Let Q,GFs, QyGF; and Q,GF; be Pauli Gaussian Fibonacci quaternions. If we
consider Theorem 6 for n = 3 and v = 2, the calculations give the following equality

Q,GF; — QyGF5 x QyGFy

~ () (1) 5 et (1 v8)r)
(1 Ve (3 ) (145

— D [(—5 4+ 15i)0q + (—15 4 15i)0 + (—20 — 15i)03]

(2= 1)[(—=143i)0y + (=3 +3i)os + (—4 — 3i)03).
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Catalan identity for n = 3 and r = 2 obtained from Aydin (see [38]), we found

QuF2 = QpFs x QpFy = (—=1)'R[(1 = i)o1 + (3 = i) + (4 + i)3]
QpF2 — QpFs x QpFy = —[(1 —i)o1 + (3 —i)on + (4 +1)03)].

where QpF1, QpF3 and QpFs are Pauli Fibonacci quaternions.

Example 3. Let Q,GF3, QpGF, and Q,GF; be Pauli Gaussian Fibonacci quaternions. If we
consider Corollary for n = 3 and r = 1, the calculations give the following equality

Q,GF? — Q,GF, x Q,GF,

S (S (15 3o+ (55 e+ (1 v
() (1) (5 s (45 V)

— @D (5 —5i)01 + (15 — 5i)0p + (20 + 5i) 3]

(2= )[(1 =)oy + (3 —i)on + (4+i)03].

On the other hand, if we consider the Cassini identity for n = 3 and r = 1 obtained from
Aydin (see [38]), we found

QpF; — QpFs x QpFr = (—1)*FR[(1 —i)oy + (3 —i)or + (4 +1)03)]
QpF — QpF x Qpb = (1 —i)oy + (3 —i)on + (4 +i)0s.

where QuF1, QpF> and Qp F3 are Pauli Fibonacci quaternions.

3. Conclusions

In this research, we have extended the quaternions in [38] to the complex case by
taking the components of Gaussian Fibonacci and Gaussian Lucas numbers. We have
obtained some identities and formulas for these special quaternions, which are specific
to Fibonacci quaternions. On the other hand, Pauli matrices and Pauli quaternions have
applications in many areas, including quantum mechanics and quantum field theory. We
believe that it will be a resource for researchers working in these fields.
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