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Abstract: Considering the influence of conditional variables is crucial to statistical modeling, ignoring
this may lead to misleading results. Recently, Ma, Li and Tsai proposed the quantile partial corre-
lation (QPC)-based screening approach that takes into account conditional variables for ultrahigh
dimensional data. In this paper, we propose a nonparametric version of quantile partial correlation
(NQPCQ), which is able to describe the influence of conditional variables on other relevant variables
more flexibly and precisely. Specifically, the NQPC firstly removes the effect of conditional variables
via fitting two nonparametric additive models, which differs from the conventional partial correlation
that fits two parametric models, and secondly computes the QPC of the resulting residuals as NQPC.
This measure is very useful in the situation where the conditional variables are highly nonlinearly
correlated with both the predictors and response. Then, we employ this NQPC as the screening
utility to do variable screening. A variable screening procedure based on NPQC (NQPC-SIS) is
proposed. Theoretically, we prove that the NQPC-SIS enjoys the sure screening property that, with
probability going to one, the selected subset can recruit all the truly important predictors under mild
conditions. Finally, extensive simulations and an empirical application are carried out to demonstrate
the usefulness of our proposal.

Keywords: ultrahigh dimensional screening; quantile partial correlation; conditional variables; sure
screening property

MSC: 62H30; 62]J07

1. Introduction

Variable screening technique has been demonstrated as a computationally fast and
efficient tool in solving many problems in ultrahigh dimensions. For example, in many
scientific areas, such as biological genetics, finance and econometrics, we may collect the
ultrahigh dimensional data sets (e.g., biomarkers, financial factors, assets and stocks),
where the number p, of predictors extremely exceeds the sample size n. Theoretically,
ultrahigh dimension often refers to the dimensionality p, and sample size n satisfies the
relationship: p, = O(exp(n?)) for some constant 2 > 0. Variable screening is able to reduce
the computational cost, to avoid the instability of algorithms, and to improve the estimation
accuracy. These issues exist in the variable selection approaches based on LASSO [1],
SCAD [2,3] or MCP [4] for ultrahigh dimensional data. Since the seminal work of [5], which
pioneeringly proposed the sure independence screening (SIS) procedure, many variable
screening approaches have been consecutively documented over the last fifteen years,
including the model-based methods (e.g., [6-11]) and the model-free methods [12-20].
These papers have showed that with probability approaching one, the set of selected
predictors contain the set of all truly important predictors.

Most marginal approaches focus only on developing various effective and robust mea-
sures to characterize the marginal association between the response and individual predic-
tor. Whereas, these methods do not take into consideration the influence of conditional vari-
ables or confounding factors on the response. A simple application of SIS is relatively rough
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since SIS may perform poorly when predictors are highly correlated with each other. Some
predictors that are weakly relevant or irrelevant, but jointly correlated to the response, may
be excluded in the final model after applying marginal screening methods. This will result
in a high false positive rate (FPR). To surmount this weakness, an iterated screening algo-
rithm or a penalization-based variable selection is usually offered as a refined follow-up step
(e.g., [5,10]).

Conditional variable screening can be viewed as an important extension of the marginal
screening. It accounts for conditional information when calculating the marginal screening
utility. There is relatively less work in the literature. To name a few, Ref. [21] proposed a
conditional SIS (CIS) procedure to improve the performance of SIS because some correlated
conditional variables may increase the chance of boosting the rank of the marginally weak
predictor and that of reducing the number of false negatives. The paper [22] proposed
a confounder-adjusted screening method for high dimensional censoring data, in which
the additional environmental confounders are regarded as conditional variables. The re-
searchers in [23] studied the variable screening by incorporating within-subject correlation
for ultrahigh dimensional longitudinal data, where they used some baseline variables as
conditional variables. Ref. [24] proposed a conditional distance correlation-based screening
via kernel smoothing method, while [25] further presented a screening procedure based
on conditional distance correlation, which is similar to [24] in methodology, but differs in
theory. Additionally, Ref. [11] developed a conditional quantile correlation-based screening
approach using the B-spline smoothing technique. However, in [11,24,25], among others,
the conditional variable they considered is only univariate. Further, Ref. [21] focuses on the
generalized linear models, but cannot handle heavy-tailed data. For this regard, we aim
to develop a screener that behaves more robustly to outliers and heavy-tailed data, and
simultaneously considers more than one conditional variable. On the choice of conditional
variables, one can achieve that through some prior knowledge such as published research
work or the experience of experts from relevant subjects. When no prior knowledge is
available, one can apply some marginal screening approaches, such as the SIS or its robust
variants, to select several top-ranked predictors as conditional variables.

On the other hand, to the best of our knowledge, several works have considered multiple
conditional variables based on distinct partial correlations. For instance, Ref. [26] proposed
a thresholded partial correlation approach to select significant variables in linear regression
models. Additionally, Ref. [17] presented a screening procedure on the basis of the quantile
partial correlation in [27], and they referred to the procedure as QPC-SIS. More recently,
Ref. [28] proposed a copula partial correlation-based screening approach. It is worth noting
that the partial correlation used in both [17,28] removes the effect of conditional variables on
the response and each predictor through fitting two parametric models with a linear structure.
However, this manner may be ineffective, especially when the conditional variables have a
nonlinear influence on the response nonlinear. This motivates us to work out a flexible way
to control the impact of conditional variables. Meanwhile, we also take into account the
issue of the robustness to outlying or heavy-tail response in this paper.

This paper contributes a robust and flexible conditional variable screening procedure
via a partial correlation coefficient, which is a non-trivial extension of [17]. First of all, in
order to precisely control conditional variables, we propose a nonparametric definition of
QPC, which extends that of [17] and allows for more flexibility. Specifically, we first fit two
nonparametric additive models to remove the effect of conditional variables on the response
and an individual predictor, where we use the B-spline smoothing technique to estimate the
nonparametric functions. This can be viewed as a nonparametric adjustment for controlling
conditional variables. By that, we can obtain two residuals, on which a quantile correlation
can be calculated to formulate a nonparametric QPC. Second, we use this quantity as the
screening utility in variable screening. This procedure can be implemented rapidly. We
refer to this procedure as the nonparametric quantile partial correlation-based screening,
denoted as NQPC-SIS. Third, theoretically, we establish the sure screening property for
NQPC-SIS under some mild conditions. Compared to [17], our approach is more flexible
and our theory on the sure screening property is more difficult to derive. Moreover, our
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screening idea can be easily transferred to some existing screening methods that use some
popular partial correlation.

The remainder of the paper is organized as follows. In Section 2, the NQPC-SIS is intro-
duced. The technical conditions needed are listed and asymptotic properties are established in
Section 3. Section 4 provides an iterative algorithm for a further refinement. Numerical studies
and empirical analysis of real data set are carried out in Section 5. Concluding remarks are
given in Section 6. All the proofs of the main results are relegated to the Appendix A.

2. Methodology
2.1. A Preliminary

In this section, we formally introduce the NQPC-SIS procedure. To begin with, we give
some background on the quantile correlation (QC) introduced in [27]. Let X and Y be two
random variables, and EX be the expectation of X. The definition of QC is formulated as

qCOl‘T(Y, X) — E[wT(Y QT,Y)(X E(X))] , (1)
Vvar(I(Y — Qry > 0))var(X)

where Q. y is the Tth quantile of Y, and ¢r(u) = 7 — I(u < 0) for some quantile level
€ (0,1), here I(+) denotes an indicator function. This correlation takes on a value between
—1 and 1 and is asymmetric with respect to Y and X compared with the conventional
correlation coefficient. The QC shares the merits: the property of monotone invariance
for Y as well as the robustness of Y, due to the use of the quantile rather than the mean
in the definition. Thus, QC affects little in the presence of outliers in Y. Besides, as
shown in [27], qcor_ (Y, X) is closely related to the quantile regression. If we denote
by (ag,,aj,) the minimizer of E{p:(Y — apr — a1:X)} with respect to a9 and a1, where
pr(u) = u[t —I(u < 0)]. Then, it follows that qcor (Y, X) = ¢(aj,), where ¢(-) is a

continuous and increasing function, and ¢(aj,) = 0 if and only if a_ = 0.

When QC is used as a marginal screening utility for variable screening, the screening
results obtained may be misleading when the predictors are highly correlated. To overcome
this problem, Ref. [17] proposed the screening based on quantile partial correlation (QPC)
to reduce the effect from conditional predictors. For the sake of presentation, write X_; =
(X, k # ])T forj=1,...,pn. The QPCin [17] is defined as

cov(pe (Y — X7 a9), X; — XT,69)

\/Var(llJT(Y - ija?))var(X]- - ijﬂ?)

_ Elpe(v - XL (x; - X160} @
(1— T)a].z '

gpeor (Y, Xj[X_j) =

where sz = var(X; — XZ]-B?), a? = argminqu{pT(Y - ija]-)} and 6? = argminejE{(X]- -

xT ]-6]-)2}. When applying the QPC to variable screening, we must estimate two quantities
a? and 9? in advance. However, for ultrahigh dimensional data, the dimensionality of X_ jis
pn — 1, which can still be much bigger than the sample size n. In this situation, it is difficult
to obtain the estimators of a? and 6Y. On the other hand, it is usually believed that the useful
conditional variables are relatively less. Thus, it is reasonable to consider a small subset of
{k:k+#jk=1...,pn}, denoted by Sj in practice. Here, Sj is said to be conditional set
with a size smaller than 7 and it can be specified as the set of previously selected variables
and the variables related to the jth predictor, if there is no prior knowledge on it. As a
result, Ref. [17] suggested using the following measure to perform variable screening:
E{p(Y — X% a?)(X; — XF 69
apeor, (¥, XX — o SV RSB, ®

T(1— T)Uj
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where (7]-2 = var(X; — nge?), a? = argminqu{pT(Y - nga]')} and 6? = argminejE{(Xj —
xgjej)z}, in which Xs; = (X, k € S)HT.

From the definition, one can see that the QPC is just the QC between Y and Xj after
removing the confounding effects of conditional variables Xs,. Typically, it is through fitting
two parametric regression models: one is to fit a linear quantile regression of Y on X,, and
another is on a multivariate linear regression of Xj on ng. Afterwards, the QPC computes
the QC of two residuals that are obtained from these two regression fittings. However,
in real applications, the parametric models used to dispel the confounding effects may
not be adequate, especially when a nonlinear dependence structure between the response
and the predictions is present, which is quite common in high-dimensional data. This
motivates us to consider a more flexible and efficient approach to control the influence of
the confounding/conditional variables.

2.2. Proposed Method: NQPC-SIS

Without loss of generality, we assume that the predictors {X;,1 < j < p} are standard-
ized and the response Y satisfies T-qauntile centered, i.e., Q;y = 0, which is similar to the
treatment where the response is centered by mean. Then, we consider the quantile additive
model as

Y = m1(X1) + m2(X2) + - +mp(Xp) +g,

where the error term satisfies P(¢ < 0|X) = 7. This means that the conditional T-quantile
of Y given X is Qryjx = m1(X1) + ma(X2) + -+ +my(Xp). We denote by M, = {j :
m;(X;j) #0,1 < j < p} the active set, which indicates the set of indices associated with the
nonzero coefficients in the true model and is often assumed to be sparse.

Let |S;| be the cardinality of a set Sj, and m; and gjx, k € Sj, be £2-smoothing functions
satisfying some conditions. For the identification, we require that | mj(x)dx = 0 and
E{g]k(Xk)} = 0 for all j, k. Set m](ij) = ZkES]' m]k(Xk) and g](XS]) = ZkESj g]k(Xk) A
nonparametric version of QPC (denoted as NQPC) is formulated as

E{y-(Y — m¥(Xs))(X; — ¢%(Xs.
QT(Y,X]‘|XS]-): e ]< S]))( / g]( 51))}, @

T(1-1)0,

where (7].2,() = var(X; — g?(xsj)), m? = argminij{pT(Y —mj(Xs,))} and g? = argmin,,

E{(X; - g]-(XSj))z}. Suppose we have a dataset: {(Y;,X;),i = 1,---,n} consisting of
n independent copies of (Y,X), where the dimensionality of X; is p,. Let Xis; be the
sub-vector of X; indexed by S;. Then, a sample estimate for NQPC can be given as

=1y T Yi — 1. Xi ‘ Xi‘ = Xl' ‘
3 (Y, X;[Xs)) = n i Yol mi( ,S/)N)( i — &l ,31)), -
(1 — T)(T].z

where 5]-2 =n"! Y (X — §j(Xi,$j))2/ i = argminm/% (Y — m]-(Xi,Sj)) and g; =
argmingj% i (Xij — gj(Xi,gj))z. Since mj; and gj; are unknown nonparametric functions,
so 711j and g; cannot be used, rendering 0 (Y, X]-|X3].) inapplicable. In what follows, we
estimate each of mjs and gjs by making use of nonparametric B-spline approximation.
To proceed, we denote {Bi(-),k =1, - - , L, } with || B¢|]| < 1by a sequence of normal-
ized and centered B-spline basis functions, where L, is the number of basis functions. Then,
according to the theory of B-spline approximation ([29]), for a generic smoothing function m,
there exists a vector ¢ € R such that m(x) ~ B(x)T+y, where B(-) = (B1(+),---,Br,(*))T.
Therefore, there exist vectors aj; € RE and 0 € R such that mi(Xy) =~ B(X)Ta ik
and gk (Xy) =~ B(Xk)T()]-k. Since [ mj(x)dx = 0 and E{gj(Xx)} = 0, it naturally implies

that E{B(X;)} = 0 for k € S;. Write a; = ({och,{,k € SJ-})T, 0 = ({Bka,k € Sj})T
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and B]‘ = ({B(Xk)T,k S S]})T Denote by ﬂ?j(xi/‘gj) = BZ;&], Q(Xi,‘g}.) = BZ;/H\] and
?7].2 =n1y", (Xij — g\j(Xi,S],))z, where
. 1 T
aj = argmin, Y (Y- Bjja;)
i=1

and
) 1¢ T 2
6, = argming Z(Xl-]- — Bl-jﬂj) ,

i=1
where B;; indicates B; within B(Xj) being replaced by B(Xj;) fori =1,--- ,nand k € S;.
Then, it follows that a feasible sample estimate for NQPC is given by
n Uy (Vi — (X 5,)) (Xij — §i(Xis;))

(1 — T)?sz

o (Y, Xj[Xs;) = (6)

Next, we employ the above NQPC estimator as a screening utility in variable screening.
To this end, we denote M\VH to be the selected active set via the screening procedure such
that the maximal absolute sample NQPC of the selected variables in M v, are greater than a
user-specified threshold value v;,. In other words, we can select an active set of variables by

My, ={j :16:(Y, Xj|Xs,)| = va for 1 < j < p}. )

We name this procedure as the NQPC-based variable screening, abbreviated as NQPC-SIS.
In the next section, we will provide some theoretical justification for this approach.

3. Theoretical Properties

To state our theoretical results, we first make some notations. Let r, = max;<j<, |Sj]-
Throughout the rest of the paper, for any matrix A, we use [|A|| = \/Amax(ATA), ||Al|« =
max; j |Ajj|, and Amin(A) and Amax(A) to stand for the operator norm, the infinity norm as
well as the minimum and maximum eigenvalues for a symmetric matrix A, respectively. In
addition, for any vector a, ||a|| = y/¥; #? means the Euclidean norm.

Denote u; = |o(Y, X]-|X3/.)| and i1; = [0-(Y, Xj|X3j)|, where 0(Y, X]-|X3],) is given
in Equation (4) and 0 (Y, Xj|X5].) is given in Equation (7). Further, we also denote u]’f =
0z (Y, Xj[Xs;)|, where

E{p:(Y —B/a?)(X; —B[6})}

0 (Y, Xj[Xs;) = ®)

(1 - T)U].z

where (7]-2 = var(X; — B]«Tﬂ?), zx? = argminajE{pT(Y - B]Taj)} and 9? = argminejE{(Xj -
B]Tﬂj)z}. Before we establish the uniform convergence of #; to u;, we first investigate the bound
of the gap between u; and u;f, which is helpful to understand the marginal signal level after

applying B-spline approximation to the population utility. We need the following conditions:

(B1) We assume that E{X]-|X3j} = g?(ng) = Lkes; g?k(Xk) and X denotes the support of
covariate X. There exist some positive constants Cg and C;, such that for any k € S,

0 T0 —d
max sup (X Bi(x)' 6| <C,L ’
1/<P ven, |g/k( ) ]( ) ]k‘ — ~8=n

0 T,0 —d
m u m;(x) —Bi(x) a;| <CyL P
1<]a<pr€£| ]k( ) ]( ) ]k| = “mbp
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where d is defined in condition (C1) below.

(B2) There exist some positive constants ¢, min, Co,max, €o,min, €o,max such that

0< Comin < Max (7]2 < Comax < 09,
1<j<p

0 < omin < max 0}20 < Comax < 0,
1<j<p 7

where (T]-Z and ‘7]'2,0 are given in (4) and (8), respectively.
(B3) In a neighborhood of B]Ta?, the conditional density of Y given (X;, Xs,), Frixx 5) (v),
is bounded on the support of (Xj, Xs;) and uniformly in j.

(B4) minje pq, uj > Coryn " for some Cp > 0and 0 < x < 1/2.

Condition (B1) is imposed on the approximation error condition for nonparametric
function in B-spline smoothing literature (e.g., [11,30,31]). Condition (B2) requires variances
(sz and (7]-20 to be uniformly bounded. Condition (B3) implies that there exists a finite con-

stant ¢; > 0 such that for a small € > 0, SUP|,_BTal|<c fy‘(x},/x 5 (y) < ¢f holds uniformly.

Condition (B4) guarantees that the marginal signal of active components in model M.
does not vanish. These conditions are similar to those in [17].

Proposition 1. Under conditions (B1)-(B3), there exists a positive constant My, such that
uj — u;‘ < Ml*rnL,jd,
In addition, if condition (B4) further holds, then

: * —K
min u: > Cyolryn ",
jEM* I = Og "

provided that L% < Co(1 — &)n=*/M; for some & € (0,1).

To establish the sure screening property, we make the following assumptions: .

(C1) {my;} and {g;;} belong to a class of functions F, whose rth derivatives m]((;) and g,({;)

exist and are Lipschitz of order «,
F={b(-): b (s) —=b")(#)] < K|s — t|*}, fors,t € [a, b]

for some positive constant K, where [4, b] is the support of X}, r is a non-negative
integer and « € (0,1] such thatd =r +a > 0.5.

(C2) The joint density of X, fx is bounded by two positive numbers b s and by satisfying

bif < fx < byy. The density of X, fx; is bounded away from zero and infinity
uniformly in j, that is, there exist two positive constants c¢1 7 and ¢y5 such that c1f <
fx;(x) < oo

(C3) There exist two positive constants K; and Ky, such that P(X; > x[X_;) < Ky exp(—K; 1x)
for every j.

(C4) The conditional density of Y given X = x, fy|x—x(y), satisfies the Lipschitz condition
of first order and ¢35 < fy|x—x(y) < c4s for some positive constants c3; and cyy for
any y in a neighborhood of B]-Ta? for1 <j<p.

(C5) There exist some positive constants M and M, such that sup; ; |B£a?\ < Mj < oo,
sup; ; |B£6?| < M; < oo. Furthermore, assume that minlgjgp (7].2 > M3 > 0 for some
constant M3.

(C6) There exists some constant & € (0,1) such that L,;¥ < Co(1 — &)n~"/ Mjs.
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Condition (C1) is a smoothness assumption on {my;} and {g;} in nonparametric
B-spline-related literature ([7,32]). Condition (C3) is a moment constraint on each of the
predictors. Conditions (C2), (C4) and (C5) are similar to those imposed in [17]. Condition
(C6) is assumed to ensure the marginal signal level of truly active variables not too weak
after B-spline approximation. The above conditions are standard in variable screening
literature (e.g., [17,28]).

According to the properties of normalized B-splines and under the conditions (C1)
and (C2) (c.f.,, [33,34]), we can obtain the fact that foreachj=1,--- ,pand k=1,...,L,,
there exist positive constants Cy, C; and C3 independent of j, k such that

CiLy" < Amin(B{B(X;)B(X})"}) < Amax(E{B(X)B(X))"}) < C2L;,", ©)

and
E{B}(Xj)} < GsL,". (10)

The following lemma bounds the eigenvalues of the B-spline basis matrix from below
and from above. This result extends Lemma 3 of [32] from a fixed dimension to a diverging
dimension, which may be crucial to the independent interest of some readers.

Lemma 1. Suppose that conditions (C1) and (C2) hold, then we have

1—5p\IS1-1 _ .
C(=52) " L' < Amin(E{B;B]}) < Amax(E{B;B]}) < CalS}|L; ",

where 5y = (1 — blfb;f2 )12 for some constant 0 < { < 1.

This result reveals that r,, plays an important role in bounding the eigenvalues of
the B-spline basis matrix. When r;, goes to infinity rapidly, the minimum eigenvalue of
the basis matrix will degrade to zero very quickly at an exponential rate. However, if the
following result holds, then the divergence rate of r,, cannot achieve a polynomial order of
n, but can be of an order of log .

Theorem 1. Suppose that conditions (B1)—(B5) and (C1)-(C5) hold and assume that
ay 2" Ly /0= = o(1) and ay *"r3Lyn~" = o(1) are satisfied.

(i) Forany C > O, then there exist some positive constants ci, c], such that, for 0 < x < 1/2
and sufficiently large n,

P( max |ij — uj| > Crnn*")
1<j<pu ]
< pu{7exp (— céaér”r,%nl_“) + [116(ryLy)? + 607, L, + 10] exp(—cha%r” L;3n'=29)1,

where ag = (1 — y) /2 and &y is given in Lemma 1.

(ii)  In addition, if condition (C6) is further satisfied, by choosing v, = Coryn~* with Cy <
Coé /2, we have

P(M* C M\Vn) > 1 —su{7exp (— ciag " rinl =)
+ [116(r L) + 607, Ly, + 10] exp(—cigag™ Ly 3nt=2%)}
for sufficiently large n, where s, = | M.|.
The above establishes the sure screening property that all the relevant variables can be

recruited with probability going to one in the final model. The probability bound in the
property is free of p,;, but depends on r;,, and the number of basis functions L,. Though
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this ensures that NQPC-SIS retains all important predictors with high probability, the noisy
variables can be included by NQPC-SIS. Ideally, this can be realized by the choice of vy,
according to Theorem 1 and by setting max;g a4, lox(Y, X; |X5].) | = o(ryn™), to achieve the
selection consistency, i.e.,

P(M* :M\yn) 4)1

when n is sufficiently large. This property can also be achieved by Theorem 1 and by
assuming that 0% (Y, Xj|X3].) = 0 for j ¢ M.. However, this would be too restrictive to

check in practice. Similar to [17], we may assume that Z}’;l u]* = O(n¢) for some ¢ > 0 to

control the false selection rate. With this condition, we can obtain the following property to
control the size of the selected model.

Theorem 2. Under the conditions of Theorem 1 and by choosing vy, = Corpn™" with Cy < Co&/2
and if ):]’.’:1 u]’f = O(n®) for some ¢ > 0, then for some positive constant C,, there exist some
constants ¢;, ¢7, such that

P(|My,| < Cory ™) >1— pu{Zexp (— ad"r2n! =)
+ [116(rnLn)? + 607y, Ly 4 10] exp(—&;4a5 Ly, 30t ~24)}

for sufficiently large n.

This theorem reveals that after an application of the NQPC-SIS, the dimensionality can
be reduced from an exponential order to a polynomial size of n at the same time retaining
all the important predictors with probability approaching one.

4. Algorithm for NQPC-SIS

To make the NQPS-SIS practically applicable, for each Xj, we need to specify the
conditional set S;. We note that a sequential test was developed to identify S; in [17] via an
application of the Fisher’s Z-transformation [35] and partial correlation. In this section, we
provide a two-stage procedure based on nonparametric additive quantile regression model,
which can be viewed as a complementary to [17].

To reduce the computational burden, we first apply the quantile-adaptive model-free
feature screening (Qa-SIS) proposed by [13] to select a subset from {X;,1 < j < py}, denoted
by M\Qa_SIS with |M\Qa_515| = 0.51nL; '/ log(nL, )| + 1, where L, is the number of basis
functions used in Qa-SIS and |4 | denotes the largest integer not exceeding a. Second, for
each Xj, if X; € M\Qa-SIS, we set C; = {Xk| Xy € /\//\lQa-SIS,k # i}, otherwise Ci= {Xk| Xy €
M\Qa_gls, k # |M\Qa_515| }. Thus, |C;| = |0.5nL; 1/ log(nL; ') |. Third, we carry out a variable
selection with SCAD penalty [2] based on additive quantile regression model for data set
{(X,-j, Xic].),i =1,---,n} and then a small reduced subset is obtained, denoted by C]?’. Such
a two-stage procedure can help to find the conditional subset for the jth variable and will be
incorporated in the following algorithm. With a slight abuse of notation, we use d; to denote
the screening threshold parameter of the NQPC-SIS, in other words, for the NQPC-SIS, we
select d,; covariates that correspond to the first d,, largest NQPCs.

Algorithm 1 has the same spirit as the QPCS algorithm of [17], who demonstrated
empirically that the QPCS algorithm outperforms their QTCS and QFR algorithms. In the
implementation, we choose d;; = |0.5nL;, !/ log(nL;')| and d, = |n/logn], which does
not exclude other choice. According to our limited simulation experience, this choice works
satisfactorily. The values of d;, and r, we take on cannot be too large, due to the use of
B-spline basis approximations. Theoretically, we need to specify d;, such that d;, < r,,, while
it is sufficient to require L,d}, < n practically.
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Algorithm 1 The implementation of NQPC-SIS.

1: Given d,,, we set a pre-specified number d;, < d,, and an initial set A0 =@
2: Fork=1,...,d;,

(2a) update S; = Ak=D y C]?’,'

(2b) update A®¥) = AK*=1) U {j*}, where the variable index j* is defined by

j* = argmax, 4o 1 [0<(Y, X/ X))
3: Fork=4d+1,...,d,,

(3a) update S; = Al y C]?’,'
(3b) update AK) = AK*=1) U {j*}, where the variable index j* is such that

= argmax;y 4(k-1) o (Y, Xj|X$j) B

4: Repeat Step 3 until k > dj,. The final selected set is denoted as M.

5. Numerical Studies
5.1. Simulations

In this subsection, we conduct some simulation studies to examine the finite sample
performance of the proposed NQPC-SIS. In order to evaluate the performance, we employ
three criteria: the minimum model size (MMS), i.e., the smallest number of covariates that
contain all the active variables, its robust standard deviation (RSD), and the proportion of
all the active variables selected (P) with the screening threshold parameter being specified
as d, = |n/logn]. Throughout this subsection, we adopt the following simulation settings:
the sample size n = 200, the number of basis L, = |[n!/%] + 1, and the dimensionality
pn = 1000. We simulate the random error ¢ from two distributions: N(0,1) and #(3),
respectively. Three quantile levels T = 0.2, 0.5, 0.8 are considered in all situations. For each
simulation scenario, all the results are obtained over N = 200 replications.

Example 1. Let X = (Xq, -, Xp, )T be a p,-dimensional random vector having a multivariate
normal distribution with mean zero and covariance matrix & = (U'jk)lﬁj/képn/ where 0j; = 1 and
Uik = p,] # kexcept that ;4 = 04; = /p. Generate the response as:

Y = BXy + BXo + BX3 — 3B/pXq + £

It is easily observed that the marginal Pearson’s correlation between X4 and Y is zero.
We take p = 0.5,0.8 and set f = 2.5(1 + |t — 0.5]) to incorporate the quantile information.

Example 2. We follow the simulation model of [17] and generate the response as
Y = BX1 + BXo + BXz —3B./pXy —0.258X5 + ¢,

where B, p, and X are defined as in Example 1 except that 05 = 05; = 0 such that Xs is uncorrelated
with Xj, j # 5.
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Table 1. Simulation results for Example 1 when n = 200.
T=0.2 T=0.5 T=0.8
3 P Method Sn MMS(RSD) P MMS(RSD) P MMS(RSD) P
N(0,1) 0.5 SIS 4 455.5(319.3) 0 437(330.3) 0 434.5(372) 0
NIS 4 451(456.5) 0.025 506(421.3) 0 486.5(390.5) 0
Qa-SIS 4 466(392.5) 0.02 466.5(375.5) 0.01 490.5(382.3) 0.01
QPC-SIS 4 4(0) 1 4(0) 1 4(0) 1
NQPC-SIS 4 4(0) 0.995 4(0) 1 4(0) 1
0.8 SIS 4 444.5(141.3) 0 458(161.8) 0 452.5(188) 0
NIS 4 489.5(274.5) 0 518.5(274) 0 511(285.8) 0
Qa-SIS 4 522(372.3) 0.01 510.5(358) 0 560.5(292.8) 0
QPC-SIS 4 5(2) 0.99 4(1) 1 5(2) 0.98
NQPC-SIS 4 6(3) 0.96 4(2) 0.99 6(3) 0.96
t(3) 0.5 SIS 4 434.5(352.8) 0.005 475(343.3) 0 472.5(366) 0
NIS 4 492.5(347.5) 0.01 501.5(415) 0 555.5(352.3) 0
Qa-SIS 4 510.5(390.3) 0.005 481(463.3) 0.015 541.5(460.3) 0.01
QPC-SIS 4 4(0) 1 4(0) 1 4(0) 1
NQPC-SIS 4 4(0) 0.995 4(0) 1 4(0) 1
0.8 SIS 4 453(135.8) 0 468(200.5) 0 473(283.5) 0
NIS 4 535.5(288.3) 0 507(253.3) 0 507.5(368.3) 0
Qa-SIS 4 597.5(329.3) 0 578.5(374) 0 591.5(366.8) 0.005
QPC-SIS 4 6(3) 0.915 5(2) 0.975 6(2) 0.945
NQPC-SIS 4 6.5(6) 0.84 5(3) 0.955 6(5.3) 0.855
Table 2. Simulation results for Example 2 when n = 200.
=02 T=0.5 =028
3 P Method Sn MMS(RSD) P MMS(RSD) P MMS(RSD) P
N(0,1) 0.5 SIS 5 439.5(359.5) 0 477(319) 0 427(324.8) 0
NIS 5 522(362) 0.005 566(429.8) 0 507.5(392) 0
Qa-SIS 5 542.5(400.3) 0 565.5(351.5) 0 554(340.3) 0
QPC-SIS 5 5(0) 1 5(0) 1 5(0) 1
NQPC-SIS 5 5(0) 1 5(0) 1 5(0) 1
0.8 SIS 5 436(111.3) 0 479.5(232.8) 0 466.5(219.3) 0
NIS 5 523.5(246.8) 0 556.5(265.8) 0 527(286.3) 0
Qa-SIS 5 557.5(376.5) 0 604(358.8) 0 542(363.8) 0
QPC-SIS 5 6(2) 0.97 6(2) 0.97 7(3) 0.93
NQPC-SIS 5 7(2) 0.9 6(2) 0.945 7(3) 0.9
t(3) 0.5 SIS 5 478.5(347) 0 451.5(308.8) 0 483.5(322.8) 0
NIS 5 535.5(384.3) 0 545.5(317.8) 0.005 508(353) 0
Qa-SIS 5 597.5(389.5) 0.005 568.5(341.5) 0 593.5(435.8) 0.005
QPC-SIS 5 5(0) 0.99 5(0) 1 5(0) 0.995
NQPC-SIS 5 5(1) 0.985 5(0) 0.995 5(1) 0.975
0.8 SIS 5 468(286.3) 0 477(238.5) 0 466(229) 0
NIS 5 530.5(324.8) 0 532.5(321.3) 0 525.5(245.5) 0
Qa-SIS 5 655(391.8) 0 590.5(361.5) 0 591.5(374.8) 0
QPC-SIS 5 7(21.3) 0.765 7(3) 0.88 8(44.8) 0.74
NQPC-SIS 5 8(81.8) 0.63 7(7.3) 0.82 11(136.5) 0.57
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Table 3. Simulation results for Example 3 when n = 200.

€ T Method Sn MMS(RSD) P MMS(RSD) P
N(0,1) T=02 Qa-SIS 5 695(461.5) 0.005 799.5(326.5) 0
QPC-SIS 5 46(165.3) 0.485 298.5(477.5) 0.075
NQPC-SIS 5 7(13) 0.82 160(345.8) 0.25
T=05 SIS 5 492(805) 0.155 1000(1) 0
NIS 5 533(608) 0.035 798(391) 0.005
Qa-SIS 5 761.5(460) 0.005 762.5(353) 0
QPC-SIS 5 8.5(33) 0.75 211(372.8) 0.145
NQPC-SIS 5 5(0) 0.96 29(103.8) 0.56
T=038 Qa-SIS 5 599(508) 0.01 708(348.3) 0
QPC-SIS 5 47(213) 0.46 393(400) 0.015
NQPC-SIS 5 6(7) 0.86 156.5(388) 0.23
£(3) T=02 Qa-SIS 5 689.5(434) 0 794(345) 0
QPC-SIS 5 85.5(239.5) 0.28 548.5(518.5) 0.025
NQPC-SIS 5 46.5(181) 0.46 487(551) 0.055
T=05 SIS 5 626.5(767.8) 0.1 999(6) 0
NIS 5 560.5(574.5) 0.025 742(430.3) 0
Qa-SIS 5 673.5(449.3) 0.005 751.5(358.5) 0
QPC-SIS 5 21.5(89.3) 0.56 331.5(467.8) 0.06
NQPC-SIS 5 6(5) 0.855 136.5(388) 0.21
T=038 Qa-SIS 5 583(458.5) 0.015 711.5(382.3) 0
QPC-SIS 5 108.5(303) 0.3 623(448) 0.005
NQPC-SIS 5 28.5(136.3) 0.52 413(489.5) 0.03
Table 4. Simulation results for Example 4 when n = 200.
€ T Method Sn MMS(RSD) P MMS(RSD) P
N(0,1) T=02 Qa-SIS 5 735(448.5) 0.005 681.5(388.5) 0
QPC-SIS 5 647.5(425) 0.005 746.5(329.3) 0
NQPC-SIS 5 5(1) 0.945 86(334) 0.385
T=05 SIS 5 793(268.3) 0 846.5(252.8) 0
NIS 5 765.5(298.8) 0 896.5(225.8) 0
Qa-SIS 5 749.5(274.8) 0 818(301.5) 0
QPC-SIS 5 717.5(326.8) 0 805.5(254.3) 0
NQPC-SIS 5 5(0) 1 8(60.3) 0.705
T=08 Qa-SIS 5 836(274) 0 867.5(243.8) 0
QPC-SIS 5 798.5(248.3) 0 811.5(249.3) 0
NQPC-SIS 5 5(1) 0.985 61(355.8) 0.44
t(3) T=02 Qa-SIS 5 716.5(374.3) 0 703(375.3) 0
QPC-SIS 5 603(422) 0.01 743.5(295.3) 0
NQPC-SIS 5 7(22.5) 0.78 317(592.3) 0.15
T=05 SIS 5 786.5(261.8) 0 869.5(301.3) 0
NIS 5 779(285.5) 0 833.5(259.8) 0
Qa-SIS 5 754.5(324.5) 0 800(255.8) 0
QPC-SIS 5 755.5(379.5) 0 825(296.3) 0
NQPC-SIS 5 5(0) 0.99 61.5(302.3) 0.435
T=038 Qa-SIS 5 819.5(255.8) 0 869(241.3) 0
QPC-SIS 5 795(249.3) 0 847(260.3) 0
NQPC-SIS 5 6(9) 0.835 375(576) 0.14
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Example 3. We simulate the response from the following nonlinear model:
Y = 3g1(X1) +382(X2) +383(X3) + 384(X4) +385(X5) +¢,

where g1(x) = 1.5x,g2(x) = 2x(2x — 1), g3(x) = sin(27x) /(2sin(271x)), g4(x) = sin(27x),
g5(x) = e¥705. The covariates X = (X4, -+, X, ) are simulated from a random-effects model

=1,---,pn where Wis and U are iid Unif (0,1). We consider two cases of t = 1
and t = 2, corresponding to corr(X;, Xi) = 0.5 and 0.8 for j # k, respectively.

Example 4. We consider the same model as that in Example 3, with exception that X, and X5

are replaced by X = cos(2mXg) + € and X5 = (Xq — 0.5)% + €, where € ~ N(0,1) and is
independent of €, the error in the model in Example 3.

Table 5. Simulation results for Examples 1 to 4 when p = 0.9 and T = 0.5.

n = 200 n = 400
e~ N(0,1) e~ t(3) e~ N(0,1) e~ t(3)

Method MMS(RSD) P MMS(RSD) P MMS(RSD) P MMS(RSD) P
Example 1 QPC-SIS 6(2) 0.94 9(64) 0.665 5(2) 1 502) 0.985
NQPC-SIS 6(3) 0.88 30.5(174.3) 0.52 5(2) 0.99 6(2) 0.93
Example 2 QPC-SIS 7(2) 0.9 25.5(204.5) 0.525 6(2) 1 702) 0.985
NQPC-SIS 8(9.25) 0.825 44.5(178.8) 0.465 6(2) 0.995 7(2) 0.95
Example 3 QPC-SIS 608.5(471.5) 0 687.5(400) 0.005 253(408.3) 0.175 399.5(521) 0.105
NQPC-SIS 341(505.8) 0.09 527.5(496.5) 0.025 19(75) 0.705 69.5(247.8) 0.475

Example 4 QPC-SIS 770.5(311.5) 0 802.5(232.8) 0 752.5(312) 0 784(258.3) 0
NQPC-SIS 301.5(484.3) 0.11 433(554.8) 0.075 11(44) 0.76 38.5(142.8) 0.58

The simulation results of Examples 1-4 are shown in Tables 14, respectively. The
results in Table 1 show that when the true relation between the response and covariates
in the model is linear, the SIS, NIS and Qa-SIS methods fail to work. However, when
comparing to those methods, we can see that both QPC-SIS and NQPC-SIS with T = 0.5
work reasonably well, although the QPC-SIS slightly outperform our NQPC-SIS when
p = 0.8. This is expected because the QPC works for the model with linear relationship
between the covariates. A similar observation can be drawn in Table 2 for Example 2,
which is also a linear model, albeit the difference that X5 and Xj,j # 5 are independent
in Example 2. The results in Table 3 indicate that when the relationship between Y and
X s nonlinear and the relationship between covariates is linear, our proposed NQPC-SIS
performs best and then followed by QPC-SIS. From Table 4, we can see that when the
relationship between Y and X is nonlinear and there also exists a nonlinear relationship
among X, NQPC-SIS works most satisfactorily and is much better than Qa-SIS and QPC-SIS
in terms of both MMS and selection rate P.

In addition, the simulation results of QPC-5IS and NQPC-SIS for Examples 1-4 with
p = 0.9 and T = 0.5 are reported in Table 5. It can be observed from Table 5 that when
the sample size increases from 200 to 400, the performance of QPC-SIS and NQPC-SIS
are improved by much, although QPC-SIS and NQPC-SIS perform very competitively in
Examples 1 and 2, while NQPC-SIS performs significantly better than QPC-SIS in Examples
3 and 4. These evidences indicate the effectiveness and usefulness of our NQPC-SIS.

As suggested by one anonymous reviewer, we add one more simulation to compare
our NQPC-SIS with the following two approaches: (a) QC-SIS, which is the screening
method based on quantile correlation, but simply ignores the effect of conditional variables
on the response, and (b) RFQPC-SIS, which is a procedure very similarly to our NQPC-SIS,
yet removes the effect of conditional variables through fitting Random Forest models.
We examine the performance of these three approaches under T = 0.5 and n = 200 for
Examples 1 to 4, where RFQPC-SIS is a variant of the NQPC method and implemented with
randomForest in R package "randomForest". Note that REQPC-SIS requires 2(p — | A®)|)
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random forest regressions in the k-th iteration, which is highly computationally intensive.
Here, we evaluate NQPC-SIS, QC-SIS and RFQPC-SIS using effective model size (EMS) and
P, where EMS indicates the average of true variables contained in the firstd, = [n/ log(n) |

variables selected from 200 replicate experiments. The results are reported in Table 6,
showing that our NQPC-SIS still performs the best and is followed by REQPC-SIS. Moreover,
the computational cost of NQPC-SIS is much less than that of REQPC-SIS.

Table 6. Simulation results for Examples 1 to 4 when n = 200 and 7 = 0.5.

p=05 p=08
e~ N(0,1) e~ t(3) e~ N(0,1) e~ t(3)
Method EMS(SD) P EMS(RSD) P EMS(SD) P EMS(SD) P
Example 1 QCSIS  2.985(0.122) 0 2.925(0.346) 0 2.570(0.969) 0 2.340(1.162) 0
RFQPC-SIS  3.995(0.071) 0.995 3.975(0.157) 0.975 3.675(0.470) 0.675 3.460(0.500) 0.46
NQPC-SIS 4(0) 1 4(0) 1 3.985(0.122) 0.985 3.930(0.256) 0.93
Example 2 QC-SIS 3.565(0.646) 0 3.490(0.657) 0 3.355(1.147) 0 3.255(1.280) 0
RFQPC-SIS ~ 4.745(0.437) 0.745 4.630(0.504) 0.64 4.475(0.609) 0.535 4.215(0.649) 0.335
NQPC-SIS 5(0) 1 5(0) 1 4.960(0.221) 0.965 4.785(0.447) 0.8
Example 3 QC-SIS 2.470(0.862) 0.03 2.575(0.894) 0 1.505(0.567) 0 1.460(0.592) 0
RFQPC-SIS  4.945(0.229) 0.945 4.730(0.788) 0.75 4.275(0.808) 0.465 3.535(0.175) 0.175
NQPC-SIS ~ 4.955(0.208) 0.955 4.785(0.424) 0.79 4.320(0.825) 0.49 3.715(1.109) 0.265
Exampled  QCSIS  1.775(0.613) 0 1.790(0.720) 0 1.685(0.639) 0 1.690(0.629) 0
RFQPC-SIS  3.045(0.739) 0.02 3.040(0.788) 0.045 2.455(0.616) 0 2.350(0.528) 0
NQPC-SIS 5(0) 1 4.980(0.140) 0.98 4.590(0.731) 0.715 4.205(0.864) 0.465

5.2. An Application to Breast Cancer Data

In this subsection, we apply the proposed NQPC-SIS to breast cancer data with a
high lethality rate, which is reported by [36]. The data consists of 19,672 gene expres-
sion and 2,149 CGH measurements from 89 cancer patient samples, which is available at
https://github.com/bnaras/PMA /blob/master/data/breastdata.rda (accessed on 18 June
2021). Our interest here is to detect the genes that have the most impact on comparative
genomic hybridization (CGH) measurements. A similar purpose was achieved in [25,37].
Following [37], we consider the first principal component of 136 CGH measurements as
the response Y and the remaining 18,672 gene probes as the explanatory variables X. We
implement the two stage procedure for the sake of comparison, where a variable screening
method is implemented in the first stage and a predictive regression model is conducted in
the second stage. To this end, we select d, = |n/log(n)| variables in the first stage using
one of the screening methods: SIS, NIS, Qa-SIS, QPC-SIS and NQPC-SIS, as mentioned
in the simulation study. In the second stage, we randomly select 80% sample data as the
training set, and the remaining 20% sample as the test set. Then, we apply one machine
learning method, regression tree, to the dimension-reduced data to examine the finite
sample performance on the test set. We use the command M5P in R package "RWeka" for
implementing the regression tree method. We use the mean of absolute prediction error
(MAPE), defined as

1 ntest)
n(test) =

test)

MAPE =

Yi(test) . Yi(test) )

as our evaluation index, where nl is the number of observations in the training set and

Yi(tESt) is the predicted value of Y at the observation x; in the test set. We repeat the above
procedure 500 times and report the mean and standard deviation of 500 MAPEs in Table 7.
According to the results in Table 7, we can observe that the NQPC-SIS outperforms both the
SIS, NIS and Qa-SIS. Typically, our NQPC-SIS produces the lowest prediction error (MAPE)
among these methods when T = 0.4, T = 0.5 and T = 0.7. Moreover, we also note that the
QPC-SIS performs better than our NQPC-SIS at T = 0.3 and T = 0.6, but worse than our
method at other three quantile levels. Qa-SIS performs worst among these methods. This
evidence supports that the proposed NPQC-SIS in this paper works well for this real data.
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Table 7. Prediction results for the real data on the test set, where the standard deviation is given in
the parenthesis.

Method =03 T=04 T=0.5 T=0.6 T=0.7
SIS - - 0.8202(0.1362) - -
NIS - - 0.8254(0.1348) - -
Qa-SIS 0.8318(0.1472) 0.8261(0.1446) 0.8375(0.1448) 0.8612(0.1541) 0.8431(0.1512)
QPC-SIS 0.7269(0.1267) 0.7989(0.1458) 0.8347(0.1471) 0.6495(0.1155) 1.0240(0.1732)

NQPC-SIS 0.7629(0.1356)  0.6488(0.1232)  0.6742(0.1285)  0.8156(0.1643)  0.7802(0.1315)

6. Concluding Remarks

In this paper, we proposed a nonparametric quantile partial correlation-based variable
screening approach (NQPC-SIS), which can be viewed as an extension of the QPC-SIS pro-
posed in [17] from a parametric framework to the nonparametric situation. Our proposed
NQPC-SIS enjoys the sure independence screening property under some mild technical
conditions. Furthermore, an algorithm of NQPC-SIS for implementation is provided for
users. Extensive numerical experiments including simulations and real-world data analysis
are carried out for illustration. The numerical results showed that our NQPC-SIS works
fairly well especially when the relationship between variables is highly nonlinear.
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Appendix A. Technical Proofs

Proof of Proposition 1. First, recalling definitions of u; and u;‘, we can make a simple
algebra decomposition:

V1= Dler(Y, Xi1Xs) — 03 (Y, X;IXs,)]

= (05007) (07 = 03,0 B{pe (Y — 11 (X)) (X; — 87 (X))}
+0 TE{[pe (Y —m (X)) — (Y — B a))](X; — &} (Xs,))}
_(ijlE{IIJT(Y — B/‘T'x?)[g?(xsj) o BJTB?]}

£ A1+ Ay + Aj (say). (A

Due to condition (B1), we can observe

oF—cf = E{(X;~B6))*) —E{(X; — g}(Xs)*)
— E{(g)(Xs) ~ B6))} + 2E{(](Xs) — B]61)(X; — g7(X5))}
= E{()(Xs) — BI6))2),
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where the cross product is zero due to E{X; — g?(ng) Xs;} = 0 by condition (B1). This,

in conjunction with condition (B1) and the basic inequality that /a — Vb < v/a — b for
a>b>0,gives

0j = 00 < [B{ Y (8h(Xk) — j(Xk)Te?k)}2]l/2 < CgruLy,". (A2)
kes;

Using Cauchy-Schwarz inequality, (A2) and the fact that |¢-(#)| < max(t,1—1) <1,

we have
A1l < (05009) 0y — o30) [E{ e (Y = mO(Xs)) 2} M2 [ELI(X; — 0(Xs)) P2
< o 1((7]—(7 )<cam/ngrnL . (A3)

For A,, we note that
E{[pe(Y — m)(Xs)) — (¥ — BIad)](X; - g)(Xs)} £ E{(X; — g0(Xs)) Az},
where, by Taylor’s expansion,

An = E{[pe(Y —md(Xs)) — pe(Y — BTaD)]|X;, X5}
)

= —fy|(xj,x3j)(y*)(m?(xsj —B]'T“?),

where y* is a number between m?(ng) and B]Tu?. Hence, by condition (B1)-(B3) and
Cauchy-Schwarz inequality, we can obtain

|Az|

IN

o7 E{IX; - g0(Xs))| - | A}

o7 e E{Im(Xs) — BIa?] - X; — ¢%(Xs)}

ffj_lff{E[lmQ(Xs-) — B &) PI/2{E[X; - &9(Xs)) [}/
Uflq,oéfcmrnL d <c_ 172 51/2 Cmern o4 (A4)

] o,min tT max

IN A

IA

for some constant ¢y > 0.
For Az, by a similar argument, we can obtain

A5 < o E{lpe(Y — B]a)| - 80(Xs) — BT 6}
< o "E[lp:(Y - Boa)) P11 2 {E[Ig) (Xs;) — B 6}]*]}!/2
< (ijngrnL,;d < c;}r{iﬁcgrnL;d. (A5)

Therefore, combining (A1) and the results in (A3)—(A5), we have
loc (Y, Xj[Xs;) — 0z (Y, Xj[Xs;)]
< [r(1-1)] V2, L2 (2G4 + 5¢17,/r121axc_fcm)rnl‘;

(7' min

Using the basic inequality that |a| — |b| < ||a| — |b|| < |a — b|, we can immediately
conclude

uj—uj < My, raLy ",

where My, = [t(1—1)]7"/?c ~1/2 (2Cg +¢ amafoC ). Thus, we complete the proof. [

t7' min
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Proof of Lemma 1. Without loss of generality, suppose that S; = {1,2,...,s}. Then, B; =
(B(X1)T,- - ,B(Xs) ) Let [|a]| = 1, where a = (af,...,al)T with a; € Rl". On one
hand, since (Y} ; x;)? < nYI'; x? by Cauchy-Schwarz inequality, we have

a"E{B;B]}a = E{ [kszl a,ZB(Xk)r} < skszl alE{B(X,)B(X)T }ay.

This together with the right hand side of (9) implies that
Amax(B{B;B['}) < sAmax(B{B(X)B(X¢)"}) < CasL, . (A6)

On the other hand, an application of Lemma S.1 of [38] leads to

aTE{B]-BjT}a = E{ {ké a{B(Xk)] 2}

- (57 ¢E{a{B<Xk>B<xk>Tak}} 2
> (A50) A E(B(X0)B [znakﬂ

where dg = (1 — b] f 2f 20)1/2 for some positive constant { > 0 and the last line uses the

fact that a” Aa > Apin(A) for any ||a|| = 1. It follows from the result on the left hand side
of (9) that

169y : (10
BBl > (50) e [ D] = (152) e
k=1

where the second inequality stems from (¥ |x;|)> > Y/ ; x? and ||a| = 1. This in turns
implies that

1—p\s-1
0) C L. (A7)

Amin(E{BB] ) > (
Hence, combining (A6) and (A7) completes the proof of Lemma 1. O
Lemma A1. Suppose that condition (C3) holds, then, for all v > 2,
E(|1X|"[X-j) < K1Kyr!
holds uniformly in j.

Lemma A1l is the same as Lemma 1 of [11]. From this, it is easily seen that E{|X;|?|X_;}
is finite and bounded by 2K; K3.

Lemma A2 (Bernstein’s inequality, Lemma 2.2.11, [39]). For independent random variables
Y1,..., Yy with mean zero and B{|Y;|"} < r'K"2v;/2 for every r > 2,i = 1,...,n and some
constants K, v;. Then, for x > 0, we have

2

P(|Yy+ -+ Yy >x)§2exp(—m>,

forv>3Y" v
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Lemma A3. (Bernstein’s inequality, Lemma 2.2.9, [39]) For independent random variables Y1, ..., Yy
with mean zero and bounded range [—M, M|, then

2

P(Yi -+ 4] > %) S2exp (= 5 ).

forv>var(Yi+- -+ Yy).

Lemma A4 (Symmetrization, Lemma 2.3.1, [39]). Let Zy,...,Z, be independent random
variables with values in Z and F is a class of real valued functions on Z. Then,

E{ sup| (B ~P)f(2)1} < 26 {sup [Puef(2) },

where €1, . .., &y is a Rademacher sequence (i.e., independent and identically distributed sequence
taking values +1 with probability 1) independent of Z1,...,Zy, and Pf(Z) = Ef(Z) and
Puf(Z) =n~' Ty f(Zi).

Lemma A5 (Contraction theorem, [40]). Let z1, ...,z be nonrandom elements of some space Z
and let F be a class of real valued functions on Z. Denote by €1, .. .,&, a Rademacher sequence.
Consider Lipschitz functions g; : R — R, that is

1gi(51) — gi(s2)| < |s1 —s2/, V51,52 € R.

Then, for any function f1 : Z — R, we have

E{ sup [Pue(g(f) — g(A1))|} < ZE{?EE [Bae(f = f1)1}.

feFr

Lemma A6 (Concentration theorem, [41]). Let Z1, ..., Z, be independent random variables with
values in Z and let g € G, a class of real valued functions on Z. We assume that for some positive
constants l;, g and uj g, lj o < §(Z;) < uj Vg € G. Define D* = SUP,cg Y (uig — Lig)?/m,
and U = sup,g | (Pn — P)g(Z)|, then for any t > 0,

nt?

P(U > EU +1) Sexp(—ﬁ).

Next, we need several lemmas to establish the consistency inequalities for 6]- and

~ . 1 1
o Write Dnj =z ?:1 Bisz;, D] = E{BIJBII;} = E{B]BJT}I En]‘ = EZ?:l Bz]X1] and

_ _ . _p-1 0 _ -1
E] = E{Bi]‘Xi]'} = E{B]X]} Thus 9/‘ = Dn]' Enj and 9j = D] E/
Lemma A7. Under conditions (C1) and (C2),

(i) there exists a constant C3 such that for any 6 > 0,

(52
P(|)Lmin(Dnj) — /\min(D]-)‘ > rpLnd/n) < 2(ryLy)? exp ( - 2(GoLn _'_25/3))/
3Ln
52
P(|Amax (D = Dj)| = raLnd/n) < 2(raLn) exp ( 2(CsL; 'n +25/3)>'
n

(ii)  for some positive constant cq, there exists some positive constant co such that
P(|)\min(Dnj)| > (1+ Cl)/\min(Dj)) < 2(VnLn)29XP ( - CZ“érnr;IzL;;Bn)f

where ag = (1 — 8y) /2 and & is defined in Lemma 1; and
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(iii) in addition, for any given constant c,, there exists some positive constant c3 such that
P(ID,M | = (1+c3)[ID; HI) < 2(ruLn)® exp (= coay 1, *Ly ).

Proof of Lemma A?7. First, consider the proof of part (i). Denote Ql]ks)t = Bs(Xix) Bt (Xy) —
E{Bs( Xix)Bt(Xi) } with k, I € Sjand s,t = 1,..., Ly. Recalling that ||Bt[| < 1, we have
|Q1]s t| <2and Var{Ql]S t} < E{B2 Xi)B?(Xi)} < E{B?(Xj)} < G3L;;! by the inequality
(10). By Lemma A3, we have for any § > 0,

-1 (k1)
(‘ Z Qz] st
Let Q,j = D,; — D;. It follows from Lemma 5 of [7] that [Amin(Dyj) — Amin(Dj)| <

max{ [Amin(Quj) |, [Amin(—Quj)|}- Besides, it is easy to derive that for any |S;|L, x 1 vector
lall =1, [aTQyjal < Lu|S;| - [|Qujlleo, which implies that

2
) s 2ep ( (C3L;15n + 25/3))' (A9

[Amin(Quj) | < LnlSj| - [|Qujllco, and [Amax(Quj)| < LulSj[ - Q| co- (A9)
This in conjunction with (A8) and the union bound of probability yields that

P(’/\min(Dnj) - )\min(D]‘)’ > VnLné/n)

52
< P(|Qujllo 2 6/1) < 2(ruLn)* exp (— 2(CsLy n +25/3)) (A10)
and
52
P(Mmax(DnJ B Dj)’ > TnLn‘S/n) < 2(7’nLn)2 exp (* 2(C3L7171 +25/3))- (A11)

Next, consider the proof of part (ii). Let cj = 2c1C1 /(1 — &), where ¢; € (0,1).
Employing the result (A10) and taking 6 = c}a'r, 'L, *n, we have

P([Amin(Dyj) = Amin(Dj)| > ¢1Amin(D;))

< P(|Amin(Dyj) — Amin(Dj)| > ciag' Ly ')
CTZQSrnr—2L74 2 )

2(CsLy'n +2cialiry 'Ly 20 /3)

< 2(ruLy)*exp (— czu%’”rrszrf?’n) (A12)

< 2(rnLn)2exp (—

for some positive constant c;. This implies the part (ii).

Last, consider the proof of part (iii). Let A = Amin(Dn]-) and B = )me(D]-). Obvi-
ously, we know that A, B > 0. Using the same arguments as in [7], we can show that
fora € (0,1), |JA=' — B7!| > ¢B~! implies |A — B| > aB, where ¢ = ﬁ — 1. Thus,
A ain (D) = Ain(P)] = (1/(1 = c1) —1)?\mm(Dj) implies |Amin(Drj) = Amin(Dj)| =
¢1Amin(D;). Hence, using the fact that A_} (A) = Amax(A™') = |A~!|| for any real sym-
metric 1nvert1ble matrix A, we have

min (

P(IDy )| = (1+ )P} )
< (D) - ;1| = sl )
< P(|Amin(Dyj) = Amin(D})| > €1Amin(D;)))
< 2(ruLn)?exp (— c2ad ™1, 2L, %n), (A13)

where c3 = 1/(1 — ¢1) — 1. This completes the proof. [
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Lemma A8. Under conditions (C1)—(C3), for every 1 < j < p and for any given positive constant
cj, there exist some positive constants c; such that

P(||9 9 | > cia,™ r2L,) < [8(ruLy)? + 4ry Ly exp (- cﬁaér"r_zL n)
Proof of Lemma AS8. By the definitions of 6]' and 6? and a simple algebra operation, we have

06— 0 = (D,;].1 — D]fl)En]- + D]fl(En]- —E;) £ L1 + Iz (say). (A14)

In the following, we need to find the exponential tail probabilities for I,,;; and I,
respectively.
We first deal with the first term [,;1. Since D;jl — Dfl =D, (D -D, )D , we have
ILal? = ELD(D,-D,,)D;'D;}(D; - D,)D;E,
ID; 21D, 12D — D2y 1

IN

Thus, it follows from the triangle inequality and Lemma 1 that

1l < Apk IDLH - [Amax (D = D)) - [ By
=Sj+1
< Cilag 7 LD Mmax(Dn]- D)) - |||
S+l
+C 4y T LD - [Amax(Dyy — D] - [Byy — B

1>

1Y 4+ 1% (say).

For 17511), it follows that

Ln
”Ej”z = 2 E [E{Bl( z]} < Z ZE B2 zk

keS- =1 keS 1=

IN

Y ZE[B (Xt E{XEIX_j}] < 2K1K5Cary = Carn,
kes;i=

where C4 = 2K;K3C; and the last inequality holds by applying Lemma A1 and the result
in (10). Using the above result, we have

1 - - _
Ir(ll) < Cl lci/ZaO r”“"rl/anHDnle . |/\max(Dnj _ D])|
LetCs = (1+ 63)a%C1_2Ci/2, then for any § > 0, we have

1 —
Py > Csag®ry/2L30/m) < P(IID;} > (1+¢5)[D}]))
+P(‘)\max nj —D]>| > VnLn(S/Tl).

Therefore, by Lemma A7, it follows that

P(1Y| > Csay 32135 /n)

52
< 2(rpLp)? exp ( — coa®™r, 2L %n) + 2(ruLu)?exp ( — . (A15
< 2rnLa exp (= eat )+ 2rnLn) e ( 2(C3L,;1n+25/3)) (A1)
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For Ir(j), note that E,j — E; = £ Y, [B;;X;; — E{B;;X;;}] is an |S;|L, x 1 vector, whose

((k = 1)Ly + 1)th component is & Y7 [B)(Xix)X;; — E{B;(Xj)X;;}]|, where k € Sj and
| = 1, ey Ln. Let Ziklj = Bl(Xik)Xij — E{Bl(sz)le} Then, for everyr Z 2, we have

IN

2"E{|By(Xi) Xi|"} < 2"E{BF(Xu) | X;i|"}
< 2'E{B}(Xu)E(|X;j|"|X_)} < 2"K1K5r!CsL, "
= 71(2Ky) 28K K3C3L,, 1 /2,

E{|Ziw;|"}

where we have used the C, inequality that |x +y|" < 2"~ 1(|x|" + |y|") for r > 2, the fact
that || Bj||e < 1 as well as Lemma Al. It follows from Lemma A2 that for any é > 0,

Pll5 Lz = ) <2ew (- ) (e

where ¢y = 16K1K3C; and c5 = 4K,. Employing the union bound of probability and the
inequality (A16), we further have

52

Let Cs = (1+¢3)Cy 211%. Similar to the derivation of (A15) and by Lemma 1 and
Lemma A7 and (A17), we obtain
P13 > Coag 2 r3/217/26% /n?)
< P(ID,,! || - [Amax(Dyj — Dj)| > CeCuag ™~ 'raL36/n)
+P(|[Ey — Ejl| = ry/L}/%5/n)
< P(IID,M = (14 c3) D)) + P(|Amax (Dyj = Dj)| > ruLnd/n)
(B — Bl = LY 26/1)

o 52
< 2(ryLy)? exp (- czagr”rn 2L, 311) +2(ruLy)? exp ( — 2Lt 25/3))
n
52
+2r, L, ex - Al8
e p( C4L;171+C55) ( )

Hence, combining (A15) and (A18) gives

P(Inll > Coay /2136 /n + Coay "3 2L/ 262 /)
< P(IIY| > Csag /L35 /n) + P(1113)| > Coay Y/ ?L]/%6% /n?)

o 52
< 4(rqLn)*exp (— czagr”rn 2L,3n) +4(raLy)? exp ( — 2L 25/3))
3Ln
52
+2r, L, ex B —
nfn P ( c4L;1n+C55)
2 &

<2|2(ryL;)* 4+ ryL;| ex -
- [ (n n) " n] p< CéL;1ﬂ+C7§>

+4(rpLn)? exp ( — caad 1y 2Ly 3n), (A19)

where cg = max(2Cs, ¢4) and ¢; = max(cs,4/3).
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Next, we deal with the second term ;5. Since ||I,2*> = (Eyj — E‘)TDjle]fl(En‘ -

]
—rp+1

) < D Y[y — Ej|I, wehave || Lo || < A (D)) || Eyj — Ejll < C; 'ag ™ " Lul|Eyj — Ej
by Lemma 1. Then, it follows from (A17) that

P(|Lell = Cylay k2326 /n) < P(||Ey — E;|| > ri/?LY/%6/n)
52
< 2.7’” Ln exp ( — m) . (AZO)

Putting (A14), (A19) and (A20) together, we find that

(”6 _ 6 H > C5a72rn 3/2L35/1’l + C a*27,1r3/2L7/252/n2 + Cl_laar”ﬂr,l/zLi/z(S/n)
< p(||1n1\| > Csay "ry/2Lyd/n + Ceng 2 ra/2LT/26% /1)
+P(|[Lall > Cy lay ™ /213?65 /)

2 &
<A4|(ryLy)"+ryLylexp | —
[(ruLa) nLal P ( C6L51H+C75>
+4(rnLy)? exp (— 203y 2Ly 3n), (A21)

Using (A21) with 6 = ag'r, 'L, ?n, we have
P(||§j H > ciag"r V2L,) < [8(rnLn)? 4 4rnLy) exp (- Cﬁaérnr 2L n)

for some positive constant ¢5 and sufficiently large 1, where ¢] = Cs + C¢ + C; 140. Hence,
the desired result follows. [

Lemma A9. Under conditions (C1)—(C5), for any given constant C > 0 and for every 1 < j < p,
there exist some positive constants cg and c1q such that

P(lla; — o; O > CraLn)V2n7*) < 2exp (— coay " r2nt =) +exp (— cy1a5™ L, 2n1=2).

Proof of Lemma A9. Write W, («;) = Lyn {oc(Y; — Bga]-) — p(Y;)} and
W(a;) = E{pc(Y — B].Taj) —p<(Y)}. By Lemma A.2 of [13], we have, for any € > 0,

P(|a; - o] > ¢)

<P( sup |Wu(aj) — W(aj)| > inf W(a;) — W(wQ)) (A22)

llaj—af| <e

Taking € = C(r,L,)"?n~* in (A22), where C is any given positive constant, we first
show that there exists some positive constant cg such that

W(aj) — Wi(a; % > cgay'run 2 (A23)

inf
H“;’*"‘?H:C(TnLn)l/zﬂ”‘

To this end, let &; = oc? + C(rnLy)Y?n~*u with |lu|| = 1. Invoking the Knight’s

identity ([42], p121), i.e., pr(u —0) — pc(u) = —o[t = I(u < 0)] + [y [I(u < s) —I(u <
0)]ds, we have

0 ClrnLn)!/2n~*B] T 0
Wia) - Wa) = E{ [ 10 <Y - Bla? < s)ds}, (A24)
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where we have used the result that E{B;ip(Y — B]Toc?)} = 0 by the definition of a?. Note
that the right hand side of (A24) equals

C(ruLn)?n
C(rnLn)l/zn’”BjTu .
-g{ | frxy")sds},

for y* between B]-Toc? and B]-Toc? + s. By condition (C4), it follows that

~*BTy

"E{1(0 < Y — Bl <5)|X}ds}

1 —

W("‘j)—w(“?) > ECngZrnLnn ZKE{(B]Tu)Z}
1 —

> fC3fC2rnLnn ZKAmin(E{BjB]T})

1 _
> fc3fC2C1ar” Len =2 = gy ran” 2

where cg = %c3fC2C1a0_ Vand ag = (1 — d)/2. This proves (A23). Hence, by (A22), it
reduces to derive that

P(|[&; — a|| > C(raLn)"/?n")

—_

<P sup |Wa(aj) — W(aj)| > Scgag'ran 2K>
H"‘j“"?“ﬁc(”nLn)l/2"7K

<p( sup (W) — Wa(a))} — (Wiay) —~ W(D}| > Josafrran )

=80 <Cru L)1 /2n

N

—_

—|—P<|Wn(oc?) - W(a )] > Zc8a6"rnn_2")

£ I+ Jn2- (A25)

In what follows, we first consider J». Let U;; = [p<(Y; BZ ?) p<(Y;)] —E[p-(Y —

B]-Toc?) — p:(Y)] and then Wn(a?) - W(oc?) = lyn, Ujj. Note that using the Knight’s
identity, we have |p(u — v) — pr(u)| < [o|max{T — 1,7} < |v|. So, by using condition

(Cb), it follows that
|Ujj| <2]pc(Yi — Bfia?) — p-(Y7)] <2sup|B,] af| <2My,
and
var(Uy;) < E{[o<(Y; — Bl]zx]) )} < E{sup |Bl] j } < Mz

According to Lemma A3, we have

Jn2 = (‘ 2 Ujj| = CS“o nt ZK)
< 5 ( 161 Zr,, 7’2 2—4x )
exp ( —
- P 2(nM3 + M1c8a6” ranl=2¢/6)
< 2exp (— coayr2nl ) (A26)

for some positive constant cg, provided a_'r,n =2 = o(1).
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Next, we consider J;;. Define Vj;(a;) = p-(Y; Bl]:x]) o (Y; BZ; ?) and so
Wi (&) — Wn(zx?) =1y# ' 1 Vij(«;). This leads to

n

—_

Jur = P( sup =Y [Vij(ay) = E{Vyw))}] | = esafiran ™). (A27)

Ha/-fa?HgC(rnLn)l/zn—K i=1
Again, using the Knight's identity, we obtain

Vij(aj)] < [Bfi(aj—a)[I(Y; — Bjia? < 0) — 1]

BiT.(a-fa-
+’/ 5 v - Bla) <5) ~ I(Y; ~ Blad < 0)}ds|
0

< 2|B£(ij - a?)’ < 2(|8j|Ln)1/2||a]- — N?H,

where the last line is because || By||«o < 1. Thus, it follows that

sup Vi) < 2(8)1La)"3{ sup laj — ]| }

H"‘j“"?”fc("nLn)l/znfx H‘"/“"‘?HSC(’%LH)]/Z”%

< 2CryLyn™". (A28)

IN

Letey, ..., en be a Rademacher sequence independent of Vjj(«;). By Lemmas A4 and A5,
we have
1 n
E{ sup Y Vi) — E{Vig(a)}| |

Haj—a?HSC(r,,Ln)l/zn*K i=1

< ZE{ sup

Hocjfa?HSC(rnLn)l/zn*"

S|~
.M=

Il
-

'Sivij("‘j>‘}

= 28{ sup fzslpw BJ;) — pc(Y; — Bfa?)]|}

a0 <CruLy)1/2n

< 4E{ sup 1 ieiBg(aj _ a?))}
laj—ad || <C(raLy)1/2n n =

2}1/2

= L)' ﬂf{ a Z ZEES Bl } 1/2

keS;l=1i=

1 n
< 4C(raLn)"?n"E{ HE Y &By;
i=1

1 n
< 4C(rnLn)1/2n_K{EHE ZeiBij

1
S ClO”n L}l/2n7 2 7K/

where cig = 4CC31) /2 and we have used (10) in the last line. With the above arguments, we
can apply Lemma A6 to derive J,» in equation (A27). Set

U= sup | i —E{Vij(aj)}]|.

Hajfa?HSC(rnLn)l/zn—" i=1
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-2

. S
Taking t = %08116" ran = — ciorn Li/zn 2% in Lemma A6, we have

T2 P(U > %csa(r)”rnn ) - P(U > E{U} + (1c8a0 Fan— 2 — E{U}))

: P(U = U+ ( 46870 Tt - ClornL}/zn_i_K))

< exp n(gcsag ran > — clornL%/2n2”)2>
X J—
= &P 2(2CryLyn—*)?
< eXp(—CuazrﬂL 2,1- 2K) (A29)

foe some positive constant cyq, provided a; 2L, /nt=% = o(1). Plugging (A26) and (A29)
into (A25) gives the desired result. [

Lemma A10. Under conditions (C1)—(Cb5), for every 1 < j < p and for any given constant cz,
there exist some positive constants cg and c; such that

P(|; Zwﬂ BJ&) (X;j — BJ®;) — E{pc(¥; — BJa?) (X — BJ6))}| > cirn ™)

S 7exp ( - Czagrnrznl 4K) + [S(VnLn)z + 47’nLn] exp ( - C;aérnr 2L 71)

Proof of Lemma A10. Since E{B;j{(Y; — Bgﬂ?)} = 0 by definition, so
E{y.(Y; BZG?)( BITJB?)} E{y.(Y; Bgﬂj) Xij}. A simple decomposition gives

71 2 IPT Y BT (Xl] - B;]Vé]) - E{lpT(Yl - B]Ta?)Xl]}
o Z (Y — Bjja) Xy — E{y- (Y — Bja}) X;}]

1Z{¢TY B/&;) — ¢ (Y — Bla))} *12%1/ B/2;)B6;
2 Ap1j+ Bugj + D). (A30)

The rest is to find exponential bounds for the tail probabilities of A1;, Ayoj and Ay3;,
respectively.

For Ay, since [ (u)| < max(t,1— 1) < 1, so it follows from the C; inequality and
Lemma Al that for each v > 2,

E{|¢e(Y; — Bla])X;j — E{y-(Y - Bo]) X;}|'}
< 2E{|p-(Y; Bg ? X"} <2’E{\Xl]| }
= 2'E{E(|X;j|"|X_)} < 2'K;Kjr! = r1(2K;)" 28K K3 /2.

Invoking Lemma A2, for any 6 > 0, we have
52
P(|A,1:| >0 <2 -, A31
(I mjl = /n) < 2exp ( c1on +C13(5) (A31)
where C1p = 16K1K% and C13 = 4K2.
For A;j, note that for each r > 2,
P(|Duj| > 6/n) < P(|Augjl > 6/n, |[@; —a|| < C(raLn)>n"")
+P(||&j — oc?|| > C(rnLn)l/zn_K)

£ Hyjj+ Hypj, (A32)
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where a direct application of Lemma A9 yields Hn2] < 2exp( — C9a2r" Znl=40) +

exp (—cnay "Ly 2n' =), Leta; = tx? + C(ryLy)/?n~*u with |lu|| < 1. Denote

Hz]—HSIH1p [{$c(Yi — Bja? — C(ruLn)"?n *Bfu) — ¢ (Yi — Bfa?)} Xy|.
ul|<1

Then,

> %) (A33)

n
Hnlj < P(’Tlil an]
i=1

Furthermore, there exists a u* = ({uZT,k € Sj})T with [[u*|| < 1and u} € Rl such that

E{IT;} = E{|{pc(Yi — Bla) — C(ruLy)">n *Blu*) — (¥ — Bfa?)} Xy}
B 7% 04 C(ryLn)?n KB?;
< ’/ frix(y d]/‘|X1]|}
S c4fC(rnLn)1/2n_KE{|B£u*’|X,~j|}
_ 2
S euyClral) 2~ [B{[BLw [} E{1;2)
< cuarah

for some positive constant c14, where we have used condition (C4) in the third line, Cauchy-
Schwarz inequality in the fourth line, Lemmas 1 and A1 in the last line. Analogously to
(A31), we have for each r > 2,

E{|TL; — E(IL;)["} < 2"E{|I1;

il b < 2"E{27[X;;

il } < rl(4Kp) "232K3K1 /2

and it follows from Lemma A2 that for any § > 0,

151 + €160

1 52
P(‘EZ{HI- Iy }‘ )<2exp( 7) (A34)
i=1
where c15 = 64K, K% and c14 = 8Kj. Setting J = c1arnn! 7% in (A34), we obtain
n
o(|;
n i=1
1 n
P(‘E Z{Hl — E(Hq)}‘ > 2cqa1an” " — E(H,]))
i=1
1 n
< P(‘* Z{Hl - E(Hl])}’ > C147’n7’17K)
i3

< 2exp (— cyzran' ). (A35)

il > 2614Vn717'<)

IN

As 22/ (a¥" L 20" "2¢) — oo as n — oo, combining (A32), (A33) and (A35),
we obtain

P(|Apj| > 2c14man ™) < 2exp (— cw%r” r2n! =) 4+ 3exp (— cnagr” L,*n'~%)
Sexp ( — cigag " rant=4) (A36)

IN

for some positive constant c;g.
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Finally, we consider A,3;. Denote ®(a;) = n LY pe(Y; — Blgocj) and define its
subdifferential as 0®(«;) = ({0P_1)r,41(xj) 1k € S;,1=1,.. ., Ly })T with
1y T .
O (1), 11(®)) = =171 Y (Y — Bjjaj)B(Xix) —n~ 'Y I(Y; - B ij&j = 0)v;Bi(Xir)
i=1 i=1
and v; € [T —1,7]. Recalling the definition of &;, there exists v; € [t — 1.7] such that
0D (4_1)r,+1(&;) = 0. This yields
1y T T4
i=1

Thus, by condition (C5), it follows that

n
|Anzj] < n’lz:IY B/&; = 0)|B};6]|

< ‘121 a; = 0)|B/6)
n T 0
+n~ Z;I(Y Ba]—O)|B( —6))]
1=
n
< 07" Y 1Y~ Bjg; = 0)(Mz + (ruLn)'/2(|8; — 6])). (A37)

Using Lemma A8, we obtain
P(M; + (rnLn)1/2||§j - 9(-)|| > M, + c]kao_r"rnL:i/z)

< [8(rnLu)? + 4ruLy] exp ( — c3a3 1, 2Ly %n). (A38)

Note that P(n =1 Y7, I(Y; — BY, & = 0) > €) = 0 for any € > 0. Letting e = n~ 1L, %/?,
we thus have

M:

P(n 'Y I(Y; - Bl@ =0)>n'L, 3/2) —0. (A39)

1

Gathering (A37)-(A39) gives

P(|Ausj| > n L2 2 (Mo + ciag " rLY/?))

< [8(rnLu)? + 4ryLn] exp (- c3a5" 1, 2L, °n). (A40)
Furthermore, using (A31) with § = c1atnn *, we have
P(|Ap1j > c1aran™™) < 2exp (— cirin! =) (A41)

for some positive constant c3. Accordingly, by (A36), (A40) and (A41), we obtain

P(|Amj + Dpgj + Al > Bcraran™ + n 1L 32 (Mg + cfay " r L3/ ?))
< 2exp (—c5r2nt %) 4 5exp (— cigag " r2nt )
+[8(ruLy)? + 4ryLa) exp (— c3a5™ 2L, %n)
< 7exp (— ciag " r2n =) + [8(rnLu)? + 4ruLy] exp ( — c3a3 "1, 2L, %n)
for some positive constant c;. As a result, the desired result follows for some given positive
constant ¢z = 3c14 + M + ¢] and for sufficiently large n. [J
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Lemma A11. Under conditions (C1)~(C5), for every 1 < j < p and for any given constant cg,
there exist some positive constants cj, and cJ, such that
P(\af — (72| >cirgn™ ) < [8(ruLn)? + 6ryLy + 2] exp (—c 3a2r”L 3pl= 2")
+[10(ruLn)* + 41y Lu) exp ( — ciomy "1y 2Ly 401 F)

when n is sufficiently large. In addition, for some ¢1 € (0,1),

(|a -0 2 > C10] 2) < [8(ruLy)? + 6ryLy + 2] exp ( — a5 Ly 3nt=2)
+[10(ryLn)? + 47y L] exp ( — cioay "1y 2Ly tnt %)

Proof of Lemma A11. Recalling the definition of ?sz and (7]-2, we have

n
07— < [nTt Yoy - B6Y)? — B{(X; - 5"?)}’

n n

i=1

Enlj + En2j~ (A42)

A

Let §ij = (X; BZB?) - E{(X;; - BZTJB?) }. For every r > 2, by the C, inequality
and condition (C5), we have E{|¢;;|"} < 2"E{(X;; — BJ;6))*} < 2% E|X;|* + M3’} <
25 LKy K3 (2r) 1+ M3"} < 23" Ry K27 (2r)! < 237 Ry K37 (2r)"r! = r1(16rK3)"~2512(rK3)2K; /2
with K; = max(Ky, 1) and K, = max(K,, M5). Thus, by Lemma A2, it follows

1
P(‘Enlj > Ecﬁmn“‘) <2exp(— grznl 2") (A43)

for some positive constant cg. In addition, it is easily derived that

[1]

i < (6~ 69)7D,;(6; —6?) +‘2n_1z i — B6Y)BT (8, — 67)

) (as

where E;(llz)] < Amax(Dy;j) ||§] — 9? |2. Similarly, applying the arguments used in deriving
Lemma A7(ii), we have that for any constant &; € (0, 1), there exists some finite positive
constant c; such that

P(JAmax(Dyj)| = (14 1) Amax(D;)) < 2(rLn)*exp (— cag" 1y Ly %n).
This together with Lemma 1 yields
P(|Amax(Dyj)| > (1+&1)CaruLy, ") < 2(ruLn)*exp (- cas" 1y Ly %n). (A45)

Moreover, employing (A21) with § = (1 +61)_1/2C2_1/2(c§/4)1/2(:1‘_1

aé’” 13215201 =%/2 we have

p(ng _ 9?” > (1 +C~1)—1/2C—1/2(C*/4)1/2L1/2n—;</2)

< 4[(ruLn)?* + ruLn) exp (— cgag " r; Ly *n' ™)
+4(raLn)*exp (— c3a3 "y 2L, %n)

< 4[2(ryLp)? + ruLy) exp (- cgaérnr 3L, 4nt )
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for some positive constants cg and cg. This in conjunction with (A45) gives

= 1 - . -
P(E‘Szl2)] 2 Zlcérnn K) < P(’/\max(Dnj)| > (1 +C1)C27’nLnl)
+P([19; - 6}l > (1 + 61)‘”201/2(&/4)1/2L}/2n—f</2)

< [10(rnLy)? + 4ruLy] exp ( — cjoag ™y 2Ly int ") (A46)

for some positive constant cj,. For 35122)], let Niyi = (X Bgﬂ?) 1(Xix), k € 81 =

1,...,Ln, and then for every r > 2, E{|Ny;|"} < E{|X; — B89} < 2/~ 1{E|X |+

sup; ; \B£6?| } <2 (KKt + MY) < 2771 (2K Rort) = r1(2K;)"28K1K3/2, where Ky =
max(Ky, 1) and K; = max(Kp, My). Thus, it follows from Lemma A2 that

(’ Zlel]’ > cgc1 a6"L;3/2n_K) < 2exp(—ciyag Ly, 3nl =) (A47)

for some positive constant cj;. Note that |[n =1 L, (X;; B;B?) il < (rnLa)'/? maxy

|Nikl]- |. This together with (A47) and the union bound of probablhty gives
1C§C* Lt pl2p 1y fx)

p(Jh o - jemy| = ¢

< 2(rpLy) exp(—ciyag™ Ly 3nt=2). (A48)

Using Lemma A8 and (A48), we obtain

-2 1 - 1
P(:.glz)jz Zc’grnn ") < P(Hn 1Z(X,~j—B£9§)) il 18; — 9 | > c5rnn ")
i=1
v BTg" 1*1*rn1/2 1«
< P(Hn Z(Xi]- ”6]) 2501 a7 L, )
i=1

+P(|[0; — 6% > cfag " ry/*La)
< 2(ruLn) exp(— ClluornL nl =2
+[8(ruLn)* + 4ryLn) exp ( — c3ag ™1, 2L, n)
< [8(ruLn)? + 6ryLy) exp (— clzaér"r 2L n) (A49)
for some positive constant cj,. Therefore, combining (A43), (A44), (A46) and (A49), we
can conclude the first result of Lemma A11. Moreover, the assumption that r,n~* = 0(1)
implies c5r,n™* < &1 ajz for large n. Hence, the second result of Lemma A11 follows from
the first result. [
Proof of Theorem 1. (i) We first show the first assertion. Let Hpj = 1 S (Y —
BZ;&])(XU - Bgﬂj), an]' = 3 /A] I’l1] = E{IIJT(Y Bz]; ?)(X B;B?)} and I’l2] = (T]
Then,
e (Y, Xj[Xs,) — 07 (Y, X;(Xs,)|
= H, iy | (Hutj = hij)hoj — haj(Higj — haj)|

1 -1
< Hn2]|H”1] h1]| + HnZ] 2j |h1]| |H"2] h2]| (ASO)
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We first show that for some given constant C; = (/1 —¢; +1) ’1M v zcg, there exists
a positive constant ¢}, such that

P(|Hppj — hpj| > Coryn™) < 2[8(rnLy)* + 67y Ly + 2] exp(—c 3aOV”L 3pl=2r)
+2[10(ry L)% + 4rp L] exp(—cloai s, 3L 4n " )A51)
P\—C1049

To this end, using the fact that \/x — /¥ = (x —y)/(v/x + \/y) for positive x and y,

we have
P(‘anj — 1’12]‘ > C77’n7/l_K) = P(|a'j2 — 0’]2‘ > C71’n1’l_K(a']' + 0']))
< P(|67 — 07| = Coran (0 + 0),57 > (1 - &1)07)
+P(07 < (1-&1)07)
< P([67 = of| = csran ™) + P57 — 0f| > &107),

where the last line uses condition (C5). This together with Lemma A1l implies (A51).
Notice that since Cyr,n™"* = 0(1), we have, for sufficiently large 1, there exists a constant
¢ € (0,1) such that Cyryn—* < 52M§/2 < &0;. Thus,

P(HnZ] (1- C2)h2]) < P<|Hn2] - h2]| e CZU) < P(|Hn2] - h2]| > Cyran™")

< 2[8(rnLy)? + 67y Ly + 2] exp(— c13a07”L Sul- 2")

+2[10(rn Ly )? + 41y L] exp(—cioag 1y 2Ly 4nt ). (A52)
Accordingly,
P( n2]|H”1] h1]| > (1—C2) 1M 1/2 C57’n7’l K)

< P(‘H,ﬂ] — h1]| >(1—-2¢)" 1]VI 1/Zc§rnn Hng]‘,H,Q]‘ > (1- Ez)hzj)
+P(Hn2] (1- CZ)h2])
< P(|Hy1j — j| = caran™) 4 P(Hyoj < (1= G2)hyj)
<7exp(—cg 2”’ r2nl~ 4K) + [8(rnLn)? + 41,y Ly] exp (- C;agr”r,sz,fn)
+2[8(rnLn) +6r,Ly + 2] exp(— c13a0r”L 3yl =2y
+2[10(rnLn)? + 4ruLn] exp(—cloag 1y > Ly it =)
< 7exp (—ciay " r2nt =) + [44(ryLn)? 4 207y Ly + 2] exp(—cigad "Ly 3n1 =), (A53)

where c%, = min(c}, ¢}3, ¢},) and the last inequality is due to ay>"r3L,n " = o(1). More-
over, observe that, by the definition of 9}) and Lemma A1,

gl = [E{pe (Y~ Bfa) (X — B6))}| = [E{we(Y; — Bja?)X;i}|
< max(t,1—7)E{|X;|} < max(t,1 - T){E(X})}"/? < My,
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where My = max (7,1 — 7)/2K;K3. So it follows from condition (C5) and (A51) and (A51)
that

P(H, iy || [ Hogj — haj] = (1= &) 7" My M3 (V1 =& +1) etrun ™)

< P(|Hpj — hoj| > (1 —2) 1M (V1—6+1)" ) lesran " Hypj)

< P(|Hppj — hoj| > (1= &) "Mz (/1 =& + 1) chrun " Hypaj, Hypj > (1 — &)hy))
+P(Hugj < (1 &)hy))

< P(|Hypj — haj| > Cyran™) + P(Hypj < (1 — &2)hy))

< 4[8(ruLy)? + 6ryLy + 2] exp(—cizag™ Ly >nl =)
+4[10(ry Ly )? + 47y L] exp(—cioag 1y S Ly 4 "), (A54)

PutC = (1—-&) 'etMz 21+ 1 My tWVI-a+1)" 11/4/7(1 — 7). Therefore, a direct
application of (A53) and (A54) as well as the fact that [x —y| > ||x| — |y||, we can obtain

max P<|u —uj| > Cryn K)
1<j<p

< 7exp (— cpay " r2n =) + [116(ryLn)* + 60r, Ly + 10] exp(—ciyag " Ly, >nl =),

This together with the union bound of probability proves the first assertion.

(if) Next, we show the second assertion. By the choice of v, = Corntt* with Cy < Co/2
and condition (C6), we have

P(M, C M\) > P( min i > vn> = P( min #; — min iI; < min u; —vn)
jeM. jeEM. jeM., jeM.,

> P< min (i[]- — u]') > v, — min uj> > P( min 1; — max |i[]- — u]-| > vn)
jEM. jeM., JEM, JEM.

:1—P<max |u —u‘> mmu]—vn) >1—P<max |u —u‘>vn)
jeM jeEM, jEM

> 1—su{7exp (—ciag"r2n' =) + [116(ryLn)* + 60ry Ly, + 10] exp(—ciag Ly, 3nl =)},

Thus, this completes the proof. [

Proof of Theorem 2. . By the assumption that Y/, uj = O(n®) which implies that the size
of {j:uj > Cornn~*} cannot exceed O(r, 1n*+¢). Thus, it follows that for any J > 0, on

the set A, = { maxi<j<p ‘171]- - u]*| < (5rnn_"}, the size of {j : ﬁj > 28r,n~*} cannot exceed
the size of {j : u7 > dr,n~"}, which is bounded by O (v 'n**¢). Then, taking 6 = Cp and

vy = 2Corpn~*, we have

P(|/\//l\| < O(r,;ln"“‘)) > P(Ay) > 1—P(1r2]a<xp|u] —u; | > Coran K).

Therefore, the desired conclusion follows from part (i) of Theorem 1. [
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