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Abstract

:

The main idea of principal component analysis (PCA) is to transform the problem of high-dimensional space into low-dimensional space, and obtain the output sample set after a series of operations on the samples. However, the accuracy of the traditional principal component analysis method in dimension reduction is not very high, and it is very sensitive to outliers. In order to improve the robustness of image recognition to noise and the importance of geometric information in a given data space, this paper proposes a new unsupervised feature extraction model based on    l  2 , p    -norm PCA and manifold learning method. To improve robustness, the model method adopts    l  2 , p    -norm to reconstruct the distance measure between the error and the original input data. When the image is occluded, the projection direction will not significantly deviate from the expected solution of the model, which can minimize the reconstruction error of the data and improve the recognition accuracy. To verify whether the algorithm proposed by the method is robust, the data sets used in this experiment include ORL database, Yale database, FERET database, and PolyU palmprint database. In the experiments of these four databases, the recognition rate of the proposed method is higher than that of other methods when   p = 0.5  . Finally, the experimental results show that the method proposed in this paper is robust and effective.
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1. Introduction


To solve the problem caused by high dimensions, researchers have summarized many dimensionality reduction methods [1,2,3], including principal component analysis (PCA) [4] that belongs to unsupervised learning and linear discriminant analysis (LDA) [5] that belongs to supervised learning, and these two methods generally project data from high-dimensional space to low dimensional space first. In order to solve the problem of ignoring the structure information embedded in the pixel when converting the two-dimensional image data into one-dimensional image vector [6], 2DPCA [7] was proposed. Inspired by 2DPCA, 2DLDA [8] and multi-directional principal component analysis (MPCA) [9] have also been proposed one after another. These algorithms can extract more effective features from the image itself.



In recent years,    l 1   -norm [10] has been greatly developed, and when the image is noisy, the recognition accuracy of the image is still high [11,12,13,14,15]. To further improve the robustness of subspace learning method,    l p   -norm is proposed, and because of it, PCA [16] and LDA [17] are further developed. However, the above methods do not have the purpose of minimizing the reconstruction error. Therefore, Ding et al. [18] proposed a    l 1   -norm rotation invariant algorithm of PCA objective function, which is called rotation invariant    l 1   -norm PCA (   R 1   -PCA). To further improve the performance of PCA algorithm,    l  2 , p    -norm [19] is proposed. Bi et al. [20] proposed locally invariant robust principal component analysis (LIRPCA), which uses    l  2 , p    -norm to constrain PCA to solve the problem of underwater image recognition [21]. Although LIRPCA solves the problem of PCA in image reconstruction to a certain extent, it also reduces the influence of large distance as much as possible. However, LIRPCA is difficult to capture the nonlinear structure of manifolds, and there are also some limitations, for example, it is unable to generalize new samples, and its training time is too long.



The above methods can only deal with the dimensionality reduction of linear data. Therefore, in order to solve some nonlinear image data dimensionality reduction problems, scholars have proposed many dimensionality reduction methods that can solve nonlinear problems, and manifold learning [22] is one of them. Isometric mapping (Isomap) [23] and laplacian eigenmaps (LE) [24], which belongs to classical manifold learning methods, can learn some nonlinear manifold structures, but these methods lack the ability of generalization, in other words, it means that these algorithms have weak adaptability to new sample databases. Locally linear embedding (LLE) [25] and neighborhood preserving embedding (NPE) [26,27] based on manifold learning [28,29] solve this problem well. As a linear approximation of LLE, NPE has a very good effect on image dimensionality reduction and is easy to process new image samples. A manifold regularization is used to consider non-linearity, so kernel PCA (KPCA) [30], which is another popular extension of PCA that considers non-linearity, is proposed.



As we all know, images will be affected by various interferences in the process of recognition, such as occlusion, blurring, etc. First of all, in order to extract important features of an image, this paper improves the PCA algorithm, and proposes a new principal component analysis method called manifold regularized principal component analysis method using    l  2 , p    -norm (   l  2 , p    -MRPCA). This method uses    l  2 , p    -norm to reconstruct the distance measurement between the error and the original input data. If the noise of the experimental data is relatively large, there is no obvious deviation between the expected projection direction and the desired solution of    l  2 , p    -MRPCA, so as to minimize the reconstruction error of the data and improve the recognition accuracy. Secondly, in order to improve the modeling performance, manifold regularization terms are used. Manifold learning shows that observations are always collected from low dimensional manifolds embedded in high-dimensional environment space.    l  2 , p    -MRPCA is a generalized robust metric learning method of PCA, and this method not only has strong robustness to outliers, but also maintains the good characteristics of PCA. Finally, the structure of l2,p-MRPCA is relatively simple, belonging to unsupervised subspace learning algorithm, and the ability of model learning task is high. This paper mainly contains the following three contributions:




	1.

	
A new algorithm based on PCA is proposed. The model adopts    l  2 , p    -norm as the function measure, which is a robust model.




	2.

	
This method combines the advantages of regularization and manifold learning, and has higher robustness and recognition effect.




	3.

	
In the non greedy iterative algorithm, the weighted covariance matrix is considered to further reduce the reconstruction error.









The following has four sections. Section 2 mainly presents the algorithms which are related to this paper, including PCA,    R 1   -PCA, NPE, and LIRPCA. Section 3 mainly presents the objective function, algorithm optimization, and algorithm flow of    l  2 , p    -MRPCA. Section 4 analyses experimental comparisons on the ORL, Yale, FERET, and PolyU palmprint databases. Section 5 summarizes the full text.




2. Related Work


The related work includes the definition of the normal form mentioned in the paper and some related algorithms, such as PCA,    R 1   -PCA, NPE and LIRPCA.



2.1. Symbols and Definitions


Let the data set    X =    x 1  ,  x 2  , … ,  x n      to represent a standardized training sample matrix, which contains  n  samples, and each sample is an  m  dimensional column vector. In this paper,    l 2   -norm,    R 1   -norm and    l  2 , p    -norm are adopted. The definition of    l 2   -norm is given as follows:


     X   2  =     ∑  i = 1  n        x i     2       



(1)







   R 1   -norm is defined as:


     X     R 1    =   ∑  i = 1  n       ∑  j = 1  m        x  i j      2         



(2)







   l  2 , p    -norm is defined as:


     X    2 , p   =     ∑  i = 1  n       ∑  j = 1  m        x  i j      2       p 2         1 p     



(3)








2.2. Principal Component Analysis (PCA)


PCA is a common feature extraction algorithm, which is mainly used in image recognition field. Assuming that   U ∈  R  m × q     is a projection matrix. This method uses    l 2   -norm as constraint, and we can obtain the optimal projection matrix  U  after finding the solution of the following optimization problem:


    min  U    ∑  i = 1  n        x i  − U  U T   x i     2 2              s . t .    U T  U =  I q   



(4)




where    I q    is a   q × q   identity matrix. Through matrix tracing operation, we can convert Equation (4) into:


    max  U    ∑  i = 1  n       U  U T   x i     2 2    =   max  U  tr (  U T   G t  U )  



(5)




where    G t  =   ∑  i = 1  n    x i       x i     T      is called the image covariance matrix, and the projection matrix  U  of Equation (4) is composed of    G t    eigenvector corresponding to the maximum eigenvalue of  q . However, because    l 2   -norm is sensitive to noise [31], and its robustness is low, and the iterative process is cumbersome, the traditional PCA method is relatively limited.




2.3. Rotation Invariant L1-PCA (R1-PCA)


In    R 1   -norm, we use    l 2   -norm to measure spatial dimension and    l 1   -norm to calculate the sum of different data points.    R 1   -PCA is not sensitive to noise [15], so it is easier to process some blurred images. Here is the specific definition of    R 1   -PCA:


    min  U    ∑  i = 1  n        x i  − U  U T   x i       R 1                s . t .    U T  U =  I q   



(6)







After a series of optimization iterative algorithms, we can obtain the optimal projection matrix  U . However,    R 1   -PCA uses    l 2   -norm to centralize the training samples, so it can not guarantee that the final calculated mean is optimal, so there is still room for improvement.




2.4. Neighborhood Preserving Embedding (NPE)


The idea of NPE is the same as LLE, which is to keep the local linear structure of manifold unchanged in the process of dimensionality reduction, so as to extract useful information from data. The local linear structure is represented by the reconstruction of the weight matrix, which is the coefficient matrix of the linear reconstruction of the neighbors to the nodes in the neighborhood.



Similar to other classical manifold learning algorithms, NPE has three steps:




	
Constructing Neighborhood Graph;



	
calculating Weight Matrix;



	
and computational mapping.








In conclusion, we can obtain the objective function of NPE in low dimensional space as follows:


    min  U      ∑  i = 1  n      U T   x i  −   ∑  j = 1  m    W  i j   ⋅  U T   x j         2 2            s . t .    U T  X  X T  U =  I q   



(7)




where the weight matrix    W  i j     mentioned in Formula (7) can be defined as:


    ∑  j = 1  m    W  i j   = 1   , i = 1 , 2 , … , n  



(8)




where    W  i j     represents the weight value of the edge from node    i   to node  j . If there is no such edge, the value of    W  i j     is 0.




2.5. Locally Invariant Robust Principal Component Analysis (LIRPCA)


LIRPCA hopes to minimize the deviation between the reconstructed image and the original image of each projection data and further enhance the robustness of the model, so as to ensure that the extracted features can well reflect the main information of the original data space. Therefore, LIRPCA uses    l  2 , p    -norm to constrain PCA. In order to recover low-dimensional information from high-dimensional environment space, we hope to find a  U  that ensures that   U  x k    and   U  x j    are adjacent. Based on the above objectives, LIRPCA is specifically defined as follows:


    min  U    ∑  i = 1  n            x i  − U  U T   x i     2 p         x i     2 p    +  1 2  Ψ     ∑  j = 1  m      U T     x i  −  x j         2 2   W  i j        



(9)




where   Ψ > 0  , and    W  i j     is a weight matrix which can be defined as:


   W  i j   =       exp   −        x i  −  x j     2 2    2  σ 2      , if          x i  ∈  M h     x j    ,       exp   −        x i  −  x j     2 2    2  σ 2      , if          x j  ∈  M h     x i    ,              0                                ,    o t h e r w i s e ,          



(10)




where   σ > 0  , and    M h     x j      is the set of  k  nearest data of    x i   ,    M h     x i      is the set of  k  nearest data of    x j    and    W  i j     represents the  i -th, and the  j -th column of the matrix W.





3. Manifold Regularized PCA Method Using l2,p-norm(l2,p-MRPCA)


This chapter mainly includes the definition of    l  2 , p    -MRPCA and its algorithm optimization process and convergence analysis.



3.1. Motivation and Objective Function


In order to reduce the influence of large distance as a measure and minimize the reconstruction error, combining with the LIRPCA mentioned above, we use    l  2 , p    -norm instead of    l 2   -norm, and propose    l  2 , p    -PCA as follows:


    min  U    ∑  i = 1  n          x i  − U  U T   x i     2 p         x i     2 p           s . t .    U T  U =  I q   



(11)




where  p  is   0 < p < 2  . By solving this constrained optimization problem, the optimal projection matrix  U  will be obtained.



However, considering the importance of considering the internal geometric information of data space to improve the performance of the algorithm and ensuring the rotation invariance of the data of the algorithm, popular learning, such as NPE, can be applied to this method. The specific formula of NPE is shown in Formula (7) mentioned above.



To sum up, combining Equations (4) and (11), we can obtain the following objective function:


    min  U    ∑  i = 1  n          x i  − U  U T   x i     2 p         x i     2 p      + ϕ   ∑  i = 1  n        U T   x i  −   ∑  j = 1  m    W  i j   ⋅  U T   x j       2 2              s . t .    U T  U =  I q   



(12)




where   φ > 0  .




3.2. Optimization


Formula (12) is divided into two parts:     ∑  i = 1  n          x i  − U  U T   x i     2 p         x i     2 p        and     ∑  i = 1  n        U T   x i  −   ∑  j = 1  m    W  i j   ⋅  U T   x j       2 2     . First, we simplify the     ∑  i = 1  n          x i  − U  U T   x i     2 p         x i     2 p        part.


      ∑  i = 1  n          x i  − U  U T   x i     2 p         x i     2 p          =   ∑  i = 1  n          x i  − U  U T   x i     2 2       x i  − U  U T   x i     2  p − 2          x i     2 p          =   ∑  i = 1  n   t r          x i  − U  U T   x i     T     x i  − U  U T   x i       q i      =   ∑  i = 1  n   t r            x i     T  −      x i     T  U  U T       x i  − U  U T   x i       q i      =   ∑  i = 1  n   t r        x i     T   x i  −      x i     T  U  U T   x i     q i        = t r   X D  X T    − t r    U T  X D  X T  U      



(13)




where    q i  =        x i  − U  U T   x i     2  p − 2          x i     2 p      and  D  is a diagonal matrix whose elements on diagonal are    q i   .



Then, we simplify the     ∑  i = 1  n        U T   x i  −   ∑  j = 1  m    W  i j   ⋅  U T   x j       2 2      part.


      ∑  i = 1  n        U T   x i  −   ∑  j = 1  m    W  i j   ⋅  U T   x j       2 2        =   ∑  i = 1  n        U T   x i  −   ∑  j = 1  m    W  i j   ⋅  U T   x j       T  ⋅      U T   x i  −   ∑  j = 1  m    W  i j   ⋅  U T   x j          = t r    U T  X     I − W    T    I − W    X T  U       = t r    U T  X M  X T  U      



(14)




where  I  is a   q × q   identity matrix.



Finally, Equations (13) and (14) are combined and we obtain the equation:


    min  U    ∑  i = 1  n   t r   X D  X T    − t r    U T  X D  X T  U     + λ t r    U T  X M  X T  U    



(15)




where  λ  is a regularization parameter which should be set to a small real value.




3.3. Algorithm Optimization


Since the unknown variables  U  and  D  have a certain relationship with  U , it is difficult to directly solve the optimal projection matrix  U . However, in this case, we can use non greedy iterative algorithm to solve  U  and  D . The Lagrangian function of Equation (15) is


  L   U , ξ   = t r   X D  X T    − t r    U T  X D  X T  U   + λ t r    U T  X M  X T  U   + t r   ξ    U T  U − I      



(16)




where   ξ ∈  R  d × d     is a symmetric matrix. Then we can apply the Karush–Kuhn–Tucker (KKT) condition to find the projection matrix. We set     ∂ L   U , ξ     ∂ U   = 0  , then,


      ∂ L   U , ξ     ∂ U   =   ∂ t r   X D  X T      ∂ U   −   ∂ t r    U T  X D  X T  U     ∂ U   + λ   ∂ t r    U T  X M  X T  U     ∂ U               +   ∂ t r   ξ    U T  U − I       ∂ U               = 0 −   X D  X T  U +      U T  X D  X T     T    + λ   X M  X T  U +      U T  X M  X T     T                + ξ ( U +     U T    T  )             = − 2 X D  X T  U + 2 λ X M  X T  U + 2 U ξ             = 0    



(17)




and Equation (17) can be converted into


    X D  X T  − λ X M  X T    U = U ξ  



(18)







We set     ∂ L   U , ξ     ∂ ξ   = 0  , then,


   U T  U =  I q   



(19)







We can substitute Equations (18) and (19) into Equation (15), and the projection matrix  U  satisfies the objective function can be obtained. Algorithm 1 gives the whole flow of  U  and    q i    calculation.






	Algorithm 1.    l  2 , p    -MRPCA



	Input: Training set  X , iterations  T , parameters  λ ,  p ,  q ,   t = 1  

Output:    U    t + 1     ∈  R  m × q    

Compute:   W ∈  R  n × n    ,   D ∈  R  n × n     and   M ∈  R  n × n     where   M = I − W  

Initialize:    U   t      to a   m × q   orthogonal matrix

Repeat:

	
compute the diagonal matrix  D  by each diagonal element    q i   .



	
  Compute   the   weighted   covariance   matrix   X D  X T  − λ X M  X T   



	
  Update   matrix    U    t + 1       which is called the optimal projection matrix by Equation (14).



	
If   J    U   t      − J    U    t + 1       ≤ δ   ( δ  is a small positive real number, such as     10   − 8    ), where   J  U  = t r   X D  X T    − t r    U T  X D  X T  U   + λ t r    U T  X M  X T  U    



	
  t ← t + 1  





Output the optimal projection matrix    U    t + 1      , and the Algorithm 1 ends.








Theorem 1. 

Let any two vectors    e t  ∈  R m   ,    e  t + 1   ∈  R m   , if   0 < p < 2  , we can obtain the following inequality:


         e    t + 1        2 p         e   t       2 p    −  p 2         e    t + 1        2 2         e   t       2 2    − 1 +  p 2  ≤ 0  



(20)




where    e t    must be a non-zero vector, otherwise the denominator is zero, and the inequality is meaningless.





Proof of Theorem 1. 

Let   f  y  =  y p  −  p 2   y 2  +  p 2  − 1  , through simple algebraic calculation, we can obtain:


    ∂ f   ∂ y   = p y    y  p − 2   − 1    



(21)







It can be seen from Equation (21) that when   y > 0   and   0 < p < 2  ,   y = 1   is the only extreme optimal solution of function  f . In addition, we have    f ′   y  > 0   (  0 < y < 1  ) and    f ′   y  < 0   (  1 < y  ). So   y = 1   is the maximum point of function  f . Substitute   y = 1   into the function    y     to obtain    f = 0  .



Combined with the previous analysis, we obtain that for any y > 0,   f  y  ≤ 0  , Theorem 1 can be proved by setting   y =        e  t + 1      2         e t     2     . □





Theorem 2. 

By using the iterative method which is described in Algorithm 1, we can obtain that the value of Equation (12) decreases monotonically in each iteration until it converges to the local optimum.





Proof of Theorem 2. 

As shown in Algorithm 1, in the   t + 1   iteration, we have:


      ∑  i = 1  n   t r        x i     T   x i   q i      t        −   ∑  i = 1  n   t r        U    t + 1        T   x i       x i     T   U    t + 1      q i      t            + λ t r        U    t + 1        T  X M  X T   U    t + 1           ≤   ∑  i = 1  n   t r        x i     T   x i   q i      t        −   ∑  i = 1  n   t r        U   t       T   x i       x i     T   U   t     q i      t            + λ t r        U   t       T  X M  X T   U   t         



(22)







Equation (22) can be transformed into:


       ∑  i = 1  n      x i  −  U    t + 1          U    t + 1        T   x i      2 2   q i      t    + λ t r        U    t + 1        T  X M  X T   U    t + 1           ≤    ∑  i = 1  n      x i  −  U   t         U   t       T   x i      2 2   q i      t    + λ t r       U    ( t )       T  X M  X T   U    ( t )          



(23)







Assuming that    e i       t + 1     =  x i  −  U    t + 1     (  U    t + 1       T  )  x i   ,    e i      t    =  x i  −  U   t    (  U   t      T  )  x i    and    v   t    =  x i   . As we already know that    q i  =        x i  − U  U T     2  p − 2          x i     2 p     , so Equation (23) can be converted into


      ∑  i = 1  n          e i       t + 1        2 2         v i      t       2 p       e i      t       2 2          e i      t      2 p  + λ t r        U    t + 1        T  X M  X T   U    t + 1           ≤   ∑  i = 1  n          e i      t       2 p         v i      t       2 p      + λ t r        U   t       T  X M  X T   U    t + 1          



(24)







Equation (24) can be transposition into


      ∑  i = 1  n          e i       t + 1        2 2         v i      t       2 p       e i      t       2 2          e i      t      2 p      ≤   ∑  i = 1  n          e i      t       2 p         v i      t       2 p      + λ t r        U   t       T  X M  X T   U   t      − λ t r        U    t + 1        T  X M  X T   U    t + 1          



(25)







According to the properties of Theorem 1, we multiply    1       v i      t       2 p    > 0   on both sides of Equation (20) to obtain the inequality of each index  i :


    ∑  i = 1  n    p 2           e i       t + 1        2 2         v i      t       2 p       e i      t       2 2         e i      t       2 p  ≥   ∑  i = 1  n          e i       t + 1        2 p         v i      t       2 p      −   ∑  i = 1  n          e i      t       2 p         v i      t       2 p      +   ∑  i = 1  n    p 2         e i      t       2 p         v i      t       2 p       



(26)







Then, we multiply the whole of Equation (25) by    p 2    and substitute it into Equation (26), and we obtain


      ∑  i = 1  n          e i       t + 1        2 p         v i      t       2 p      −  p 2  λ t r        U   t       T  X M  X T   U   t          ≤   ∑  i = 1  n          e i      t       2 p         v i      t       2 p      −  p 2  λ t r        U    t + 1        T  X M  X T   U    t + 1          



(27)







We substitute    e i       t + 1     =  x i  −  U    t + 1     (  U    t + 1       T  )  x i   ,    e i      t    =  x i  −  U   t    (  U   t      T  )  x i    and    v   t    =  x i    into Equation (27), and we can obtain


      ∑  i = 1  n          x i  −  U    t + 1          U    t + 1        T   x i     2 p         x i     2 p      +  p 2  λ t r        U    t + 1        T  X M  X T   U    t + 1           ≤   ∑  i = 1  n          x i  −  U   t         U   t       T   x i     2 p         x i     2 p      +  p 2  λ t r        U   t       T  X M  X T   U   t         



(28)







Note that 0 < p < 2, so    p 2  λ > 0   is true. Finally, ensuring that   ξ =  p 2  λ   is established, and combine Equation (28) with Equation (15) to obtain Equation (28):


      ∑  i = 1  n          x i  −  U    t + 1          U    t + 1        T   x i     2 p         x i     2 p      + ξ t r        U    t + 1        T  X M  X T   U    t + 1           ≤   ∑  i = 1  n          x i  −  U   t         U   t       T   x i     2 p         x i     2 p      + ξ t r        U   t       T  X M  X T   U   t         



(29)







Equation (29) shows that the objective function of Equation (12) decreases monotonically in each iteration. Combining the convergence conditions given by Algorithm 1, it can be determined that the objective function (12) has a lower bound, and finally converges to the local optimal solution, so Theorem 2 is true. □







4. Experiments


The experiment part mainly includes the introduction of several databases, the presentation of the experimental results on each database, and the analysis of the experimental results. The whole experimental analysis is carried out under the windows system which is configured with i5-1035G1 processor, 8G memory, PCI-E 1T solid state disk, and MX250 2G single display. All codes are compiled by using matlab tools.



4.1. Data Sets and Experimental Parameters


In order to verify the effectiveness of    l  2 , p    -MRPCA algorithm, this experiment compares    l  2 , p    -MRPCA with PCA,    R 1   -PCA, KPCA, NPE, and LIRPCA. The databases used in this experiment include ORL face database, YALE face database and FERET face database, and PolyU palmprint database. In order to verify the robustness of the algorithm under different levels of occlusion, we add 5 × 5 occlusion block and 10 × 10 occlusion block to ORL face database and YALE face database respectively, and 5 × 5 occlusion block to the FERET face database. The original images and continuous occlusion images of the four libraries are shown in Figure 1. The ORL face database randomly selects training samples    n = 3 ,   4 ,   5 ,   6  , YALE face database randomly selects training samples   n = 4 ,   5  , and FERET face database randomly selects training samples   n = 2 ,   3 ,   4 ,   5  .



For the parameters mentioned in    l  2 , p    -MRPCA algorithm,  λ ,  p , and q are briefly described. We select the optimal parameters of    l  2 , p    -MRPCA by crossing validation strategy, and set parameters  λ  = 0.1 in the ORL face database, parameters λ = 0.08 in YALE face database, parameters  λ  = 0.05 in FERET face database. Parameter  p  is chosen as 0.5 and 1, and the two parameters values are substituted into the experiment to obtain the experimental results, so as to select better parameter values. The parameter  q  represents the number of extracted feature information, which can be determined empirically through Cumulative Percent Variance (CPV), and its formula is as follows:


  C P V =       ∑  i = 1  q    λ i     /    ∑  j = 1  m    λ j        × 100 % → 90 %  



(30)







In order to ensure that CPV can reach 90% during the experiment, the corresponding  q  value is selected. In order to ensure the universality of the experimental results, the experiments in each database are repeated at least 100 times.




4.2. The ORL Face Database


The database has 400 images, including 40 people with 10 images, and each image is 56 × 46 pixels. The shooting background of these images is relatively dark, which is the front face collected in different time, light, facial expression, and facial detail environment (some images have slight deviation). We obtain the broken line diagram of the recognition rate of ORL database and its occlusion images in PCA,    R 1   -PCA, KPCA, NPE, LIRPCA (  p = 1  ), LIRPCA (  p = 0.5  ),    l  2 , p    -MRPCA (  p = 1  ), and    l  2 , p    -MRPCA (  p = 0.5  ), as shown in Figure 2.



First of all, it can be seen from Figure 2 that with the increase of the number of training samples, the recognition rates of PCA,    R 1   -PCA, KPCA, NPE, LIRPCA (  p = 1  ), LIRPCA (  p = 0.5  ),    l  2 , p    -MRPCA (  p = 1  ), and    l  2 , p    -MRPCA (  p = 0.5  ) also increase. Secondly, we compare the robustness of these algorithms. With the increase size of occlusion block, the recognition rate of NPE is improved, which shows that the robustness of NPE algorithm is relatively high, and it is suitable for recognizing occluded images. However, PCA,    R 1   -PCA, and KPCA reduce the recognition rate with the increase of occluded block size, which indicates that the two methods are not suitable for recognizing occluded images. Finally, the effect of parameter  p  on the experiment was observed. It can be seen from Figure 2 that the recognition rate of    l  2 , p    -MRPCA is higher than that of LIRPCA when the number of training samples is the same, no matter whether the picture is occluded or not, no matter   p = 0.5   or   p = 1  . Moreover, the recognition effect of    l  2 , p    -MRPCA (  p = 0.5  ) is higher than that of    l  2 , p    -MRPCA (  p = 1  ), which indicates that the value of  p  also has some influence on the recognition rate.




4.3. The Yale Face Database


The face dataset contains 15 volunteers with 11 images, and each image is 80 × 100 pixels. The shooting background of these images has more obvious changes in illumination, facial expression, posture, and occlusion than ORL face database. We obtain the histogram of the recognition rate of Yale database and its occlusion images in PCA,    R 1   -PCA, KPCA, NPE, LIRPCA (  p = 1  ), LIRPCA (  p = 0.5  ),    l  2 , p    -MRPCA (  p = 1  ), and    l  2 , p    -MRPCA (  p = 0.5  ), as shown in Figure 3.



First of all, the pixels of YALE is 80 × 100 where the pixels of ORL is 56 × 46, so YALE has a higher recognition rate than ORL. The reason may be that the shooting background of ORL database is dark, while that of YALE database is bright. It may also be because YALE database has high pixels. Secondly, in this experiment, the recognition rate of LIRPCA is only slightly higher than that of PCA, or even lower than that of NPE. This may be because LIRPCA is not able to capture the linear structure of manifolds. However, the recognition rate of    l  2 , p    -MRPCA is still relatively high, which indicates that even if the methods are based on    l  2 , p    -PCA, different regularization terms have a greater impact on the experimental results. Finally, in the YALE experiment, the recognition rate of    l  2 , p    -MRPCA (  p = 1  ) is higher than that of LIRPCA (  p = 0.5  ) when the training samples are the same, regardless of whether the pictures are occluded or not. This shows that the robustness and stability of    l  2 , p    -MRPCA are higher than that of LIRPCA. Therefore, the introduction of popular regularization in    l  2 , p    -MRPCA has certain advantages.




4.4. The FERET Face Database


There are 1400 images in this face dataset, including 200 people, and 7 images for each person, and each image is adjusted to 40 × 40 pixels. These images are collected under different illumination, facial expression, posture, and age. Most of the subjects are westerners, and the changes of face images contained by each person are relatively single. We obtain the original image of FERET database, and the database when block size is 5 × 5. The histogram of the recognition rate of the pictures of occlusion blocks in PCA,    R 1   -PCA, KPCA, NPE, LIRPCA (  p = 1  ), LIRPCA (  p = 0.5  ),    l  2 , p    -MRPCA (  p = 1  ), and    l  2 , p    -MRPCA (  p = 0.5  ) is shown in Figure 4.



First of all, from the results, the recognition rate of the database is relatively low, which may be because the database has more people but fewer images for each person, insufficient training samples, or the database image pixel is low. Since the recognition rate on the original data is low, the experiment is only carried out on the original database and 5 × 5 occlusion block. Secondly, on FERET database, the recognition rate of NPE is relatively low, but it is relatively high on ORL database and YALE database. This may be because the stability of NPE is not very strong, so the recognition rate varies greatly on different databases. The recognition rate of    R 1   -PCA decreases suddenly when the training sample is 3, and increases suddenly when the training sample is 4. Combined with previous experiments, it may be because of some errors in the experimental process, or because the stability of    R 1   -PCA is not very strong. Third, KPCA performs better on FERET database than on ORL database and YALE database, and it is greatly affected by the database and the number of training samples. Finally, the recognition rate of most methods in this experiment is lower when the training sample number is 5 than when the training sample number is 4, which is related to the number of each sample on FERET database. As the results of the previous two experiments, when the number of training samples is the same, the recognition rate of LIRPCA (  p = 0.5  ) is higher than that of LIRPCA (  p = 1  ), the recognition rate of    l  2 , p    -MRPCA (  p = 0.5  ) is higher than that of    l  2 , p    -MRPCA (  p = 1  ), which once again shows that the recognition rate effect of   p = 0.5   is higher than that of   p = 1  .




4.5. The PolyU Palmprint Verification Experiment


There are 600 images in this database, including the palmprint of 100 people. Each person has 6 images, and each image is cut into 50 × 40 pixels. To better verify the robustness of    l  2 , p    -MRPCA, we add 5 × 5, 10 × 10 and 20 × 20 occlusion blocks to the database as shown in Figure 5, and three palmprint pictures of each person are selected as training samples. Finally, the average recognition accuracy of each algorithm when the number of training samples   n = 3   can be obtained as shown in Table 1, the training time on PolyU palmprint database is shown in Figure 6, classification recognition rate on PolyU palmprint database is shown in Figure 7.



First, it can be seen from Table 1 that    l  2 , p    -MRPCA (  p = 0.5  ) has the best recognition effect. With the increase of the number of occluded blocks, the recognition rate of PCA,    R 1   -PCA, KPCA, NPE, LIRPCA (  p = 1  ), LIRPCA (  p = 0.5  ),    l  2 , p    -MRPCA (  p = 1  ), and    l  2 , p    -MRPCA (  p = 0.5  ) decreases gradually. Secondly, when the picture has no occlusion block, the recognition rate of    l  2 , p    -MRPCA is only slightly higher than that of other algorithms. However, as the size of the occlusion block becomes higher, the advantages of    l  2 , p    -MRPCA become larger, which shows that the method is robust and suitable for recognizing noisy images. Compared to PCA,    R 1   -PCA, and KPCA, LIRPCA has a certain recognition effect, but the recognition rate is always lower than that of    l  2 , p    -MRPCA. Although LIRPCA,    l  2 , p    -MRPCA all use    l  2 , p    -PCA with good robustness, the regularization term of LIRPCA lacks a certain normalization ability, so the recognition effect is not as good as that of    l  2 , p    -MRPCA. Finally, in general,    l  2 , p    -MRPCA has good recognition effect and high robustness.




4.6. Result Analysis


	1.

	
From the experimental results,    R 1   -PCA, as an improved algorithm of PCA algorithm, has a high recognition rate both in the original image database and in the occluded database.




	2.

	
When the experimental data is occluded, NPE, as a manifold learning method, most of the recognition rates are higher than PCA, indicating that the algorithm is less affected by occlusion. When the image is occluded, the recognition effect is better.




	3.

	
Compared to LIRPCA,    l  2 , p    -MRPCA introduces manifold learning method, so the recognition rate is more significant. In addition, it takes into account the advantages of manifold regularization when the image is occluded, so the recognition effect is better. As the clarity of each database in the experiment is different, the recognition rate made by different databases is relatively different.




	4.

	
The training time on    l  2 , p    -MRPCA is longer than PCA, KPCA and NPE, and is shorter than    R 1   -PCA and LIRPCA. Considering the recognition rate, robustness, and algorithm time of the algorithm, the training time on    l  2 , p    -MRPCA is acceptable.




	5.

	
The parameter  p  also has a certain impact on the recognition effect. Whether it is LIRPCA or    l  2 , p    -MRPCA, the recognition efficiency is slightly higher when   p = 0.5   than when   p = 1  .







In order to further verify the stability of    l  2 , p    -MRPCA, the algorithm is tested on PolyU palmprint dataset. The results show that even in the case of occlusion,    l  2 , p    -MRPCA can still have a high recognition rate, so it shows that the algorithm has good robustness.





5. Conclusions


In this paper, we propose a manifold regularization principal component analysis method by using    l  2 , p    -norm constraints. This method effectively combines    l  2 , p    -PCA and manifold learning methods. It is not only robust to outliers, but also maintains the rotation invariance of the algorithm, and protects the true geometric information of the original data space. In the non greedy iterative algorithm of the model, the weight covariance matrix is considered to further reduce the reconstruction error. Therefore, the model has good expression ability, and it can effectively extract the algebraic features of images. This method is mainly divided into the following three steps:




	1.

	
Optimize the formula of    l  2 , p    -MRPCA;




	2.

	
the equation of the optimal matrix is obtained by using KKT condition;




	3.

	
and according to the algorithm proposed in this paper, the convergence of the objective function is obtained, and the optimal projection matrix is obtained.









The experimental results show that the recognition rate of    l  2 , p    -MRPCA algorithm is higher than some of the existing advanced algorithms, and it still has good robustness when there is occlusion. However, since this algorithm specifies many parameters in the implementation, which limits its application in practice, the following research will focus on parameter adjustment.
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Figure 1. Partial original image and continuous occlusion image on ORL, YALE, and FERET database (a) ORL database (b) YALE database (c) FERET database. 
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Figure 2. Recognition rate of PCA,    R 1   -PCA, KPCA, NPE, LIRPCA (  p = 0.5  ), LIRPCA (  p = 1  ),    l  2 , p    -MRPCA (  p = 0.5  ),    l  2 , p    -MRPCA (  p = 1  ) on ORL database (a) original image (b) occlusion block = 5 × 5 (c) occlusion block = 10 × 10. 






Figure 2. Recognition rate of PCA,    R 1   -PCA, KPCA, NPE, LIRPCA (  p = 0.5  ), LIRPCA (  p = 1  ),    l  2 , p    -MRPCA (  p = 0.5  ),    l  2 , p    -MRPCA (  p = 1  ) on ORL database (a) original image (b) occlusion block = 5 × 5 (c) occlusion block = 10 × 10.
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Figure 3. Recognition rate of PCA,    R 1   -PCA, KPCA, NPE, LIRPCA (  p = 0.5  ), LIRPCA (  p = 1  ),    l  2 , p    -MRPCA (  p = 0.5  ),    l  2 , p    -MRPCA (  p = 1  ) on YALE database (a) Number of training samples n = 4 (b) Number of training samples n = 5. 






Figure 3. Recognition rate of PCA,    R 1   -PCA, KPCA, NPE, LIRPCA (  p = 0.5  ), LIRPCA (  p = 1  ),    l  2 , p    -MRPCA (  p = 0.5  ),    l  2 , p    -MRPCA (  p = 1  ) on YALE database (a) Number of training samples n = 4 (b) Number of training samples n = 5.
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Figure 4. Recognition rate of PCA,    R 1   -PCA, KPCA, NPE, LIRPCA(  p = 0.5  ), LIRPCA(  p = 1  ),    l  2 , p    -MRPCA (  p = 0.5  ),    l  2 , p    -MRPCA (  p = 1  ) on FERET database (a) original image (b) block size = 5 × 5. 
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Figure 5. Partial original image and continuous occlusion image on the PolyU palmprint database. 
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Figure 6. Training time on the PolyU palmprint database. 
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Figure 7. Classification recognition rate of PCA,    R 1   -PCA, KPCA, NPE, LIRPCA (  p = 0.5  ), LIRPCA (  p = 1  ),    l  2 , p    -MRPCA (  p = 0.5  ),    l  2 , p    -MRPCA (  p = 1  ) on the PolyU palmprint database. 
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Table 1. Experimental results of recognition rate (standard deviation)(%) on PolyU palmprint database.
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TN

	
3




	
Occlusion Block Size

	
None

	
5 × 5

	
10 × 10

	
20 × 20






	
PCA/%

	
76.32 (0.53)

	
67.32 (0.51)

	
61.98 (0.49)

	
43.12 (0.22)




	
R1-PCA/%

	
79.82 (0.42)

	
70.14 (0.44)

	
65.75 (0.53)

	
53.54 (0.35)




	
KPCA/%

	
77.23 (0.12)

	
73.04 (0.50)

	
58.33 (0.49)

	
40.98 (0.16)




	
NPE/%

	
83.06 (0.42)

	
71.17 (0.44)

	
67.38 (0.47)

	
54.17 (0.54)




	
LIRPCA (p = 1)/%

	
81.78 (0.27)

	
72.00 (0.33)

	
65.47 (0.35)

	
57.10 (0.41)




	
LIRPCA (p = 0.5)/%

	
86.53 (0.32)

	
73.15 (0.35)

	
66.56 (0.31)

	
57.64 (0.29)




	
   l  2 , p    -MRPCA (p = 1)/%

	
86.91 (0.30)

	
73.03 (0.38)

	
68.96 (0.32)

	
61.82 (0.07)




	
   l  2 , p    -MRPCA (p = 0.5)/%

	
89.01 (0.33)

	
74.54 (0.36)

	
69.34 (0.35)

	
63.01 (0.43)
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