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Abstract: Elastodynamic problems are investigated in this work by employing the enriched finite
element method (EFEM) with various enrichment functions. By performing the dispersion analy-
sis, it is confirmed that for elastodynamic analysis, the amount of numerical dispersion, which is
closely related to the numerical error from the space domain discretization, can be suppressed to a
very low level when quadric polynomial bases are employed to construct the local enrichment
functions, while the amount of numerical dispersion from the EFEM with other types of enrich-
ment functions (linear polynomial bases or first order of trigonometric functions) is relatively
large. Consequently, the present EFEM with a quadric polynomial enrichment function shows
more powerful capacities in elastodynamic analysis than the other considered numerical tech-
niques. More importantly, the attractive monotonic convergence property can be broadly realized
by the present approach with the typical two-step Bathe temporal discretization technique. Three
representative numerical experiments are conducted in this work to verify the abilities of the pre-
sent approach in elastodynamic analysis.

Keywords: high-order enrichment functions; numerical methods; numerical dispersion; transient
analysis; wave propagation
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1. Introduction

The transient responses of engineering structures under time-varying excitation
force are very common problems in engineering practice [1,2]. Meanwhile, the solutions
of these elastodynamics are also of great importance in practical applications. Due to the
limitations of analytical methods, sufficiently reliable and accurate solutions to complex
elastodynamic problems are always very difficult to obtain. In these cases, we usually
resort to numerical techniques.

Over the past few decades, many numerical techniques have been developed for
determining solutions to elastodynamic problems, such as the finite element method
(FEM) [1,2] and smoothed FEM [3-11], the finite difference method (FDM) [12-17], the
spectral method [18,19], the boundary element or boundary-based methods [20-33] and
various meshless numerical techniques [34-51]. Nevertheless, these numerical ap-
proaches usually exhibit some shortcomings in one way or another when practical and
complex elastodynamic problems are considered. For example, the FDM is always nu-
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merically effective in elastodynamic analysis, but there always exist difficulties when
complex and irregular problem domains are involved [52]. In addition, the imposition of
a Neumann boundary condition is usually quite complicated. Compared to the FDM,
better generality can be achieved using the classical FEM, and very complex elastody-
namic problems can be directly and effectively handled by the FEM. Unfortunately, the
corresponding numerical solutions from the FEM usually suffers from considerable nu-
merical errors [53-55]. Meanwhile, the numerical anisotropy issue is also a main block
we have to confront when the FEM is utilized for elastodynamic analysis [53]. The spec-
tral method, indeed, behaves very well in improving the solution accuracy in elastody-
namic analysis; however, it also shows obvious restrictions in tackling very complex
problems. Meshless numerical techniques are usually able to yield relatively
high-quality numerical solutions, but the related formulations in a mesh-free framework
are always very complicated, and the required computational efforts are also very nu-
merically expensive.

The enriched FEM (EFEM), which was proposed and developed by Babuska and
co-workers, can be regarded as an advanced and generalized version of the conventional
FEM [56], and it has been employed in a wide range of practical engineering computa-
tion fields. Since extra enrichment functions are introduced to the constructed numerical
approximation, high-order approximation can be achieved by the EFEM without adding
additional nodes, even if simple linear elements are employed. This numerical feature
clearly distinguishes the EFEM from the conventional FEM [57]. Moreover, it is also very
flexible to construct the employed enrichment functions. We can construct specific en-
richment functions according to the practical problems solved. In consequence, enrich-
ment functions can be designed to contain the solution knowledge of the considered
problems, then the solution accuracy can be markedly increased.

In general, polynomial bases are always utilized as enrichment functions in formu-
lating the EFEM. However, the intractable linear dependence (LD) issue is always en-
countered when this type of enrichment function is employed [58-60]. As a result, the
resultant system matrices are always singular; hence, it is always quite difficult to obtain
sufficiently stable and reliable numerical solutions. To address this issue, Duarte et al.
developed a specific solver to tackle singular system matrices [61]. Though very accurate
and stable numerical solutions can be yielded by a specifically designed solver, extra
numerical treatments are also required; this, of course, will increase the required com-
putational cost. Recently, Chai and Gui investigated the LD issue of the EFEM in depth,
and the root of the LD was analyzed using mathematical analysis [57,62]. More im-
portantly, they also developed a simple and direct method to completely eliminate the
LD issue in the EFEM, and the corresponding proofs were also provided in their work.

In addition to discretization in the space domain, discretization in the time domain
also plays a very important role in elastodynamic analysis. Direct time integration
schemes are commonly employed approaches for temporal discretization in practice.
The frequently employed direct time integration techniques include the central differ-
ence method, the Houbolt method [63], the Wilson- & method [64], the Newmark
method [65] and the Bathe method [66-68]. Among them, the Bathe method usually
shows more excellent numerical features and is increasingly employed in practical en-
gineering computation, because the proper numerical damping effects can be introduced
to the numerical model, and the inaccurate high-order modes from the spatial discreti-
zation can be effectively suppressed. As a result, quite accurate and reliable numerical
solutions can then be yielded. At present, the Bathe temporal discretization scheme has
been widely employed in tackling linear and nonlinear structural dynamic problems; in
addition, the Bathe method is a typical two-stage composite time integration scheme and
is always unconditionally stable; the satisfaction of the critical time step criterion is not
required in the Bathe method. Owing to the abovementioned good numerical features,
the Bathe method was employed to perform discretization in the time domain for the
elastodynamic analysis in this work.
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This work was organized with the aim of investigating the numerical performance
of the EFEM with a Bathe time integration scheme when different orders of polynomial
bases were utilized to construct the enrichment functions. The possible LD issue and the
treatment of the boundary conditions are handled by using the procedure proposed by
Chai and Gui [57,62]. The obtained numerical results demonstrate that the present EFEM
is able to yield sufficiently small spatial discretization errors when the second order of
polynomial bases are exploited as the enrichment function. According to the conclusions
obtained in Ref. [57], it can be concluded that in these cases the EFEM with the Bathe
time integration scheme will basically possesses the valuable monotonic convergence
property in elastodynamic analysis. Then the solution accuracy can be increased con-
tinuously by directly utilizing the decreasing temporal discretization steps, this numeri-
cal feature can effectively overcome the shortcomings of the FEM in elastodynamic
analysis. A number of representative numerical experiments are considered to demon-
strate the performance of the present approach in elastodynamic analysis. It should be
noted that the nonreflecting boundary conditions are not employed in all numerical
examples due to the fact that all the involved waves do not reach the boundary of the
problem domain for the considered simulation time. Additionally, in all numerical ex-
amples the fixed temporal discretization step sizes are employed to perform the re-
quired time integration. Note that several researcher have shown that the variable step
sizes (VSS) can produce better numerical solutions [69-71], the performance of the pre-
sent numerical approaches with the variable time integration step sizes will be investi-
gated in future work.

2. Formulation of the EFEM

Note that the formulation of the present EFEM is closely related to the classical
FEM; hence, the numerical approximation in the EFEM is provided here in great detail
by comparing the corresponding numerical approximation in the standard FEM. For a
general problem domain Q in two-dimensional space, assuming that the standard
three-node triangular elements are utilized to perform the required spatial discretiza-
tion, then the involved problem domain € is represented by 7, elements with n,

nodes. Let u(X) be a scalar field function defined in the two-dimensional problem

domain; in the standard FEM, the employed field function approximation is usually
constructed by [56]:

uh(x):ZZNi(x)ui :N(x)u, 1)

ien;

In which N, (x) stands for the usual interpolation function for node i, and u, denotes

the corresponding nodal unknown coefficient. In this work, we only considered the lin-
ear interpolation function for the triangular mesh, namely:

1

N, (X)zﬁ[(xzya _x3yz)+(yz —yB)x+(x3 _xz)}/]
N, (x) = 52 (e =0 )+ (v =0, )3+ (=) o] @
Ns (x) :ﬁﬂxlyz —x2y1)+(y1 _yz)x+<xz _x1)]/:|

in which x, and y, (i=1,23) represent the coordinate values of three vertexes for one

triangular element; A denotes the area of this element.
In the EFEM framework, the structure of the employed field function approxima-
tion can be expressed by [56]:
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w, (x)= 2N, (X, + 2 N7 (xy, (x)a, 3)

ien; ien;

in which N; (x) denotes the enrichment term for node i; y;(x) and a4, are the corre-
sponding enrichment function and the extra nodal unknown coefficient.

It should be noted that the nodal enrichment term should satisfy the partition of the
unity property, namely:

2N (x)=1, 4)

ien;

The nodal enrichment term N; (x) can be designed differently from the standard
nodal interpolation function Nl.(x) in the FEM; however, in this work, we directly
choose the standard nodal interpolation function N, (x) as the nodal enrichment term
for brevity, namely, N;(x)=N,(x).

In Equation (3), the first term corresponds to the standard numerical approximation
in the FEM, and the second term is the additional enriched numerical approximation.

The computational accuracy of the EFEM is closely related to the enrichment function
¥, (x) . To enhance the numerical performance of the EFEM, different enrichment func-

tions can be designed for solving different problems [56].

From Equation (3), one important observation we can obtain is that the employed
numerical approximation in the EFEM actually contains two parts; the first part is the
standard FE numerical approximation, which is linear, and the second part is the addi-
tional high-order numerical approximation. Owing to the additional high-order numer-
ical approximation, the original linear approximation space in the FEM can be effectively
enriched, then the computation accuracy can be markedly increased. In addition, it
should be noted that the above-mentioned enriched numerical approximation space is
constructed without requiring the additional nodes, this numerical feature clearly dis-
tinguishes the EFEM from the standard high-order finite elements in which the addi-
tional mid-edge-points are always required to construct the numerical approximation.

In general, the constructed numerical approximation in Equation (3) does not satis-

fy the Kronecker-delta function property, namely, u, (x;)#u(x,). In consequence, the

treatment of the essential boundary condition in the present EFEM is usually quite dif-
ficult. In addition, the condition number of the system matrices from Equation (3) is al-
ways very large; then, the obtained numerical solutions are not sufficiently stable. To
make the numerical approximation in Equation (3) have the Kronecker-delta function
property and improve its numerical stability, the original numerical approximation in
Equation (3) is usually modified by the following form [56]:

u, (x)zg:Ni(x)ui+§N:(x)|:l//i(x)_l//i(xi)]ai’ (5)

From Equation (5), we can see that the additional enriched numerical approxima-
tion (namely, the second term) will vanish at all nodes, and the important Kroneck-
er-delta function property can be successfully recovered. Additionally, it is demonstrat-
ed that the condition number of the resultant system matrices can be significantly re-
duced by the modified numerical approximation shown in Equation (5) [56].

In practice, the enrichment function in Equations (3) and (5) can be designed ac-
cording to the specific problems solved. In this work, the frequently used polynomial
bases are exploited to construct the enrichment functions; hence, the used numerical ap-
proximation in EFEM for a two-dimensional problem can be given by:
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2%, 2mgy, 2mgE,  2mg, 2T, 2mg, 2T, 2mg,
COS[ Yz, | nqy,], Sm[ Y, may,], COS[ Y, _ may,jl Sm[ Yz, _ may,j

U, (x): ZN:‘ (X)“f““ZN:(X)Hi (Y)ai’

ien; ien;

(6)

in which H,(X) is the enrichment function matrix constructed by the polynomial bases
and has the following form in two-dimensional space:

n

HER=x7 # w7 ~ ¥ 27 ~ 7" 7], )

in which ¥=(x-x,) / h and y= (y—yi ) / h (h is the characteristic length of the used
triangular mesh) represent the nondimensional coordinate values, which are designed to
make the constructed numerical approximations have the Kronecker-delta function
property.
For the wave propagation elastodynamic problems considered in this work, the en-
richment functions can also be designed by [72]:
sin[zny ! J
A
y

27X, . [ 2mx, 2my,
cos ’ sm ’ cos ’
A A ﬂy

2nx, 27y, .| 2mx,  2my, 2nx, 2my, 2mx, 27y,
cos + , sin + , 0S - , -—— |
A ﬂv A A A A A A ’
x g " y v y x y
8)
2mgx X, Y .
cos 2T , sin 2z, , cos % , sin M ,
2, A A, 4,

A A

x Y

A 2

x Yy

i A

v

A A

x Y

in which 4, and 4, are the fundamental wave lengths; g is the order of the used trig-

onometric functions.

From Equations (5)—(8), it is obvious that more additional nodal unknowns will be
introduced into the numerical approximation when the high-order polynomial or trigo-
nometric functions are employed to create the local enrichment functions, leading to
more computational efforts. Note that there exist three or six nodal unknowns when the
linear or quadric polynomial bases are employed as the enrichment functions; hence, we
used EFEM-N3 and EFEM-NG6 to represent these two different numerical approaches.
Similarly, EFEM-N9 was employed to denote the EFEM with the first order of the trigo-
nometric enrichment functions. Additionally, it should be noted that the implementation
of the present enriched FEM is quite similar as for the standard finite element analysis
(FEA). The only difference is that there are more unknowns for each node. The process
of performing the required numerical integration, the assembling of the system stiffness
and the mass matrices are identical to the related operations in the standard finite ele-
ment implementation.

3. Governing Equation of the Transient Wave Propagations
Assuming that the considered wave propagation medium is isotropic with wave
speed ¢, the governing partial differential equation (PDE) can be directly obtained by:
1 0%u
Viu-——=0,
c* ot?

)

in which u denotes the used field function variable (such as the pressure, displacement
or velocity potential) to describe the considered transient wave propagation dynamic
problems.

According to the principle of virtual work, from Equation (9), the following equa-
tion in integration form can be arrived at:
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_ 1 0%u
jﬂu(wu—c—zy}m =0, (10)

in which Q stands for the involved problem domain; # represents the virtual field
function variable.

Using the divergence theorem and performing the integration in Equation (10) in
part, we have:

2
N Vﬁ~VudQ+Cl2IQﬁgTzldQ ~[.#(Vu-n)dr=o, (11)
in which I" denotes the problem domain boundary; n is the outward unit normal
vector.

Following the formulations in the standard Galerkin-weighted residual method and
using the constructed numerical approximation in Equation (5), the governing equation
in the following matrix form can be arrived at for the transient wave propagation dy-
namic problems:

Mii+c*Ku =F, (12)
in which the overdots stand for the time derivatives; M= Lz N'NdQ is the system mass
matrix; K= IQ(VN)T VNdQ is the system stiffness matrix; F= L N'v dI' is the exter-

nal excitation force vector; T',; is the involved Neumann boundary condition; and o,

is the corresponding prescribed data on the boundary.

4. Dispersion Analysis

The process of solving elastodynamic problems usually contains two parts, namely,
the discretization in the space and time domains. Both of these two parts are able to give
rise to considerable numerical errors and affect the solution accuracy of the obtained
numerical solutions. In this work, the EFEM was employed for the discretization in the
space domain, and the standard implicit Bathe time integration technique was used for
the discretization in the time domain. The numerical performance of the different
methods in addressing the numerical dispersion error is investigated in this section, and
the dispersion errors corresponding to the spatial discretization are firstly studied here.

Assuming that the considered transient wave propagation dynamic problem in this
work is time-harmonic, namely, the time-dependent field function variable u can be
expressed by:

u=ll(x)ef”’t, (13)

in which j= J-1 , U(x) is the amplitude distribution of the field function variable u;

@ stands for the angular frequency.
Using the above expression, the governing equation in Equation (9) for transient
wave propagations can be rewritten as:

Viu+ku=0, (14)

in which k=a@/c is the wave number.

Equation (14) is the well-known Helmholtz equation, which is the steady-state form
of the governing equation for wave analysis.

Using the constructed field function approximation shown in Equation (5) to dis-
cretize Equation (14), we can arrive at the following matrix equation when the additional
boundary conditions are not applied:
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(K-KM)U=0, (15)

In two-dimensional space, the general plane wave solution to Equation (15) is
1= Ag/entrysnd) , and the corresponding numerical solution can be expressed by:

u= Aejk,,h(xcosHersinH) (16)

7

in which @ stands for the angle of wave travel; k, and k denote the numerical and

exact wave number, respectively.

In Equation (16), A is a vector listing the unknown solution coefficients, which
are related to the field function amplitudes for each node. For the present EFEM, the
structure of vector A is of the following form [72]:

A=|:Al A2 A”p, Al Az A”p, :|, (17)

in which n, is the number of DOFs at one node.

Here, we employed the regular triangular mesh (see Figure 1) to perform the dis-
persion analysis. By substituting the above expression of the numerical solution into
Equation (15), we can obtain:

D, —kD,. ]A =0 (18)

4

T
in which A, = [Al 4, - A, } lists the unknown solution coefficients for node

i; D and D are the resultant matrices which can be calculated by:

stiff mass

jkyhcos@

D =K +K ¢/ 4+K e +

jkhh(cosﬁfsinﬁ) +K jkhh(fcosl9+sin9) +

stiff n,n-1 n,n+1

n,n-2 n,n+2
—jk,hsin@
K e +K

jkyh(—cos#—sin6) jkyh(cos 6+sin6)
Kn/n—4e +Kn/n+4

jkyhsin@ (19)

e + ’

n,n-3 n,n+3

_ —jk,hcos@ jkyhcos@
=M, +M, e +M, .. +
jkhh(cos 6—sin 6’)
n,n-2 Mn,n+2e 20
M e—jk,]h sin@ +M jk,hsin@ ( )

+ ’
n,n-3 n,n+3

mass n,n—1

jk,xh(fcos O+sin 9) +

e

jk,,h(—cos 6—sin @ jk, h(cos @+sin @
e] W ) M Jhuh( )

n,n—4 n,n+4

If nontrivial solutions to Equation (18) exist, the following relationship is required:
det I:Dstiff - kszass :l =0 (21)

From Equations (19) and (20), it is obvious that the numerical wave number k, is
and D
the relationship between k, and k. Using Equation (21) for any k,, the correspond-

o DmaSS
k= eig, |55 (22)
stiff 7

In general, the computed k does not match k, very well owing to the discretiza-

the unique unknown variable in D hence, Equation (21) actually offers

stiff mass /

ing k canbe computed by:

tion error in the space domain; in this work, we employed the following indicator to as-
sess the calculated numerical dispersion error from the spatial discretization:
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(23)

Figure 1. The uniform triangular mesh in the analysis of the numerical dispersion.

For several varying wave travel angles, the numerical dispersion error solutions
versus the nondimensional wave number ki from the various numerical techniques
are displayed in Figure 2. It should be noted that all of these numerical dispersion errors
were computed using a totally identical mesh pattern. It is easy to observe that the
computed numerical dispersion errors from the standard FEM were quite large. More
importantly, the numerical dispersion errors will become even larger with the increase
in the considered nondimensional wave numbers. A similar trend can also be observed
in the EFEM-N3 results; however, the numerical dispersion errors from the EFEM-N3
were clearly smaller than those from the FEM. Although the EFEM-NO is able to offer
much smaller numerical dispersion errors than the FEM, its numerical performance in
suppressing the numerical dispersion error is still not sufficiently fine, because consid-
erable dispersion errors can still be found with the nondimensional wave number
kh<m. Among all of the considered numerical techniques, the performance of the
EFEM-NG6 in suppressing the numerical dispersion from the spatial discretization is the
best, because almost no dispersion errors from the discretization in the space domain
can be seen for the considered nondimensional wave number. More importantly, the
numerical dispersion errors from the EFEM-N6 were very close to zero in all considered
wave travel angles, namely, the numerical anisotropy issue also can be largely alleviated
by the present EFEM-N6, while this intractable phenomenon can clearly be seen in the
results from the other mentioned numerical techniques (i.e., FEM, EFEM-N3 and
EFEM-N9). These findings indicate that the present EFEM with the quadric polynomial
enrichment functions is basically sufficient to generate adequately small numerical dis-
persion errors for the wave analysis. Though more accurate solutions, indeed, can be
yielded when the higher order of the polynomial bases are employed to create the en-
richment functions, more computational expenses are also required. To reduce the
computational efforts as much as possible, in this work we only considered the enrich-
ment functions that are created by linear and quadric polynomial bases.
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Figure 2. The numerical dispersion error solutions versus the nondimensional wave number kh
from the various numerical techniques.

Apart from the discretization in the space domain, the discretization in the time
domain is also a major source that produces numerical errors in solving elastodynamic
problems. Here, the numerical error affected by the time integration scheme was also
taken into consideration in the dispersion analysis.

Owing to the fact that the recently developed Bathe implicit temporal discretization
technique always shows very excellent numerical features in handling linear and non-
linear structural dynamic problems, in this work the standard Bathe was employed for
the discretization in the time domain. In the standard Bathe method, the following as-
sumptions are employed:

t+At/zl-1= tl-l_'_ﬂ(tﬁ_'_ t+AI/2ﬁ)
4

t+At/2u: tu+£(tl-l+t+At/2l:l)
4

24
t+Atﬁ:Ltu_it+At/2u+iI+Atu’ ( )
At At At
t+Atﬁ:Ltﬁ_it+At/2 - +iI+Atﬁ
At At At

Using the assumptions in the above equation to the discretize matrix equation
shown in Equation (12) and following the similar steps in References [72-75], the total
dispersion error in the elastodynamic analysis can be expressed by:

¢, ok oA  oa  f(ert) f(khCFL)

A = = (25)
¢ ¢ keAt khCFL khCFL  khCFL ,

in which ¢ stands for the wave speed; the subscript # means that the corresponding
variables are from the numerical solutions; Af denotes the interval of temporal dis-
cretization; CFL represents the Courant-Friedrichs-Lewy number, which is defined by

CFL = CAt/ h; f( ) isadefined function with respect to the parameter k,hCFL.

Using the Taylor series expansion, Equation (25) can be rewritten by:
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Cl _ a)h/kh _ a)hAt — a)hAt _ f(thFL)
c ¢ kcAt khCFL  khCFL
- ! f(0)+f’(O)(thFL)+&(thFL)2 oo (26)
k,hCFL 2!

- K- L ncpLy + 8L
K\ 24 17280

(khCFL)' +j

From Equation (25), we also can obtain

Ci:a)h/kh :a)h/kh — k a)h :il
c c ok k o kT,

(27)

in which T stands for the period of one considered wave mode.
By comparing Equations (26) and (27), the total numerical error in the elastody-
namic analysis can be expressed in the following form:

61
17280

Temporal dispersion error T/Th

G_kT_ ﬁ[1—i(thFL)2 +

- (KhCFL)" +---
c kT k| 24

, (28)

From Equations (25)—(28), it is very interesting to observe that both the discretiza-
tions in the space and time domains are able to result in numerical errors in the final
numerical solutions for the elastodynamic analysis. The first term in Equation (27) is the
defined indicator to assess the spatial discretization error. From the above formulation
and analysis, it is seen that the error k/ k, , indeed, mainly comes from the discretization

in the space domain, and it is determined by the used field function approximation in
the space domain. The second term T/T, in Equation (27) represents the additional ef-

fects from the temporal discretization, and it is closely associated with the employed the
time integration scheme. In this work, the standard Bathe method was exploited for the
temporal discretization, and it has been proved that T/T, is actually a monotonic func-

tion with respect to the nondimensional temporal discretization interval CFL. Therefore,
the total numerical error can be continuously decreased by reducing the used CFL
numbers as long as the spatial discretization error k/k, is adequately small; then, the

so-called monotonic convergence property can be reached. From the previous analysis, it
is seen that the EFEM-N6 can basically meet this requirement, while the other men-
tioned numerical techniques (i.e., FEM, EFEM-N3 and EFEM-N9) cannot generate ade-
quately small spatial discretization errors. In the next section, several supporting nu-
merical experiments are conducted to verify that the present EFEM-N6 with the Bathe
method, indeed, possesses the important monotonic convergence property with respect
to the nondimensional temporal discretization step CFL, while the other numerical ap-
proaches do not have this very valuable numerical feature.

5. The Implementation of the EFEM for the Transient Wave Analysis

From the above formulation, we can find that the implementation of the present
EFEM is quite similar to the standard FEM in solving transient wave propagations, and
the general procedure mainly consists of the following steps:

(1) Perform the required spatial discretization using the standard mesh as in the
FEM. In general, the triangular elements and tetrahedron elements are employed for
two-dimensional and three-dimensional problems, respectively.

(2) Create the required field function approximation for the considered problem. In
creating the numerical approximation, compared to the standard FEM, more unknown
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coefficients for each node are involved in the local interpolation, and various basis func-
tions can be employed for the local numerical approximation.

(3) Assemble the system mass and stiffness matrices. In this step, the required nu-
merical integration is still performed using the Gauss integration rule. However, the
scale of the obtained system matrices will be clearly larger than those from the standard
FEM, because more unknowns are involved for each node.

(4) Remove the possible linear dependence of the obtained matrix equation. Note
that linear dependent nodal shape functions are possibly employed to construct the re-
quired field function approximation; then, the linear dependent matrix equation will be
generated. For stable and reliable numerical solutions, extra numerical treatments are
required to remove the possible linear dependence of the obtained matrix equation.

(5) Impose the involved boundary conditions and perform the required temporal
discretization. Usually, direct time integration techniques are employed to perform the
required time integration. This step is almost the same as in the standard FEM.

(6) Solve the finally obtained matrix equation and assess the obtained numerical
results; this process is also quite similar as in the standard FEM.

6. Numerical Example
6.1. The Scalar Wave Propagation in a Clamped-Free Elastic Bar

We firstly consider the transient scalar wave propagation in an elastic bar with a
length L =1 m and width b = 0.1 m. The left end of this elastic bar is free, and the other
end is clamped (see Figure 3a). The considered wave travel speed in this bar is c =1 m/s.
To solve this problem, the required discretization in the space domain is accomplished
by using the uniform triangular mesh with the node interval & = 0.0125 m (see Figure
3b). This transient wave propagation problem is excited by using the following initial
conditions:

u(x,t=0)=0m, i(x,t=0)=0m/s, i(x,t>0)=1m/s, 29)

in which u denotes the considered displacement variable, and the overdot stands for
the time derivative.

- b=0.1m

A N N N NN

)

IL=Im
(a)

(b)

Figure 3. The description of the scalar wave propagation in a clamped-free elastic bar: (a) geomet-
ric shape of the elastic bar; (b) employed uniform triangular mesh.

The computed velocity distributions of this elastic bar were employed to investigate
this simple transient wave propagation problem. For the nondimensional temporal dis-
cretization step CFL = 0.1 and the considered time point ¢ = 0.6 s, the calculated velocity
distributions of this elastic bar from various numerical approaches together with the ex-
act solutions are displayed in Figure 4. It is seen from the figure that the numerical solu-
tion from the standard FEM was not sufficiently accurate, and many unwanted peaks
can be found in the solutions. In contrast to the standard FEM, the EFEM-N3 and



Mathematics 2022, 10, 4595

13 of 29

EFEM-N9 are able to generate more accurate solutions despite several relatively small
spurious peaks that can still be seen in the solutions. Among all of the considered nu-
merical approaches, the numerical performance of the proposed EFEM-NG6 is the best,
since the resultant numerical solutions of the velocity distributions agreed very well
with the exact solutions, and almost no spurious peaks can be seen in the solutions.

1.2

e
%0

e
>N

e
o

Velocities (m/s)
(=]
.|;

——FEM (CFL=0.1)
| |=——EFEM-N3 (CFL=0.1)
———EFEM-N9 (CFL=0.1)

-0.2 [ | == EFEM-N6 (CFL=0.1)
==== Exact
0.4 : ' : ‘
0 0.2 0.4 0.6 0.8 1

Distance from the origin » (m)

Figure 4. The calculated velocity distributions of this elastic bar from various numerical ap-
proaches when the time point ¢ = 0.6 s.

Furthermore, this numerical experiment was studied by exploiting the varying
nondimensional time integration steps (CFL = 1, CFL = 0.5, CFL = 0.25 and CFL = 0.1),
and the relevant computed velocity distributions are plotted in Figure 5. Here, the
abovementioned four different numerical approaches were again employed, and the
considered time point was still ¢ = 0.6 s. By carefully comparing the computed velocity
distributions shown in Figure 5, we can observe that the present EFEM-N6 has the abil-
ity to continuously increase the solution accuracy by employing the decreasing nondi-
mensional time integration steps, because the EFEM-N6 solutions will converge to the
exact solutions when the employed CFL numbers become smaller. On the contrary, the
EFEM-N3, EFEM-N6 and the standard FEM do not have this ability, because the corre-
sponding velocity distributions can become unexpectedly worse when decreasing CFL
numbers are utilized for time integration. These observations can be broadly explained
by two factors; one factor is that the EFEM-N6 can produce close-to-zero spatial dis-
cretization errors, while the corresponding spatial discretization errors from the other
three numerical approaches are relatively large (See Figure 2); the other factor is that the
additional numerical error from the time integration is actually a monotonic decreasing
function of the nondimensional time integration steps. These two factors can ensure that
the EFEM-N6 has the monotonic convergence property in the transient wave analysis.
From the above analysis, it is demonstrated that the numerical performance of the
EFEM-NG6 clearly outperforms the other three numerical approaches in solving transient
wave propagations.
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Figure 5. The velocity distributions of this elastic bar from various numerical approaches using the
varying nondimensional time integration steps: (a)FEM; (b) EFEM-N3; (c¢) EFEM-N9; (d)
EFEM-NG6.

6.2. The Scalar Wave Propagation in a Square Pre-Stressed Membrane

The numerical experiment on scalar wave propagation in a two-dimensional square
pre-stressed membrane is investigated in this section. The geometric configuration of the
problem domain is sketched in Figure 6, and the wave speed for this numerical experi-
ment was ¢ =1 m/s. We employed a regular mesh pattern with a nodal interval & = 0.025
m to discretize the membrane. The point load was at the middle of the square domain,
and the excitation load was of the following Ricker wavelet form [72,73]:

F= 0.5[1—2an§ (t-t, )2}exp[—7t2fsz (t-t, )2} (30)

7

inwhich t =0.25sand f =5Hz stand for the time and frequency parameters.

o X

Figure 6. The geometric configuration and spatial discretization pattern of the square pre-stressed
membrane.

Considering the symmetry feature of this numerical experiment, in practical com-
putation processes, only the partial problem domain is needed to model (see Figure 6).
Here, the transient displacement responses from the different numerical techniques were
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examined. When the nondimensional time step CFL = 0.1 and the time point t = 0.9 s
were chosen, the displacement responses along two disparate angles (6=0"and 6=45°
) are depicted in Figure 7. Note that the exact solution to this problem is available; hence,
it is also plotted in the figures. It can be observed that the amount of numerical error in
the FEM solutions is quite large. Though the EFEM-N3 and EFEM-NY, indeed, can sup-
press the numerical error to some degree, the EFEM-N6 solutions are the most accurate.
These findings indicate that the use of quadric polynomials as an enrichment function is
more effective than the linear polynomial and first order of the trigonometric function to
control the amount of numerical error for the wave analysis.

Non-dimensional time step CFL=0.1
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0.015 I | — EFEM-N6 (4 = 0°) 1
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=
8 0.005
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3
E 0
o
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_0'02 1 1 1 1
0 0.2 0.4 0.6 0.8 1
Distance from the origin » (m)
(a) Wave travel angle 6=0°.
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0 0.2 0.4 0.6 0.8 1

Distance from the origin » (m)
(b) Wave travel angle 6=45°.

Figure 7. The displacement responses of the square membrane along two disparate angles of wave
travel.

Furthermore, the numerical analysis of the problem was performed by considering
the varying angles, and the related displacement responses at the time point ¢t = 0.9 s
from various methods are displayed in Figure 8. It is clear that the varying angles can
visibly affect the accuracy of the solutions from FEM, EFEM-N3 and EFEM-N9, namely,
the so-called numerical anisotropy issue can be obviously seen, while the EFEM-NG6 so-
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lutions are almost insensitive to the angles, and very reliable solutions can still be yield-
ed for all considered ang]es.
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Figure 8. The displacement responses of the square membrane from various numerical techniques
by varying the considered angles of wave travel.

In more detail, several varying nondimensional time step CFL numbers were con-
sidered here to perform an overall analysis of this numerical experiment. Similar to the
previous discussion, for two disparate angles (0=0° and #=45°), the displacement
responses at the time point ¢ = 0.9 s from the various methods are given in Figures 9-12.
These figures show that the FEM, EFEM-N3 and EFEM-N9 always failed to continuously
increase the solution quality by decreasing the employed CFL numbers, namely, the
monotonic convergence property for the transient wave analysis cannot be achieved. On
the contrary, it is very interesting to find that the EFEM-NG6 basically has the monotonic
convergence property, and the corresponding numerical solutions will become more
accurate when the employed CFL number becomes smaller. A possible cause for these
observations is that the EFEM-N6 can produce adequately small spatial dispersion er-
rors, while the errors from other methods are relatively large, which have been seen in
the dispersion analysis. With this good numerical feature, the present EFEM-N6 obvi-
ously has stronger abilities than the other numerical techniques in handling very com-
plicated wave propagations in practice.
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Figure 9. The displacement responses of the square membrane from the FEM by varying the em-
ployed nondimensional temporal discretization interval.
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(a) Wave travel angle 6=0°.
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Figure 10. The displacement responses of the square membrane from the EFEM-N3 by varying the
employed nondimensional temporal discretization interval.
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Figure 11. The displacement responses of the square membrane from the EFEM-N9 by varying the
employed nondimensional temporal discretization interval.

Wave travel angle ¢ = (°

0.025 T .
—— EFEM-N6 (CFL=1)
0.02 1 | — EFEM-N6 (CFL=0.5) 1
0.015 L — EFEM-N6 (CFL=0.25) |
: —— EFEM-N6 (CFL=0.1)
~ -
g 001t Exact
N
=
o 0.005F
£
3
—4“ O
o
20,005 -
A 0.
-0.01 |
-0.015 1
_002 1 1 1 1
0 0.2 0.4 0.6 0.8 1
Distance from the origin » (m)
(a) Wave travel angle 6=0°.
Wave travel angle 4 = 45°
0.025 T T T T
—— EFEM-N6 (CFL=1)
0.02F | — EFEM-N6 (CFL=0.5) 1
0.015 | [T EFEM-N6 (CFL=0.25) |
: = EFEM-N6 (CFL=0.1)
~~ -
g 001t Exact
N
=
o 0.005r
£
3
S 0
&
"Q" -0.005
-0.01 |
-0.015 + 1
-0.02 L L L L
0 0.2 0.4 0.6 0.8 1

Distance from the origin » (m)
(b) Wave travel angle 6=45°.

Figure 12. The displacement responses of the square membrane from the EFEM-N6 by varying the
employed nondimensional temporal discretization interval.

6.3. The Scalar Wave Propagation in a Membrane with Holes

In the last numerical experiment, we still consider the scalar wave propagation with
a wave speed c = 1 m/s in a square pre-stressed membrane, while in this case the mem-
brane had several evenly placed holes (see Figure 13). Similar to the previous numerical
experiment, only the partial problem domain was needed to model this problem, owing
to the symmetry feature. The triangular mesh pattern with an average nodal interval i =
0.02 m was employed here. The point load at the middle of this membrane was still a

Ricker wavelet with an amplitude A = 0.4 N, time parameter f = 0.1 s and frequency

parameter f =10 Hz.
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Figure 13. The square membrane with a number of evenly placed holes.

With a wave travel angle 6=30°, nondimensional temporal discretization interval
CFL = 0.1 and time point ¢t = 1 s, Figure 14 displays the displacement distribution re-
sponses using various numerical techniques. With the aim to examine the accuracy of
the obtained solutions, the reference solution from the commercial software package
ABAQUS with very refined mesh is also presented here to investigate this numerical
experiment. Figure 14 shows very good agreements of the EFEM-NG6 solutions with the
reference ones, while the other three methods clearly failed to yield very accurate solu-
tions.

Non-dimensional time step CFL=0.1
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Figure 14. The displacement distribution responses of the membrane with holes from various nu-
merical techniques when the considered time point f=1s.

Additionally, we also perform the numerical analysis of this wave problem by em-
ploying the varying nondimensional temporal discretization intervals and the related
displacement distribution responses are shown in Figure 15. Here the wave travel angle
60 =30°. It is again confirmed from these figures that the proposed EFEM-N6 can yield
monotonic convergence solutions when the CFL number trends to zero, while the other
three methods obviously did not exhibit this good numerical feature. As discussed and
analyzed in the previous sections, this good numerical feature can be obtained because
the EFEM-N6 can yield sufficiently small numerical dispersion errors in the space do-
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main discretization, while the related errors from the other methods were relatively

large.
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Wave travel angle ¢ = 30°
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Figure 15. The displacement responses of the square membrane with holes from various methods
by varying the employed nondimensional temporal discretization interval.

6.4. Study on the Computational Cost

From the previous three numerical experiments, we can clearly obtain that the
proposed EFEM-N6 showed much more excellent numerical performance than the other
three mentioned numerical approaches (i.e., FEM, EFEM-N3 and EFEM-N9) for the
analysis of transient wave propagationsm and the close-to-exact numerical solutions can
be generated by utilizing the decreasing time integration steps. However, the detailed
computational cost of the different numerical approaches in solving the transient wave
propagations has still not been taken into consideration so far. In this section, the com-
putational cost and the computational efficiency of all of the considered numerical ap-
proaches is investigated in great detail. To comprehensively and fairly compare the ob-
tained results, the identical meshes and the following relative error norm was used to
measure the accuracy of the obtained numerical solutions.

81

in which V' denotes the involved total problem domain; #, and u, represent the

exact and numerical solutions, respectively.

For a series of varying nondimensional time integration steps (CFL =1, CFL = 0.5,
CFL = 0.25 and CFL = 0.1), the detailed computational cost, which is represented by the
CPU time (s) and the relative error results from the different numerical approaches in
solving the previous two numerical experiments with exact solutions are given in Tables
1 and 2. In this work, all the numerical computations were performed using a laptop
with a single core Intel 2.2 GHz CPU and 2 GB RAM. From the tables, the following
valuable points can be observed:

(1) When the identical mesh patterns were employed, the number of required de-
gree of freedoms (DOFs) and nonzero entities in the system matrices from the standard
FEM were much larger than that of the proposed EFEM. This was because more nodal
unknowns for each node were employed to construct the required field function ap-
proximation in the EFEM.
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(2) Compared to the standard FEM, in the transient wave analysis the required
computational cost for the EFEM was much more expensive. As a result, the computa-
tional efficiency of the EFEM was clearly lower than the standard FEM.

(3) For the three considered EFEMs (i.e., EFEM-N3, EFEM-N6 and EFEM-N9), more
additional nodal unknowns were involved for each node, and the obtained EFEM will
be more numerically expensive, leading to the lower computation efficiency in the tran-
sient wave analysis.

(4) In solving transient wave propagations using numerical approaches, the total
required computational cost mainly consisted of two different parts, namely, the CPU
time for the spatial and temporal discretizations, respectively. Additionally, it was also
clear that the required computational cost for the temporal discretization was much
more expensive than that for the spatial discretization.

(5) When the standard FEM was employed for the transient wave analysis, the rela-
tive numerical error did not become lower for the smaller used nondimensional time in-
tegration steps. As discussed in the previous text, this was because the standard FEM
cannot provide sufficiently low spatial discretization errors. Likewise, very similar ob-
servations can also be found when the EFEM-N3 and EFEM-N9 were employed.

(6) Among all of the considered four different numerical approaches, the numerical
performance of the EFEM-N6 was quite ideal, because the obtained numerical solution
accuracy can be broadly improved by using decreasing nondimensional time integration
steps. This also makes the EFEM-N6 specifically suitable for the analysis of complex
transient wave propagation problems.

Table 1. Comparisons of the computational cost and computational efficiency of the different nu-
merical approaches in solving the scalar wave propagation in a clamped-free elastic bar.

Nonzero En-

.. CPU Time for Nondimen- CPU Time for Total Nu-
Number of tities in the . . . . . Total CPU .
Methods Spatial Dis-  sional Time Temporal Dis- . merical Error
DOFs System Ma- . L. . L. Time (s)
. cretization (s) Steps cretization (s) (%)
trices

CFL=1 2.63 3.29 7.16

CFL=0.5 5.36 6.02 11.51

FEM-13 729 3465 066 CFL=0.25 9.52 10.18 12.69
CFL=0.1 13.32 13.98 13.14

CFL=1 9.75 12.39 11.14

CFL=0.5 16.57 19.21 8.28

EFEM-N3 2187 44 264 CFL=0.25 29.03 31.67 5.09
CFL=0.1 54.35 56.99 7.12

CFL=1 19.21 26.86 11.01

CFL=0.5 34.21 41.86 6.53

EFEM-NO 6561 382975 765 CFL=0.25 54.38 62.03 6.68
CFL=0.1 95.48 103.13 7.32

CFL=1 13.26 17.42 11.16

CFL=0.5 22.01 26.17 8.45

EFEM-N6 4374 169496 416 CFL=0.25 36.13 40.29 5.43

CFL=0.1 65.93 70.09 2.01
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Table 2. Comparisons of the computational cost and computational efficiency of different numer-
ical approaches in solving the scalar wave propagation in a square pre-stressed membrane.

Nonzero En-

e . CPU Time for Nondimen- CPU Time for Total Nu-
Number of tities in the . . . . . Total CPU .
Methods Spatial Dis-  sional Time Temporal Dis- . merical Error
DOFs System Ma- . L. e Time (s)
. cretization (s) Steps cretization (s) (%)
trices

CFL=1 7.03 8.52 52.33

CFL=0.5 10.55 12.04 87.73

FEM-T3 1681 8241 149 CFL=0.25 20.19 21.68 95.38
CFL=0.1 37.84 39.33 97.31

CFL=1 13.77 25.45 59.39

CFL=0.5 24.23 3591 39.89

EFEM-N3 S04 9701 11.68 CFL=0.25 43.62 55.3 11.95
CFL=0.1 82.19 93.87 19.69

CFL=1 41.28 79.17 51.29

CFL=0.5 81.62 119.51 13.82

EFEM-NO 15129 923,343 37.89 CFL=0.25 147.82 185.71 19.54
CFL=0.1 347.38 385.27 22.76

CFL=1 27.16 56.78 60.85

CFL=0.5 47.71 77.33 22.57

EFEM-N6 10086 408614 29.62 CFL = 025 8993 119,55 9.41
CFL=0.1 208.58 238.2 3.26

7. Conclusions

The enriched FEM (EFEM) with disparate types of enrichment functions was pre-
sented to investigate elastodynamic problems. Since the original linear approximation
space in the traditional FEM can be effectively enriched by local enrichment functions,
more accurate and reliable numerical solutions can be yielded. From the analysis of the
numerical dispersion and several representative numerical experiments, we can see that
the EFEM enriched by quadric polynomial enrichment functions (EFEM-N6) can ensure
that the amount of numerical dispersion errors from the discretization in the space do-
main can be suppressed to a sufficiently small level, while the corresponding errors are
relatively large when other types of enrichment functions are employed. Moreover, the
proposed EFEM-NG6 can effectively overcome the numerical anisotropy issue in the wave
analysis, because the solutions generated by the EFEM-N6 were almost totally identical,
even though varying angles of wave travel were considered.

From the viewpoint of a practical engineering application, the numerical experi-
ments in this work also show that the monotonic convergence property with respect to
the nondimensional time integration step CFL can be basically realized by the proposed
EFEM-NG6; hence, the obtained numerical solution accuracy can be continuously in-
creased by decreasing the employed nondimensional time integration steps, while the
other mentioned numerical techniques do not have this good numerical feature. It is ex-
actly this important numerical property that makes the proposed EFEM-NG6 specifically
suitable to handle a wide range of complicated elastodynamic problems.

Author Contributions: Conceptualization, X.D. and Y.C.; methodology, Y.C.; software, S.D.; vali-
dation, X.D. and Y.Y.; formal analysis, X.D.; investigation, X.D.; resources, Y.Y.; data curation, X.D;
writing —original draft preparation, X.D.; writing—review and editing, X.D.; visualization, X.D.;
supervision, Y.C.; funding acquisition, Y.C. All authors have read and agreed to the published
version of the manuscript.

Funding: This research was funded by the State Key Laboratory of Ocean Engineering (Shanghai
Jiao Tong University) (Grant No. GKZD010081) and the Open Fund of Key Laboratory of High



Mathematics 2022, 10, 4595 27 of 29

Performance Ship Technology (Wuhan University of Technology), Ministry of Education (Grant
No. gxnc21112701).

Data Availability Statement: Thee data used to support the findings of this study are available
from the corresponding author upon request.

Acknowledgments: We thank Gui for the helpful suggestions for revising the present paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Bathe, K\J. Finite Element Procedures, 2nd ed.; Prentice Hall: Watertown, MA, USA, 2014.

2. Zienkiewicz, O.C.; Taylor, R.L. The Finite Element Method for Solid and Structural Mechanics; Elsevier: Amsterdam, The Nether-
lands, 2005.

3. Liu, MY, Gao, GJ; Zhu, HF,; Jiang, C. A cell-based smoothed finite element method stabilized by implicit
SUPG/SPGP/Fractional step method for incompressible flow. Eng. Anal. Bound. Elem. 2021, 124, 194-210.

4. Chai, Y.B; Gong, Z.X,; Li, W.; Li, T.Y.; Zhang, Q.F.; Zou, Z.H.; Sun, Y.B. Application of smoothed finite element method to
two dimensional exterior problems of acoustic radiation. Int. ]. Comput. Methods 2018, 15, 1850029.

5. Liu, MY, Gao, GJ.; Zhu, HF, Jiang, C; Liu, G.R. A cell-based smoothed finite element method (CS-FEM) for
three-dimensional incompressible laminar flows using mixed wedge-hexahedral element. Eng. Anal. Bound. Elem. 2021, 133,
269-285.

6. Wang, T.T.; Zhou, G,; Jiang, C.; Shi, F.C; Tian, X.D.; Gao, G.J. A coupled cell-based smoothed finite element method and
discrete phase model for incompressible laminar flow with dilute solid particles. Eng. Anal. Bound. Elem. 2022, 143, 190-206.

7. Li, W,; Gong, Z.X,; Chai, Y.B.; Cheng, C; Li, T.Y.; Zhang, Q.F.; Wang, M.S. Hybrid gradient smoothing technique with discrete
shear gap method for shell structures. Comput. Math. Appl. 2017, 74, 1826-1855.

8. Chai, Y.B,; Li, W,; Gong, Z.X,; Li, T.Y. Hybrid smoothed finite element method for two-dimensional underwater acoustic
scattering problems. Ocean Eng. 2016, 116, 129-141.

9. Chai, Y.B; Li, W,; Gong, Z.X,; Li, T.Y. Hybrid smoothed finite element method for two dimensional acoustic radiation
problems. Appl. Acoust. 2016, 103, 90-101.

10. Chai, Y.B; You, X.Y.; Li, W.; Huang, Y.; Yue, Z.].;, Wang, M.S. Application of the edge-based gradient smoothing technique to
acoustic radiation and acoustic scattering from rigid and elastic structures in two dimensions. Comput. Struct. 2018, 203, 43-58.

11. Li, W; Chai, Y.B,; Lei, M,; Li, T.Y. Numerical investigation of the edge-based gradient smoothing technique for exterior
Helmbholtz equation in two dimensions. Comput. Struct. 2017, 182, 149-164.

12.  Zheng, Z.Y.; Li, X.L. Theoretical analysis of the generalized finite difference method. Comput. Math. Appl. 2022, 120, 1-14.

13. Xi, Q. Fu, ZJ.; Li, Y.,; Huang, H. A hybrid GFDM-SBM solver for acoustic radiation and propagation of thin plate structure
under shallow sea environment. J. Theor. Comput. Acous. 2020, 28, 2050008.

14. Ju, B.R; Qu, W.Z. Three-dimensional application of the meshless generalized finite difference method for solving the
extended Fisher-Kolmogorov equation. Appl. Math. Lett. 2023, 136, 108458.

15. Qu, W.Z; He, H. A GFDM with supplementary nodes for thin elastic plate bending analysis under dynamic loading. Appl.
Math. Lett. 2022, 124, 107664.

16. Qu, W.Z.; Gao, HW,; Gu, Y. Integrating Krylov deferred correction and generalized finite difference methods for dynamic
simulations of wave propagation phenomena in long-time intervals. Adv. Appl. Math. Mech. 2021, 13, 1398-1417.

17. Fu, Z],; Xie, Z.Y,; Ji, S.Y.; Tsai, C.C,; Li, A.L. Meshless generalized finite difference method for water wave interactions with
multiple-bottom-seated-cylinder-array structures. Ocean Eng. 2020, 195, 106736.

18. Komatitsch, D.; Barnes, C.; Tromp, J. Simulation of anisotropic wave propagation based upon a spectral element method. Ge-
ophysics 2000, 65, 1251-1260.

19. Seriani, G.; Oliveira, S.P. Dispersion analysis of spectral element methods for elastic wave propagation. Wave Motion 2008, 45,
729-744.

20. Li, J.P,; Fu, ZJ.; Gu, Y.; Qin, Q.H. Recent advances and emerging applications of the singular boundary method for large-scale
and high-frequency computational acoustics. Adv. Appl. Math. Mech. 2022, 14, 315-343.

21. Gu, Y,; Lei, J. Fracture mechanics analysis of two-dimensional cracked thin structures (from micro- to nano-scales) by an effi-
cient boundary element analysis. Results Math. 2021, 11, 100172.

22. Li J.P; Gu, Y.; Qin, Q.H.; Zhang, L. The rapid assessment for three-dimensional potential model of large-scale particle system
by a modified multilevel fast multipole algorithm. Comput. Math. Appl. 2021, 89, 127-138.

23. Chen, Z.; Wang, F. Localized Method of Fundamental Solutions for Acoustic Analysis Inside a Car Cavity with
Sound-Absorbing Material. Adv. Appl. Math. Mech. 2022, 15, 182-201. https://doi.org/10.4208/aamm.OA-2021-0197.

24. Li, J.P; Zhang, L.; Qin, Q.H. A regularized fast multipole method of moments for rapid calculation of three-dimensional
time-harmonic electromagnetic scattering from complex targets. Eng. Anal. Bound. Elem. 2022, 142, 28-38.

25. Gu, Y,; Fan, CM.; Fu, ZJ. Localized method of fundamental solutions for three-dimensional elasticity problems: Theory. Adv.

Appl. Math. Mech. 2021, 13, 1520-1534.



Mathematics 2022, 10, 4595 28 of 29

26.

27.
28.

29.

30.

31.

32.

33.

34.
35.

37.

38.

39.

40.

41.
42.

43.

44.
45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

Liu, C.S; Qiu, L.; Lin, J. Simulating thin plate bending problems by a family of two-parameter homogenization functions. Appl.
Math. Model. 2020, 79, 284-299.

Wei, X.; Luo, W. 2.5D singular boundary method for acoustic wave propagation. App. Math. Lett. 2021, 112, 106760.

Wei, X,; Rao, C.; Chen, S.; Luo, W. Numerical simulation of anti-plane wave propagation in heterogeneous media. App. Math.
Lett. 2023, 135, 108436.

Fu, Z2.].; Xi, Q.; Li, Y.; Huang, H.; Rabczuk, T. Hybrid FEM-SBM solver for structural vibration induced underwater acoustic
radiation in shallow marine environment. Comput. Methods Appl. Mech. Eng. 2020, 369, 113236.

Cheng, S.F.; Wang, F.J.; Wu, G.Z.; Zhang, C.X. semi-analytical and boundary-type meshless method with adjoint variable
formulation for acoustic design sensitivity analysis. Appl. Math. Lett. 2022, 131, 108068.

Li, J.P.; Zhang, L. High-precision calculation of electromagnetic scattering by the Burton-Miller type regularized method of
moments. Eng. Anal. Bound. Elem. 2021, 133, 177-184.

Cheng, S.; Wang, F.J.; Li, P.W.; Qu, W. Singular boundary method for 2D and 3D acoustic design sensitivity analysis. Comput.
Math. Appl. 2022, 119, 371-386.

Chen, Z,; Sun, L. A boundary meshless method for dynamic coupled thermoelasticity problems. App. Math. Lett. 2022, 134,
108305.

Liu, G.R. Mesh Free Methods: Moving beyond the Finite Element Method; CRC Press: Boca Raton, FL, USA, 2009.

Li, X,; Li, S. A finite point method for the fractional cable equation using meshless smoothed gradients. Eng. Anal. Bound. Elem.
2022, 134, 453-465.
36. Lin, J. Simulation of 2D and 3D inverse source problems of nonlinear time-fractional wave equation by the meshless

homogenization function method. Eng. Comput. 2022, 38, 3599-3608. https://doi.org/10.1007/s00366-021-01489-2.

Lin, J.; Bai, J.; Reutskiy, S.; Lu, J. A novel RBF-based meshless method for solving time-fractional transport equations in 2D
and 3D arbitrary domains. Eng. Comput. 2022. https://doi.org/10.1007/s00366-022-01601-0.

Lin, J.; Zhang, Y.H.; Reutskiy, S.; Feng, W. A novel meshless space-time backward substitution method and its application to
nonhomogeneous advection-diffusion problems. Appl. Math. Comput. 2021, 398, 125964.

Wang, C.; Wang, F.J.; Gong, Y.P. Analysis of 2D heat conduction in nonlinear functionally graded materials using a local
semi-analytical meshless method. AIMS Math. 2021, 6, 12599-12618.

Gu, Y.; Sun, H.G. A meshless method for solving three-dimensional time fractional diffusion equation with variable-order
derivatives, Appl. Math. Model. 2020, 78, 539-549.

Li, X,; Li, S. A fast element-free Galerkin method for the fractional diffusion-wave equation. App. Math. Lett. 2021, 122, 107529.
Li, X,; Li, S. A linearized element-free Galerkin method for the complex Ginzburg-Landau equation. Comput. Math. Appl. 2021,
90, 135-147.

Atluri, S.N.; Kim, H.G.; Cho, J.Y. Critical assessment of the truly meshless local PetrovGalerkin (MLPG), and local boundary
integral equation (LBIE) methods. Comput. Mech. 1999, 24, 348-372.

Liu, W.K,; Jun, S.; Zhang, Y.F. Reproducing kernel particle methods. Int. |. Numer. Methods Fluids 1995, 20, 1081-1106.

Qu, J; Dang, S.N.; Li, Y.C.; Chai, Y.B. Analysis of the interior acoustic wave propagation problems using the modified radial
point interpolation method (M-RPIM). Eng. Anal. Bound. Elem. 2022, 138, 339-368.

Gui, Q.; Zhang, Y.; Chai, Y.B.; You, X.Y.; Li, W. Dispersion error reduction for interior acoustic problems using the radial
point interpolation meshless method with plane wave enrichment functions. Eng. Anal. Bound. Elem. 2022, 143, 428-441.

Fu, Z.]; Tang, Z.C; Xi, Q.; Liu, Q.G.; Gu, Y.; Wang, F.J. Localized collocation schemes and their applications. Acta. Mech. Sin.
2022, 38, 422167.

Fu, Z.].; Yang, LW.; Xi, Q.; Liu, C.S. A boundary collocation method for anomalous heat conduction analysis in functionally
graded materials. Comput. Math. Appl. 2021, 88, 91-109.

Tang, Z.; Fu, Z.J.; Sun, H.; Liu, X. An efficient localized collocation solver for anomalous diffusion on surfaces. Fract. Calc. Appl.
Anal. 2021, 24, 865-894.

You, X.Y.; Li, W.; Chai, Y.B. A truly meshfree method for solving acoustic problems using local weak form and radial basis
functions. Appl. Math. Comput. 2020, 365, 124694.

Xi, Q.; Fu, Z.].; Rabczuk, T.; Yin, D. A localized collocation scheme with fundamental solutions for long-time anomalous heat
conduction analysis in functionally graded materials. Int. |. Heat Mass Tran. 2021, 180, 121778.

Liu, G.R,; Gu, Y.T. A meshfree method: Meshfree weak—strong (MWS) form method for 2-D solids. Comput. Mech. 2003, 33, 2—
14.

Noh, G.; Ham, S.; Bathe, K.J. Performance of an implicit time integration scheme in the analysis of wave propagations. Comput.
Struct. 2013, 123, 93-105.

Chai, Y.B.; You, X.Y.; Li, W. Dispersion Reduction for the Wave Propagation Problems Using a Coupled “FE-Meshfree”
Triangular Element. Int. ]. Comput. Methods 2020, 17, 1950071.

Li, W.; Zhang, Q.; Gui, Q.; Chai, Y.B. A coupled FE-Meshfree triangular element for acoustic radiation problems. Int. ]. Comput.
Methods 2021, 18, 2041002.

Fries, T.P.; Belytschko, T. The extended/generalized finite element method: An overview of the method and its applications.
Int. J. Numer. Methods Eng. 2010, 84, 253-304.

Chai, Y.B.; Li, W.; Liu, Z.Y. Analysis of transient wave propagation dynamics using the enriched finite element method with
interpolation cover functions. Appl. Math. Comput. 2022, 412, 126564.



Mathematics 2022, 10, 4595 29 of 29

58.

59.

60.

61.

62.

63.
64.

65.
66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

Tian, R.; Yagawa, G.; Terasaka, H. Linear dependence problems of partition of unity-based generalized FEMs. Comput. Meth-
ods Appl. Mech. Eng. 2006, 195, 4768-4782.

Wu, F.; Zhou, G.; Gu, Q.Y.; Chai, Y.B. An enriched finite element method with interpolation cover functions for acoustic anal-
ysis in high frequencies. Eng. Anal. Bound. Elem. 2021, 129, 67-81.

Li, Y.C; Dang, S.N.; Li, W.; Chai, Y.B. Free and Forced Vibration Analysis of Two-Dimensional Linear Elastic Solids Using the
Finite Element Methods Enriched by Interpolation Cover Functions. Mathematics 2022, 10, 456.

Duarte, C.A.; Babuska, I.; Oden, J.T. Generalized finite element methods for three-dimensional structural mechanics problems.
Comput. Struct. 2000, 77, 215-232.

Gui, Q.; Zhang, G.Y.; Chai, Y.B.; Li, W. A finite element method with cover functions for underwater acoustic propagation
problems. Ocean Eng. 2022, 243, 110174.

Soroushian, A.; Farjoodi, J. A unified starting procedure for the Houbolt method. Commun. Numer. Meth. Eng. 2008, 24, 1-13.
Noh, G; Bathe, K.J. Further insights into an implicit time integration scheme for structural dynamics. Comput. Struct. 2018, 202,
15-24.

Roy, D.; Dash, M.K. A stochastic newmark method for engineering dynamical systems. J. Sound Vib. 2002, 249, 83-100.

Bathe, K.J. Conserving energy and momentum in nonlinear dynamics: A simple implicit time integration scheme. Comput.
Struct. 2007, 85, 437-445.

Malakiyeh, M.M.; Shojaee, S.; Bathe, K.J. The Bathe time integration method revisited for prescribing desired numerical dissi-
pation. Comput. Struct. 2019, 212, 289-298.

Li, J; Yu, K; Tang, H. Further Assessment of Three Bathe Algorithms and Implementations for Wave Propagation Problems.
Int. ]. Struct. Stab. Dyn. 2021, 21, 2150073.

Rufai, M.A.; Ramos, H. A variable step-size fourth-derivative hybrid block strategy for integrating third-order IVPs, with
applications. Int. |. Comput. Math. 2022, 99, 292-308.

Ramos, H.; Rufai, M.A. An adaptive one-point second-derivative Lobatto-type hybrid method for solving efficiently
differential systems. Int. ]. Comput. Math. 2022, 99, 1687-1705.

Ramos, H.; Rufai, M.A. An adaptive pair of one-step hybrid block Nystrom methods for singular initial-value problems of
Lane-Emden-Fowler type. Math. Comput. Simulat. 2022, 193, 497-508.

Chai, Y.B.; Bathe, KJ. Transient wave propagation in inhomogeneous media with enriched overlapping triangular elements.
Comput. Struct. 2020, 237, 106273.

Zhang, Y.O.; Dang, S.N.; Li, W.; Chai, Y.B. Performance of the radial point interpolation method (RPIM) with implicit time
integration scheme for transient wave propagation dynamics. Comput. Math. Appl. 2022, 114, 95-111.

Sun, T.T.; Wang, P.; Zhang, G.J.; Chai, Y.B. Transient analyses of wave propagations in nonhomogeneous media employing
the novel finite element method with the appropriate enrichment function. Comput. Math. Appl. 2023, 129, 90-112.

Li, Y.; Liu, C; Li, W,; Chai, Y.B. Numerical investigation of the element-free Galerkin method (EFGM) with appropriate
temporal discretization techniques for transient wave propagation problems. Appl. Math. Comput. 2023,
https://doi.org/10.1016/j.amc.2022.127755.



