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1. Introduction

The geometric theory of Banach spaces is an important research direction of a nonlinear
functional analysis and has been widely applied in many fields of modern mathematics,
such as differential equations, economics, optimization, game theory, fixed point theory,
dynamic system theory, and so on. In particular, Kirk proved that the Banach space with
normal structure has a fixed point property. Since then, research on the existence of fixed
points for nonlinear differential equations by using the geometric properties of Banach
spaces has rapidly developed. In recent years, many scholars have introduced geometrical
constants that could easily describe the geometry properties of Banach spaces (see [1-8]).

Let X be a Banach space with a norm || - ||. The unit sphere of X is denoted by Sx and
the unit ball of X is denoted by Bx. The constant c;\U(X ), which is defined by Gao in [9], is

as follows: ) )
g0 = i { LV e

1X,y € SX}.

The Gao constant c;\U(X), which plays an important role in [10], was intensively
studied by some scholars, in which the famous Tingley problem [11] was partially solved.
They gave specific descriptions of the geometric properties, such as uniformly non-square
and the normal structure in the context of the fixed point property (see [12-16]). Now, let

us collect some properties of constant ci\H (X) as follows:
(i) Let X be a Banach space, then % < ci\U(X) <1.

(i) X is uniformly non-square if and only if c;\U(X ) > 1.
(ili) X is an inner product space if and only if c;\U(X )=1.

It is easy to see that the calculation of the constant ci\]](X ) for some concrete spaces
is important. Sequences on the Gao constant c;\U(X ) for various spaces were presented,
for example, Gao calculated the constant c;\U(X ) of the spaces ¢, (see [9]), Cui and Wang
computed the value of C;\U (X) for the Lorentz sequence space using the absolute normalized
norms (see [17]), Zuo and Cui used the formula to calculate the constant c;\U(X ) by the

modulus of smoothness p; (€); however, they did not find the exact values of ci\]] (X). Itis
hard to compute the values of p; (€) in some concrete Banach spaces (see [13]).
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Motivated by the constant CI(\Ip]) (X) from [18], i.e.,

lx +yllP + llx = yl]”
201 (llx 1P + [y l17)

) (x) = sup{ Nl + vl # o},

Asif et al. [16] considered the following Gao-type constant:

P —yl|P
00 e [P )

where 1 < p < +o0is a constant. It is obvious that the Gao-type constant is a generalization
of the constant C;\U (X) (in fact, ci\U (X) = cl(\?]) (/X )). Therefore, the Gao-type constant Cl(\lp]) (X)
is more important than the Gao constant cN](X), which plays a significant role in the

geometry theory of Banach spaces. The exact values of ci\U(X ) have been calculated for

some classical spaces, such as the space £, the Lorentz sequence space, the Cesaro space,

etc. Naturally, the studies on the values of the Gao-type constant cl(\?]) (X) for these spaces

are important. In [16], Asif et al. only obtained 2;,%1 < cI(\’]]]) (X) <1 for any Banach space X

and CI(\’;J) (R?,||.l1) = zpl—,l, However, some problems in the existing literature need solving;

for instance, how does one compute the values of the constant cl(\?]) (X) for the absolute
normalized norms of some concrete Banach spaces? Can it be used to characterize the inner

product space for the value of the Gao-type constant cl(\%) (X)? The main purpose of this

paper is to solve the above problems.

2. Preliminaries and Notations

First, we define the general mean and provide an example of the weighted mean of
order s.

Definition 1. Let x,y be real numbers, such that x < y. Then, any number m := m(x,y) is called
a mean of x and y if it satisfies
x <m(x,y) <y.
One of the most known means is the weighted mean of the order s, which is defined as
(wx®+ (1— w)ys)%, s ¢ {0,400, —oc0},
xwylfw, s=0,
max{x,y}, s= oo,
min{x,y}, s = —oo,

m[s}(x,y;w,l —w) =

where x,y are positive real numbers and w € (0,1).
A norm on R? is called absolute, if for all (x,y) € R2, it satisfies

1Ce )l = 11l [y DI

A norm || - || is called normalized if
11, 0)] = 110, )| = 1.

The set of all absolute normalized norms on R? is denoted by N2. Let ® denote the set of
all convex functions on [0, 1] with ¢(0) = ¢(1) = 1, satisfying

max{1l —¢t,t} < ¢(t) <1.
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Proposition 1 ([19]). If || - || € N2, then ¢(t) = ||(1 —t,t)|| € ®. Moreover, if p(t) € P, then

0, (x,y) = (0,0),
1(x y)llp = (|| + |y|)q)(|xl-y+y|)’ (x,y) # (0,0)

isanorm || - ||p € N2.

The typical example is the £, norm as follows:

1
p PYr <
||(x/y)||p:{ (|x|P + [y|P)*, 1_£<oo,
max{|x|, [y}, p = co.

The corresponding convex function ¢ (t) is defined as

1
H=d {@=t)P+t}r, 1<p<oo,
ep(t) { max{1 —tt}, p=oo.

It is well known that || - o < || - [lp < || ||z for any || - ||, € N2. Moreover, by taking

different convex functions ¢(t), Proposition 1 also enables us to obtain many non-£, norms.
The following lemma will help us utilize our results.

Lemma 1 ([20]). Let ¢(t) and u(t) be functions of [a, b] with ¢(t) > u(t) > 0 forall t € [a,b].
If o(t) — u(t) attains the maximum at t = ¢ € [a, b] and the function u(t) attains the minimum

at t = c, then the function % attains its maximum at t = c.

3. Main Results

Firstly, we will obtain some equivalent definitions of the Gao-type constant CI(\’;]) (X)
from Proposition 4.3 in [21].

Proposition 2. For1 < p < oo, then

. x+y|lP +[x—y|?
x) = mf{ll yll 2pll yll :x,yeBX},

[yl £ llx =yl }
inf x llxl + ol
{ 27 min(|[x][?, |[y][P) x|l + [yl #

Proposition 3. Let X be a nontrivial Banach space, then
) (x) = mf{cfj;])m Y e m(x)},
where R(X) is the set of all two-dimensional subspaces of X.
Proof. Firstly, we have
e (%) < inf{cg})m LY € §R(X)}.
Secondly, for any ¢ > 0, there exist x" and i’ in Sx, such that

S e [t 0 L
2p

e (%) e.
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Letx,y € Y € R(X), then

"+ 117 + 11" = y'[|7
2P

>l (V) > inf{cg})(y )Y e %(x)},

thus, we obtain
o (X) = inf{ ) (v) 1 Y e R(X) | —e.
Since & > 0 is arbitrary, we have
o (x) = inf{ ) (v) : Y € P(x) }.
The proof is completed. [J

Theorem 1. Let || - || and | - | be two norms, such that

af [ <[ < Bl

where o and B are constants with 0 < a < B, then

el (1D _ oy o B D)

<) <

Moreover, if || - || = k| - |, where k > 0 is a constant, then cl(\%)(H )= CI(\?])(| ).

Proof. First, we have

YT Y Lo L e U
- = e { AL e i 2 0

e [ B AP+ [x — Py
< : #

_ ﬁﬁm{{”+y”+” y|}Hﬂ%%WH#®}

7 2 min (17, ylP)

p? (P)(‘ ).

CN]

IN

Similarly, we can obtain the following inequality:

(-1 )

B <.
The proof is completed. [
Now, let us denote
M = max @ and M; = max &
o<t<1 u(t) 0<t<1 @(t)

Theorem 2. Let ¢(t), yu(t) € ® and ¢(t) > u(t) forall t € [0,1]. Suppose that 4’8 attains its
(p) 1

maximum at t =  and cN] (R
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Proof. From the condition of ¢(t) > p(t) and the definition of My, one has

|| ' ||u < || : Hq) < Ml” ' ||V

By taking « = 1 and § = M; in Theorem 1, we obtain the following inequality:

1

(- llg) = ety (11 ).
1

o(t)

Since the function G attains its maximum at t = %, ie, My =

(p) _ 1
ey (- [l) = 7T (d)’ then

_ 1 1 _ 1 _ 1
Letus putx; = (zqo@)'zq)(é)) and y1 = <2¢<%>' zgo@))'the“

21l = lyally =1,

1
llx1 +yille = llx1 —yallg = —5=,
¢(3)
(p) 1 +yall? + llxs —wallP 1
Ny (I 1lg) < 2 2 lgr(l)
2

From (1) and (2), we obtain
() T
eng Ul llp) = —5exy (Ul
N ¢ Mf N

O

Theorem 3. Let ¢(t) € ® and ¢(t) > ¢,(t) (1 < p < 2)forall t € [0,1], then

(- 1lg)

1

’ ||V) = m

1
= —.
M,

, and note that

M

@

Proof. Let x,y € Sx. By the condition that ¢(t) > ¢,(t) (1 < p < 2)forallt € [0,1] and

the Clarkson inequality in [22], we have

I +yllp + llx = yllo

AV

Y

(P)(

The definition of ey (|| - [|p) implies that

(1l llg) >

(lx + yll5 + llx = ylI5)
207 (|x1p + llyllp)
20t p p
— (Il + lylle)
M

op

=
M,

1

My

®)
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On the other hand, note that 20 attains its maximum M; = o). et us put
le(f) ¢p(t1)
Xy = (1 — 1y, i’l) and y, = (1 — i’1,—i’1), then
[x2llg = [ly2lle = @(t1)-
2+ vl + llx2 —yallp = 2P[(1—0)P + (1)P],
= 2Pgp(t),
op
= P(t )
FViAaRY.
M
Therefore, we can obtain
|22 +yallp + llx2 —ally 1
(- llg) < : ? — )

2 min([xllf lv2lf) MY

From inequalities (3) and (4), we infer that
1
(- lg) = -
We complete the proof. O

Theorem 4. Let ¢(t), y( ) € ®and ¢(t) < u(t) forall t € [0,1]. Suppose that % attains its

maximum at t = % and cN] (|| 14) = 2uP (%), then

O Y —ogr (L
e (- 1lg) = 207 (5)-
Proof. From the condition that ¢(t) < p(t) and the definition of M,, we can obtain

7H e <1l < 11 Nl

Taking & = Miz and B = 1 in Theorem 1, we have

1
Since My = (é) and Cl(\I])(H ) = ZVP(%),then
¢z

©)

P
BN

A
=
—
\_/
AV
z°’\
k_q ~—
—
=
S~—
I
N
S
=
/
—_
N——

On the other hand, let us put x3 = (1,0) and y3 = (0,1), then

l¥4sllg = llyslly = 1,
1
s+ wsllg = llxs = yallg = 20(5),

lxs +ysllh + Iz —yall,  2P+1gP (L)
- llg) < T S T :24%’(5). (©)




Mathematics 2022, 10, 4591 7 of 18
By the inequalities (5) and (6), we can obtain that
(») 1w p(L
Ny (1 lg) = 3Ny (-1 =29 (3)
We end the proof. [
. . o Pp(t)
Theorem 5. Let ¢(t) € ¥and ¢(t) < ¢p(t) (2 < p < 00), if the maximum M, = Or;ltagx1 103
attains at t = %, then
2—p
(p) 2
c = —.
N lle) =S

Proof. Let x,y € Sx, from the condition of ¢(t) < ¢,(t) (2 < p < oo) forall t € [0,1], and
the Clarkson inequality in [22], we have

1
lx+ylly +llx—yllp > W(lewll%lleyll’é)
2
> 2+ )
M
> 2ol + vl
MZ
22
Mj
which implies that
2—p
(p) 2
oy (- llg) = —- @)
] M}
1
On the other hand, since M = (’Z'((%Z)), let us put x4 = (%,0) and y4 = (0, %), then
1\7?
P _ P _
lxally = lvally = (5)"
1
e+ yally = lxs = vallo = 95,
xXg+ yallly + 1xs — yalll Pl 22
21 ) < % + yallp + llxa —yally _ @7 (3) _ @

20 min(([x4l[p, lyal§) (3 My
From inequalities (7) and (8), we infer that
22-p
= W_
We obtain the desired result. [

In the following, let us state the conclusion about the general mean m(t).

Corollary 1. Let w(t) < u(t) € @ forall t € [0,1], m(t) := m(w(t), u(t)) is the mean convex
function of the functions w(t) and u(t).
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@ It % attains its maximum at t =  and cl(ff)(H Nw) = ﬁp(%), then
® )=
G0 In) = Fr=rmry

(i) If % attains its maximum at t = 1 and cI(\?)(H |ly) = 2uP (%), then

- Iy =20 (3).

Proof. It is well known that
w(t) < m(t) < p(t)

forall t € [0,1]. It is easy to check that m(t) € ®. Since the function m(t) is convex, we can
obtain the result from Theorem 2 and Theorem 4, respectively. O

Next, we give the lower bound and upper bound of the constant cl(\%) (Il - lg) for the
general case ¢(t) € P.

Theorem 6. Let ¢(t) € @ fort € [0,1], My = [max 20 M, = max o).
(i) If1<p<2, then
1 ()
— <c . < —,
(MiMp)P — Ny (- lle) < 4
(i) If2 < p < oo, then
20w 2277

_c < o) < S
gy = - lle) = T

Proof. (i) If 1 < p <2, itis easy to obtain the right inequality from (4), then

1
Cgﬁ(H'H¢) S
1

Let x,y € Sx. By the definition of M;, My, and the Clarkson inequality, we have

1
lx+ylly +llx =yl > @(IIX+yI\§ + [l —yllp)
2t p
> W(HXHer lyllp)
2r—1
> P p
> iy U+ lvIp)
2P
 (MiM)P”
The inequality implies that
() 1
CN] (” : H‘P) > W

(ii) Let 2 < p < oo. The right inequality is obvious from inequality (8), then

22-p
- llg) < =
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Let x,y € Sx. From the Clarkson inequality, we can obtain

1
lx+yllo+lx—yle = ﬁg(llx +yllp + llx —ylp)
> 2l + i)
M
2
> P P
> oy b+ 1)
22
- (MM
The definition of cl(\’f ) (Il - [l) implies that the left inequality is as follows:
-
(») Lalld
c . > .
N (o) = Gaay

We complete the proof. [

From Theorem 3 and Theorem 5, the Gao-type constant cl(\%) (Il - ll¢) coincides with
the upper bound. In the following, we only give some conditions under which the Gao
constant ci\U (Il - [l) coincides with the lower bound.

Theorem 7. Let ¢(t) = ¢(1—t) for all t € [0,1]. If there exist two points t1,t, € [0,1],
such that
_ o(t)

p2(t2) (1—1)(1—t) .

M =z
1 2/

|
&
|

then
1

eyl llg) =
NI (M Mp)?
Proof. Firstly, take a = Mil and 8 = M in Theorem 1. Since C;\U(H -|l2) =1, then

!/ ! l 1
g1l llg) = eyl 1) aeyz = i ae: ©)

Secondly, note that (1 — t1)(1 — t;) = 4. Putx = ﬁ(l —t,t),y = ﬁ(tl,tl —1), then

lxllg =1, llylly = 1.

From the conditions that ¢(t) = ¢(1 —t) and (1 — #;)(1 — t,) = 3, we have

C(2-2) (1-28\  (2-28)9(ty)
[x+yllp = o(h) (2—2t1) o)
o (2-2n) 1 _ (2-2H)¢(tr)
Ix=vllo = =275 (2—2t1> o el)

It is well known that
1
p2(t) = V2(1- 2 (2—21?)'

then
1
A0) =201~ 1263 (75 ) =20 - 1)
1

Consequently, we obtain
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/ eyl 4l = vl

eny (Il llg) < y
_2(1—1)%¢*(h)
¢2(t1)
1 2(1-h)?¢3(h)
— (MiM,)? @3(t1)
1
T (MiMp)? o

From inequalities (9) and (10), we infer that

! ].
CNJ(H : ||(p) = W

Thus, the claim holds. O

4. Some Examples
(p)

In this section, we compute the values of the Gao-type constant cyy (X) on some

specific spaces. We give the exact value of the Gao-type constant cl(\?]) (X) under the absolute

normalized norms in R?, and provide examples to show that the value of the Gao-type
constant cannot characterize the inner product space in a general case.

Example 1. For the usual K% space, then

(R e s
NJ P 2277, 2<p< oo

In particular, e (|| - 1) = e} (| - lleo) = 217,
Proof. Let1 < p <2and x,y € Sx. From the Clarkson inequality, we have
(lx +yllp + llx = wlip) > 2" (N[l + llyl15),

which means that

ey (- llp) = 1. an

Letusputx = (1,3) and y = (1, —1), then

p —_yllP
Iyl +lx=vllp | W

2¢ min(||x ||}, [|y[[})
From inequalities (11) and (12), we can obtain
ey (I ) = 1.
Let2 < p < 0 and x,y € Sx. From the Clarkson inequality, we obtain
(e +yllp + x = yllp) = 2(l1x [ + llyll}p),
then

(- l1p) =227, (13)
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Taking x = (1,0), y = (0,1), then
14 14
vl ol ey "
27 min({|x[|, [[y)
The definition of cl(\?] (Il - [Ip) from (13) and (14) implies that
oy (- 11) =27,
Since || - [l1 > |- [[p(1 < p < 2), it is well known that (’”8 = L attains the
or [(1=t)p+r)7
maximum at t = %, then
1
M; = max (210, =27,

0<t<1 @p(t)
By Theorem 3, we obtain

B (- ) = 2.

It is well known that || - [leo < || - [|[5(2 < p < 0) and

1_t/ OStS%,
t, 3<t<l

pett) =

I
==

1
(1) LetO S t S %, Zfe tt) — ((1—151)!1-:15”)” — l(t), then l/(t) > Oand MZ — l(%) 27,

(
( 1
(i) Lety<t<1, gi((tt)) = ((1_t)i+tp)p =m(t), thenm'(t) < 0and Mp = m(}) = 27,

Therefore, by Theorem 5, we have cI(ff])(H Neo) = 2%; =2-r. O
2

Remark 1.

(i) Since the Gao-type constant has two-dimensional characters and the concept of an absolute
normalized norm concerns spaces with bases, we can first consider the examples as norms in
IR?, from Proposition 3 and Example 1, we have

Wy 1L 1<p<2
G ={ 25525

This method can be helpful for us to deal with the values of CI(\%) (X) for the general spaces X.

(i)  Since CI(\%) (£p) = 1 forany 1 < p < 2; therefore, the exact value of the Gao-type constant

cl(\?]) (X) cannot characterize the inner product space in a general case.

Example 2. Let X, 4, be the space R? with the norm

- Wpgpe = ma@x{|[ - llp,mll - llg s

1_1
where y € 27 4,1 and1 < q < p < oo, then

P
277 :
=5, ifl<g<p<2
CN(p])(” ! p,li,y) = { uP f q -

p_
up2i P i < g < p < oo

Proof. Firstly, the norm | -

pap =max{||-[[p, | - |4} € N2, the corresponding function is

o(t) = |1 = £, )|l pgp = max{gy(t), pepq(t)}-
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In fact, since ¢(t) is symmetric with respect to t = %, we can only consider the function
¢(t) on the interval [0, 3]. Let o € [0, 3] be a point such that ¢, (tg) = p@q(to), then

_f ep(t),  t€0to],
olt) = { yqu(t), t € [to, 3]-

(i) Letl<g<p<2since ¢(t) > ¢p(t) and the function

(t) 1, te[0,to] Ul —t,1],
! 1q () 1

op(D t € [tg, 1 — tg]
attains the maximum at t = 3. By Theorem 3, we obtain

1—

==

(p) 12
CI\% (- Mlpgmu) = W T

(i) Let2 < g < p < 0. Since forany t € [0,1], ¢p(t) < @4(t) and pey(t) < @4(t), then
¢(t) < @q4(t), and the function

plt) _ | B telonluli-to1],
te [t()/l - tO]

1
yl

also attains the maximum at f = % By Theorem 5, we obtain

2—p
(p) 2Pyt
eng Ul llpgp) = —5 = puh29 :
J M)

This completes the process. [

Example 3. Let 1 < p < g < 00,1 <k < ooand u > 0 be constants. The Banach space Z
and its corresponding norm is

w.p.qk

_1 1
- Dl = (L) 7L I+ pll - 1)

Therefore, the corresponding function ¢, , qx(t) is defined by

_1 1
Pupak(t) = (1+ 1) F (@) (1) + pel())T,
then . L
() 21+ w)k@1 + w20 ¥,  fl<p<g<2,
CNy (” : Hy,p,q,k) = -p kop .
21+ )% (27 +pu21)%, if2<p<g<oo

k
p

Proof. Since ¢, , ,x(t) is the weighted mean of order k of the functions ¢, (t) and ¢4 (t), then

(Pq(t) < (Py,p,q,k(t) < (Pp(t)-

(i) If1<p<gq <2, thenby the simple calculations, ¢, , 4x(t) > @4(t) and the function

47"(’;"7(’;‘)0) attains the maximum at t = 3. Take w(t) = @q(t) and p(t) = @p(t) in

Corollary 1 (i), then

() 1 bk ki o-p
eny (I e pak) = pigf (L) 201+ )k (29 + p27) % .
(Py,p,q,k(f)
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. . op(t) . .

(i) If2 < p <gqg < oo then ¢,,1(t) < @p(t) and the function m attains its
maximum at t = }. Similarly, take w(t) = @4(t) and p(t) = @,(t) in Corollary 1
(ii), then

=

1 kK
cl(\}]?])(H : H]/l,p,q’k) = 2(P5,p,q,k(§) =214 pu)F (27 + u29)%.

We obtain the desired result. [

Remark 2.
(i)  Infact, take p = 2,q = 1lorp > 2, q = oo in Example 2, the Gao constant ci\U(X) was

calculated in [17,23,24]. Now, Example 2 calculates the values of the constant cl(\%) (I pge)

1_1
for the general case y € 27 1,1]and 1 < g < p < co.
(i) In fact, the concrete Banach space Z,, 5 .  in Example 3 was studied in some papers (see [24-26].

However, the exact value of CI(\I]]])(H “Nu,pqk) for the general case remains undiscovered.

Example 3 gives the value of the constant cl(\’f])(H : k) for the general case p > 0,

1<p<g<ooandl <k < co.

H.p4,

From Examples 1, 2, 3, the maximum value M; is always attained at t = % However,
we give some examples to show that M; does not attain at t = %

Example 4. Let 1 < q < 2 and the function be defined by

@q(t), if0<t< 1;
2

O WAHE A
then

Cl(\?l)(H o) = %H;ta; W'

Proof. Itis obvious that ¢(t) € ®, and the norm of ¢(t) is

gy (x> ),
9l {<ﬁ1>|x|+|y| (2] < Jy])-

Since ¢(t) > @,(t), then from Theorem 3, it follows that

p p
Py = L = 2a(t) _ #a(D)
eny (- llg) = M~ 0221 gP(F)  1orer 9P (D)

This proof is completed. [

Example 5. If1 < g < 2and ces,gz) be two-dimensional Cesaro space, then

) (cs®) = max 220

CN] CCSq =

o<t<1 @P(t)’

o~ [ ()

where
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Proof. Firstly, we define a norm

2x
= )
(1427)4

for all (x,y) € R%. Obviously, (R?,|-|) is the absolute and normalized norm space, the
corresponding convex function is as

o= [ ()

It has been proved that ceséz) is isometrically isomorphic to (R?, | - |). Note that

(2)

CESq

1—t (1=t
- > q,
((1+2‘7)1/‘7 +t> ST
Consequently, ¢(t) > @4(t) (1 < g < 2). By using Theorem 3, we obtain
( 1

O 10
y (-llo) = r = 22 ey

S

The proof is completed. O

Remark 3.

(i) In particular, take q = 2 in Example 4, some classical constants were calculated in [15,20].
Now, we obtain

C(p)(H ” ) max (Pg(t) _ 4’5(%) . 1
NJ ¢) = P = V2 2N
gt 9P op(32)  (4-2v2)h

Moreover, Example 4 gives the exact value of the Gao-type constant cI(\’;]) (Il - lg) for the general

casel < g < 2.

(ii)  In Example 5, the function % attains the maximum My at t = % if and only if g = 2 for

(2)

the Cesaro space ces;” .

Example 6. The Lorentz sequence space ¥ (', 1) is R? with the norm:

=

G )l = ()" + @' (¥)")7,

where 0 < w' < land2 <r < oo, (x',y") is the rearrangement of (|x|, |y|) satisfying x' > v/, then

~I

Ul Nlwry) =21 77(1 + @)

Proof. The norm ||(x,y)||., is absolute and normalized on R?, and the corresponding
convex function is as

| (a=-pr 4w, 0
Pur(t) _{ F+a'(1-t))r, L

7

<
<

(S S
. ~

t
t

~l= =
IAIA
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Since 0 < ' < 1, it is obvious that ¢, ,(t) < @,(t). We can only consider % for

t € [0, 3], in which the function is symmetric with respect to t = 1. For any t € [0, 1], let

h(t) = (Pﬁ”f(t()t) , then

¢ S L)) e
h (t) - [(1 _ t)r +w/tr]2 4

therefore, 1/ (t) > 0for 0 <t < %, and the function (P(’):(t()t) attains its maximum at t = %

By Theorem 5, then
22-p )

W o) = S =27 0+6)7

We gain the conclusion. O
Example 7. Let 2 < p < oo and V, be the space R? with the norm:

)}

1
;’) =
X 4 X
[ (x1,x2) [|v, —max{<’21’ +|x2|p) ,<|x1|7”+‘22

then )
2r _
e (V) = g =2,
2

Proof. Firstly, the norm [|(x, x2)||v, is absolute and normalized on R?, and the correspond-
ing convex function is

oy, (t) =

p(t)

It is obvious that ¢y, (t) < ¢p(t), and we can consider (z,i’ 0 for t € [0, }]. The function
p
(pg(t) - (pf,p(t) = (1 — 55)t” attains the maximum at t = 1 and v, (t) attains its minimum

att = % By Lemma 1, we obtain that function (;P‘f ((tt)) attains the maximum at t = %; hence,
P

it follows immediately from Theorem 5 that

22-p _ _
b (v,) = T =2l P(1427P).
2

We complete the proof. [

We can discuss something similar, such as in Example 7, and obtain Example 8 as
follows.

Example 8. Let Y, (2 < p < o) be the space R* endowed with the norm:

1 1
x1|P P P\ P
II(x1,x2>|y,,=max{<|;|+|x2|P> ,<|x1v+|;|> }

. " AONE
p __ 92— _
WOV =2 "
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in which the corresponding convex function @y, (t) has the form:

1
P
<t2”+(1—t)P) ,0<t<d,

(tu(l;)”) , <<t
Remark 4.

2
(i) Takingr =2and w' =2¢ " € (0,1)(2 < p < o) in Example 6, we obtain the Lorentz
sequence space lp,z, which were studied in [20,23,27], and the exact value of Gao’s con-

1

stant ci\U(X) was given in [17]. Now, we obtain the exact value of the Gao-type constant
CI(\’;]) (1) (w', 7)) for the general case 0 < w' < 1and 2 < r < oo in Example 6.
(ii)  The Banach spaces V, and Y, were studied widely in [24,28], where some classical constants

were calculated. Now, the values of CI(\?]) (X) are calculated for the general Banach spaces V),
Y in Examples 7 and 8 by Theorem 5.

Finally, we present a practical example that satisfies the conditions of Theorem 7; thus,

, ' . . 1
the exact value of Gao’s constant cN](X ) coincides with the lower bound MR

Example 9. Let v/3 — 1 < a < 1. The corresponding convex function is given by

2
@a(t) :max{l—at,l—a+at,1—%} for 0 <t <1,

then
I o 2—02
eng (Il - lge) = 2@ 241272

Proof. It is easy to check that ¢,(t) € ® and @,(t) = ¢@a(1 —1t) for all t € [0,1].
Ifv3—1<a<l, simple calculations show that

 @alta) py _pa(t)  [2(a% —2a+2)
M= o) ~ VOt M=o S = ey

where t; = 7, t, = %%” satisfy the condition (1 —#)(1 —t) = % in Theorem 7.

a
Then we have
Uy . S
NJ Pl (M]Mz)z o 2(612—2ﬂ+2)2.

Therefore, we finish the proof. O

5. Conclusions

In this paper, we present a general method to calculate the Gao-type constant cl(\Ip]) (X)
for some Banach spaces with the absolute normalized norms, which can help us compute
the values of the Gao-type constant on some new specific spaces. Furthermore, we also
present an example to show that the value of the Gao-type constant cannot characterize
the inner product space in a general case. However, some problems remain unsolved, i.e.,

the precise lower bound and upper bound of the constant cI(\’;]) (Il - lp) for the general case

¢(t) € ®. The values of the Gao-type constant cl(\Ip]) (X) on some specific spaces are not yet

known, such as the Banach space Zy,p,q,k inthecaseof 1 < p <k <2 < g < oo, the Lorentz
sequence space | (2) (w’ ,7) for the case 1 < r < 2, etc. We will investigate these questions in
the future.



Mathematics 2022, 10, 4591 17 of 18

Author Contributions: Z.Z. designed the research and wrote the paper. Y.H. and H.H. conducted the
draft preparation and methodology. ].W. co-wrote and revised the paper. Z.Z. provided support with
the funding acquisition. All authors have read and agreed to the published version of the manuscript.

Funding: The work was sponsored by the Natural Science Foundation of Chongqing (CSTB2022NSCQ-
MSX0290, cstc2020jcyj-msxmX0762), the Scientific and Technological Research Program of Chongqing
Municipal Education Commission (grant no. KJZD-M202001201), China. The research was par-
tially supported by the Talent Initial Funding for Scientific Research of Chongqing Three Gorges
University (20190020).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: The data presented in this study are available upon request from the
corresponding author.

Acknowledgments: The authors thank the editor and the reviewers for their valuable comments and
suggestions, which improved greatly the quality of this paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Yang, C.; Wang, F. An extension of a simply inequality between von Neumann-Jordan and James Constants in Banach Spaces.
Acta Math. Sin. 2017, 33, 1287-1396. [CrossRef]

2. Yang, C.; Wang, T. On the generalized von Neumann-Jordan constant CK, I(X ). J. Comput. Anal. Appl. 2017, 23, 860-866.

3.  Gao,]J. WUR modulus and normal structure in Banach spaces. Adv. Operator Theory 2018, 3, 639—-646. [CrossRef]

4.  Dinarvand, M. Holder’s means and fixed points for multivalued nonexpansive mappings. Filomat 2018, 19, 6531-6547. [CrossRef]

5. Amini-Harandi, A.; Rahimi M. On some geometric constants in Banach spaces. Mediterranean . Math. 2019, 16, 99. [CrossRef]

6.  Gao,]J. Research on normal structure in a Banach space via some parameters in its dual space. Commun. Korean Math. Soc. 2019,
34, 465-475.

7. Dinarvand, M. Heinz means and triangles inscribed in a semicircle in Banach spaces. Math. Inequal. Appl. 2019, 22, 275-290.
[CrossRef]

8. Mitani, I; Saito, S. A note on relations between skewness and geometrical constants of Banach spaces. Linear Nonlinear Anal. 2021,
7,257-264.

9.  Gao,]. A pythagorean approach in Banach spaces. J. Inequal. Appl. 2006, 2006, 94982. [CrossRef]

10. Tanaka, R. Tingley’s problem on symmetric absolute normalized norms on R?. Acta Math. Sin. (Engl. Ser.) 2014, 30, 1324-1340.
[CrossRef]

11. Tingley, D. Isometries of the unit sphere. Geom. Dedicata 1987, 22, 371-378. [CrossRef]

12. Takahashi, Y. Some geometric constants of Banach spaces—A unified approach. In Banach and Function Spaces II; Yokohama
Publisher: Yokohama, Japan, 2007.

13.  Zuo, Z.; Cui, Y. Some modulus and normal structure in Banach space. J. Inequal. Appl. 2009, 2009, 676373. [CrossRef]

14. Wang, E; Yang, C. An inequality between the James and James type constants in Banach spaces. Stud. Math. 2010, 201, 191-201.
[CrossRef]

15.  Zuo, Z.; Tang, C. Schaffer-type constant and uniform normal structure in Banach spaces. Ann. Funct. Anal. 2016, 3, 452-461.
[CrossRef]

16. Asif, A,; Xie, H.Y,; Bi, ].Y,; Li, Y.J. Some von Neumann-Jordan type and Gao type constants related to minimum in Banach Spaces.
Res. Commun. Math. Math. Sci. 2022, in press.

17.  Cui, H.; Wang, F. Gao’s constants of Lorentz sequence spaces. Soochow . Math. 2007, 3, 707-717.

18. Cui, Y,; Huang, W.; Hudzik, H. Generalized von Neumann-Jordan constant and its relationship to the fixed point property.
Fixed Point Theory Appl. 2015, 2015, 40. [CrossRef]

19. Bonsall, E; Duncan, J. Numerical Ranges II; London Mathematical Society Lecture Notes Series, 10; Cambridge University Press:
New York, NY, USA, 1973.

20. Saito, K.; Kato, M.; Takahashi, Y. Von Neumann-Jordan constant of absolute normalized norms on 2. J. Math. Anal. Appl. 2000,
244,515-532. [CrossRef]

21. Baronti, M.; Casini, E.; Papini, P.L. Triangles inscribed in a semicircle, in Minkowski plane, and in normed spaces. J. Math.
Anal. Appl. 2000, 252, 121-146. [CrossRef]

22.  Clarkson, J. Uniformly convex spaces. Trans. Am. Math. Soc. 1936, 40, 396—414. [CrossRef]

23. Kato, M.; Maligranda, L.; Takahashi, Y. On James and Jordan-von Neumann constants and normal structure coefficient of Banach
spaces. Stud. Math. 2001, 144, 275-295. [CrossRef]

24. Alonso, J.; Llorens-Fuster, E. Geometric mean and triangles inscribed in a semicircle in Banach spaces. J. Math. Anal. Appl. 2008,

340, 1271-1283. [CrossRef]


http://doi.org/10.1007/s10114-017-6211-6
http://dx.doi.org/10.15352/aot.1801-1295
http://dx.doi.org/10.2298/FIL1819531D
http://dx.doi.org/10.1007/s00009-019-1377-z
http://dx.doi.org/10.7153/mia-2019-22-21
http://dx.doi.org/10.1155/JIA/2006/94982
http://dx.doi.org/10.1007/s10114-014-3491-y
http://dx.doi.org/10.1007/BF00147942
http://dx.doi.org/10.1155/2009/676373
http://dx.doi.org/10.4064/sm201-2-5
http://dx.doi.org/10.1215/20088752-3605636
http://dx.doi.org/10.1186/s13663-015-0288-3
http://dx.doi.org/10.1006/jmaa.2000.6727
http://dx.doi.org/10.1006/jmaa.2000.6959
http://dx.doi.org/10.1090/S0002-9947-1936-1501880-4
http://dx.doi.org/10.4064/sm144-3-5
http://dx.doi.org/10.1016/j.jmaa.2007.09.040

Mathematics 2022, 10, 4591 18 of 18

25.

26.
27.

28.

Yang, C.; Li, H. An inequality between Jordan-von Neumann constant and James constant. Appl. Math. Lett. 2010, 23, 277-281.
[CrossRef]

Yang, C. A note on Jordan-Von Neumann constant for Z, 4 space. J. Math. Inequal. 2015, 2, 499-504. [CrossRef]

Kato, M.; Maligranda, L. On James and von Neumann-Jordan constants of Lorentz sequence spaces. |. Math. Anal. Appl. 2001,
258, 457-465. [CrossRef]

Llorens-Fuster, E.; Mazcufidan-Navarro, E.; Reich, S. The Ptolemy and Zbdganu constants of normed spaces. Nonlinear Anal. 2010,
72,3984-3993. [CrossRef]


http://dx.doi.org/10.1016/j.aml.2009.09.023
http://dx.doi.org/10.7153/jmi-09-44
http://dx.doi.org/10.1006/jmaa.2000.7367
http://dx.doi.org/10.1016/j.na.2010.01.030

	Introduction
	Preliminaries and Notations
	Main Results
	Some Examples
	Conclusions
	References

